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In this paper, we demonstrate the analysis of the stability of the two-channel
control systems containing the optical fibre links as a through-coupling.. The analysis of
the stability of systems the indicial equation of which can be reduced to the form where
its roots are located in the defined sector of the left half plane of the complex variable s
was conducted on the basis of the method of the plane of parameters.

IIpuBeneno anauis crabijibHOCTI JIBOKAHAJIBHUX KepPYIOUHX CHCTEM, sIKi MICTATH
BOJIOKOHHO-ONITHYHI JIAHKH B IKOCTI HacKpi3HUX 3B’s13kiB. Ha ocHOBI MeToay MaTpuui
napaMeTpiB MpPOBEAEHO AHAMI3 CTAOWILHOCTI CHCTeM BH3HAYAJIbHE PIBHSIHHS SKHX
Mo:ke OyTH 3MeHIIeHa 10 ¢gopmMHu B siKiii iioro kopeHi po3mimeHi B neBHOMY Micui J1iBoi
MOJIOBUHH IJIOIIHHU KOMILJIEKCHUX 3MiHHHX.

1. Introduction

Among the multi-channel automatic control systems one can find the systems consisting of
two [1,3] or even three [2] identical channels. There are also situations when the system operates
in the high EMI environment that affects the coupling between channels. Therefore, the
application of optical fibre links in order to eliminate the influence of EMI is necessary.

The method of the analysis of the stability of single channel linear systems containing optical
fibre links designed to operate in high EMI environments is presented in this paper|[5].

This paper presents the analysis of the stability of two-channel control systems containing the
optical fibre links as a through-coupling (Fig. 1).
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system - -
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Fig. 1. A block diagram of an automatic control system containing the optical fibre links. a) Physical
layout, b) Diagram showing the transmittances of individual components
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2. The Analysis of the stability of two-channel systems optical with the fibre through-
coupling

We assume that two identical linear objects of lumped constants (Fig. 1) have the analytical
transfer function Gy(s) in the right half plane and can be represented in the form of a fraction

A
Gols) = % (D
when
A(s) = Z:avsV
v=0 (a,.b, eR.a, #0) )

B(s)= Y bs"

v=0
The a(s) denotes the transmittance of a through-coupling, of which the transfer function is
determined as:

a(9) = exp{ 2 109 G)

where

v(s) =+ s2c+sd+h 4)

1, c, d, h — parameters of the distributed-parameters components.
The complex operator transmittance [5] of a closed system G(s) has the following form:

1vl

B(s) e2 +]j
G(s)= » (5)
[AG)+BE)e? +iB(s)

The stability of the above system depends on the position of zeros in the characteristic

equation:

1
SYeL
M) =[A()+BEk? +jB() (6)
Let us transform the expression:
N(s):szc+sd+h, (7)
in which, in order to eliminate the free term h in expression, we introduce a new complex
variable:

p=stk.
The expression (7) takes the following form:
N(s)=N(p-k)=cp? +d'p+h’ (8)
where:
¢’ =c,
d'=d-2ck,
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By equating h' to zero we can determine the parameter k which, in general, is a complex

number of the form:
k=c+£jd

For further investigation we assumed k=c+j5 for which the k=c-jé calculations are

analogous.

Now, let us transform the expression %Yl :

1 1 1 1| d’
Eylzzl\/szc+sd+h :Elw/pzc+pd’ =57 p2 +pt =o(p),

1=1c.
The expression (9) can be represented as:

1 d’
¢(p) =7 7P 1+ .
pc
. : d’ :
By the series expansion of |1+ — we obtain:
pc

1), tdt L(£j2L+ 13 (ifi
o=y T aale) T a6\ )

!

where:

¢p
Substituting p=s+k for (11) we obtain

2
1 1d 1 1 (d 1
=—1s+k)fl+————| — +
o(p) 21(S ){ 2 ¢s+k 2-4(0) (s+k)2

1-3 [d’f 1
+—— = ———|
2-4-6\c) (s+k)

and the condition of convergence of the series (12) acquires the following form:

This series is convergent for <1.

