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3HaiileH0 aHAJTITHYHI Po3B’sA3KHK 3a JomoMorow Ateb-gyukuiii aas cucremu audepeH-
HialbHUX PiBHAHB, 110 ONMHMCY€E KOJUBHMI PyX 3 OAHMM CTylleHeM BilbHOCTI. {11 YKCJI0BOrO
MO/IETIOBAHHSA 3acTocoBaHo po3kaaau Ateb-pyukuiii y psaau Teiiaopa ta ®@yp’e. Ilpeacras-
JIEHO AJITOPUTM o0YmMciaeHHs1 nepioquunux Ateb-pyHkuiii 3a 70moMorow po3kJaiB y psau
®yp’'e. Po3podiieHnii MeTOJ MOKHA 3aCTOCYBATH /UIA YMCJIOBOIO MOJEJIOBAHHA PYXY
KOJIMBHHUX CHCTEM.

The analytical solutions are built with the help of Ateb—functions for the system of
differential equations, that describes oscillating motion with one degree of freedom. For the
numeral design the decomposition in Tylor and Furier rows of Ateb—functions are applied.
The algorithm of calculation of periodic Ateb—functions is represented with the help of time-
tables in the Furier rows. The developed method can be applied for the numeral design of
motion of the oscillating systems.

Beryn

ACHUMIITOTHYHI METOJM PO3B’SI3aHHA CHCTEM H(epeHIlialbHUX PIBHIHB TONIMPEHI B JIOCTIHKEHHIX
KOIMMBHEX cucTeM. Y poborax H.H. Boromo6osa, I0.A. Mutpomnoibcekoro, A.M. Camoitnerko [2] po3po6-
JIEHO Ta OOrpYHTOBAaHO MaTEMATUYHHH METOJ| YCEepeIHEHHS, SIKMH ICTOTHO CIIPOLIye€ MaTeMaTH4Hi 3ajadqi
Teopii HeMHIMHUX KOIMBAHB 1 JIa€ 3MOT'y e(pEKTUBHO JIOBECTH TX PO3B’ SI3KH JI0 AHAIITUYIHOTO BUPAKEHHS.

AHaNmTHYHI BUpa3® JJIsl O3B’ sI3aHHS CHCTeM AudepeHIlialbHiX PiBHSIHB, 110 ONHCYIOTh KOJUBHHM
pyX, orpuMani y poborax [3,9]. Orpumani ¢opmynu IpyHTYIOThCS Ha Teopii Ateb-¢ynkuii. ITpore
AQHANITHYHUAN 3aIliC PO3B’ A3KIB HE € 3pYYHHUM JIJIsl YUCIOBOTO MOJICTIOBAHHS PyXYy KOJNMBHHX CHUCTEM 32
My popmynnamu. TpyaHOII 00YHCIIEHD OB’ sI3aHi 3 0COOIMBICTIO BUPAXKEHHS TOMY, 110 Ateb-hyHKIIiT €
00EepHEHHSM IHTETpajiB, IPEACTaBIeHUX Y (GopMynax po3s s3kiB. OTxe, IUIST MOICTIOBAHHS PYXy KOJHB-
HUX CHUCTEM aKTyaJbHOI € MpoOiieMa OTPpUMaHHS MPOCTUX 1 3pYYHHUX Yy KOPUCTYBaHHI alTOPUTMIB
OOYMCIIeHHS PO3B’SI3KIB CHCTEM IHQepeHIiaTbHUX PIBHIHB. PO3po0ieHo aaroputM OOYHMCIEHHS Tepio-
mnaauX Ateb-yHkmiii Ha ocHOBI poskiany y psn @yp’e. Panime [4] Hamu Oyiio 3anpOIIOHOBAHO METOJ
obuncnenns Ateb-dynkiiii Ha ocHOBI posknanmiB y psau Teiinopa. Po3poOiieHi METOmu BHKOPHCTO-
BYIOTBCS JUTSL YMCTIOBOTO MOJICTIOBAHHS MIEPIOJMYHOTO PYXY.

