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Áàãàòî çàäà÷ òà ïðîáëåì êîìïëåêñíîãî àíàëi-
çó ïîòðåáóþòü âèâ÷åííÿ âëàñòèâîñòåé ìåðîìîðôíèõ
ôóíêöié ó äâîçâ'ÿçíèõ îáëàñòÿõ. Çà òåîðåìîþ ïðî
âiäîáðàæåííÿ äâîçâ'ÿçíèõ îáëàñòåé êîæíà äâîçâ'ÿ-
çíà îáëàñòü êîíôîðìíî åêâiâàëåíòíà äåÿêîìó êiëü-
öþ {z : r < |z| < R}, 0 ≤ r < R ≤ +∞. Ó âèïàäêó,
êîëè 0 < r < R < +∞ ãîìîòåòiÿ z 7→ z/

√
rR çâîäèòü

öå êiëüöå äî ñèìåòðè÷íîãî êiëüöÿ

{z : 1

R0
< |z| < R0}, R0 =

√
R

r
.

Òàêèì ÷èíîì ó öüîìó âèïàäêó òà ó âèïàäêó, êîëè
r = 0, R = +∞ îäíî÷àñíî, îáëàñòü ¹ iíâàðiàíòíîþ
âiäíîñíî iíâåðñi¨ z 7→ 1

z . Íåùîäàâíî À.À. Êîíäðà-
òþê, À.ß. Õðèñòiÿíèí [1,2] çàïðîïîíóâàëè íîâèé ïiä-
õiä äî òåîði¨ ðîçïîäiëó çíà÷åíü ìåðîìîðôíèõ ó êiëü-
öÿõ ôóíêöié. Âîíè îäåðæàëè àíàëîã òåîðåìè Éåíñå-

íà äëÿ êiëåöü, iíâàðiàíòíèõ âiäíîñíî iíâåðñi¨ z 7→ 1
z ,

ââåëè îäíîïàðàìåòðè÷íi àíàëîãè õàðàêòåðèñòèê Íå-
âàíëiííè òà Ñiìiäçó-Àëüôîðñà, âèâ÷èëè îñíîâíi ¨õ
âëàñòèâîñòi.
Âàãîìå çíà÷åííÿ â òåîði¨ ðîçïîäiëó çíà÷åíü ìåðîìîð-
ôíèõ ôóíêöié òà ¨¨ çàñòîñóâàííÿõ ìà¹ âèâ÷åííÿ âëà-
ñòèâîñòåé ëîãàðèôìi÷íî¨ ïîõiäíî¨. Ó ðîáîòi îòðèìàíî
ôîðìóëó äëÿ ëîãàðèôìi÷íî¨ ïîõiäíî¨ ôóíêöié, ìåðî-
ìîðôíèõ â ñèìåòðè÷íèõ êiëüöÿõ.
Ïîçíà÷èìî A(R) = {z : 1/R < |z| < R} , 1 < R <
R0 ≤ ∞, AR = {z : 1 < |z| < R}, A1/R = {z : 1/R <
|z| < 1}, T = {z ∈ C : |z| = 1}.

Òåîðåìà 1. Íåõàé ôóíêöiÿ f ìåðîìîðôíà ó êiëü-
öi A(R0) = {z : 1/R0 < |z| < R0}, i 1 < R < R0 ≤ ∞.
Íåõàé {aµ} � ïîñëiäîâíiñòü íóëiâ, à {bν} � ïîñëiäîâ-
íiñòü ïîëþñiâ ôóíêöi¨ f ó êiëüöi A(R0). Ïðè z =
reiφ, 1/R < r < R, ñïðàâåäëèâà ðiâíiñòü

f ′(z)

f(z)
=

1

2π

2π∫
0

log |f(Reiθ)| 2Reiθ

(Reiθ − z)2
dθ −− 1

2π

2π∫
0

log

∣∣∣∣f ( 1

R
eiθ
)∣∣∣∣ ( 2Reiθ

(Rz − eiθ)2

)
dθ+

+
1

4π

2π∫
0

log |f(eiθ)|
(

2R2eiθ

(R2z − eiθ)2
− 2R2eiθ

(R2eiθ − z)2

)
dθ +

1

2π

2π∫
0

(
∂ log |f(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

(
1

z − eiθ

R2

− 1

z −R2eiθ

)
dθ+

(1)