!/

d
ls+k|>
c

The expression (10) can also be represented in another form:

(p) =+ A
PP/ =51\ P q P
By the series expansion of 1/1 + %p we obtain:
2 3
1 d’ 1c 1 C 2 1-3 C 3
=—1,[|—pll+——p—| — +—] = —...
op)=7 \/cp{ 2d? 2-4(d’} P 2-4-6(d'] P

This series is convergent for

| IS |

c
P <1. Substituting p=s+k into (14) we have:

©)

(10)

(11)

(12)

(13)

(14)
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' C c 2 . C 3
(p(p)=%rﬂ%(s+k){l+%?(s+k)—ﬁ(y} (S+k)2+2?43-6(?) (S+k)3—--} (15)

and the condition of convergence is: |s+ k| <

dl

!/

d
The series (12) and (15) can be limited to the first two terms of expansion. For |s+ k| >
c

and assuming that d’ = d — 2ck, o(s) is as follows:

1 ( 1 d’)
(p(s)—zt s+k+2 . =05t(s+ m) (16)
where:
_1d
m=7_.
Considering (16) and (9), equation (4) can be represented as:
M(s) = [A(9) + B(9)]e “5 ™ 4 jB(s) (17)
or, considering (2)
M(s)= > [(av +b, )e e 4 b, ]sV (18)
v=0

when, in equation (18) the real terms a,, and b, are the linear functions of the two parameters o
and [3:

{av =a,ja+a,,B+a,; (19)
b, =bya+b,f+by;
The function:
i - g
. _|W|e|n(argw n)arccos . n>0 20)
m 3
for argw € <5 ,§n> and arg(s+m) € <n —arccos&, m + arccos§> maps the left half plane of the
plane of the complex variable ,,w” into the region Q on the plane of the complex variable ,,s”
which is limited by two half lines I; and 1, (fig. 2a) of the following equations:
S:mnejarccos§ -n for ®y e(—oo,O) 21
S:_mnejarccosé -n for o, e<0,oo) -
where o, is the pulsation of the undamped proper vibration and & is the relative damping
coefficient — and the arc of an infinite radius.
For the sake of uniformity of the formulae we introduce the following variable:
- fi o, €l—0,0
7= { E.) or n ( ) (22)
g for ®, € <0, 0)

Then

m—arccosz for o e(—w,0)

arccosé = {

arccosz for , €(0,)
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Fig. 2. Mapping of the left half plane of the complex variable ,,w” into the region Q of the complex

variable ,.s8”
and (21) can be rewritten as:
s=—m,e T _n for @, e(—ow,0), (23)

while:

signz = signo , . (24)

Considering that

cos(arccosz) = z

and

sin(arccosz) = V1 -z,

the relationship (23) can be rewritten as:
s=—mn(z—j l—zz)—n for o, e(—oo,oo). (25)

The need for zeros of the function M(s) to be located within the given region Q, i.e. the
determination of the degree of stability n and the relative damping coefficient &, is equivalent to
the need for zeros of the function

ig(arg w—n) arccos§
T - (26)

M(w) = M[—|w|e‘
to be located within left half plane of the complex variable ,,w”. The mapping described maps the
zeros of function I\N/I(s) into the zeros of the function l\N/I(w) in such a way that the real zeros
correspond to the real zeros and complex conjugate pairs correspond also to complex conjugate
pairs.

By mapping, using function (26), the left half plane of the plane of the complex variable ,,w”,
an area on the plane of parameters a and B can be found in which the stability of the system
described can be guaranteed. In order to do the, the following equation has to be solved:

l\N/I( jro, ) =0
that is
M(s)=0. 27)
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In order to determine the dependence:

M(s) = i[(av +b )emr 059y gy Ly (28)
v=0

according to (23)we calculate s" :

v
sV — (_ (Dne—jarccosz _T])V _ i(_ 1) (VJT]V_XOJnXe_anrCCOSZ
%=0 X
(29)

-, 00n6)- 0,6,

-

T,(z) = cos( ¥ arccos z),

where

and functions:

U, (z) = sin(x arccos Z),

are Tshebyshev terms of the first and second kind.