MarteMaTH4Hi MoJeJi NEPiOAUIHOIO PyXy
PosrisiHeMo AuHAMIYHY CHCTEMY, IO OMUCYETHCS PIBHSIHHIMHU Y BEKTOPHiH (opmi

dx -, _
5= ®. x={x, %, ., x } £ ={f, f,,..., £} @)
Po3B’ 130k piBHsHHSA (1) 3aJI©KUTh B 4acy Ta MOYaTKOBUX YMOB!
1 1 1
X = X(t, %)

Cucrema Buny (1) € MaTeMaTHYHOI MOEIUIIO, IO OIMKCYE MEPIOMUYHO TMOBTOPIOBAHHN pyX. Y
3aralbHOMY BWNAJKYy 3alldcaHa MOJECNb  XapaKTepU3yeThCs OararbMa CTYNEHSAMH  BUIBHOCTI.
OOMEXUMOCS PO3IIIAIOM CUCTEMH 3 OJHUM CTYIICHEM BUILHOCTI Y BUTJISII
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P+ by™ =

: 2
i y+axn=0

ae a,b —zesxiducnosi koedilieHTH:

_f+1 _f+1
—m, m_qu,*l, @&%q%o$qe=0,12,..) (©)

Po3B’s130k cuctemu (2) mpencraBiseTbes y BUMIIAAL nepionuunnx Ateb-dyukuiii [7], skmo N, m

3aJI0BOJILHSIFOTH HEPIBHOCTI, SIKi HA3UBAIOTHCS YMOBAMH TEPiOJJMYHOCTI
2 >0, ——_>0. ()
n+1 m+1
[MpuknagamMu peanbHUX KOIMUBHUX CHCTEM MOXYTh CIIyTyBaTH 3B'si3aHi (i3udHi abo NpyKUHHI
MAasITHHKH, 3B’ s3aHI KOJMBHI KOHTYPH, BOATOMHI MOJICKYIH, 3B’ i3aHI aKyCTH4YHI pe3oHaTOpu Ta iH. [1].
JAist TocmiKEeHHS pyXy Y TAKHX CHCTEMaX MPOMOHYETHCS 3aCTOCOBYBATH PO3POOIICHI METO/IH.
Posrnanemo Bupas
1Y . m
W:_(‘j n+1(1_ t) m+1dt, (5)
2,
ae N, M BusHaueHi criBBinHomeHHAMHE (3), (4).

VY dopmyni (5) W e bynkiiero Bin Y, a Takoxk Bim N 1 M. [ns noOymoBu Ateb-pyuxyii
posrisigaeMo obepHeHy 3alexHICTh Y Bim W, sika € ogHodacHO QyHkmiero N i M ta HazuBaeThes
cunycom Ateb-gynxyii [7] sa(n, m,w).

3a hopmyitoro (5)

n

i
W= - _m+1d1_ ™) da. (6)

BanmexHicte 2 Big W juis inTerpany (6) € q)yHKmeIo N i M HasuBaeThes KocuHycoM Ateb-gyukyii
ca(m, n,w).

Po3B’ 130K cucremu (2), 3armncannii y BUIISAI epiognunux Ateb-hyHKiiil, Mae BT
x=aca(m,n,q)

fy=aysa(nma)’

—_—

Jc
_m+1 q= (n+Da
n+1’ (m+1)b "’

Koncrantu a i (], BU3HAYaIOThCS 3 IOYATKOBUX YMOB.

q=%<m+1)bq“a”"'lt+qo-

JIist MOZIENIOBAaHHS KOJMBHOTO PYXY, OMHCAHOTO CHUCTeMOI (2), HEOOXiIHO OTpHMATH YHCIOBI
3HaueHHs1 Ateb-ghyrryiil.
O6unciroemo GyHKIIT ast aprymenty W, KM 3MIHIOETBCS Ha BiJIpi3Ky

OEWE%P(m,n).

e

16 10
en+1gem+lg
el 0,1 00

n+1g em+lgg

P(mn)= (7)
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10 10
i € miBriepiogom Ateb-¢ynkii [8]. V dopmyi (7) C{? = (C——— = —ramma-dynxuis.
ém+lg én+lg
Jnst obumcienns Ateb-¢ynkiiid, 3amanux ¢opmynamu (5), (6) BUKOpHUCTaEMO PO3KJIAAW MifiH-
TerpanbHUX (QYHKIIH y QyHKIIOHANBHI psian. s moOynoBu po3B’ si3Ky BHKOpUCTaeMo psiau Teiinopa Ta

psamu Dyp'e.

