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Äîñëiäæåíî çàäà÷ó ç óìîâàìè, ÿêi ¹ ëiíiéíîþ êîìáiíàöi¹þ áàãàòîòî÷êîâèõ òà iíòåãðàëü-

íèõ óìîâ çà ÷àñîâîþ çìiííîþ, äëÿ ôàêòîðèçîâàíîãî ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì îïåðà-
òîðà çi çìiííèìè çà ÷àñîì êîåôiöi¹íòàìè ó êëàñi ôóíêöié, ìàéæå ïåðiîäè÷íèõ çà ïðîñòîðî-
âèìè çìiííèìè. Çíàéäåíî êðèòåðié ¹äèíîñòi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó âêàçàíî¨
çàäà÷i ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ. Äëÿ âèðiøåííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ
âèêîðèñòàíî ìåòðè÷íèé ïiäõiä.
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Âñòóï 1

Îñòàííiìè ðîêàìè çíà÷íà óâàãà ìàòåìàòèêiâ
ñïðÿìîâàíà íà äîñëiäæåííÿ çàäà÷ ç iíòåãðàëüíèìè
óìîâàìè, ÿêi ¹ óçàãàëüíåííÿì äèñêðåòíèõ íåëîêàëü-
íèõ óìîâ. Iíòåãðàëüíi óìîâè ÷àñòî âèêîðèñòîâóþòüñÿ
ïiä ÷àñ ìîäåëþâàííÿ äåÿêèõ ïðîöåñiâ òåïëîïðîâiäíî-
ñòi, âîëîãîïåðåíîñó â êàïiëÿðíî-ïîðèñòèõ ñåðåäîâè-
ùàõ, ïðîöåñiâ, ùî âèíèêàþòü ó òóðáóëåíòíié ïëàçìi,
ó çàäà÷àõ ìàòåìàòè÷íî¨ áiîëîãi¨, ïiä ÷àñ äîñëiäæåííÿ
äåÿêèõ îáåðíåíèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè òîùî.

Îäíi¹þ ç ïåðøèõ ðîáiò, ïðèñâÿ÷åíèõ çàäà÷àì ç ií-
òåãðàëüíèìè óìîâàìè äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, áó-
ëà ïðàöÿ Äæ. Êåíîíà [20]. Â ïîäàëüøîìó äîñëiäæå-
ííÿ òàêèõ çàäà÷ ïðîâîäèëè áàãàòî àâòîðiâ, çîêðåìà
[4�8, 10, 11, 14, 18, 21]. Ó ðîáîòàõ [4, 6, 7, 14, 21] äîñëi-
äæóâàëè ìiøàíi çàäà÷i ç iíòåãðàëüíèìè óìîâàìè çà
ïðîñòîðîâèìè çìiííèìè äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi
ñòàëèìè òà çìiííèìè êîåôiöi¹íòàìè. Îáåðíåíi çàäà÷i
äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç iíòåãðàëüíèìè óìîâàìè
ïåðåâèçíà÷åííÿ âèâ÷àëè ó [5].

Çàäà÷i ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîì äëÿ ði-
çíèõ òèïiâ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè âèâ÷à-
ëè ó ðîáîòàõ [10, 11, 18] òà ií. Ó [11, 18] ðîçãëÿíóòî
çàäà÷ó ç iíòåãðàëüíèìè óìîâàìè ó âèãëÿäi ïîñëiäîâ-
íèõ ìîìåíòiâ çà ÷àñîì âiä øóêàíî¨ ôóíêöi¨ äëÿ áåç-
òèïíîãî òà ãiïåðáîëi÷íîãî çà Ïåòðîâñüêèì, âiäïîâiä-
íî, ðiâíÿíü âèñîêîãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹í-
òàìè. Àíàëîãi÷íó çàäà÷ó äëÿ ïñåâäîäèôåðåíöiàëüíèõ
ðiâíÿíü äðóãîãî ïîðÿäêó çi çìiííèìè êîåôiöi¹íòàìè
äîñëiäæóâàëè ó [10]. Çàäà÷ó ç áàãàòîòî÷êîâèìè óìî-
âàìè çà ÷àñîì äëÿ ôàêòîðèçîâàíîãî ïàðàáîëi÷íîãî
îïåðàòîðà âèâ÷àëè [16] (äèâ. òàêîæ [13] òà áiáëiîãðà-
ôiþ òàì). Òàêi çàäà÷i ¹ íåêîðåêòíèìè çà Àäàìàðîì,

à ¨õ ðîçâ'ÿçíiñòü ÷àñòî ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ
çíàìåííèêiâ.

Õî÷ çàäà÷i ç iíòåãðàëüíèìè óìîâàìè äîñëiäæóâà-
ëèñü äîâîëi øèðîêî, äëÿ ðiâíÿíü âèñîêîãî ïîðÿäêó
çi çìiííèìè êîåôiöi¹íòàìè òàêi çàäà÷i âèâ÷åíi ìàëî.
Ó öié ïðàöi äîñëiäæó¹òüñÿ çàäà÷à ç óìîâàìè, ÿêi ¹
ëiíiéíîþ êîìáiíàöi¹þ áàãàòîòî÷êîâèõ òà iíòåãðàëü-
íèõ óìîâ çà ÷àñîâîþ çìiííîþ äëÿ ôàêòîðèçîâàíîãî
ïàðàáîëi÷íîãî çà Ïåòðîâñüêèì îïåðàòîðà çi çìiííè-
ìè çà ÷àñîì êîåôiöi¹íòàìè ó êëàñi ôóíêöié, ìàéæå
ïåðiîäè÷íèõ çà ïðîñòîðîâèìè êîîðäèíàòàìè.

I. Îñíîâíi ïîçíà÷åííÿ

Âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ: Rp+ �
ìíîæèíà âñiõ íåâiä'¹ìíèõ äiéñíèõ ÷èñåë; Zp+ � ìíî-
æèíà òî÷îê ç Rp, p ≥ 1, ç öiëèìè íåâiä'¹ìíèìè êîîð-
äèíàòàìè; x = (x1, . . . , xp) ∈ Rp, dx = dx1 · · · dxp;
k = (k1, . . . , kp) ∈ Zp, ∥k∥ =

√
k21 + · · ·+ k2p,

|k| = |k1| + · · · + |kp|; s = (s1, . . . , sp) ∈ Zp+,
|s| = s1 + · · · + sp; ŝ = (s0, s1, . . . , sp) ∈ Zp+1

+ ;
|ŝ| = s0 + s1 + · · ·+ sp; µk = (µk1 , . . . , µkp) ∈ Rp, µk1 ̸=
̸= µk2 , k1 ̸= k2, k1, k2 ∈ Zp; ∥µk∥ =

√
µ2
k1

+ · · ·+ µ2
kp
,

|µk| = |µk1 |+ · · ·+ |µkp |; (µk, x) = µk1x1 + · · ·+ µkpxp;
Dp = (0, T )×Rp, ΠpH = [0, H]p, ΠpT = [0, T ]p, [a] i {a}�
öiëà i äðîáîâà ÷àñòèíè ÷èñëà a ∈ R; Cj , j = 1, 2, . . . ,
� äîäàòíi âåëè÷èíè, ÿêi íå çàëåæàòü âiä k òà µk;

C
(n,2n)
B (D

p
) � ïðîñòið ôóíêöié u(t, x), ÿêi ¹ n ðà-

çiâ íåïåðåðâíî äèôåðåíöiéîâíèìè çà çìiííîþ t òà 2n
ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèìè i ìàéæå ïåðiî-

