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ON DIFFERENTIAL GAMES UNDER  
CONVEX INTEGRAL CONSTRAINS ON CONTROLS 

 
Summary. The paper deals with the problem of the approach of a trajectory of a linear conflict-controlled 

process to a linear subspace in the case of convex integral constraints on the player’s controls. Using the technique of 
set-valued mappings and convex analysis (epigraph of a function, recession cone), we obtain sufficient conditions for 
problem solvability in the class of measurable controls. 
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Dynamics of a game is set by the linear differential equation 

,=(0),= 0zzCvBuAzz −+&    nz R∈ , mu R∈ , lv R∈ .                      (1) 
The controls of the player-pursuer )(⋅u  and the evader )(⋅v  are Lebesgue measurable functions that 

satisfy the integral constraints: 
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ττψττϕ dvdu                                               (2) 

The function ϕ , RR →m:ϕ , is assumed to be nonnegative, convex, and lower semicontinuous [1]. 

Suppose 0=(0)ϕ  and the level set { }γϕγ ≤∈Φ )(:=)( uu mR  is limited to at least one nonnegative 
number γ . The function ψ , R→V:ψ , lV R⊂ , is assumed to be nonnegative and upper semicontinuous 
on its domain of definition V . The terminal set M  is a linear subspace nR .  

We denote by π  the projection onto the orthogonal complement L  to the subspace M  in nR . 
Condition. There exist a number λ , 1<0 λ≤ , such that for all t , 0≥t , and v , Vv ∈ , holds the 

inclusion:  
)).(( vBeCve AtAt ψλππ ⋅Φ∈                                                       (3) 

We consider an auxiliary function, which can be called the resolving function of a differential game 
under integral constraints:  

                     { }ϕττγγτγ epi)(),()(:0sup),,( Hvbtavt ∈+≥= , 

where      
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{ })(:),(=epi uu m ϕµµϕ ≥×∈ RR  – epigraph of ϕ  [1], Vvt ××∈ ++ RR),,( τ , )[0,∞=+R . 
We recall [1] that the recession cone W+0  of a convex set W , kW R⊂ , is the set 

{ }WWaaW k ⊂+∈+ :=0 R . Define the set { }.epi0)()(:),(= ϕττ +
++ ⋅∉×∈∆ Htat RR  

Theorem. Suppose that condition (3) is satisfied for the parameters of the game (1)-(2).  
Let there exists a moment )(= 0zTT  such that { } ∆⊂× ][0,TT  and for all admissible controls )(⋅v  holds 

the inequality  1.))(,,(
0

≥−∫ τττγ dvTTT  Then the differential game can be completed at time T , i.e. for 
any admissible evader’s control )(tv  there is an admissible pursuer’s control )(tu  that guarantees the 
approach of the solution of equation (1) )(tz  corresponding to the controls ))(),(( tvtu  and initial position 

0z  to the terminal set at moment T : MTz ∈)( . 
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