Next substituting dependence (25) for e%? t(s+m)

imaginary part, we get:

and separating the real part from the

eOotlstm) e()"srmeojs[_wH(Z_j = )—n} = I((Dn) + jK(@n)

where:

Ho,)= e~05tllogzm)m] o O.S’C(O)H V1-22 )
K(o, )= e~05lonzen}ml Gy 0.5‘[(0)“ V1-27* )

Considering expressions (29) and (30) in relation to (28) we obtain the following equation:

Zn: ZV:Hv,x(’)nX[Tx(Z)_jUX(Z)][aV(J((Dn)+jK(0)n))+bV] =0 (3

v=0y%=0

(30)

According to (27) the real and the imaginary part of equation (31) are simultaneously equal to zero,
ie.

Z H, o nx[avK(con)UX(z) + (avJ((Dn) + bV)TX (z)] =0

(32)
> 1,0, aK(0,)T, () -(a,J(0,)+b,)U, ()] =0
\&
Using the dependence (19), equation (32) can be expressed as follows:
{Al(mn)a+A2(mn)B+A3(mn)=0 .
B0, )o+ By (0, )B+B;(0,) =0,



where:

Ai((’)n) = Z Hv,xmnx aviK((’)n)Ux(Z) +(aviJ(@n) + biv)TX(Z)] =0
VX

(34)

Bi(con) = Z ijxmnx[aviK(mn)TX(z) —(aviJ(mn) + bvi)UX(z)] =0

(i=12.3).
We have obtained two equations containing two unknown values o and 3. By resolving the
system of equations (34) in respect to o and 3, assuming that the main determinant is Ay(w,)=0.,

we have:
o = A1((")n)
R0 (35)
B= A2(0)n)
Ao(con)

where the determinants A, (j=o,1,2) are defined as follows:

Ao(mn):Al(a)n)Bz(mn)—Bl(con)Az(con)
A](mn)=—A3(mn)Bz(oyn)+B3(0)n)A2(0)n) (36)
Az(mn):—Al(mn)B3(oon)+Bl(mn)A3(0)n)

!/

For |s + k| < ?‘ we will use the following expression of (p(s):
[ 1
=0514/2(m—k k) 1+—F—=(s+k 37
018 =052l R 1) 1+ g (50| @)
where:
1d
m=—-—.
2c
Assuming (37), the equation (18) will take the following form:
0 0.571/72(m—k)(s+k){1+1(s+k)}
M(S)= Z (aV +bv)e #m-k) +]b, sV, (38)

v=0

when a,, and b,, are defined by the dependence (19) and s" by (29).

Substitution (25) for e and considering k =c+j5 and then separating the real part from the

imaginary part we obtain:

1
I o] o olon) o) o). 09

when:
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(40)
K(mn) = eNl((‘)“) sinNz(o)n),
where:
1
Nl( ):0.51{u+— o) 5’ (ur Vq)}
1
Nz( )=O.5{V+Z(m_0)2 52 (uq Vr)}
and

r=-0,2m-0c)-dn, 1—Z2+m(5—1’1’11’]+0'1’]—0'2—52,

= 1-22(m-0) - 0,28 +dm -8,

uziﬂx+ﬂx2+y
) 2\/X+\/X +y

X = —conz(m—c)+6con\/1—22 +1’Il0'—1’1’11’]+(51’]—62 —82,
y=o,V1-22(m-0)+o,z8 +8m—&n-20d.
Substituting (29) and (40) for (38) we obtain:

ZZHVX n [T (z)-ju (Z)][ T 2 )+ iK(o )+bv]=0

v=0y=0

(41)

According to (27) the real and the imaginary part of equation (41) are simultaneously equal
to zero, i.e.:

