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Äîñëiäæåíî ÿäðî çàäà÷i ç iíòåãðàëüíîþ óìîâîþ äëÿ ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè

ïåðøîãî ïîðÿäêó çà ÷àñîâîþ çìiííîþ òà çàãàëîì íåñêií÷åííîãî ïîðÿäêó çà ïðîñòîðîâèìè
çìiííèìè çi ñòàëèìè êîìïëåêñíèìè êîåôiöi¹íòàìè. Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè
íàëåæíîñòi äî ÿäðà ôóíêöié êâàçiïîëiíîìíîãî âèãëÿäó òà âêàçàíî ôîðìóëè äëÿ êîíñòðóê-
òèâíî¨ ïîáóäîâè åëåìåíòiâ ÿäðà çàäà÷i çà äîïîìîãîþ äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè íåñêií÷åííîãî ïîðÿäêó, iíòåãðàëüíi óìîâè,
ÿäðî çàäà÷i, äèôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä
2000 MSC: 60J10
ÓÄÊ: 517.95

Âñòóï

Ïiä ÷àñ äîñëiäæåííÿ ðiçíîìàíiòíèõ ïðîöåñiâ òà
¨õ ìàòåìàòè÷íèõ ìîäåëåé âèíèêàþòü çàäà÷i, â ÿêèõ
çàäàþòüñÿ óìîâè, ùî ïîâ'ÿçóþòü çíà÷åííÿ øóêàíîãî
ðîçâ'ÿçêó òà éîãî ïîõiäíèõ ó ðiçíèõ òî÷êàõ ìåæi
îáëàñòi àáî â òî÷êàõ ìåæi îáëàñòi òà âíóòðiø-
íiõ òî÷êàõ îáëàñòi. Òàêi óìîâè, ÿêi íàçèâàþòüñÿ
íåëîêàëüíèìè, äëÿ øèðîêèõ êëàñiâ äèôåðåíöiàëüíèõ
ðiâíÿíü âèâ÷àëè À.Â. Áiöàäçå, Î.À. Ñàìàðñüêèé
[3, 18], Î.Î. Äåçií [5], À.Ì. Íàõóøåâ [13, 14],
Á.É. Ïòàøíèê, Â.Ñ. Iëüêiâ [17], Â.Ì. Áîðîê, Å. Êåííå
[1, 2], Ì.I. Ìàòié÷óê [11] òà ií.

Â îñòàííi ðîêè çíà÷íà óâàãà íàóêîâöiâ ñïðÿìî-
âàíà íà êëàñ çàäà÷ ç iíòåãðàëüíèìè óìîâàìè, ÿêi
¹ áåçïîñåðåäíiì óçàãàëüíåííÿì äèñêðåòíèõ
íåëîêàëüíèõ óìîâ. Iíòåãðàëüíi óìîâè âèíèêàþòü ïiä
÷àñ ìîäåëþâàííÿ ôiçè÷íèõ ÿâèù ó ðàçi, êîëè ìåæà
îáëàñòi, ó ÿêié âiäáóâà¹òüñÿ ïðîöåñ, ¹ íåäîñÿæíîþ
äëÿ áåçïîñåðåäíiõ âèìiðþâàíü. Äî çàäà÷ òàêîãî òèïó
çâîäÿòüñÿ äîñëiäæåííÿ ïðîöåñó äèôóçi¨ ÷àñòèíîê
ó òóðáóëåíòíîìó ñåðåäîâèùi, ïðîöåñiâ ïîøèðåííÿ
òåïëà, âîëîãîïåðåíîñó ó êàïiëÿðíî-ïîðèñòèõ ñåðåäî-
âèùàõ. Iíòåãðàëüíi óìîâè, êðiì òîãî, øèðîêî âèêî-
ðèñòîâóþòüñÿ â îáåðíåíèõ çàäà÷àõ ìàòåìàòè÷íî¨ ôi-
çèêè, ó çàäà÷àõ ìàòåìàòè÷íî¨ áiîëîãi¨ äëÿ îïèñàííÿ
äèíàìiêè ÷èñåëüíîñòi ïîïóëÿöi¨, à òàêîæ ó çàäà÷àõ
äåìîãðàôi¨.