+
∑

aµ∈AR

(
1

z − aµ
+

aµ
R2 − aµz

)
+

∑
aµ∈A1/R

(
1

z − aµ
+

aµ
1
R2 − aµz

)
+
∑
aµ∈T

(
1

z − aµ
+

aµ
2(R2 − aµz)

+
aµ

2
(

1
R2 − aµz

))−

−
∑
bν∈AR

(
1

z − bν
+

bν

R2 − bνz

)
−

∑
bν∈A1/R

(
1

z − bν
+

bν
1
R2 − bνz

)
−
∑
bν∈T

(
1

z − bν
+

bν

2(R2 − bνz)
+

bν

2
(

1
R2 − bνz

)) .
Äëÿ äîâåäåííÿ òåîðåìè 1 íàì çíàäîáëÿòüñÿ òàêi

ðåçóëüòàòè.
Íåõàé f � ìåðîìîðôíà ó êiëüöi A(R0) ôóíêöiÿ òàêà,
ùî f(z) ̸= 0,∞, z ∈ T. ×åðåç A∗ ïîçíà÷èìî A(R0)
áåç iíòåðâàëiâ {z = τa, τ ≥ 1}, ÿêùî |a| > 1 òà
{z = τa, 0 ≤ τ ≤ 1}, ÿêùî |a| < 1, äå a ïðîáiãà¹

ìíîæèíó íóëiâ òà ïîëþñiâ ôóíêöi¨ f .

Ëåìà A.([4, ñ.39]) Íåõàé ôóíêöiÿ f ìåðîìîð-
ôíà ó êiëüöi A(R0), f(z) ̸= 0,∞, z ∈ T. Òîäi äëÿ
áóäü-ÿêîãî çàìêíåíîãî øëÿõó γ â A∗, γ(0) = 1, iñíó¹

Ìàòåìàòèêà c⃝ Î.Â. Âåñåëîâñüêà, I.Ï. Êøàíîâñüêèé, 2012

Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



Î.Â. Âåñåëîâñüêà, I.Ï. Êøàíîâñüêèé

k = =
1

2πi

∫
|z|=1

f ′(z)

f(z)
dz ∈ Z òàêå, ùî äëÿ ôóíêöi¨

g(z) = z−kf(z) âèêîíó¹òüñÿ

∫
γ

g′(z)

g(z)
dz = 0.

Ëåìà A äîçâîëÿ¹ âèçíà÷èòè îäíîçíà÷íó âiòêó
ëîãàðèôìó ôóíêöi¨ g(z) = = z−kf(z) â îáëàñòi
A∗. Ñïðàâäi, íåõàé z0 = 1, i log g(z0) âèçíà÷åíî.

Ïðèéìåìî

log g(z) = log g(z0) +

z∫
z0

g′(ζ)

g(ζ)
dζ,

äå iíòåãðàë áåðåòüñÿ âçäîâæ øëÿõó, ùî ñïîëó÷à¹ òî-
÷êè z0 òà z â îáëàñòi A∗.

Òåîðåìà B.([4, c.41]) Íåõàé ôóíêöiÿ f ìåðîìîð-
ôíà ó êiëüöi A(R0) = {z : 1/R0 < |z| < R0}, i
1 < R < R0 ≤ ∞. Íåõàé {aµ} � ïîñëiäîâíiñòü íó-
ëiâ, à {bν} � ïîñëiäîâíiñòü ïîëþñiâ ôóíêöi¨ f ó êiëü-
öi A(R0). Ïðè z = reiφ, 1/R < r < R, ñïðàâåäëèâà
ðiâíiñòü

log |f(z)| = 1

2π

2π∫
0

log |f(Reiθ)|P(r,R, θ − φ)dθ +
1

2π

2π∫
0

log

∣∣∣∣f ( 1

R
eiθ
)∣∣∣∣P(1, rR, θ − φ)dθ−

− 1

4π

2π∫
0

log |f(eiθ)|
(
P(r,R2, θ − φ) + P(1, rR2, θ − φ)