IpeacrasienHs po3B’ A3KiB 3a 10MOMOro0 po3kJiany B psia Teiisiopa
Bigomo [8], 1m0 obumcioBaTH JOCTATHBO TiUMbKKM OHY 3 Ateb-gymxyiti. O6umcanmMo (yHKIIiO
ca(mn,w).
3 Bupasy (6) BBemeMo y po3risia GyHKITIO

m+1 du

z
F(2)=w+ > (o) —. 8)
1 (1_ Um+1)m
JIs1 KOXKHOTO (pikcoBaHOro mapamerpa W 3HaXOIMMO Take Z, IO kitist (8) crae masnorw Benu-
pamerpa W z yH 8
YHHOIO 33JJaHOr'0 TIOPSIKY, TOOTO

F(2)=0(), ©
Jie € —Malui I0IaTHUN napaMerp.
PaskiazemMo noiHTerpaibHy GyHKio (8) B psix 3a crenensmu 2™ .
Otpumaemo
F(2)=w- %O(m,n)+m7+1ﬂ:(a,b,c,d) (10)

Tyr F (a, b, c, d) — rinepreoMeTpudHuiA psjl, TOOTO

+Db(b+1) d?
Flab.cd)=1+22d 2@+ ob+Hd” (a1
c 1 c(c+1) 2
A€ BBCACHO ITO3HAYCHHA
+
d=z", a= ! L b= =D 2. (12)
m+1 n+l m+1
Bpaxosyrouu (10), orpumaemo O£ d £1, i
1
a+tb-c=-—<0.
n+1

Sk noeneno €.T. Yirrekepowm [10], rinepreomerpuunuii psia (11) € 30ixHEM.
Jlost 3HaxomKeHHs HyiB (yHKIi (8) BUKOPUCTOBYETHCSI METO TIOALTY BiPi3Ky HamonoBuHy [11].

3 1i€I0 METOI0 3aJa€ThCs JOCTATHBO MalWi IOJATHHH Mapamerp e(e =10'12). [Iporec obuMcICHHS
MPOJOBKYETHCS IOTH, IOKK S -il BiIPI30K HE CTaHE BETMYMHOO MOPSIKY € , TOOTO
|z z|Ee, (13)

s+l
ne Z,— HaONMKXeHHs Ha S -My KpOLi.

Toni 3a nyns ¢ynkuii F (Z) npuiimaemo Bennunny

1
z:§(zs+1 +z,).

Otmxe, dhopmymn (10)—(12) matoTe 3Mory oOUMCIUTH 3HaueHHs Ateb-KocmHyca, BHKOPHCTABIIH
posknan y psn Teiinopa Ta MeToau HaOMMXKEHOTO OOYMCICHHS IHTErpajia Ta HyJiB ¢yHkmii. JeTtanbHo
po3pobIieHH HaMH aJITOPUTM OOYHCIICHD TIPECTABICHO y pPo0oTi [4].

200



IIpencraBiaeHHs po3B’ A3KiB 3a 10MOMOr0I0 po3kJany B psag @yp’e

Bymb-sKy nepiomguuny dynkuio F(xX) 3 nepionom 2P = [- P, P] MOKHa PO3KJIACTH Ha IbOMY
Binpi3Ky B psia Dyp’ e 3a hpopmymamu

kpx 0

+b, sin—
b P o

¥

o X kpX

F(X)—— d ¢&C (14)
Y-} P

Ockinbkn QyHkiis Ateb-kocunyca ca(m, n,w) € mapHoro, To B poskiam (14) xoedimieHTH

b, =0, (k=1,...,0). Y pesynbrari po3kiaz B psx @yp’e mst Ateb-KocuHyca Mae BUIIIAL

¥
ca(mnw)=22+3 a, cos W (15)
2 = P
Jc
1", kpx m+1%  kpx X dX
a, =— m, n, X) cos—dx = - 0S dx
“ P ool ) P op F®p 0 o

(16)

Ockinbku ¢yHkitis Ateb-cunyca sa(n,m,w) € HemapHow, To B posknanmi (14) xoedimieHTH
a, =0, (k=0,...,0). ¥ pesynbrati po3kinazn B psg @yp’ e wist Ateb-curyca Mae BUTIISA

. . kpw

sa(n,mw)= 8 b sin— (17)
k=1 P
Jc
P P -1£yEl
bK—— ¢saln.m,y) cos pydy_n+1 sin Y dy dy . (18)

(0] m
P 2P Py (1_ y“*l)mfl
V [6] noBeneno, 1o psau (15) ta (17) € 301KHUMH.