Çàäà÷ó ç iíòåãðàëüíîþ óìîâîþ äëÿ ðiâíÿííÿ òåï-
ëîïðîâiäíîñòi âèâ÷àëè Äæ.Ð. Êåííîí [21], Ì.I. Iîíêií
[6]. Îáåðíåíi çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi
òà ïàðàáîëi÷íèõ ðiâíÿíü ç íåâiäîìèìè êîåôiöi¹íòàìè

ó ðiâíÿííÿõ ç âèêîðèñòàííÿì iíòåãðàëüíèõ óìîâ
âèâ÷àëè Äæ.Ð. Êåííîí, Â. Ðàíäåë [21, 22], Ì.I. Iâàí-
÷îâ [23], Î.I. Ïðèë¹ïêî [15], À. Ëîðåíöi [25],
Á.Ô. Äæîóíñ [24] òà ií. Çàäà÷i êåðóâàííÿ òåðìîïðóæ-
íèìè äåôîðìàöiÿìè äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi
âèâ÷àâ Â.Ì. Âiãàê [4]. Ó ïðàöÿõ îñòàííiõ ðîêiâ ïî-
÷àëè äîñëiäæóâàòè çàäà÷i ç iíòåãðàëüíèìè óìîâàìè
äëÿ iíøèõ òèïiâ ðiâíÿíü, à òàêîæ äëÿ áåçòèïíèõ
ðiâíÿíü � öå äîñëiäæåííÿ Ë.Â. Ôàðäiãîëè [19],
Ï.I. Øòàáàëþêà (�7.4 â [17]), Ë.Ñ. Ïóëüêiíî¨ òà
À.I. Êîæàíîâà [10, 16], Ì.Ì. Ñèìîòþêà òà Î.Ì. Ìåä-
âiäü [12], À. Áóöiàíi [20] òà ií.

I. Ïîñòàíîâêà çàäà÷i
Ó ðîáîòi âèâ÷à¹òüñÿ çàäà÷à
[

∂

∂t
− a

(
∂

∂x

)]
U(t, x) = 0, t ∈ (0, T ), x ∈ Rs, (1)

T∫

0

U(t, x) dt = 0, x ∈ Rs, (2)

äå a
(

∂
∂x

)
� äèôåðåíöiàëüíèé âèðàç çàãàëîì íå-

ñêií÷åííîãî ïîðÿäêó çi ñòàëèìè êîìïëåêñíèìè êîå-
ôiöi¹íòàìè òà öiëèì àíàëiòè÷íèì ñèìâîëîì a (ν) 6=
6= const, ν ∈ Rs, T ∈ R, T > 0, s ∈ N.

Óâåäåìî äî ðîçãëÿäó êëàñ KM êâàçiïîëiíîìiâ
âèãëÿäó

f(x) =
m∑

j=1

exp[αj · x]Qj(x),
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äå αj = (αj1, αj2, . . . , αjs) ∈ M ⊆ Cs, αj 6= αk äëÿ j 6=
6= k, x = (x1, x2, . . . , xs) ∈ Rs, αj · x =

s∑
k=1

αjkxk,

m ∈ N; Qj(x), j = 1,m, � äåÿêi ïîëiíîìè ç êîìï-
ëåêñíèìè êîåôiöi¹íòàìè, à òàêîæ êëàñ KL,M êâàçiïî-
ëiíîìiâ âèãëÿäó

f(t, x) =
m∑

j=1

exp[βjt + αj · x]Qj(t, x),

äå βj ∈ L ⊆ C, αj ∈ M ⊆ Cs, (t, x) ∈ R1+s,
m ∈ N, αj 6= αk ∨ βj 6= βk äëÿ j 6= k; Qj(t, x),
j = 1,m, � ïîëiíîìè çìiííèõ t i x ç êîìïëåêñíèìè
êîåôiöi¹íòàìè.

Ó ðîáîòi âèâ÷à¹òüñÿ êîíñòðóêòèâíà ïîáóäîâà ðîç-
â'ÿçêiâ çàäà÷i (1), (2) ó êëàñi êâàçiïîëiíîìiâ ç
âèêîðèñòàííÿì äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó
[7, 8].

II. Îñíîâíi ðåçóëüòàòè
A Âèïàäîê îäíi¹¨ ïðîñòîðîâî¨ çìiííî¨

Ïîêëàäåìî â çàäà÷i (1), (2) s = 1. Âiäïîâiäíî äî
äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó äèôåðåíöiàëü-
íîìó âèðàçîâi a

(
∂
∂x

)
çàìiíîþ ∂

∂x íà ïàðàìåòð ν ∈ R
ïîñòàâèìî ó âiäïîâiäíiñòü éîãî ñèìâîë � ôóíêöiþ
a(ν). ßê ïîêàçàíî ó [9, ëåìà 1], ðîçâ'ÿçîê ðiâíÿííÿ (1)
êâàçiïîëiíîìíîãî âèãëÿäó ìîæíà ïîäàòè ó âèãëÿäi

U(t, x) =
{

g

(
∂

∂ν

)
exp [a(ν)t + νx]

}∣∣∣∣
ν=0

, (3)

òîáòî ÿê äiþ äèôåðåíöiàëüíîãî âèðàçó g
(

∂
∂ν

)
çà

ïàðàìåòðîì ν íà ðîçâ'ÿçîê ðiâíÿííÿ (1) êëàñè÷íî
âiäîêðåìëåíîãî âèãëÿäó exp [a(ν)t + νx], à ñàìå:

G(t, x, ν) = g

(
∂

∂ν

)
exp [a(ν)t + νx]

ç ïîêëàäàííÿì ïàðàìåòðà ν ïiñëÿ äi¨ òàêèì, ùî
äîðiâíþ¹ íóëåâi:

U(t, x) = G(t, x, 0).