)
dθ − 1

2π

2π∫
0

(
∂ log |f(ρeiθ)|

∂ρ

)∣∣∣∣∣∣
ρ=1

log

∣∣∣∣R2 − e−iθz
1
R2 − e−iθz

∣∣∣∣ dθ−
−
∑

aµ∈AR

GR(aµ, z)−
∑

aµ∈A1/R

G1/R(aµ, z)−
1

2

∑
aµ∈T

GR(aµ, z)−
1

2

∑
aµ∈T

G1/R(aµ, z) +
∑
bν∈AR

GR(bν , z)+

+
∑

bν∈A1/R

G1/R(bν , z) +
1

2

∑
bν∈T

GR(bν , z) +
1

2

∑
bν∈T

G1/R(bν , z) + 2k(f) logR, (2)

äå

k(f) =
1

2π

2π∫
0

Im

(
f ′(eiθ)

f(eiθ)
ieiθ
)
dθ, Gd(ξ, z) = log

∣∣∣∣ d2 − ξz

d(ξ − z)

∣∣∣∣ , d > 0,

P(x,X, T − t) =
X2 − x2

X2 − 2Xx cos(T − t) + x2
= Re

XeiT + xeit

XeiT − xeit
- ÿäðî Ïóàññîíà.

Äîâåäåííÿ òåîðåìè 1. Çàóâàæèìî, ùî ó âèïàä-
êó, êîëè f(z) ̸= 0, ∞, z ∈ T,

k(f) =
1

2π

2π∫
0

Im

(
f ′(eiθ)

f(eiθ)
ieiθ
)
dθ =

= Re

 1

2πi

∫
|z|=1

f ′(z)

f(z)
dz

 =
1

2πi

∫
|z|=1

f ′(z)

f(z)
dz ∈ Z.

Âèïàäîê 1. Ïðèïóñòèìî, ùî f(z) íå ìà¹ ïîëþ-
ñiâ â êiëüöi A(R) i f(z) ̸= 0, z ∈ T. Íåõàé g(z) =
z−kf(z), k = k(f). Òîäi

log |g(z)| = log |f(z)| − k log |z|, (3)(
∂ log |g(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

=

(
∂ log |f(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

−k. (4)

Âèêîðèñòîâóþ÷è ðiâíiñòü [5, ñ. 27]

1

2π

2π∫
0

log |a− eiθ|dθ = log+ |a|, a ∈ C,

çíàéäåìî

1

2π

2π∫
0

log

∣∣∣∣R2 − e−iθz
1
R2 − e−iθz

∣∣∣∣ dθ = 1

2π

2π∫
0

log |R2 − eiθz|dθ−

− 1

2π

2π∫
0

log

∣∣∣∣ 1R2
− eiθz

∣∣∣∣ dθ = log |z|+ log+
∣∣∣∣R2

z

∣∣∣∣−
− log |z| − log+

∣∣∣∣ 1

R2z

∣∣∣∣ = log

∣∣∣∣R2

z

∣∣∣∣ = 2 logR− log r. (5)

Âiäíÿâøè â (2) ç äâîõ áîêiâ k log |z| òà âðàõîâóþ÷è
ðiâíîñòi (3)�(5), îòðèìà¹ìî

log |g(z)| = 1

2π

2π∫
0

log |f(Reiθ)|P(r,R, θ − φ)dθ−

− 1

4π

2π∫
0

log |f(eiθ)|
(
P(r,R2, θ−φ)+P(1, rR2, θ−φ)

)
dθ+
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+
1

2π

2π∫
0

log

∣∣∣∣f ( 1

R
eiθ
)∣∣∣∣P(1, rR, θ − φ)dθ−

− 1

2π

2π∫
0

(
∂ log |g(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

log

∣∣∣∣R2 − e−iθz
1
R2 − e−iθz

∣∣∣∣ dθ−
(6)

−
∑

aµ∈AR

GR(aµ, z)−
∑

aµ∈A1/R

G1/R(aµ, z).

Ïîçíà÷èìî h(z) =
R2 − e−iθz
1
R2 − e−iθz

. Òîäi

k(h) =
1

2πi

∫
|z|=1

h′(z)

h(z)
dz =

=
1

2πi

∫
|z|=1

(
−e−iθ

R2 − e−iθz
+

e−iθ

1
R2 − e−iθz

)
dz = −1.

Íåõàé Vx,w(z) :=
x(z − w)

x2 − wz
, x ∈ R, x > 0, w ∈ A(R0),

z ∈ A(R0). Òîäi äëÿ äîâiëüíèõ w1 ∈ AR, w2 ∈ A1/R

ìàòèìåìî

k(VR,w1) =
R2 − |w2

1|
2πi

∫
|z|=1

dz

(z − w1)(R2 − w1z)
= 0,

k(V1/R,w2
) =

1
R2 − |w2

2|
2πi

∫
|z|=1

dz

(z − w2)(
1
R2 − w2z)

=

=

(
1

R2
− |w2

2|
) 1

1
R2 − |w2

2|
− 1

w2

1(
1

R2w2
− w2

)
 = 0.