1Ðîáîòó ïiäòðèìàíî ÄÔÔÄ Óêðà¨íè (ïðîåêò �41.1/004).
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äè÷íèìè [19] çà x ðiâíîìiðíî ïî t ∈ [0, T ], iç íîðìîþ

∥u;C(n,2n)
B (D

p
)∥ =

=
∑

|ŝ|62n
s06n

max
t∈[0,T ]

sup
x∈Rp

∣∣∣∣ ∂|ŝ|u(t, x)

∂ts0∂xs11 · · · ∂xspp

∣∣∣∣ ;
ChB := ChB(Rp) � ïðîñòið ôóíêöié v(x), ÿêi ¹ h

ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèìè i ìàéæå ïåðiî-
äè÷íèìè çà âñiìà çìiííèìè, iç íîðìîþ

∥v;ChB∥ =
∑
|s|6h

sup
x∈Rp

∣∣∣∣ ∂|s|v(x)

∂xs11 · · · ∂xspp

∣∣∣∣ ;
TB � ïðîñòið ñêií÷åííèõ òðèãîíîìåòðè÷íèõ ïî-

ëiíîìiâ v(x) =
∑

|k|6N vk exp(iµk, x) ç êîìïëåêñíèìè
êîåôiöi¹íòàìè;

T ′
B � ïðîñòið óñiõ àíòèëiíiéíèõ ôóíêöiîíàëiâ íàä

TB çi ñëàáêîþ çáiæíiñòþ, ÿêèé ñïiâïàäà¹ ç ïðîñòîðîì
ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ ðÿäiâ;

Ch([0, T ], TB)
(
Ch([0, T ], T ′

B)
)
� ïðîñòið ôóíêöié

u(t, x), ÿêi ¹ h ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèìè
â D

p
çà çìiííîþ t i äëÿ äîâiëüíîãî ôiêñîâàíîãî t ∈

[0, T ] ïîõiäíi dju(t, ·)/dtj , j ∈ {0, 1, . . . , h}, íàëåæàòü
ïðîñòîðó TB (T ′

B);
Wα,β
B , α, β ∈ R, � ïðîñòið, îòðèìàíèé øëÿõîì ïî-

ïîâíåííÿ ïðîñòîðó TB çà íîðìîþ [17]

∥v;Wα,β
B ∥ =

(∑
k∈Zp

|vk|2(1 + |µk|)2α exp
(
2β|µk|2

))1/2

;

Ch([0, T ],Wα,β
B ) � ïðîñòið ôóíêöié u(t, x) òàêèõ,

ùî äëÿ äîâiëüíîãî ôiêñîâàíîãî t ∈ [0, T ] ïîõiäíi
dju(t, ·)/dtj , j ∈ {0, 1, . . . , h}, íàëåæàòü ïðîñòîðó
Wα,β
B i ¹ íåïåðåðâíèìè çà t ∈ [0, T ] ó íîðìi öüîãî

ïðîñòîðó,

∥u;Ch([0, T ],Wα,β
B )∥ =

h∑
j=0

max
t∈[0,T ]

∥∥∥∥dju(t, ·)dtj
;Wα,β

B

∥∥∥∥ .
II. Ïîñòàíîâêà çàäà÷i

Â îáëàñòi Dp ðîçãëÿäà¹ìî çàäà÷ó

L

(
∂

∂t
,∆

)
u(t, x) :=

:=

n∏
j=1

(
∂

∂t
− aj(t)∆

)
u(t, x) = 0, (1)

Uj [u] := αju(tj , x)+

+ βj

T∫
0

trju(t, x)dt = φj(x), j ∈ {1, . . . , n}, (2)

äå aj(t) ∈ Cn−j([0, T ]), aj(t) > 0, aq(t) ̸= as(t), q ̸= s,
t ∈ [0, T ]; αj , βj ∈ R, α2

j + β2
j > 0; 0 6 t1 < . . . <

< tn 6 T ; rj ∈ Z+, j ∈ {1, . . . , n}, r1 < . . . < rn;
∆ =

∑p
j=1 ∂

2/∂x2j ; ïîðÿäîê äi¨ îïåðàòîðiâ ó ëiâié
÷àñòèíi (∂/∂t − an(t)∆) · · · (∂/∂t − a1(t)∆) ôîðìóëè
(1) âèçíà÷à¹òüñÿ ñïðàâà íàëiâî; ôóíêöi¨ φj(x), j ∈
{1, . . . , n}, ¹ ìàéæå ïåðiîäè÷íèìè çà x çi çàäàíèì ñïå-
êòðîì Mp := {µk ∈ Rp : k ∈ Zp}, ÿêi ðîçâèâàþòüñÿ â
ðÿäè Ôóð'¹ âèãëÿäó

φj(x) =
∑

µk∈Mp

φjk exp(iµk, x), (3)

äå

φjk = lim
H→∞

1

Hp

∫
Πp

H

φj(x) exp(−iµk, x)dx,

µk ∈Mp, j ∈ {1, . . . , n}.

Ïðèïóñòèìî, ùî iñíóþòü äîäàòíi ñòàëi d1, d2, σ1, σ2,
σ1 6 σ2, òàêi, ùî ñïðàâäæó¹òüñÿ óìîâà

∀µk ∈Mp d1|k|σ1 6 |µk| 6 d2|k|σ2 . (4)

Ç (4) âèïëèâà¹, ùî µ0⃗ = 0⃗ i µk ̸= 0⃗ ïðè k ̸= 0⃗.
Íàäàëi íàì çíàäîáëÿòüñÿ òàêi íåðiâíîñòi:

∀µk ∈Mp ∥µk∥ 6 |µk| 6
√
p∥µk∥. (5)

III. �äèíiñòü ðîçâ'ÿçêó çàäà÷i

Ìàéæå ïåðiîäè÷íèé çà x çi ñïåêòðîì Mp ðîçâ'ÿ-
çîê çàäà÷i (1), (2) øóêà¹ìî ó âèãëÿäi ðÿäó

u(t, x) =
∑

µk∈Mp

uk(t) exp(iµk, x). (6)

Ïiäñòàâèâøè ðÿäè (3), (6) ó ðiâíÿííÿ (1) òà óìîâè (2),
îòðèìó¹ìî äëÿ çíàõîäæåííÿ êîæíîãî ç êîåôiöi¹íòiâ
uk(t), âiäïîâiäíî, òàêó çàäà÷ó:

L

(
d

dt
,−∥µk∥2

)
uk(t) :=

:=
n∏
j=1

(
d

dt
+ aj(t)∥µk∥2

)
uk(t) = 0, (7)

Uj [uk] := αjuk(tj)+

+ βj

T∫
0

trjuk(t)dt = φjk, j ∈ {1, . . . , n}. (8)

Ïîçíà÷èìî: a0(t) ≡ 0, Ij(t) = −
∫ t
0
aj(τ)dτ ,

j ∈ {0, 1, . . . , n}; Θq(t) = Iq(t) − Iq−1(t), Eqk(τ) =
= exp

(
Θq(τ)∥µk∥2

)
; Lq(∂/∂t,∆) =

∏q
j=1(∂/∂t−

−aj(t)∆), q ∈ {1, . . . , n}. Âiäîìî [13, ñ. 77], ùî ðiâ-
íÿííÿ (7), êîëè µk ̸= 0⃗, ìà¹ òàêó ôóíäàìåíòàëüíó

26 Ìàòåìàòèêà
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Çàäà÷à ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîì äëÿ ôàêòîðèçîâàíîãî ïàðàáîëi÷íîãî îïåðàòîðà çi çìiííèìè êîåôiöi¹íòàìè

ñèñòåìó ðîçâ'ÿçêiâ:

f1k(t) = E1k(t),

f2k(t) = E1k(t)
∫ t
0
E2k(τ1)dτ1,

f3k(t) = E1k(t)
∫ t
0

(
E2k(τ1)

∫ τ1
0

E3k(τ2)dτ2
)
dτ1,

...
fnk(t) = E1k(t)

∫ t
0
(E2k(τ1)× . . .