Ðîçâ'ÿçîê (3) âèçíà÷à¹òüñÿ äëÿ äîâiëüíîãî
êâàçiïîëiíîìà

g(x) =
m∑

j=1

exp [αjx] Qj(x) (4)

ç êëàñó KC çà ôîðìóëîþ
{

g

(
∂

∂ν

)
exp [a(ν)t + νx]

}∣∣∣∣
ν=0

≡

≡
m∑

j=1

{
Qj

(
∂

∂ν

)
exp [a(ν)t + νx]

}∣∣∣∣
ν=αj

(5)

(âèêîðèñòîâó¹òüñÿ ñêií÷åííà êiëüêiñòü îïåðàöié äè-
ôåðåíöiþâàííÿ).

Ïiäáåðåìî ôóíêöiþ g(x) ç êëàñó KC òàê, ùîá
âèêîíóâàëàñü óìîâà (2).

Ðîçãëÿíåìî ôóíêöiþ

η(ν) =
exp [a(ν)T ]− 1

a(ν)
(6)

i ìíîæèíó ¨¨ íóëiâ

P ={ν∈C : a(ν)T = 2πki, k ∈ Z\{0}} ,

äå i � óÿâíà îäèíèöÿ.
Çàóâàæåííÿ 1. Çà óìîâè k = 0 êîðåíi ðiâ-

íÿííÿ a(ν)T = 2πki ¹ íóëÿìè ôóíêöi¨ exp [a(ν)T ]− 1,
àëå íå ¹ íóëÿìè ôóíêöi¨ η(ν); ÿêùî ν∗ � êîðiíü
ðiâíÿííÿ a(ν) = 0, òî η(ν∗) = T .

×åðåç pα ïîçíà÷èìî êðàòíiñòü íóëÿ α ∈ P ôóíêöi¨
η(ν).

Òåîðåìà 1. Íåõàé g(x) � êâàçiïîëiíîì ç
êëàñó KP âèãëÿäó (4), Qj(x), j = 1,m, � äîâiëüíi
ïîëiíîìè ñòåïåíiâ nj, ïðè÷îìó nj ≤ pαj

− 1. Òîäi
ôóíêöiÿ (3) ¹ ðîçâ'ÿçêîì çàäà÷i (1), (2).

¤ Äîâåäåííÿ. Îñêiëüêè g(x) � êâàçiïîëiíîì ç
KP âèãëÿäó (4), òî, ÿê áóëî çàçíà÷åíî âèùå, ôóíêöiÿ
(3) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1). Ïîêàæåìî âèêîíàííÿ
óìîâè (2). Âðàõîâóþ÷è ðiâíiñòü (5), ìàòèìåìî

T∫

0

U(t, x) dt =

=

T∫

0




m∑

j=1

{
Qj

(
∂

∂ν

)
exp [a(ν)t + νx]

}∣∣∣∣
ν=αj


 dt =

=
m∑

j=1



Qj

(
∂

∂ν

) 
exp[νx]

T∫

0

exp[a(ν)t] dt








∣∣∣∣∣∣
ν=αj

=

=
m∑

j=1

{
Qj

(
∂

∂ν

)
(exp[νx]η(ν))

}∣∣∣∣
ν=αj

.

Îñêiëüêè ν = αj ∈ P ¹ íóëåì ôóíêöi¨ (6) êðàò-
íîñòi pαj i nj ≤ pαj − 1, äå j = 1,m, òî óñi äîäàíêè â
îñòàííié ñóìi äîðiâíþþòü íóëåâi, òîáòî

T∫

0

U(t, x) dt = 0.

¥
Òåîðåìà 2. ßêùî ðîçâ'ÿçîê U(t, x) çàäà÷i (1),

(2) ¹ ôóíêöi¹þ ç êëàñó KC,C, òî U(t, x) ∈ KC,P i ìà¹
âèãëÿä

U(t, x) =
m∑

j=1

Qj(t, x) exp[βjt + αjx],

ó ÿêîìó Qj(t, x), j = 1,m, � äåÿêi ïîëiíîìè ç êîìï-
ëåêñíèìè êîåôiöi¹íòàìè, ñòåïåíi çà çìiííîþ x ÿêèõ
íå ïåðåâèùóþòü pαj − 1.
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¤ Äîâåäåííÿ. Íåõàé ôóíêöiÿ U(t, x) ç êëàñó KC,C
¹ ðîçâ'ÿçêîì çàäà÷i (1), (2). Òîäi, ÿê ïîêàçàíî ó [9,
ëåìà 1], ¨¨ ìîæíà ïîäàòè ó âèãëÿäi (3), äå

g(x) =
m∑

j=1

exp [αjx] Q̂j(x), m ∈ N, αj ∈ C,

Q̂j(x), j = 1,m, � ïîëiíîìè ñòåïåíiâ nj ∈ N. Îñêiëüêè
ôóíêöiÿ (3) çàäîâîëüíÿ¹ óìîâó (2), òî âèêîíó¹òüñÿ
òîòîæíiñòü çà çìiííîþ x:

