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A two-dimensional mathematical model for carbon monoxide oxidation on the platinum
catalyst surface is investigated according to the Langmuir–Hinshelwood mechanism. This
model takes into account the influence of diffusion effects on the course of reaction-diffusion
processes. It is established that the diffusion of adsorbed oxygen atoms can be neglected,
and the structural changes of the catalyst surface have a significant influence on the char-
acter of oscillatory mode of reaction.

Keywords: reaction of catalytic oxidation, reaction-diffusion model, mathematical mo-
deling of reaction-diffusion processes.

2000 MSC: 37E99, 82D99, 82C21

UDC: 519.876.5, 66.011 DOI: 10.23939/mmc2019.01.129

1. Introduction

Industrial significant reactions of chemical synthesis are reactions of heterogeneous catalysis, that is,
reactions that take place on the catalyst surface or in the near-surface layer. In this case, the occurring
reaction-diffusion processes are systems far from the state of thermodynamic equilibrium and arise
under conditions of particles and energy exchange with an environment. Such systems demonstrate
a number of specific physical and chemical phenomena (oscillatory behavior in chemical reactions,
the propagation of chemical waves of adsorbed particles, etc.) characteristic only for processes of
heterogeneous catalysis. This means that, on the one hand, the properties of the catalyst surface
significantly influence the flow of reaction-diffusion processes, and on the other hand, the presence of
the near-surface layer substantially changes both the structure of the catalyst surface and the course
of reaction. Such features of heterogeneous catalysis complicate conducting experimental studies of
the catalyst surface structure and kinetics of reaction-diffusion processes that occur on it. Under these
conditions, there is a need to construct and investigate mathematical models of catalytic systems with
a clearly defined structure of the catalyst surface and understandable at the atomic-molecular level
mechanisms of reaction-diffusion processes that occur on it.

Historically, the first mathematical models which managed to explain the oscillatory mode of a
simple reaction of heterogeneous catalysis – the reaction of carbon monoxide (CO) oxidation on the
platinum (Pt) catalyst surface were models proposed by K.Krischer, M.Eiswirth, G.Ertl (the KEE
model) [1] and R.M. Ziff, E.Gulari, Y.Barshad (the ZGB model) [2]. Further improvements of these
models known from literature [3–8] unfortunately did not allow to describe all experimentally ob-
served phenomena characteristic of reaction-diffusion processes on the catalyst surface. Therefore, the
development of approaches to mathematical modeling of the influence of a number of factors (the sur-
face reconstruction stimulated by interaction between molecules adsorbed on a surface and substrate
atoms, the topology of a surface, the near-surface layer structure, etc.) on the flow of reaction-diffusion
processes is an actual and important task.

The purpose of present paper is to construct and study mathematical model for reaction-diffusion
processes of CO oxidation on the Pt-catalyst surface and to establish regularities of the influence of
the surface structure and diffusion effects on the flow of these processes.
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2. Description of mathematical model

We consider a model for reaction-diffusion processes of CO oxidation on Pt-catalyst surface on the basis
of generalized KEE model [9]. It takes into account the peculiarities of the Langmuir–Hinshelwood
mechanism [10,11] for a chemical reaction, the nanostructure reconstruction of Pt(110) surface during
CO oxidation [12–14] and the diffusion processes of adsorbed CO molecules and oxygen (O) atoms along
the catalytic surface [15]. The catalytic surface is assumed to be flat with a given Cartesian coordinate
system XOY . The coordinate axes OX and OY are directed for Pt(110) along perpendicular [11̄0]
and [001] directions, respectively. The catalyst temperature T is constant and acts as an external
parameter of a model. The system of kinetic equations that describe temporal changes of adsorbed
CO (u) and O (v) surface coverages, as well as the fraction of catalyst surface in the nonreconstructed
(1×1) structure (w) and the degree of catalyst surface faceting (z), has the form:
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Here pco, po2 are the partial pressures of CO and O2, respectively; κu, κv are the impingement rates;
su, sv1,2,3 are the sticking coefficients; us, vs are the saturation coverages; Du1,2 , Dv1,2 are the diffusion
coefficients of adsorbed CO and O along OX and OY axes, respectively.

Since w describes the probability for a catalyst surface to be in the nonreconstructured 1×1 struc-
ture, the evolution equation for w (3) has a structure similar to the Fokker–Planck–Kolmogorov equa-
tion [16], that is, contains diffusion components with corresponding Dw1,2 coefficients in both OX
and OY directions. A non-decreasing smooth function f(u), that takes on values in interval [0; 1], is
modeled similarly to [17] as follows:

f(u) =

[
1 + exp

(
u0 − u

us

δu

)]−1

,

where u0, δu are the parameters of structural transition 1×1 ⇆ 1×2 on Pt(110) surface.
The coefficient k4, which characterizes the rate of facet formation, is constant and does not depend

on the catalyst temperature T . While the rates of reaction (k1), desorption of CO molecules from the
catalyst surface (k2), structural transition (k3) and thermal annealing (k5) are temperature dependent
and are determined by the Arrhenius equations [18]:

ki = ki(T ) = k0i exp

(
− Ei
RT

)
, (5)

where k0i are the temperature independent coefficients; Ei are the activation energies; R is the universal
gas constant [19].