. . .×
(∫ τn−2

0
Enk(τn−1)dτn−1

)
. . .
)
dτ1.

(9)

Äëÿ ôóíêöié (9) âèêîíóþòüñÿ ðiâíîñòi

Lj−1(d/dt,−∥µk∥2)fqk(t) = δjq exp(Iq(t)∥µk∥2), (10)

äå q ∈ {1, . . . , j}, j ∈ {2, . . . , n}, δjq � ñèìâîë Êðîíå-
êåðà.

ßêùî µk ̸= 0⃗, òî õàðàêòåðèñòè÷íèé âèçíà÷íèê
∆(µk, t⃗, T ), t⃗ = (t1, . . . , tn), t⃗ ∈ ΠnT , T > 0, çàäà÷i (7),
(8) ¹ òàêèì:

∆(µk, t⃗, T ) = det ∥αjfqk(tj) + βjIjq∥nj,q=1 , (11)

äå Ijq := Ijq(µk, T ), j, q ∈ {1, . . . , n}, ïðè÷îìó

Ijq(µk, T ) =

T∫
0

trjfqk(t)dt. (12)

ßêùî µk = 0⃗, òî ðiâíÿííÿ (7) ìà¹ òàêó ôóí-
äàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ: fj,⃗0(t) = tj−1,
j ∈ {1, . . . , n}, à õàðàêòåðèñòè÷íèé âèçíà÷íèê
∆(⃗0, t⃗, T ) âiäïîâiäíî¨ çàäà÷i (7), (8) ìà¹ âèãëÿä

∆(⃗0, t⃗, T ) = det

∥∥∥∥αjtq−1
j + βj

T rj+q

rj + q

∥∥∥∥n
j,q=1

. (13)

Çàäà÷à (7), (8) íå ìîæå ìàòè äâîõ ðiçíèõ ðîçâ'ÿçêiâ
òîäi i ëèøå òîäi, êîëè ∆(µk, t⃗, T ) ̸= 0 [15].

Òåîðåìà 1. Äëÿ òîãî, ùîá çàäà÷à (1),
(2) ìàëà íå áiëüøå îäíîãî ìàéæå ïåðiîäè÷íî-
ãî çà x iç ñïåêòðîì Mp ðîçâ'ÿçêó ó ïðîñòîði
Cn([0, T ], TB) (Cn([0, T ], T ′

B)), íåîáõiäíî i äîñòàòíüî,
ùîá âèêîíóâàëàñü óìîâà

∀µk ∈Mp ∆(µk, t⃗, T ) ̸= 0. (14)

� Äîâåäåííÿ. Âèêîíó¹ìî çà ñõåìîþ äîâåäåííÿ òå-
îðåìè 1 ó [8].�

Çàóâàæåííÿ 1. ßêùî äëÿ äåÿêîãî l ∈
{2, . . . , n} ïàðàìåòðè çàäà÷i (1), (2) ñïðàâäæóþòü
òàêi ñïiââiäíîøåííÿ:

T < 1, αj ̸= 0, αjβj < 0,

∣∣∣∣βjαj
∣∣∣∣ < rj + l,

tj =

(
− βjT

rj+1

αj(rj + l)

)1/(l−1)

, j ∈ {1, . . . , n},∣∣∣∣βq+1

αq+1

∣∣∣∣ > ∣∣∣∣βqαq
∣∣∣∣ rq+1 + l

rq + l
T rq−rq+1 , q ∈ {1, . . . , n− 1},

òî óìîâà (14) íå âèêîíó¹òüñÿ.

Çàóâàæåííÿ 2. ßêùî ïàðàìåòðè çàäà÷i (1),
(2) äëÿ êîæíîãî j ∈ {1, . . . , n} ñïðàâäæóþòü ðiâíîñòi
αj/βj = T rj+1/(rj +1), òî óìîâà (14) íå âèêîíó¹òüñÿ.

Çàóâàæåííÿ 3. ßêùî â óìîâàõ (2) αj = 0,
j ∈ {1, . . . , n}, òî âèçíà÷íèê ∆(µk, T ) := ∆(µk, t⃗, T )
ìîæíà çîáðàçèòè ó âèãëÿäi (äèâ [12, çàäà÷à 68])

∆(µk, T ) =
β̄

n!

∫
Πn

T

∆̃(τ)∆̄(µk, τ)dτ, (15)

äå τ = (τ1, . . . , τn) ∈ Rn, β̄ =
∏n
j=1 βj ,

∆̃(τ) = det ∥τ rlj ∥nj,l=1, (16)

∆̄(µk, τ) = det ∥flk(τj)∥nl,j=1 . (17)

Ïîêàæåìî, ùî ó òàêîìó âèïàäêó, âèçíà÷íèê
∆(µk, T ) ̸= 0. Íåõàé Sn � ñèìåòðè÷íà ãðóïà ïåðå-
ñòàíîâîê åëåìåíòiâ ìíîæèíè {1, . . . , n}. Ïîçíà÷èìî
÷åðåç Snω , ω = (i1, . . . , in) ∈ Sn, ñèìïëåêñ

{(τ1, . . . , τn) ∈ ΠnT : τi1 6 . . . 6 τin}.

Âiäîìî [2, c. 93], ùî ó âíóòðiøíîñòi ñèìëåêñà Snω0
,

äå ω0 = (1, . . . , n), ∆̃(τ) > 0, à ∆̄(µk, τ) ñïiâïàäà¹ ç
õàðàêòåðèñòè÷íèì âèçíà÷íèêîì çàäà÷i ç óìîâàìè

U j [uk] := uk(τj) = 0, j ∈ {1, . . . , n},

äëÿ ðiâíÿííÿ (7). Ç òåîðåìè Ñêîðîáîãàòüêà [1, ñ.
31] ïðî ¹äèíiñòü ðîçâ'ÿçêó áàãàòîòî÷êîâî¨ çàäà÷i äëÿ
çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ n-ãî ïîðÿä-
êó, ùî ðîçïàäà¹òüñÿ íà äiéñíi ëiíiéíi ìíîæíèêè ïåð-
øîãî ïîðÿäêó, âèïëèâà¹, ùî ∆̄(µk, τ) ̸= 0 i íå çìiíþ¹
ñâîãî çíàêà ó âíóòðiøíîñòi ñèìïëåêñà Snω0

. Ëåãêî ïî-
ìiòèòè, ùî äëÿ äîâiëüíî¨ ïåðåñòàíîâêè ω ∈ Sn ñïðàâ-
äæóþòüñÿ òàêi òîòîæíîñòi:

∆̃(τi1 , . . . , τin) = (−1)ρω∆̃(τ1, . . . , τn),

∆̄(µk, τi1 , . . . , τin) = (−1)ρω∆̄(µk, τ1, . . . , τn),

äå ρω � êiëüêiñòü iíâåðñié ó ïåðåñòàíîâöi ω ∈ Sn. Ðî-
çiá'¹ìî êóá ΠnT íà n! ñèìïëåêñiâ Snω . Òîäi

∆(µk, T ) =
β̄

n!

∫
Πn

T

∆̃(τ)∆̄(µk, τ)dτ =

=
β̄

n!