{
g

(
∂

∂ν

)
(exp[νx]η(ν))

}∣∣∣∣
ν=0

≡ 0.

Îñòàííþ òîòîæíiñòü çàïèøåìî ó âèãëÿäi
ôîðìóëè (5):

m∑

j=1

{
Q̂j

(
∂

∂ν

)
(exp[νx]η(ν))

}∣∣∣∣
ν=αj

≡ 0.

Îñêiëüêè αj 6= αk äëÿ j 6= k, äå j, k = 1, m, òî
{

Q̂j

(
∂

∂ν

)
(exp[νx]η(ν))

}∣∣∣∣
ν=αj

≡ 0, j = 1,m. (7)

Çàâäÿêè ëiíiéíié íåçàëåæíîñòi ôóíêöié 1, x, x2,
. . . , xnj−1 òîòîæíiñòü (7) ìîæëèâà ëèøå òîäi, êîëè
αj ¹ íóëåì ôóíêöi¨ (6), òîáòî αj ∈ P , ïðè÷îìó
nj ≤ pαj − 1. ¥

Ïðèêëàä 1. Çíàéäåìî ðîçâ'ÿçêè çàäà÷i ç iíòåã-
ðàëüíîþ óìîâîþ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi

[
∂

∂t
− ∂2

∂x2

]
U(t, x) = 0, t ∈ (0, 2π), x ∈ R,

2π∫

0

U(t, x)dt = 0, x ∈ R.
(8)

Äëÿ öi¹¨ çàäà÷i T = 2π, a(ν) = ν2,

η(ν) =
exp[2πν2]− 1

ν2
,

P = {ν ∈ C : ν2 = ki, k ∈ Z\{0}}.

Äî ìíîæèíè P íàëåæàòü ÷èñëà:

νk1 =

√
2k

2
(1 + i),

νk2 = −
√

2k

2
(1 + i),

νk3 =

√
2k

2
(1− i),

νk4 = −
√

2k

2
(1− i), k ∈ N,

ïðè÷îìó êðàòíiñòü öèõ íóëiâ ôóíêöi¨ η(ν) äîðiâíþ¹ 1.

Âiäïîâiäíî äî òåîðåìè 1 ðîçâ'ÿçêàìè çàäà÷i (8) ¹
òàêi ñåði¨ ðîçâ'ÿçêiâ:

Uk1(t, x) = Ak1 exp

[√
2k

2
x

]
cos

(
kt +

√
2k

2
x

)
,

Uk2(t, x) = Ak2 exp

[√
2k

2
x

]
sin

(
kt +

√
2k

2
x

)
,

Uk3(t, x) = Ak3 exp

[
−
√

2k

2
x

]
cos

(
kt−

√
2k

2
x

)
,

Uk4(t, x) = Ak4 exp

[
−
√

2k

2
x

]
sin

(
kt−

√
2k

2
x

)
,

äå Ak1, Ak2, Ak3, Ak4 ∈ C, k ∈ N, òà ¨õ âñåìîæëèâi
ëiíiéíi êîìáiíàöi¨. Öi ðîçâ'ÿçêè îá÷èñëåíî çà
ôîðìóëîþ (3), ó ÿêié g(x) ìà¹ îäèí ç âèãëÿäiâ:

Cm1 exp

[√
2m

2
(1 + i)x

]
,

Cm2 exp

[
−
√

2m

2
(1 + i)x

]
,

Cm3 exp

[√
2m

2
(1− i)x

]
,

Cm4 exp

[
−
√

2m

2
(1− i)x

]
,

äå Cm1, Cm2, Cm3, Cm4 ∈ C, m ∈ N.
Ïðèêëàä 2. Îïèøåìî äåÿêi ðîçâ'ÿçêè òàêî¨

çàäà÷i ç iíòåãðàëüíîþ óìîâîþ:
[

∂

∂t
− ∂2

∂x2
− ∂3

∂x3
− 2πi

]
U(t, x) = 0, t ∈ (0, 1), x ∈ R,

1∫

0

U(t, x)dt = 0, x ∈ R.