Ëåìà A äîçâîëÿ¹ âèçíà÷èòè îäíîçíà÷íi âiòêè ëîãà-

ðèôìiâ ôóíêöié zh(z),
R(z − aµ)

R2 − aµz
, aµ ∈ AR,

1
R (z − aµ)
1
R2 − aµz

, aµ ∈ A1/R. Îñêiëüêè, ç óìîâ Êîøi-Ðiìàíà

1

2π

2π∫
0

(
∂ log |g(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

log |z|dθ =

=
log |z|
2π

V arγ1
0
arg(g(z)) =

log |z|
2πi

∫
γ1
0

g′(z)

g(z)
dz = 0,

òî

1

2π

2π∫
0

(
∂ log |g(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

log

∣∣∣∣R2 − e−iθz
1
R2 − e−iθz

∣∣∣∣ dθ =

=
1

2π

2π∫
0

(
∂ log |g(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

log

∣∣∣∣z(R2 − e−iθz)
1
R2 − e−iθz

∣∣∣∣ dθ.
Äàëi, çàóâàæèìî, ùî

P(r,R, θ − φ) = Re
Reiθ + z

Reiθ − z
,

P(1, rR, θ−φ) = Re
Rreiθ + eiφ

Rreiθ − eiφ
= Re

Rre−iθ + e−iφ

Rre−iθ − e−iφ
=

= Re
Rz + eiθ

Rz − eiθ
,

P(r,R2, θ − φ) = Re
R2eiθ + z

R2eiθ − z
,

P(1, rR2, θ − φ) = Re
R2z + eiθ

R2z − eiθ
.

Ç îãëÿäó íà ïîïåðåäíi ðiâíîñòi òà (6) ñòâåðäæó¹ìî,
ùî

log(g(z)) =
1

2π

2π∫
0

log |f(Reiθ)|Re
iθ + z

Reiθ − z
dθ−

− 1

4π

2π∫
0

log |f(eiθ)|
(
R2eiθ + z

R2eiθ − z
+
R2z + eiθ

R2z − eiθ

)
dθ+

+
1

2π

2π∫
0

log

∣∣∣∣f ( 1

R
eiθ
)∣∣∣∣ Rz + eiθ

Rz − eiθ
dθ−

− 1

2π

2π∫
0

(
∂ log |g(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

log

(
z(R2 − e−iθz)

1
R2 − e−iθz

)
dθ+

+
∑

aµ∈AR

log

(
R(z − aµ)

R2 − aµz

)
+

∑
aµ∈A1/R

log

( 1
R (z − aµ)
1
R2 − aµz

)
+iC.

(7)
Äiéñíî, ïðàâà òà ëiâà ÷àñòèíè (7) ¹ àíàëiòè÷íèìè
ôóíêöiÿìè çìiííî¨ z. Â ñèëó ôîðìóëè (6) äiéñíi ÷à-
ñòèíè öèõ ôóíêöié ñïiâïàäàþòü. Çâiäñè, ç óìîâ Êîøi-
Ðiìàíà, ñëiäó¹, ùî ôóíêöi¨ ðiâíi ç òî÷íiñòþ äî óÿâíî¨
ñòàëî¨. Äèôåðåíöiþþ÷è ðiâíiñòü (7), îòðèìà¹ìî

f ′(z)

f(z)
− k

z
=

1

2π

2π∫
0

log |f(Reiθ)| 2Reiθ

(Reiθ − z)2
dθ − 1

4π

2π∫
0

log |f(eiθ)|
(

2R2eiθ

(R2eiθ − z)2
− 2R2eiθ

(R2z − eiθ)2

)
dθ+

+
1

2π

2π∫
0

log

∣∣∣∣f ( 1

R
eiθ
)∣∣∣∣ ( −2Reiθ

(Rz − eiθ)2

)
dθ − 1

2π

2π∫
0

(
∂ log |g(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

(
1

z −R2eiθ
− 1

z − eiθ

R2

+
1

z

)
dθ+
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+
∑

aµ∈AR

(
1

z − aµ
+

aµ
R2 − aµz

)
+

∑
aµ∈A1/R

(
1

z − aµ
+

aµ
1
R2 − aµz

)
. (7)