∑
ω∈Sn

∫
Sn
ω

∆̃(τ)∆̄(µk, τ)dτ =

= β̄

∫
Sn
ω0

∆̃(τ)∆̄(µk, τ)dτ ̸= 0. (18)

Ç ðiâíîñòi (18), âðàõîâóþ÷è âèùåíàâåäåíå, âèïëè-
âà¹, ùî äëÿ âñiõ µk ∈ Mp ∆(µk, T ) ̸= 0. Îòæå,
ÿêùî αj = 0, j ∈ {1, . . . , n}, òî óìîâà (14) âèêîíó-
¹òüñÿ äëÿ äîâiëüíîãî T òà äîâiëüíèõ ôóíêöié aj(t),
j ∈ {1, . . . , n}, ÿêi çàäîâîëüíÿþòü óìîâè, ñôîðìóëüî-
âàíi ó ïîñòàíîâöi çàäà÷i (1), (2).

Mathematics 27

Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



À.Ì. Êóçü

IV. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i

Íàäàëi ââàæàòèìåìî, ùî âèêîíó¹òüñÿ óìîâà (14).
Òîäi äëÿ êîæíîãî µk ∈Mp iñíó¹ ¹äèíèé ðîçâ'ÿçîê çà-
äà÷i (6), (7), à ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2)
çîáðàæó¹òüñÿ ó âèãëÿäi ðÿäó

u(t, x) = u0⃗(t)+

+
∑

µk∈Mp\{0⃗}

 n∑
l,j=1

∆ lj(µk, t⃗, T )

∆(µk, t⃗, T )
φlkfjk(t)

×

× exp(iµk, x), (19)

äå

u0⃗(t) =
n∑

l,j=1

∆ lj (⃗0, t⃗, T )

∆(⃗0, t⃗, T )
φl,⃗0 t

j−1, (20)

à ∆ lj(µk, t⃗, T ) � àëãåáðè÷íå äîïîâíåííÿ ó âèçíà÷íèêó
∆(µk, t⃗, T ) åëåìåíòà l-ãî ðÿäêà òà j-ãî ñòîâïöÿ.

Iç (19) òà òåîðåìè 1 âèïëèâà¹ òàêå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé ñïðàâäæó¹òüñÿ óìî-
âà (14). ßêùî φj(x) ∈ TB (T ′

B), òî iñíó¹
¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2) iç ïðîñòîðó
Cn([0, T ], TB) (Cn([0, T ], T ′

B)), ÿêèé çîáðàæó¹òüñÿ
ôîðìóëîþ (19).

Ïèòàííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2) â ií-
øèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ ïîâ'ÿçàíå ç ïðîáëå-
ìîþ ìàëèõ çíàìåííèêiâ, áî âèðàç |∆(µk, t⃗, T )|, áóäó-
÷è âiäìiííèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî
ìàëèõ çíà÷åíü äëÿ âåêòîðiâ µk ∈Mp.

Ïîçíà÷èìî:

A1 = max
16j6n

0, max
t∈[0,T ]

t∫
0

(aj−1(t)− aj(t)) dt

 .

Òåîðåìà 3. Íåõàé âèêîíó¹òüñÿ óìîâà (14)
òà iñíóþòü äîäàòíi ñòàëi η, ν òàêi, ùî äëÿ âñiõ
(êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ Mp âèêî-
íó¹òüñÿ íåðiâíiñòü

|∆(µk, t⃗, T )| > (1 + |µk|)−η exp(−ν|µk|2). (21)

ßêùî φj(x) ∈ W q1, q2
B , q1 = η + 2n + α, q2 = ν+

+n(n−1)
2 A1+β, l ∈ {1, . . . , n}, òî iñíó¹ ðîçâ'ÿçîê çàäà-

÷i (1), (2) iç ïðîñòîðó Cn([0, T ],Wα, β
B ), ÿêèé çîáðà-

æó¹òüñÿ ðÿäîì (19) òà íåïåðåðâíî çàëåæèòü âiä
ôóíêöié φj(x), j ∈ {1, . . . , n}.
� Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (19) îòðèìó¹-

ìî

∥u;Cn([0, T ],Wα, β
B )∥ =

=

n∑
q=0

max
t∈[0,T ]

 ∑
µk∈Mp

|u(q)k (t)|2(1 + |µk|)2α×

× exp
(
2β|µk|2

))1/2

, (22)

äå

u
(q)
k (t) =

n∑
l,j=1

∆ lj(µk, t⃗, T )

∆(µk, t⃗, T )
φlkf

(q)
jk (t),

µk ∈Mp \ {⃗0}, q ∈ {0, 1, . . . , n}, (23)

u
(q)

0⃗
=

n∑
l,j=1

∆ lj (⃗0, t⃗, T )

∆(⃗0, t⃗, T )

(j − 1)!

(j − q − 1)!
φl,⃗0 t

j−q−1,

q ∈ {0, 1, . . . , n}. (24)

Íà ïiäñòàâi ôîðìóë (9), äëÿ êîæíî¨ ç ôóíêöié fjk(t),
µk ∈Mp \ {⃗0}, îòðèìó¹ìî òàêi îöiíêè:

max
t∈[0,T ]

|f (q)jk (t)| 6 C1(1 + |µk|)2q×

× exp
(
(j − 1)A1|µk|2

)
, (25)

∣∣∣∣∣∣
T∫

0

trlfjk(t)dt

∣∣∣∣∣∣ 6 C2 exp
(
(j − 1)A1|µk|2

)
, (26)

äå j ∈ {1, . . . , n}, q ∈ {0, 1, . . . , n}, C1 := C1(n, T ),
C2 = max16l6n{T rl+1/(rl + 1)}. Âðàõîâóþ÷è
(11), (13), (25), (26), äëÿ àëãåáðè÷íèõ äîïîâíåíü
∆ lj(µk, t⃗, T ), j, l ∈ {1, . . . , n}, âèçíà÷íèêà ∆(µk, t⃗, T )
îòðèìó¹ìî òàêi îöiíêè:

|∆ lj(µk, t⃗, T )| 6 (n− 1)!(C3)
n−1 exp

(
A2j |µk|2

)
,

l, j ∈ {1, . . . , n}, µk ∈Mp, (27)

äå C3 = max{C1 max16j6n{|αj |}, C2 max16j6n{|βj |}},
A2j = (n(n− 1)/2− j + 1)A1, j ∈ {1, . . . , n}. Íà ïiä-
ñòàâi ôîðìóë (23)�(27), îòðèìó¹ìî òàêi îöiíêè:

max
t∈[0,T ]

|u(q)k (t)| 6 C4

n∑
j=1

|φjk|(1 + |µk|)2n+η×

× exp
(
(ν + n(n− 1)A1/2)|µk|2

)
, q ∈ {1, . . . , n}, (28)

max
t∈[0,T ]

|u(q)
0⃗

(t)| 6 C5

n∑
j=1

|φj,⃗0|, q ∈ {1, . . . , n}, (29)

äå C4 = n!C1(C3)
n−1, C5 := C5(n, t⃗, T ). Íà ïiäñòàâi

(28) i (29) îòðèìó¹ìî òàêó îöiíêó:

∥u;Cn([0, T ],Wα, β
B )∥ 6

6 C6

n∑
j=1

 ∑
µk∈Mp

|φjk|2(1 + |µk|)2q1×

× exp
(
2q2|µk|2

))1/2

= C6

n∑
j=1

∥φj ;W q1, q2
B )∥,

äå C6 = (n + 1)max{C4, C5}. Ç îòðèìàíî¨ íåðiâíîñòi
âèïëèâà¹ äîâåäåííÿ òåîðåìè. �
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Çàäà÷à ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîì äëÿ ôàêòîðèçîâàíîãî ïàðàáîëi÷íîãî îïåðàòîðà çi çìiííèìè êîåôiöi¹íòàìè

V. Îöiíêè ìàëèõ çíàìåííèêiâ

Ðîçãëÿíåìî ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ
îöiíþâàííÿ (21) äëÿ çàäà÷i (1), (2).