(9)
Äëÿ öi¹¨ çàäà÷i ìà¹ìî a(ν) = ν2 + ν3 + 2πi, T = 1,

η(ν) =
exp

[
ν2 + ν3 + 2πi

]− 1
ν2 + ν3 + 2πi

,

P =
{
ν ∈ C : ν2 + ν3 + 2πi = 2πki, k ∈ Z\{0}} .

Äî ìíîæèíè P íàëåæèòü, çîêðåìà, ÷èñëî 0. Êðàò-
íiñòü öüîãî íóëÿ ôóíêöi¨ η(ν) äîðiâíþ¹ 2.

Âiäïîâiäíî äî òåîðåìè 1, ùîá çíàéòè êâàçiïî-
ëiíîìíi ðîçâ'ÿçêè çàäà÷i (9), ùî âiäïîâiäàþòü íóëåâi
α = 0, çà ôóíêöiþ g(x) ìîæíà âçÿòè ïîëiíîì
âèãëÿäó g(x) = Ax + B. Òàêi ðîçâ'ÿçêè çàäà÷i (9)
âèçíà÷àþòüñÿ çà ôîðìóëîþ

U(t, x) =

=
{(

A
∂

∂ν
+ B

)
exp

[(
ν2 + ν3 + 2πi

)
t + νx

]}∣∣∣∣
ν=0

=

= (Ax + B) exp [2πit] , A, B ∈ C.
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Ïðèêëàä 3. Îïèøåìî äåÿêi êâàçiïîëiíîìíi
ðîçâ'ÿçêè çàäà÷i äëÿ äèôåðåíöiàëüíî-ôóíêöiîíàëüíî-
ãî ðiâíÿííÿ:

∂U(t, x)
∂t

− U(t, x + 1)− U(t, x− 1)
2

= 0,

t ∈ (0, 2π), x ∈ R,
2π∫

0

U(t, x)dt = 0, x ∈ R.

(10)

Äëÿ öi¹¨ çàäà÷i ìà¹ìî a(ν) = sh ν, T = 2π,

η(ν) =
exp [2π sh ν]− 1

sh ν
,

P = {ν ∈ C : sh ν = ki, k ∈ Z\{0}} .

Âiçüìåìî, íàïðèêëàä, k = 1. Ìà¹ìî sh ν = i, çâiäêè
ν =

(
π
2 + 2πm

)
i, m ∈ Z. Ïîêëàäåìî, íàïðèêëàä,

m = 0. Òîäi çíàéäåìî îäèí ç íóëiâ ôóíêöi¨ η(ν), ùî
äîðiâíþ¹ π

2 i, ïðè÷îìó âií ìà¹ êðàòíiñòü 2.
Âiäïîâiäíî äî òåîðåìè 1 äëÿ ïîáóäîâè êâàçiïî-

ëiíîìíèõ ðîçâ'ÿçêiâ çàäà÷i (10), ùî âiäïîâiäàþòü
íóëåâi α = π

2 i, çà ôóíêöiþ g(x) ìîæíà âçÿòè
êâàçiïîëiíîì âèãëÿäó g(x) = exp

[
π
2 ix

]
(Ax + B), äå

A,B ∈ C.
Çíàéäåìî ðîçâ'ÿçêè çàäà÷i (10):

U(t, x) =

=
{(

A
∂

∂ν
+ B

)
exp [(sh ν)t + νx]

}∣∣∣∣
ν= π

2 i

=

= (Ax + B) exp
[
i
(
t +

π

2
x
)]

,

àáî

U1(t, x) = (Ax + B) cos
(
t +

π

2
x
)

,

U2(t, x) = (Ax + B) sin
(
t +

π

2
x
)

, A,B ∈ C.

B Âèïàäîê áàãàòüîõ ïðîñòîðîâèõ çìiííèõ
Ðîçãëÿíåìî çàäà÷ó (1), (2) äëÿ âèïàäêó äîâiëüíîãî

s ∈ N.
Ðîçâ'ÿçêè ðiâíÿííÿ (1), ÿêi íàëåæàòü äî KC,Cs ,

øóêàòèìåìî ó âèãëÿäi

U(t, x) =
{

g

(
∂

∂ν

)
(exp [a(ν)t + ν · x])

}∣∣∣∣
ν=0

, (11)

äå g
(

∂
∂ν

)
� äèôåðåíöiàëüíèé âèðàç, ñèìâîëîì ÿêîãî

¹ ôóíêöiÿ g(x) ç êëàñó KCs .

ßê i â îäíîâèìiðíîìó âèïàäêó, ïiäáèðàòèìåìî
ôóíêöiþ g(x) ç êëàñó KCs òàê, ùîá âèêîíóâàëàñü
óìîâà (2).

Ðîçãëÿíåìî ôóíêöiþ (6), ó ÿêié, î÷åâèäíî, òåïåð
ν ∈ Cs. Íåõàé

P = {ν ∈ Cs : a(ν)T = 2πki, k ∈ Z\ {0}} .