ZHVX w2 vR(0,)U, () +(a,T(0,) +b, )T, (1)] =0

(42)
ZHVX 22 R(o,)T, () -(2,7(0,) +5,)U, (1] =0
Assuming the dependence (19), equation (42) can be expressed as follows:
Kl(mn)a+gz(mn)ﬁ+g3(mn)20 "
E](wn)(x+]§2(0)n)[i+]§3(con)=0 )
Ki(mn) = ZHV,X(;)nX[aViK(mn)UX(Z)+(aViT(mn)+biv)TX(z)] =0
\&i
where: ~ - - (44)
Bi(oan) = ZHvaanX[aviK(con)TX (z)—(aViJ(mn)+bvi )UX(Z)] =0
v

(i=12.3).
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By resolving the system of equations (43) in respect to o and [, assuming that the main
determinant is A(w,)=0, we have:

o= %1((’%)
o)
P Zolon)

where determinants A, (k=0,1,2) are defined as follows:
Zo(({)n): K]((Dn)gz(ﬂ)n)—E]((Dn)gz((})n)
Zz(ﬂ)n) = _Kl(('OH)E3((DH)+E1((DH)K3(O‘)H)
Dependencies (35) and (45) represent parametric equations of the curve I' (the limit of the
division region D) on the plane of parameters o and . This curve is an image of the imaginary
axis on the plane of the complex variable ,,w”.

We will show that functions (35) are even. Indeed, from equations (30) and assuming that
(24), we will obtain:

(—0,)=30,), K-o,)=-Ko,). (47)
Considering the following properties of the Tchebyshev polynomials:
Tx(_z):(_l)XTx(Z)a Ux(_Z):(_l)X_l Ux(z)a

from the dependence (34) we obtain:

and from the relation(36) we have:

Ak(_mn):_Ak(O)n)
(k=0,1, 2, ...)

so finally, according to (45) we obtain:

oc(—(;)n) = oc((;)n)
B-0,)=Blo,)

By carrying out the same calculations as above it can be shown that functions (45) are also

(48)

even. The curve I' is being circulated twice then, once when o, e(-«,0) and in the opposite
direction when o, €)0,50). The area of stability on the a-f3 plane is limited by the curve I" and
certain singular lines (When A,(v,)=0 and A (0,)=0). The positioning of the stability region in

relation to the border can be determined by, for example, Neymark criterion [8].
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3. Conclusions

The method of the analysis of the stability of two-channel control systems containing the
optical fibre links as a through-coupling, applied in this work consists of the choice of such a
function (22), which would map the left half plane of the plane of the complex variable ,,w” into a
given region on the plane of the complex variable ,,s”. As a result, the question of testing the roots
positioning in the given region on the plane of the complex variable ,,s” was reduced to a well-
known question of the testing of the roots positioning in the left half plane of the complex
variable ,,w”. Following that, the left half plane of the complex variable ,,w” was mapped by (35)
and (45) into stability region on the plane of parameters o and [3.
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HOCJIZKEHHA ®OPMHA ITOJIMEPHHUX
INJTOCKOONYKJNX MIKPOJITH3
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Ilopano HaouHwmii mMeroa OHIHKH (opmMH MIKPOJIiH3, BHIOTOBJIEHHX IOJiMe-
pusamicro Jiexkadoi kpanuau GoTouyTaIHBoI Kommno3uiii. Po3paxoBano BinxuiieHHsi
BHUT'OTOBJICHHX 3pa3KiB Bi/l 32/1aHOT KPHBU3HH.

In this paper the method for estimation of shape of microlenses formed by
polymerization of sessile drop of photosensitive composition is considered. Curvature
deviation of formed samples from specific curvature is calculated.

CknsHI 1 mOMIMEpHI MIKPOJIIH3W IIHPOKO 3aCTOCOBYIOTH SK (DOKYCYIOUl IIPHUCTPOL IS
MiIBUIIECHHS] €()eKTUBHOCTI BBOJY BHIIPOMIHIOBAHHS MiX OKPEMHMH €JeMEHTaMH BOJIOKOHHO-
ONTHUYHHX cHCTeM [1].