Òåîðåìà 4. Íåõàé α1 = . . . = αn = 0
â óìîâàõ (2). Òîäi äëÿ äîâiëüíèõ aj(t),
j ∈ {1, . . . , n}, òà T îöiíêà (21) âèêîíó¹òüñÿ ïðè
η > n(n − 1)p/(2σ1), ν > n(n + 1)A3T/2, äëÿ âñiõ
(êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈ Mp, äå
A3 = max16j6n ∥aj ;C[0, T ]∥, σ1 � ñòàëà ç íåðiâíîñòi
(4).
� Äîâåäåííÿ. Çà óìîâ òåîðåìè, âðàõîâóþ÷è (18),

âèçíà÷íèê ∆(µk, T ) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

∆(µk, T ) = β̄

∫
Sn
ω0

∆̃(τ)∆̄(µk, τ)dτ,

äå ∆̃(τ), ∆̄(µk, τ) âèçíà÷åíi ôîðìóëàìè (16), (17) âiä-
ïîâiäíî. Îñêiëüêè, ÿê áóëî ïîêàçàíî ó çàóâàæåííi 2,
∆̃(τ) > 0, à ∆̄(µk, τ) íå çìiíþ¹ ñâîãî çíàêà ó âíóòði-
øíîñòi ñèìïëåêñà Snω0

, òî

|∆(µk, T )| = |β̄|
∫

Sn
ω0

∆̃(τ) |∆̄(µk, τ)|dτ. (30)

Ââåäåìî òàêi ìíîæèíè:

Ω(ξ) = {τ ∈ Snω0
: ∆̃(τ) > ξ}, ξ > 0.

E(µk) = {τ ∈ Ω(ξ) : |∆̄(µk, τ)| < εk}, µk ∈Mp,

äå εk := (1 + |µk|)−η exp(−ν|µk|2). Òîäi ç (30) âèïëè-
âà¹, ùî

|∆(µk, T )| > |β̄|
∫

Ω(ξ)

∆̃(τ) |∆̄(µk, τ)|dτ =

= |β̄|
∫

E(µk)

∆̃(τ) |∆̄(µk, τ)|dτ+

+ |β̄|
∫

Ω(ξ)\E(µk)

∆̃(τ) |∆̄(µk, τ)|dτ >

> |β̄|
∫

Ω(ξ)\E(µk)

∆̃(τ) |∆̄(µk, τ)|dτ. (31)

Âiäìiòèìî, ùî

mesRnE(µk) < (1 + |k|)−(p+θ), θ > 0, µk ∈Mp. (32)

Öåé ôàêò âñòàíîâëþ¹òüñÿ àíàëîãi÷íî äî äîâåäåííÿ
òåîðåìè 5 ó [16]. Äëÿ mesRnΩ(ξ), âðàõîâóþ÷è, ùî
∆̃(τ) ¹ ìíîãî÷ëåíîì âiäíîñíî çìiííèõ τ1, . . . , τn, çà
ëåìîþ 2.3 iç [13, ñ. 16] îòðèìó¹ìî òàêó îöiíêó:

mesRnΩ(ξ) > Tn

n!
−

ξ/ n∏
j=1

rj !

1/r

:= χ(ξ), (33)

äå ξ > 0 � ÿê çàâãîäíî ìàëå ÷èñëî, r = r1+· · ·+rn. Íà
îñíîâi îöiíîê (31)�(33) äëÿ êîæíîãî µk ∈ Mp îòðè-
ìó¹ìî

|∆(µk, T )| > |β̄|ξ εkmesRn(Ω(ξ) \ E(µk)) =

= |β̄| ξ εk (mesRnΩ(ξ)−mesRnE(µk)) >

> |β̄| ξ εk
(
χ(ξ)− (1 + |k|)−(p+θ)

)
. (34)

Ç íåðiâíîñòi (34) âèïëèâà¹, ùî äëÿ äîñòàòíüî âåëè-
êèõ |k| âèêîíó¹òüñÿ îöiíêà

|∆(µk, T )| > |β̄|ξ εk χ(ξ)/2 =

= C9(1 + |µk|)−η exp(−ν|µk|2),

äå C7 = |β̄| ξ χ(ξ)/2. Ç îòðèìàíî¨ íåðiâíîñòi âèïëèâà¹
äîâåäåííÿ òåîðåìè. �

VI. Âèïàäîê ðiâíÿííÿ çi ñòàëèìè
êîåôiöi¹íòàìè

Ðîçãëÿíåìî çàäà÷ó ç óìîâàìè (2) äëÿ ðiâíÿííÿ
(1) ó âèïàäêó, êîëè aj(t) ≡ a2j , aj ∈ R+. Òîäi, âiäïî-
âiäíî, ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ
(7) ìà¹ âèãëÿä

fqk(t) =

{
tq−1, µk = 0⃗,

exp(−a2q∥µk∥2t), µk ∈Mp \ {⃗0},
q ∈ {1, . . . , n}. (35)

ßêùî µk ∈ Mp \ {⃗0}, òî âèçíà÷íèê ∆(µk, t⃗, T ) ìà¹
âèãëÿä

∆(µk, t⃗, T ) = det
∥∥αj exp(−a2q∥µk∥2tj)+

+βjIjq∥nj,q=1 , (36)

äå

Ilj := Ilj(µk) =

T∫
0

trj exp(−a2l ∥µk∥2t)dt =

= Qlj(µk, T ) exp(−a2l ∥µk∥2T )−Qlj(µk, 0), (37)

Qlj(µk, t) = −
rj+1∑
q=1

rj !

(rj − q + 1)!

trj−q+1

(al∥µk∥)2q
,

l, j ∈ {1, . . . , n}. (38)

Ó öüîìó ÷àñòèííîìó âèïàäêó ñïðàâåäëèâèìè çàëè-
øàþòüñÿ òåîðåìà 1 òà çàóâàæåííÿ äî íå¨.

Ìàéæå ïåðiîäè÷íèé çà x iç ñïåêòðîì Mp ôîð-
ìàëüíèé ðîçâ'ÿçîê çàäà÷i (1), (2) çîáðàæó¹òüñÿ ó âè-
ãëÿäi ðÿäó

u(t, x) = u0⃗(t)+

+
∑

µk∈Mp\{0⃗}

 n∑
l,j=1

∆jl(µk, t⃗, T )

∆(µk, t⃗, T )
φjk×

× exp(−a2l ∥µk∥2t)

)
exp(iµk, x), (39)
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äå

u0⃗(t) =
n∑

l,j=1

∆jl(⃗0, t⃗, T )

∆(⃗0, t⃗, T )
φj,⃗0 t

l−1, (40)

à ∆jl(µk, t⃗, T ) � àëãåáðè÷íå äîïîâíåííÿ ó âèçíà÷íèêó
∆(µk, t⃗, T ) åëåìåíòà j-ãî ðÿäêà òà l-ãî ñòîâïöÿ.