Äëÿ α ∈ P ðîçãëÿäàòèìåìî òàêi ìíîæèíè
ìóëüòèiíäåêñiâ:

Ω1(α) =
{

ω ∈ Zs
+ :

(
∂
∂ν

)ω
η
∣∣∣
ν=α

6= 0
}

;

Ω2(α) =
{

ω̃ ∈ Zs
+ : ω̃ = ω + r, ω ∈ Ω1(α),

r ∈ Zs
+, r 6= (0, 0, . . . , 0)

}
;

Ω(α) = Ω1(α) ∪ Ω2(α), Ω(α) = Zs
+\Ω(α) .

Çàóâàæåííÿ 2. ßêùî ω ∈ Ω(α), òî âèêîíó¹òü-
ñÿ ðiâíiñòü

(
∂
∂ν

)ω
η(ν)

∣∣∣
ν=α

= 0, ïðè÷îìó

U(t, x) =
{(

∂

∂ν

)ω

exp [a(ν)t + ν · x]
}∣∣∣∣

ν=0

¹ ðîçâ'ÿçêîì çàäà÷i (1), (2).

Òåîðåìà 3. Íåõàé ôóíêöiÿ g(x) � êâàçiïîëi-
íîì ç êëàñó KCs âèãëÿäó

g(x) = exp [α · x] Q(x), (12)

äå α ∈ P , Q(x) � äîâiëüíèé ïîëiíîì âiä s çìiííèõ
âèãëÿäó

Q(x) =
∑

|r|≤n

Brx
r, r ∈ Zs

+, n ∈ N, (13)

êîåôiöi¹íòè ÿêîãî çàäîâîëüíÿþòü ñèñòåìó àëãåá-
ðè÷íèõ ðiâíÿíü

∑

r≥q,|r|≤n,
r∈Ω(α),

r−q∈Ω1(α)

BrC
q
r

(
∂

∂ν

)r−q

η(ν)

∣∣∣∣∣
ν=α

= 0, (14)

ó ÿêié q ∈ Zs
+, |q| ≤ n − 1, à íåðiâíiñòü r ≥ q

îçíà÷à¹, ùî rj ≥ qj, j = 1, s. Òîäi ôóíêöiÿ (11) ¹
ðîçâ'ÿçêîì çàäà÷i (1), (2). Íàâïàêè, ÿêùî ôóíêöiÿ ç
êëàñó KC,Cs çà óìîâè m = 1 ¹ ðîçâ'ÿçêîì çàäà÷i (1),
(2), òî ¨¨ ìîæíà ïîäàòè ó âèãëÿäi (11), äå g(x) ìà¹
âèãëÿä (12), α ∈ P i êîåôiöi¹íòè Br ïîëiíîìà Q(x)
çàäîâîëüíÿþòü ñèñòåìó (14).
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Ïðî ÿäðî çàäà÷i ç iíòåãðàëüíîþ óìîâîþ äëÿ ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè íåñêií÷åííîãî ïîðÿäêó

¤ Äîâåäåííÿ. Ïîäiáíî, ÿê i â îäíîâèìiðíîìó
âèïàäêó, ìîæåìî çàïèñàòè:

T∫

0

U(t, x) dt =

=



Q

(
∂

∂ν

) 
exp [ν · x]

T∫

0

exp [a(ν)t] dt








∣∣∣∣∣∣
ν=α

=

=
{

Q

(
∂

∂ν

)
(exp [ν · x] η(ν))

}∣∣∣∣
ν=α

=

=
∑

|r|≤n

Br

{(
∂

∂ν

)r

(exp [ν · x] η(ν))
}∣∣∣∣

ν=α

=

=
∑

|r|≤n

Br

∑

q≤r

Cq
r xq exp [α · x]

{(
∂

∂ν

)r−q

η(ν)

}∣∣∣∣∣
ν=α

=

=exp [α · x]
∑

|r|≤n

∑

q≤r

BrC
q
r xq

{(
∂

∂ν

)r−q

η(ν)

}∣∣∣∣∣
ν=α

=

=exp [α · x]
∑

|q|≤n

∑

r≥q,
|r|≤n

BrC
q
r xq

{(
∂

∂ν

)r−q

η(ν)

}∣∣∣∣∣
ν=α

=

=exp [α · x]
∑

|q|≤n

xq
∑

r≥q,
|r|≤n

BrC
q
r

{(
∂

∂ν

)r−q

η(ν)

}∣∣∣∣∣
ν=α

.