Ç îãëÿäó íà ðiâíiñòü (4) òà âðàõîâóþ÷è òå, ùî

1

2π

2π∫
0

(
∂ log |g(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

1

z
dθ = 0,

1

2π

2π∫
0

(
1

z −R2eiθ
− 1

z − eiθ

R2

)
dθ =

=
1

2πi

∫
|ξ|=1

(
1

z −R2ξ
− 1

z − ξ
R2

)
dξ

ξ
= −1

z
,

ìàòèìåìî

f ′(z)

f(z)
=

1

2π

2π∫
0

log |f(Reiθ)| 2Reiθ

(Reiθ − z)2
dθ−

− 1

2π

2π∫
0

log

∣∣∣∣f ( 1

R
eiθ
)∣∣∣∣ ( 2Reiθ

(Rz − eiθ)2

)
dθ+

+
1

4π

2π∫
0

log |f(eiθ)|
(

2R2eiθ

(R2z − eiθ)2
− 2R2eiθ

(R2eiθ − z)2

)
dθ+

+
1

2π

2π∫
0

(
∂ log |f(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

(
1

z− eiθ

R2

− 1

z−R2eiθ

)
dθ+

+
∑

aµ∈AR

(
1

z − aµ
+

aµ
R2 − aµz

)
+

+
∑

aµ∈A1/R

(
1

z − aµ
+

aµ
1
R2 − aµz

)
, (8)

ùî é äîâîäèòü ôîðìóëó (1) ó âèïàäêó 1.
Âèïàäîê 2. Ôóíêöiÿ f(z) ìà¹ íóëi íà îäèíè÷íîìó

êîëi òà íå ìà¹ ïîëþñiâ â êiëüöi A(R). Òîäi f0(z) =
f(z)/

∏
aµ∈T

- àíàëiòè÷íà â A(R) ôóíêöiÿ áåç íóëiâ íà

îäèíè÷íîìó êîëi. Êîðèñòóþ÷èñü êëàñè÷íîþ ôîðìó-
ëîþ äëÿ ëîãàðèôìi÷íî¨ ïîõiäíî¨ [3, ñ. 17], îá÷èñëèìî
iíòåãðàëè, ó âèïàäêó, êîëè aµ ∈ T.

I1.µ =
1

2π

2π∫
0

log |Reiθ − aµ|
2Reiθ

(Reiθ − z)2
dθ =

−aµ
R2 − aµz

,

I2.µ =
1

2π

2π∫
0

log

∣∣∣∣ 1Reiθ − aµ

∣∣∣∣ 2Reiθ

(Rz − eiθ)2
dθ =

=
1

2π

2π∫
0

log
∣∣Reiθ − aµR

2
∣∣ 2Reiθ

(Rz − eiθ)2
dθ−

=
1

2π

2π∫
0

logR2 2Reiθ

(Rz − eiθ)2
dθ = B1.µ −B2.µ.

B1.µ =
1

2π

2π∫
0

log
∣∣Reiθ − aµR

2
∣∣( 2Reiθ

(Rz − eiθ)2

)
dθ =

=
1

(z)2
1

2π

2π∫
0

log
∣∣Reiθ − aµR

2
∣∣ 2Reiθ(

Reiθ − 1

z

)2 dθ =

=
1

z − aµR2(z)2
;

B2.µ =
logR2

2π

2π∫
0

2Reiθ

(Rz − eiθ)2
dθ =

=
logR2

2πi

∫
|ξ|=1

2Rdξ

(ξ −Rz)2
= 0.

Îòæå, I2.µ =
1

z(1− aµR2z)
. Ïîäiáíèì ñïîñîáîì

îá÷èñëþ¹ìî

I3.µ =
1

4π

2π∫
0

log
∣∣eiθ − aµ

∣∣ 2R2eiθ

(R2z − eiθ)2
dθ =

=
1

4π

2π∫
0

log
∣∣R2eiθ −R2aµ

∣∣ 2R2eiθ

(R2z − eiθ)2
dθ−

− 1

4π

2π∫
0

logR2 2R2eiθ

(R2z − eiθ)2
dθ = B3.µ −B4.µ.