Ëåìà 1. ßêùî v(x) ∈ CnB(Rp) i ìà¹ ñïåêòð
Mp, òî äëÿ ¨¨ êîåôiöi¹íòiâ Ôóð'¹ ñïðàâäæóþòüñÿ
îöiíêè

∀µk ∈Mp |vk| 6 (2p)n(n+ 1)
∥v;CnB∥

(1 + |µk|)n
.

� Äîâåäåííÿ. Ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ
ëåìè 1 ó [8].�

Ëåìà 2. Äëÿ êîæíîãî ç àëãåáðè÷íèõ äîïîâ-
íåíü ∆jl(µk, t⃗, T ) îöiíêè

|∆jl(µk, t⃗, T )| 6 C8(1 + |µk|)−2r̄j , (41)

äå r̄j = r − rj, j, l ∈ {1, . . . , n}, ñïðàâäæóþòüñÿ äëÿ
âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ µk ∈Mp.
� Äîâåäåííÿ. Äëÿ âåëè÷èí |Ijl|, j, l ∈ {1, . . . , n},

ñïðàâäæóþòüñÿ òàêi îöiíêè:

|Ijl| =

∣∣∣∣∣∣
T∫

0

trj exp(−a2l ∥µk∥2t)dt

∣∣∣∣∣∣ 6
6 max
t∈[0,T ]

{trj exp(−a2l ∥µk∥2t)}T 6

6 (4prj)
rjT

a
2rj
l erj

(1 + |µk|)−2rj = C9(1 + |µk|)−2rj . (42)

Äëÿ åëåìåíòiâ

Uj [ulk] = αj exp(−a2l ∥µk∥2tj) + βjIjl, j, l ∈ {1, . . . , n},

âèçíà÷íèêà ∆(µk, t⃗, T ), âðàõîâóþ÷è (42), äëÿ äîñòà-
òíüî âåëèêèõ |k| îòðèìó¹ìî òàêi îöiíêè:

|Uj [flk]| 6 |αj || exp(−a2l ∥µk∥2tj)|+ |βj ||Ilj | 6

6 max{|αj |, |βj |C9}(1 + |µk|)−2rj =

= C10(1 + |µk|)−2rj . (43)

Êîæíå ç àëãåáðè÷íèõ äîïîâíåíü ∆jl(µk, t⃗, T ),
j, l ∈ {1, . . . , n}, ìîæíà çîáðàçèòè ôîðìóëàìè [9]

∆jl(µk, t⃗, T ) =
∑

ω∈Sn−1

(−1)ρω
n∏
q=1

q ̸=j,iq ̸=l

Uq[uiq,k]. (44)

Íà îñíîâi (44) òà íåðiâíîñòåé (43) îòðèìó¹ìî òàêi
îöiíêè:

|∆jl(µk, t⃗, T )| =

∣∣∣∣∣∣∣∣
∑

ω∈Sn−1

(−1)ρω
n∏
q=1

q ̸=j,iq ̸=l

Uq[uiq,k]

∣∣∣∣∣∣∣∣ 6

6
∑

ω∈Sn−1

n∏
q=1

q ̸=j,iq ̸=l

|Uq[uiq,k]| 6 (n− 1)!
n∏
q=1
q ̸=j

|Uq[uqk]| 6

6 (n− 1)!(C10)
n−1

n∏
q=1
q ̸=j

(1 + |µk|)−2rq =

= (n− 1)!(C10)
n−1(1 + |µk|)−2r̄j , l, j ∈ {1, . . . , n}.

Ç îòðèìàíèõ íåðiâíîñòåé âèïëèâà¹ äîâåäåííÿ ëåìè.�

Òåîðåìà 5. Íåõàé β1 · · ·βn ̸= 0 â óìîâàõ
(2). Òîäi äëÿ äîâiëüíèõ ïàðàìåòðiâ T , aj, tj, αj,
j ∈ {1, . . . , n}, íåðiâíiñòü (21) cïðàâäæó¹òüñÿ ïðè
η > 2r + n(n+ 1) òà ν = 0 äëÿ âñiõ (êðiì ñêií÷åííî¨
êiëüêîñòi) âåêòîðiâ µk ∈Mp.

� Äîâåäåííÿ. Âðàõîâóþ÷è (37), êîæåí ç åëåìåíòiâ
Uj [flk], j, l ∈ {1, . . . , n}, âèçíà÷íèêà ∆(µk, t⃗, T ) ïîäà-
ìî ó âèãëÿäi

Uj [flk] = αj exp(−a2l ∥µk∥2tj)+

+βjQlj(µk, T ) exp(−a2l ∥µk∥2T )− βjQlj(µk, 0) =

=
(
αj + βjQlj(µk, T ) exp(−a2l ∥µk∥2(T − tj))

)
×

× exp(−a2l ∥µk∥2tj)− βjQlj(µk, 0). (45)

Ç (37), (38) òà (45) âèïëèâà¹, ùî äëÿ äîñòàòíüî âåëè-
êèõ |k| ñïðàâäæó¹òüñÿ îöiíêà

|∆(µk, t⃗, T )| =
∣∣det ∥Uj [ulk]∥nl,j=1

∣∣ =
=
∣∣det ∥ (αj + βjQlj(µk, T ) exp(−a2l ∥µk∥2(T − tj))

)
×

× exp(−a2l ∥µk∥2tj)− βjQlj(µk, 0)∥nj,l=1

∣∣ >
> 1

2

∣∣det ∥βjQlj(µk, 0)∥nj,l=1

∣∣ =
=

1

2

n∏
j=1

|βj |

∣∣∣∣∣det
∥∥∥∥ rj !

(al∥µk∥)2(rj+1)

∥∥∥∥n
l,j=1

∣∣∣∣∣ >
> C11(1 + |µk|)−2r−n(n+1), (46)

äå C11 =
∏n
j=1(|βj |rj !) |det ∥a

−2(rj+1)
l ∥nl,j=1|. Ç íåðiâ-

íîñòi (46) âèïëèâà¹ äîâåäåííÿ òåîðåìè.�

Òåîðåìà 6. Íåõàé âèêîíó¹òüñÿ óìîâà
(14) òà óìîâè òåîðåìè 5. ßêùî φj(x) ∈
C

[η+p/σ1]−2(r̄j−n)+1
B , j ∈ {1, . . . , n}, äå ñòàëà η òà-

êà, ÿê ó òåîðåìi 5, òî iñíó¹ ðîçâ'ÿçîê çàäà÷i (1),
(2) iç ïðîñòîðó C

(n,2n)
B (D

p
), ÿêèé çîáðàæà¹òüñÿ

ôîðìóëîþ (39) i íåïåðåðâíî çàëåæèòü âiä ôóíêöié
φj(x), j ∈ {1, . . . , n}.
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Çàäà÷à ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîì äëÿ ôàêòîðèçîâàíîãî ïàðàáîëi÷íîãî îïåðàòîðà çi çìiííèìè êîåôiöi¹íòàìè

� Äîâåäåííÿ. Íà ïiäñòàâi ôîðìóëè (39) îòðèìó¹-
ìî

∥u;C(n,2n)
B (D

p
)∥ 6

6 C12

∑
|k|>0

n∑
l,j=1

|∆jl(µk, t⃗, T )|
|∆(µk, t⃗, T )|

|φjk|(1 + |µk|)2n. (47)

Çà óìîâ òåîðåìè, íà ïiäñòàâi ëåìè 1, îòðèìó¹ìî

|φjk| 6 C13
∥φj ;C

[η+p/σ1]−2(r̄j−n)+1
B ∥

(1 + |µk|)[η+p/σ1]−2(r̄j−n)+1
, (48)