Îñòàííié âèðàç äîðiâíþâàòèìå íóëþ òîäi òà ëèøå
òîäi, êîëè

∀q ∈ Zs
+, |q| ≤ n :

∑

r≥q,
|r|≤n

BrC
q
r

{(
∂

∂ν

)r−q

η(ν)

}∣∣∣∣∣
ν=α

= 0,

çâiäêè îäåðæèìî

∀q ∈ Zs
+, |q| ≤ n :

∑

r≥q,|r|≤n,
r∈Ω(α),

r−q∈Ω1(α)

BrC
q
r

{(
∂

∂ν

)r−q

η(ν)

}∣∣∣∣∣
ν=α

= 0.

Îñêiëüêè çà óìîâè |q| = n óñi ðiâíÿííÿ áóäóòü
òîòîæíîñòÿìè 0 = 0, òî â îñòàííié ñèñòåìi ðiâíÿíü
ìîæíà ââàæàòè, ùî |q| ≤ n− 1. Òåîðåìó äîâåäåíî. ¥

Àíàëîãi÷íå òâåðäæåííÿ ìîæíà ñôîðìóëþâàòè
äëÿ âèïàäêó, êîëè g(x) � äîâiëüíèé êâàçiïîëiíîì ç
êëàñó KCs , òîáòî äëÿ m ∈ N.

Íàñëiäîê 1. ßêùî ôóíêöiÿ U(t, x) íàëåæèòü
äî KC,Cs i ¹ ðîçâ'ÿçêîì çàäà÷i (1), (2), òî U(t, x) ∈
KC,P .

Ïðèêëàä 4. Ðîçãëÿíåìî çàäà÷ó
[

∂

∂t
− ∂2

∂x2
− 2i

∂2

∂x∂y
+

∂2

∂y2

]
U(t, x, y) = 0,

t ∈ (0, 2π), (x, y) ∈ R2,
2π∫

0

U(t, x, y)dt = 0, (x, y) ∈ R2.

(15)

Ìà¹ìî a(ν) = (ν1 + iν2)2, T = 2π, s = 2,

η(ν) =
exp

[
2π(ν1 + iν2)2

]− 1
(ν1 + iν2)2

,

P =
{
ν ∈ Cs : (ν1 + iν2)2 = ki, k ∈ Z\{0}} .

Äî ìíîæèíè P , çîêðåìà, íàëåæèòü α = (1, 1).
Øóêàòèìåìî ðîçâ'ÿçîê öi¹¨ çàäà÷i, ùî âiäïîâiäà¹
öüîìó íóëåâi, ó âèïàäêó, êîëè g(x, y) ¹ ïîëiíîìîì
äðóãîãî ñòåïåíÿ:

g(x, y) = B(0,0) + B(1,0)x + B(0,1)y +

+B(2,0)x
2 + B(1,1)xy + B(0,2)y

2.

Äî ìíîæèíè Ω1(α) íàëåæàòü ìóëüòèiíäåêñè (1, 0),
(0, 1). Äî Ω2(α) íàëåæàòü, çîêðåìà, ìóëüòèiíäåêñè
(2, 0), (1, 1), (0, 2). Äî ìíîæèíè Ω(α) íàëåæèòü ëèøå
ìóëüòèiíäåêñ (0, 0). Çàïèøåìî äëÿ öüîãî âèïàäêó
ñèñòåìó (14):





B(1,0)C
(0,0)
(1,0)

∂

∂ν1
η(ν)

∣∣∣∣
ν=(1,1)

+

+B(0,1)C
(0,0)
(0,1)

∂

∂ν2
η(ν)

∣∣∣∣
ν=(1,1)

+

+B(2,0)C
(0,0)
(2,0)

∂2

∂ν2
1

η(ν)
∣∣∣∣
ν=(1,1)

+

+B(1,1)C
(0,0)
(1,1)

∂2

∂ν1∂ν2
η(ν)

∣∣∣∣
ν=(1,1)

+

+B(0,2)C
(0,0)
(0,2)

∂2

∂ν2
2

η(ν)
∣∣∣∣
ν=(1,1)

= 0,

B(2,0)C
(1,0)
(2,0)

∂

∂ν1
η(ν)

∣∣∣∣
ν=(1,1)

+

+B(1,1)C
(1,0)
(1,1)

∂

∂ν2
η(ν)

∣∣∣∣
ν=(1,1)

= 0,

B(1,1)C
(0,1)
(1,1)

∂

∂ν1
η(ν)

∣∣∣∣
ν=(1,1)

+

+B(0,2)C
(0,1)
(0,2)

∂

∂ν2
η(ν)

∣∣∣∣
ν=(1,1)

= 0,

òîáòî




B(1,0) · 1 · 2π(1− i) + B(0,1) · 1 · 2π(1 + i)+
+B(2,0) · 1 · 2π(8π + 3i) + B(1,1) · 1 · 2π(−3 + 8πi)+
+B(0,2) · 1 · 2π(−8π − 3i) = 0,

B(2,0) · 2 · 2π(1− i) + B(1,1) · 1 · 2π(1 + i) = 0,
B(1,1) · 1 · 2π(1− i) + B(0,2) · 2 · 2π(1 + i) = 0.