In general, the diffusion coefficient D depends on many parameters: temperature, concentration (in
our case adsorbate surface coverage) and other physical properties of the surface [15]. The temperature
dependence of diffusion coefficient can be described by the Arrhenius equation:

D = D(T ) = D0 exp

(
− Ea
RT

)
, (6)
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where D0 is the temperature independent coefficient; Ea is the activation energy. In adsorbate systems
the activation energy depends on the surface coverage of adsorbed substance and reflects the particle-
particle interaction and the peculiarities of particle binding on the particular adsorption sites [15].
For reaction of carbon monoxide catalytic oxidation on Pt(110), the diffusion coefficient of adsorbed
CO molecule does not have a pronounced dependence on the surface coverage u, but substantially
depends on the structure of the catalyst surface: the CO diffusion can be up to 10 times faster along
the [11̄0] direction, than along the perpendicular direction [001] [20]. The adsorbed oxygen in turn
diffuses practically only parallel to the [11̄0] direction and significantly depends on О surface coverage:
at small values of v (0 6 v < 0.2) the diffusion coefficient of O is higher by one order of magnitude
than at high coverage (0.2 6 v < 0.7) [15].

We introduce dimensionless variables:

U =
u

us
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vs
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in which equations (1)–(4) can be rewritten in dimensionless form:
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Here
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, k̃i = kitc, i = 1, 5,
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3. Numerical analysis

First when investigating the system (7)–(10) we consider the case where a diffusion term is absent in
equation (9) for the change of w the fraction of surface in the nonreconstructed (1×1) structure, that
is D̃w ≡ 0. The values of parameters present in model are given in Table 1 [1, 15, 17]. The results of
the corresponding numerical analysis of system (7)–(10) are presented in Fig. 1, 2.

It is seen from graphs that at partial pressures pco = 2.65×10−5 Torr, po2 = 6.4×10−5 Torr and
temperature T = 540 K the mixed mode oscillations (the fine structure of oscillatory reaction) arise in
a system. Taking into account the influence of the catalyst surface nano-inhomogeneities (starting with
an adsorbate-induced structural reconstruction and ending with the formation of new crystal planes –
faceting) on the process of CO oxidation substantially affects the character of reaction oscillatory
mode. The appearance of a fine structure (an alternation of oscillations of different large and small
amplitudes) can be explained with a change in the number of adsorption centers on the catalyst surface
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Table 1. Parameters of mathematical model.

CO κu Impingement rate 4.2×105 1/s Torr
su Sticking coefficient 1
us Saturation coverage 1
Du1 Diffusion coefficient 1.2×10−7 cm2/s
du Model parameter of diffusion 0.1

O2 κv Impingement rate 7.8×105 1/s Torr
sv Sticking coefficient (1×1): sv1 = 0.6 (1×2): sv2 = 0, 4

Facets: sv3 = 0.2
vs Saturation coverage 0.8
Dv1 Diffusion coefficient 0 6 v < 0.2: D0

v = 2×103±1 cm2/s
Ea = 30 ± 4 kcal/mol

0.2 6 v < 0.7: D0
v = 2×105±0.5 cm2/s

Ea = 40 ± 2 kcal/mol
dv Model parameter of diffusion 0.1; 0.01

Rates k1 Reaction k01 = 3×106 1/s; E1 = 10 kcal/mol
k2 Desorption of CO k02 = 2×1016 1/s; E2 = 38 kcal/mol
k3 Structural transition k03 = 2×10−2 1/s; E3 = 7 kcal/mol
k4 Facet formation 0.03 1/s
k5 Thermal annealing k05 = 2.65×105 1/s; E5 = 20 kcal/mol

Other T Temperature 540 K
R Gas constant 0.001987 kcal/(mol·K)

Parameters of structural transition u0 = 0.35; δu = 0.05

Fig. 1. Dependency of CO U(x̃, ỹ, t) and O V (x̃, ỹ, t) surface coverages, fraction of surface in the nonrecon-
structed (1×1) structure w(x̃, ỹ, t) and degree of faceting z(x̃, ỹ, t) for D̃w ≡ 0, l0 = 10−3 cm, T = 540 K,

pco = 2.65×10−5 Torr, po2
= 6.4×10−5 Torr, ỹ = 0.1 and diffusion model parameter: dv = 0.1.
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Fig. 2. Dependency of CO U(x̃, ỹ, t) and O V (x̃, ỹ, t) surface coverages, fraction of surface in the nonrecon-
structed (1×1) structure w(x̃, ỹ, t) and degree of faceting z(x̃, ỹ, t) for D̃w ≡ 0, l0 = 10−3 cm, T = 540 K,

pco = 2.65×10−5 Torr, po2
= 6.4×10−5 Torr, ỹ = 0.1 and diffusion model parameter dv = 0.01.