äå C13 = (2p)[η+p/σ1]−2(r̄j−n)+1([η+p/σ1]−2(r̄j−n)+1).
Íà ïiäñòàâi ëåìè 2, òåîðåìè 5 òà îöiíîê (47), (48),
âðàõîâóþ÷è (4), îäåðæó¹ìî òàêó íåðiâíiñòü:

∥u;C(n,2n)
B (D

p
)∥ 6 C14

∑
|k|>0

(1 + |µk|)η−1−[η+p/σ1]×

×
n∑
j=1

∥φj ;C
[η+p/σ1]+2(r̄j−n)+1
B ∥ 6 C15

∑
|k|>0

|k|−z×

×
n∑
j=1

∥φj ;C
[η+p/σ1]+2(r̄j−n)+1
B ∥, (49)

äå z = p+ (1− {η + p/σ1})σ1. Îñêiëüêè z > p, òî ðÿä∑
|k|>0 |k|−z ¹ çáiæíèì. Ïîçíà÷èìî éîãî ñóìó ÷åðåç

Sz. Òîäi ç îöiíêè (49) îòðèìó¹ìî

∥u;C(n,2n)
B (D

p
)∥ 6

6 C15Sz

n∑
j=1

∥φj ;C
[η+p/σ1]+2(r̄j−n)+1
B ∥. (50)

Ç îöiíêè (50) âèïëèâà¹ äîâåäåííÿ òåîðåìè. �
Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî i ó âèïàäêó, êî-

ëè a1 = · · · = an = a, òîáòî êîëè ðiâíÿííÿ (1) ìà¹
ñïåöiàëüíèé âèãëÿä (∂/∂t− a(t)∆)

n
u(t, x) = 0.

Âèñíîâêè

Äîñëiäæåíî çàäà÷ó (1), (2) ç óìîâàìè, ÿêi ¹ ëi-
íiéíîþ êîìáiíàöi¹þ áàãàòîòî÷êîâèõ òà iíòåãðàëüíèõ
óìîâ çà ÷àñîâîþ çìiííîþ, äëÿ ôàêòîðèçîâàíîãî ïà-
ðàáîëi÷íîãî çà Ïåòðîâñüêèì îïåðàòîðà çi çìiííèìè
çà ÷àñîì êîåôiöi¹íòàìè ó êëàñi ôóíêöié, ìàéæå ïå-
ðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè.

Âñòàíîâëåíî óìîâó ¹äèíîñòi ðîçâ'ÿçêó âêàçàíî¨
çàäà÷i ó ïðîñòîðàõ ôîðìàëüíèõ òðèãîíîìåòðè÷íèõ
ðÿäiâ. Íàâåäåíî ïðèêëàäè êîëè âèêîíó¹òüñÿ òà ïîðó-
øó¹òüñÿ óìîâà ¹äèíîñòi.

Âñòàíîâëåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2)
ïîâ'ÿçàíi ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, äëÿ âèði-
øåííÿ ÿêî¨ âèêîðèñòàíî ìåòðè÷íèé ïiäõiä. Ïîêàçà-
íî, ùî çàäà÷à (1), (2) ¹ ðîçâ'ÿçíîþ ó øêàëi ïðîñòîðiâ
Ch([0, T ],Wα,β

B ). Âñòàíîâëåíî, ùî ó äåÿêèõ ÷àñòèí-
íèõ âèïàäêàõ çàäà÷i (1), (2) âiäñóòíÿ ïðîáëåìà ìàëèõ
çíàìåííèêiâ.

Ðåçóëüòàòè ìîæíà ïîøèðèòè íà âèïàäîê åâîëþ-
öiéíîãî ðiâíÿííÿ n-ãî ïîðÿäêó

P2

(
∂

∂t
,
∂

∂x

)
P1

(
∂

∂t
,
∂

∂x

)
u(t, x) = 0

äå P1(
∂
∂t ,

∂
∂x ) � ãiïåðáîëi÷íèé çà Ãîðäiíãîì, à

P2(
∂
∂t ,

∂
∂x ) � ïàðàáîëi÷íèé çà Ïåòðîâñüêèì äèôåðåí-

öiàëüíi âèðàçè;

P1

(
∂

∂t
,
∂

∂x

)
:=

∑
|ŝ|6n1

aŝ
∂|ŝ|

∂ts0∂xs11 · · · ∂xspp
,

P2

(
∂

∂t
,
∂

∂x

)
:=

n2∏
q=1

(
∂

∂t
− bq(t)∆

)
,

aŝ ∈ C, bq(t) > 0 � äîñòàòíüî ãëàäêi äiéñíîçíà÷íi
ôóíêöi¨ n1 + n2 = n.

Ëiòåðàòóðà

[1] Áîáèê Î.I., Áîäíàð÷óê Ï.I., Ïòàøíèê Á.É., Ñêîðîáî-
ãàòüêî Â.ß. Åëåìåíòè ÿêiñíî¨ òåîði¨ äèôåðåíöiàëü-
íèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè � Ê.: Íàóê.
äóìêà, 1972. � 173 ñ.

[2] Ãàíòìàõåð Ô.Ð, Êðåèí Ì.Ã. Îñöèëÿöèîííûå ìàòðè-
öû è ìàëûå êîëåáàíèÿ ìåõàíè÷åñêèé ñèñòåì. � Ì.:
Ãîñ. èçä. òåõí.-òåîð. ëèò., 1950. � 359 ñ.

[3] Ãóòåð Ð.Ñ., Êóäðÿâöåâ Ë.Ä., Ëåâèòàí Á.Â. Ýëåìåí-
òû òåîðèè ôóíêöèé. � Ì.: Ôèçìàòãèç, 1963. � 244 ñ.

[4] Äàíèëêèíà Î.Þ. Îá îäíîé íåëîêàëüíîé çàäà÷å
äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ// Âåñòíèê ÑàìÃÓ �
Åñòåñòâåííîíàó÷íàÿ ñåðèÿ. � 2007. � �6. � Ñ. 141�153.

[5] Iâàí÷îâ Ì.I. Îáåðíåíi çàäà÷i òà çàäà÷i ç âiëüíèìè ìå-
æàìè äëÿ ïàðàáîëi÷íèõ ðiâíÿíü // Íàóê. âiñí. ×åð-

íiâ. íàö. óí-òó. Ñåð. Ìàòåìàòèêà � 2011. � 1, �1�2. �
Ñ. 109�116.

[6] Èîíêèí Í.È. Ðåøåíèå îäíîé êðàåâîé çàäà÷è òåîðèè
òåïëîïðîâîäíîñòè ñ íåêëàñè÷åñêèì êðàåâûì óñëîâè-
åì // Äèôôåðåíö. óðàâíåíèÿ. � 1977. � 13, �2. �
Ñ. 294�304.

[7] Êîæàíîâ À. È. Î ðàçðåøèìîñòè êðàåâîé çàäà÷è ñ
íåëîêàëüíûì ãðàíè÷íûì óñëîâèåì äëÿ ëèíåéíûõ ïà-
ðàáîëè÷åñêèõ óðàâíåíèé // Âåñòí. Ñàì. ãîñ. òåõí. óí-
òà. Ñåð. Ôèç.-ìàò. íàóêè. � 2004. � �30. � Ñ. 63�69.

[8] Êóçü À.Ì., Ïòàøíèê Á.É. Çàäà÷à ç iíòåãðàëüíèìè
óìîâàìè äëÿ ðiâíÿííÿ Êëåéíà-Ãîðäîíà ó êëàñi ôóí-
êöié, ìàéæå ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííè-
ìè// Ïðèêë. ïðîáëåìè ìåõ. i ìàò. � 2010. � Âèï. 8
� Ñ. 41�53.