Çâiäñè îòðèìà¹ìî B(0,1) = iB(1,0), B(0,2) = i
2B(1,1),

B(2,0) = − i
2B(1,1), B(0,0), B(1,0), B(1,1) � äîâiëüíi êîìï-

ëåêñíi ÷èñëà.
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Îá÷èñëèìî çíà÷åííÿ ôóíêöi¨ exp[(ν1+iν2)2t+ν1x+
+ν2y] òà ¨¨ ïîõiäíèõ ó òî÷öi (1, 1):

{
exp[(ν1 + iν2)2t + ν1x + ν2y]

}∣∣
ν=(1,1)

=

= exp[2it + x + y];
∂

∂ν1

{
exp[(ν1 + iν2)2t + ν1x + ν2y]

}∣∣∣∣
ν=(1,1)

=

= exp[2it + x + y] (2(1 + i)t + x) ;
∂

∂ν2

{
exp[(ν1 + iν2)2t + ν1x + ν2y]

}∣∣∣∣
ν=(1,1)

=

= exp[2it + x + y] (2(−1 + i)t + y) ;
∂2

∂ν2
1

{
exp[(ν1 + iν2)2t + ν1x + ν2y]

}∣∣∣∣
ν=(1,1)

=

= exp[2it + x + y]
(
8it2 + 2t +

+4(1 + i)tx + x2
)
;

∂2

∂ν1∂ν2

{
exp[(ν1 + iν2)2t + ν1x + ν2y]

}∣∣∣∣
ν=(1,1)

=

= exp[2it + x + y]
(− 8t2 + 2it + 2(−1 + i)tx +

+2(1 + i)ty + xy
)
;

∂2

∂ν2
2

{
exp[(ν1 + iν2)2t + ν1x + ν2y]

}∣∣∣∣
ν=(1,1)

=

= exp[2it + x + y]
(− 8it2 − 2t +

+4(−1 + i)ty + y2
)
.

Âiäïîâiäíî äî òåîðåìè 3 çíàõîäèìî ðîçâ'ÿçîê
çàäà÷i (15) çà ôîðìóëîþ (11), ó ÿêié

g(x, y) = exp[x + iy]

(
C0 + C1(x + iy) +

+ C2

(
− i

2
x2 + xy +

i

2
y2

) )
,

äå C0, C1, C2 ∈ C:

U(t, x, y) = exp[2it + x + y]
(
C0 +

+C1

[
(2(1 + i)t + x) + i (2(−1 + i)t + y)

]
+

+C2

[
− i

2
(
8it2 + 2t + 4(1 + i)tx + x2

)
+

+
(− 8t2 + 2it + 2(−1 + i)tx + 2(1 + i)ty + xy

)
+

+
i

2
(− 8it2 − 2t + 4(−1 + i)ty + y2

)])
=

= exp[2it + x + y]
(
− C0 − C1(x + iy) +

+
C2i

2
(x + iy)2

)
,

äå C0, C1, C2 ∈ C,
àáî

U(t, x) =
= exp[2it + x + y]

(
A + B(x + iy) + C(x + iy)2

)
,

äå A,B, C ∈ C.

Âèñíîâêè
Îòæå, çàäà÷à ç iíòåãðàëüíîþ óìîâîþ äëÿ ðiâíÿííÿ

iç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó çà ÷à-
ñîâîþ çìiííîþ òà çàãàëîì íåñêií÷åííîãî ïîðÿäêó
çà ïðîñòîðîâèìè çìiííèìè çi ñòàëèìè êîìïëåêñíèìè
êîåôiöi¹íòàìè ìà¹ íåòðèâiàëüíå ÿäðî. Çíàéäåíî
íåîáõiäíi òà äîñòàòíi óìîâè íàëåæíîñòi äî ÿäðà
çàäà÷i ôóíêöié êâàçiïîëiíîìíîãî âèãëÿäó. Çà äîïî-
ìîãîþ äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó âêàçàíî
ñïîñiá ¨õ ïîáóäîâè.
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ON A NULL SPACE OF THE PROBLEM WITH INTEGRAL CONDITION
FOR INFINITE ORDER PARTIAL DIFFERENTIAL EQUATION

P.I. Kalenyuka, b, Z.M. Nytrebycha, I.V. Kohuta
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The paper deals with investigating a null space of the problem with integral condition for
PDE of �rst order in time variable and generally in�nite order in spatial variables with constant
complex coe�cients. We have found the necessary and su�cient conditions for quasipolynomial
functions to belong to the null space. We specify the formulas for constructing the elements of
the null space by means of the di�erential-symbol method.
Keywords: in�nite order PDE, integral condition, null space of the problem, di�erential-symbol
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