B3.µ =
1

4π

2π∫
0

log
∣∣R2eiθ −R2aµ

∣∣( 2R2eiθ

(R2z − eiθ)2

)
dθ =

=
1

2(z)2
1

2π

2π∫
0

log
∣∣R2eiθ −R2aµ

∣∣ 2R2eiθ(
R2eiθ − 1

z

)2 dθ =

=
1

2(z −R2aµz
2)
.

B4.µ =
1

4π

2π∫
0

logR2 2R2eiθ

(R2z − eiθ)2
dθ =

=
logR2

4πi

∫
|ξ|=1

2R2dξ

(ξ −R2z)2
= 0.
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Ôîðìóëà äëÿ ëîãàðèôìi÷íî¨ ïîõiäíî¨ ìåðîìîðôíî¨ â êiëüöi ôóíêöi¨

Îòæå, I3.µ =
1

2z(1−R2aµz)
.

I4.µ =
1

4π

2π∫
0

log |eiθ − aµ|
2R2eiθ

(R2eiθ − z)2
dθ =

=
1

2R2

1

2π

2π∫
0

log |eiθ−aµ|
2eiθ(

eiθ − z

R2

)2 dθ = 1

2(z − aµR2)
.

Äàëi, íåõàé aµ = eiθµ . Çíàéäåìî(
∂ log |ρeiθ − aµ|

∂ρ

)∣∣∣∣
ρ=1

=

=

(
∂ log

√
(ρ cos θ− cos θµ)2+(ρ sin θ− sin θµ)2

∂ρ

)∣∣∣∣∣
ρ=1

=

=
1− cos(θ − θµ)

(cos θ − cos θµ)2 + (sin θ − sin θµ)2
=

1

2
.

Çàñòîñóâàâøè ôîðìóëó (8) äî ôóíêöi¨ f0(z) =
f(z)∏

|aµ|=1

(z − aµ)
, îòðèìà¹ìî

f ′(z)

f(z)
−
∑
aµ∈T

1

z − aµ
=

1

2π

2π∫
0

log |f(Reiθ)| 2Reiθ

(Reiθ − z)2
dθ−

−
∑
aµ∈T

I1.µ − 1

2π

2π∫
0

log

∣∣∣∣f ( 1

R
eiθ
)∣∣∣∣ 2Reiθ

(Rz − eiθ)2
dθ+

+
∑
aµ∈T

I2.µ+
1

4π

2π∫
0

log |f(eiθ)|
(

2R2eiθ

(R2z−eiθ)2
− 2R2eiθ

(R2eiθ−z)2

)
dθ−

−
∑
aµ∈T

I3.µ+
∑
aµ∈T

I4.µ+

+
1

2π

2π∫
0

(
∂ log |f(ρeiθ)|

∂ρ

)∣∣∣∣
ρ=1

(
1

z− eiθ

R2

− 1

z−R2eiθ

)
dθ−

−
∑
aµ∈T

1

2z
++

∑
aµ∈AR

(
1

z − aµ
+

aµ
R2 − aµz

)
+

+
∑

aµ∈A1/R

(
1

z − aµ
+

aµ
1
R2 − aµz

)
,

Ëåãêî ïåðåâiðèòè,ùî

1

z − aµ
− I1.µ + I2.µ − I3.µ + I4.µ − 1

2z
=

=
1

z − aµ
+

aµ
2(R2 − aµz

) +
aµ

2
(

1
R2 − aµz

) ,
à öå é äîâîäèòü ôîðìóëó (1) ó âèïàäêó 2.

Âèïàäîê 3. Äîâåäåìî, ùî ôîðìóëà (1) íå çìi-
íèòüñÿ çà íàÿâíîñòi íóëiâ ôóíêöi¨ íà ìåæi îáëàñòi
A(R). Äëÿ ñïðîùåííÿ âèêëàäåííÿ, ïðîâåäåìî äîâå-
äåííÿ çà íàÿâíîñòi ¹äèíîãî íóëÿ z = a ôóíêöi¨ f(z)
íà êîëi |z| = R. Íåõàé a = Reiθ0 . Ðîçãëÿíåìî òî÷êó
a(δ) = (R − δ)eiθ0 , äå δ � äîâîëi ìàëå äîäàòíå ÷è-
ñëî. Çàñòîñîâóþ÷è (1) äî ôóíêöi¨ ψ(z) = z − a(δ) òà
êîðèñòóþ÷èñü êëàñè÷íîþ ôîðìóëîþ äëÿ ëîãàðèôìi-
÷íî¨ ïîõiäíî¨ äëÿ îá÷èñëåííÿ iíòåãðàëiâ ïîäiáíî, ÿê
ó âèïàäêó 2, îòðèìà¹ìî