Mathematics 31

Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



À.Ì. Êóçü

[9] Ëàíêàñòåð Ï. Òåîðèÿ ìàòðèö. � Ì.: Íàóêà, 1982. �
272 ñ.

[10] Ìåäâiäü Î.Ì., Ñèìîòþê Ì.Ì. Çàäà÷à ç iíòå-
ãðàëüíèìè óìîâàìè äëÿ ïñåâäîäèôåðåíöiàëüíèõ ðiâ-
íÿíü // Íàóê. âiñí. ×åðíiâ. íàö. óí-òó. Ñåð. Ìàòåìà-
òèêà � 2004. � Âèï. 191�192. � Ñ. 109�116.

[11] Ìåäâiäü Î.Ì., Ñèìîòþê Ì.Ì. Iíòåãðàëüíà çàäà÷à
äëÿ ëiíiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè // Ìà-
òåìàòè÷íi ñòóäi¨. � 2007. � 28, � 2. � Ñ. 115�141.

[12] Ïîëèà Ã., Ñåãå Ã. Çàäà÷è è òåîðåìû èç àíàëèçà:
â 2-õ ÷. � Ì.: Íàóêà, 1978. � ×.1. � 391 ñ.

[13] Ïòàøíèê Á.È. Íåêîððåêòíûå ãðàíè÷íûå çàäà÷è äëÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâî-
äíûìè. � Ê.: Íàóê. äóìêà, 1984. � 264 ñ.

[14] Ïóëüêèíà, Ë. Ñ. Íåëîêàëüíàÿ çàäà÷à äëÿ óðàâíå-
íèÿ òåïëîïðîâîäíîñòè//Íåêëàññè÷åñêèå çàäà÷è ìà-
òåìàòè÷åñêîé ôèçèêè. ÈÌ ÑÎ ÀÍ. � Íîâîñèáèðñê. �
2005. � Ñ. 231�239.

[15] Òàìàðêèí ß.Ä. Î íåêîòîðûõ îáùèõ çàäà÷àõ òåîðèè
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è î ðà-
çëîæåíèè ïðîèçâîëüíûõ ôóíêöèé â ðÿäû. � Ïåòðî-
ãðàä, 1917. � 308+XIV c.

[16] Òèìêiâ I.Ð. Áàãàòîòî÷êîâà çàäà÷à iç êðàòíèìè âóçëà-
ìè äëÿ ôàêòîðèçîâàíîãî ïàðàáîëi÷íîãî îïåðàòîðà çi
çìiííèìè êîåôiöi¹íòàìè // Êàðïàòñüêi ìàòåìàòè÷íi
ïóáëiêàöi¨. � 2011. � 3, �2. � Ñ. 120�130.

[17] Øóáèí Ì.À. Ïî÷òè-ïåðèîäè÷åñêèå ôóíêöèè è äèô-
ôåðåíöèàëüíûå îïåðàòîðû ñ ÷àñòíûìè ïðîèçâî-
äíûìè// Óñïåõè ìàò. íàóê. � 1978. � 33, �2. � C. 3�47.

[18] Øòàáàëþê Ï.I. Ïðî ìàéæå ïåðiîäè÷íi ðîçâ'ÿçêè
îäíi¹¨ çàäà÷i ç íåëîêàëüíèìè óìîâàìè//Âiñíèê äåðæ.
óí-òó "Ëüâiâñüêà ïîëiòåõíiêà": Äèôåðåíö. ðiâíÿííÿ
òà ¨õ çàñòîñóâàííÿ. � 1995. � �286. � Ñ. 153�165.

[19] Besicovitch A.S. Almost periodic functions. � Cambri-
dge: Dover Publications, Inc., 1954. � 180 p.

[20] Cannon J.R. The solution of the heat equation sub ject
to the speci�cation of energy// Quart. Appl. Math. �
1963 � 21, �2. � P. 155�160.

[21] Bouzit M., Teyar N. A Class of Third Order Parabolic
Equations with Integral Conditions//Int. Journal of
Math. Analysis, � 2009. � 3, no. 18. � P. 871�877.

ÇÀÄÀ×À Ñ ÈÍÒÅÃÐÀËÜÍÛÌÈ ÓÑËÎÂÈßÌÈ ÏÎ ÂÐÅÌÅÍÈ
ÄËß ÔÀÊÒÎÐÈÇÎÂÀÍÍÎÃÎ ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÎÏÅÐÀÒÎÐÀ

Ñ ÏÅÐÅÌÅÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

À.Ì. Êóçü

Èíñòèòóò ïðèêëàäíûõ ïðîáëåì ìåõàíèêè è ìàòåìàòèêè èì. ß.Ñ. Ïèäñòðûãà÷à ÍÀÍ Óêðàèíû,
óë. Íàóêîâà, 3-á, Ëüâîâ, 79060, Óêðàèíà

Èññëåäîâàíî çàäà÷ó ñ óñëîâèÿìè, êîòîðûå ÿâëÿþòñÿ ëèíåéíîé êîìáèíàöèåé ìíîãîòî-
÷å÷íûõ è èíòåãðàëüíûõ óñëîâèé ïî âðåìåííîé ïåðåìåííîé, äëÿ ôàêòîðèçîâàíîãî ïàðàáî-
ëè÷åñêîãî çà Ïåòðîâñêèì îïåðàòîðà ñ ïåðåìåííûìè ïî âðåìåíè êîýôôèöèåíòàìè â êëàññå
ôóíêöèé, ïî÷òè ïåðèîäè÷åñêèõ ïî ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Íàéäåíî êðèòåðèé åäèí-
ñòâåííîñòè è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ óêàçàííîé çàäà÷è â ðàçëè÷íûõ
ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ. Äëÿ ðåøåíèÿ ïðîáëåìû ìàëûõ çíàìåíàòåëåé èñïîëüçîâàí
ìåòðè÷åñêèé ïîäõîä.

Êëþ÷åâûå ñëîâà: ìíîãîòî÷å÷íûå óñëîâèÿ, èíòåãðàëüíûå óñëîâèÿ, ïî÷òè ïåðèîäè÷åñêèå

ôóíêöèè, ìåðà Ëåáåãà, ïàðàáîëè÷åñêîå óðàâíåíèå, ìàëûå çíàìåíàòåëè.

2000 MSC: 35K35, 35B15, 35B30

ÓÄÊ: 517.95+511.2

32 Ìàòåìàòèêà

Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



Çàäà÷à ç iíòåãðàëüíèìè óìîâàìè çà ÷àñîì äëÿ ôàêòîðèçîâàíîãî ïàðàáîëi÷íîãî îïåðàòîðà çi çìiííèìè êîåôiöi¹íòàìè

PROBLEM WITH INTEGRAL CONDITION WITH RESPECT
TO THE TIME VARIABLE FOR FACTORIZED PARABOLIC

OPERATOR WITH VARIABLE COEFFICIENTS

A.M. Kuz

Ya.Pidstryhach Institute of applied problems of mechanics and mathematics NAS of Ukraine
3-b Naukova Str., Lviv, Ukraine

The problem with conditions, which are linear combination of multipoint and integral conditi-
ons with respect to the time variable for the factorized parabolic equation with variable coe�ci-
ents in a class of functions, almost periodic for the spatial variables is investigated. The criterion
of uniqueness and su�cient conditions of existence of the solution to the problem in di�erent
functional spaces are established. To solve the problem of small denominators a metric approach
is used.

Key words: multipoint conditions, integral conditions, almost periodic functions, Lebesque

measure, parabolic equation, small denominators
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