Bukopucraemo dopmynu (15)—(18) st oduncinenns nepionuunux Ateb-gpynkmiit. Sk Oyno ckazaHo
pamiiie, DOCTaTHRO OOYMCIUTH OAHY 3 IMX (YHKIiH, TOMY OINMIIEMO aaroputM obumcienus Ateb-
kocuHyca. OCHOBHA TPYAHICTh OOYMCJICHHS MONATaE y 00paxyHKy KoeQillieHTIB po3kiany y psag Dyp’e,
saganux ¢opmynamu (16), (18). Sk BumHo 3 BuBemenux dopmyn, a,, b, npencrasneni y Burmsni
MOJBIMHMUX IHTErpamiB. Y 3amucaHOMy MPENCTaBICHHI BHYTPINIHIN iHTETpaj € HEBJIACTHBHM, aJpKE MpPH

X® 1 ns @, ta Y® 1 nus b, niginrerpanshi BUpasu npAMyroTh 10 HECKIHUEHHOCTI.

YucsoBe npeacTaBieHHs Po3B’ A3KIB MaTeMaTHYHUX Mojiejieli KOJTMBHOTO PyXy
Onurremo Meron obuucieHHs Ateb— dynkiiii 3a ormomororo po3knaaiB y psaau Oyp’e. biok-cxemy
METOJIy OOUYHMCIICHHS IToKa3aHo Ha puc. 1. Ha moyatkoBoMy eTari BBOIMMO BXiJHI AaHi: KpOK TaOyIsiii Ta
napamerpu Ateb-dynkiiii N i M. Ilicns BBeaeHHs mnapamerpiB N i M mepeBipsSeEMO yMOBH
nepioanunocti (4). Ilicns mporo obumcimoemo mepion Ateb-pyukuii 3a dopmynoro (7). O0uncieHHs

) 90 1 u ) )
OPOBOAMMO Ha IMPOMIDKK ,— ,N),~ 3 TIEBHUM 3aJaHuM KpokoM TaOymamii. IloTiM 3alexxHo Bifg
p p y g 2F’(m n)lfl p Oy. I

BHOOpY 0oOuMCIIOBaHOiI (GYHKIIT KOCHHyca uYu cuHyca BuOHpaemo ¢opmymu (15),(16) ado (17),(18).
OO0YHUCITIOEMO CYMY PsITy 110 3a1aHOT TOYHOCTI.
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BEB2OeHHA Kpoky ob4MCn eHe ]
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OO6umcreni 3HaueHHsT QYHKIIT BUBOAUMO Yy (aiin abo Ha aucruieii Ta 30epiraeMo y MacuB 3 METOIO
nmoOynoBu rpadikiB ¢yHkmii. [licas 1poro BHOMpPAEMO HACTYIHY TOYKY. SIKIIO ISI TOYKA HAJICKHTh
MPOMIXKKY, TO BEPTAEMOCH J0 OOYHCIICHB, KOO (QyHKIiS MpoTadynboBaHa Ha BCHOMY IMPOMIKKY, TO

BUBOIMMO pe3ynbTaTu oOuucieHb. OKpeMHM OJOKOM BHMIUIMMO OOYMCIEHHS KOe(illieHTiB a, =0,

(k=0,...,0) Ta bk =0, (k=1,...,00), 0 € HEBIACTUBMMH iHTerpanamu. Jiis ix 00YKCIEHHS BAUKOPHCTOBYBA-

JUCh HaOJIM)KEHI MEeTOIu OOYHMCIICHHS TMOJBIMHHUX IHTErpaliB Ta JWXOTOMIYHHIA METOJ TIOUIYKY HYIiB
¢bynkiii [11].

Tak peanizoBaHO MeTOA OOYMCIEHHS Tepioandnux Ateb-dyHkiiii Ha OCHOBI po3KiIamy y psau
Dyp’e.

BuchHoeku
3anponoHoBaHI MeTOAM OOYHCIECHHS IPYHTYIOThCS Ha (opMmynax acHMOTOTHUYHHX METO/IB

PO3B’ 13Ky CUCTEM IuQepeHIliaIbHUX PIBHAHL € MOMIMPSHUMH I Yac JOCTIIKCHHS KOJIMBHUX CHCTEM.
AHanmiTH4YHI BHpa3W JUIS PO3B’S3KIB CHUCTEM IU(EpeHIiabHUX PiBHSHB, IO OMHCYIOTh KONUBHUH PYX,
IPYHTYIOTbCSL Ha Teopii Ateb-¢yHkiiit. Po3pobiaeHo meroan Ta 3acobu oOuMciieHHs nepiogndHux Ateb-
(GyHKIIIM HAa OCHOBI po3kianiB y psa @yp’e Ta Ha ocHOBI po3kianiB y psau Teinopa. Po3pobieni meromu
BHUKOPHUCTOBYIOTBCS ISl YMCIIOBOTO MOJICIIOBAHHS PyXY AUHAMIYHUX KOJHBHHUX CHCTEM.
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