1

z − a(δ)
=

−a(δ)
R2 − a(δ)z

− 1

z(1− a(δ)R2z)
+

1

2z(1− a(δ)R2z)
−− 1

2(z − a(δ)R2)
+

+
1

2π

2π∫
0

(
∂ log |ρeiθ − a(δ)|

∂ρ

)∣∣∣∣
ρ=1

(
1

z − eiθ

R2

− 1

z −R2eiθ

)
dθ ++

1

z − a(δ)
+

a(δ)

R2 − a(δ)z
.

Çâiäñè

I(z, δ) :=
1

2π

2π∫
0

(
∂ log |ρeiθ − a(δ)|

∂ρ

)∣∣∣∣
ρ=1

(
1

z − eiθ

R2

− 1

z −R2eiθ

)
dθ =

1

2z(1− a(δ)R2z)
+

1

2(z − a(δ)R2)
.

Ïîçíà÷èìî

I(z) =
1

2π

2π∫
0

(
∂ log |ρeiθ − a|

∂ρ

)∣∣∣∣
ρ=1

(
1

z − eiθ

R2

− 1

z −R2eiθ

)
dθ.

Çíàéäåìî

|I(z)− I(z, δ)|=

∣∣∣∣∣∣ 12π
2π∫
0

δ2−2Rδ + (δ+R2δ − δ2R) cos(θ−θ0)
(1 +R2 − 2R cos(θ − θ0))(1+(R−δ)2 − 2(R− δ) cos(θ−θ0))

(
1

z − eiθ

R2

− 1

z −R2eiθ

)
dθ

∣∣∣∣∣ ≤
≤ 1

2π

2π∫
0

δ2 + 2Rδ + δ +R2δ + δ2R

(R− 1)2(R− δ − 1)2

(
1∣∣|z| − 1
R2

∣∣ + 1

||z| −R2|

)
dθ ≤
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≤ δ2 + 2Rδ + δ +R2δ + δ2R

(R− 1)2(R− δ − 1)2

(
1

1
R − 1

R2

+
1

R2 −R

)
→ 0, δ → 0.

Îòæå,

I(z) = lim
δ→0

I(z, δ) =
1

2z(1− aR2z)
+

1

2(z − aR2)
. (9)

Çàñòîñó¹ìî ôîðìóëó (8) äî ôóíêöi¨ f∗(z) =
f(z)

z − a
.

Êîðèñòóþ÷èñü êëàñè÷íîþ ôîðìóëîþ äëÿ ëîãàðèôìi-
÷íî¨ ïîõiäíî¨ äëÿ îá÷èñëåííÿ iíòåãðàëiâ, ïîäiáíî ÿê
ó âèïàäêó 2, òà âðàõîâóþ÷è ðiâíiñòü (9), ïiñëÿ åëå-
ìåíòàðíèõ ïåðåòâîðåíü îòðèìà¹ìî ôîðìóëó (1).

Âèïàäîê 4. Ôóíêöiÿ f(z) ìà¹ íóëi òà ïîëþñè â
êiëüöi A(R). Òâåðäæåííÿ òåîðåìè ¹ ïðÿìèì íàñëiä-
êîì ðåçóëüòàòiâ âèïàäêiâ 2 òà 3, ç îãëÿäó íà ìîæëè-

âiñòü çîáðàæåííÿ ôóíêöi¨ f ó âèãëÿäi f =
f1
f2
, äå f1

òà f2 � ìåðîìîðôíi â A(R) ôóíêöi¨ áåç ïîëþñiâ.
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Âûâåäåíî ôîðìóëó ëîãàðèôìè÷åñêîé ïðîèçâîäíîé ìåðîìîðôíîé â êîëüöå ôóíêöèè.

Êëþ÷åâûå ñëîâà: ìåðîìîðôíàÿ ôóíêöèÿ, ëîãàðèôìè÷åñêàÿ ïðîèçâîäíàÿ.
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OF A MEROMORPHIC FUNCTION ON ANNULI
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A representation of the logarithmic derivative of a meromorphic function on annuli is obtained.
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