and an increase of oxygen sticking coefficient on a faceted surface. At the same time the character
of oscillatory mode does not change for the different values of diffusion model parameter of adsorbed
oxygen atoms, for example dv = 0.1 (see Fig. 1) and dv = 0.01 (see Fig. 2), and, moreover, it coincides
with the corresponding results of numerical calculations for the case when adsorbed oxygen is considered
immobile (D̃v ≡ 0) [21]. This is due to the fact that a larger coefficient of O diffusion Dv1 along OX
axis is still 100 times smaller than the corresponding diffusion coefficient of adsorbed CO Du1 and 10
times smaller than the diffusion coefficient Du2 in the direction of OY . Such a slow diffusion prevents
the adsorbed atom of oxygen from moving along the catalyst surface. It will rather react with CO
molecule, which was adsorbed on a neighbor active site or has moved there due to diffusion.

Fig. 3 shows the results of numerical analysis of model (7)–(10) for the case when the diffusion com-
ponents are taken into account in equation (9) for the change of w the fraction of surface in the non-
reconstructed (1×1) structure. We see that at the same external parameters (pco = 2.65×10−5 Torr,
po2 = 6.4×10−5 Torr, T = 540 K) as previous ones the oscillatory behavior of the system changes

dramatically. For D̃w = 0.01, that is
Du1
Dw1

∼ 10 (see Fig. 3a) the oscillatory mode does not have a

pronounced character, and for D̃w = 0.1, that is
Du1
Dw1

∼ 1 (see Fig. 3b) there are no oscillations at all

and the system is in a state of high reactivity, when adsorbed CO molecules and O atoms are located
on the catalyst surface.

The change in oscillatory character of CO oxidation with a change of the value of the fraction of
surface in the nonreconstructed (1×1) structure is due to the fact that as a result of rapid w diffusion
(Dw1 ∼ Du1) there is disappearing delay in transition of the catalytic surface from active to inactive
structure in relation to the change of CO surface coverage, which is observed when the diffusion effects
are neglected. Consequently the catalyst surface will reconstruct faster to the (1×1) structure on which
the sticking probability of oxygen is higher than on the reconstructed (1×2) structure. Therefore, in
the process of competitive adsorption the catalytic surface will be able to adsorb more oxygen that will
enter into a chemical reaction with adsorbed CO and the system will be in a state of high reactivity.
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Fig. 3. Dependency of CO U(x̃, ỹ, t) and O V (x̃, ỹ, t) surface coverages, fraction of surface in the nonre-
constructed (1×1) structure w(x̃, ỹ, t) and degree of faceting z(x̃, ỹ, t) for dw = 1, l0 = 10−3 cm, T = 540 K,
pco = 2.65×10−5 Torr, po2

= 6.4×10−5 Torr, ỹ = 0.1 and certain value of w diffusion coefficient: a — D̃w = 0.01;
b — D̃w = 0.1.
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4. Conclusions

In present paper the two-dimensional mathematical model for carbon monoxide oxidation on the Pt
catalyst surface is developed and investigated according to the Langmuir–Hinshelwood mechanism.
This model takes into account the Pt(110) surface nano-inhomogeneities (starting with an adsorbate-
induced structural reconstruction and ending with the formation of new crystal planes – faceting) and
the diffusion processes of adsorbed CO molecules and oxygen atoms along the catalyst surface. It is
shown that the diffusion of adsorbed oxygen atoms can be neglected, and the structural changes of the
Pt(110) surface have a significant influence on the character of oscillatory mode of reaction.
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Математична модель оксидацiї чадного газу:
вплив дифузiйних ефектiв

Рижа I., ГайдучокО.

Нацiональний унiверситет “Львiвська полiтехнiка”
вул. С. Бандери, 12, Львiв, 79013, Україна

Дослiджено двовимiрну математичну модель окиснення монооксиду вуглецю на по-
верхнi платинового каталiзатора згiдно з механiзмом Ленгмюра–Гiншелвуда, яка вра-
ховує вплив дифузiйних ефектiв на перебiг реакцiйно-дифузiйних процесiв. Встанов-
лено, що адсорбованi атоми кисню можна вважати нерухомими, а структурнi змiни
поверхнi каталiзатора iстотно впливають на характер коливного режиму реакцiї.

Ключовi слова: каталiтична реакцiя окиснення, реакцiйно-дифузiйна модель, ма-
тематичне моделювання реакцiйно-дифузiйних процесiв.
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