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of arbitrary configuration with different types of connections with the
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In the framework of the refined theory of shells, which takes into account transverse shear
deformation and all inertial components, the solution of the problem on the steady-state
vibration of the orthotropic doubly curved panel with the arbitrary number of absolutely
rigid inclusions of the arbitrary geometrical form and location is constructed. The in-
clusions have different types of connections with the panel and perform the translational
motion in the normal direction to the middle surface of the panel. The external boundary
of the panel is of the arbitrary geometrical configuration. The arbitrary mixed, harmonic
in time, boundary conditions are considered on the external boundary of the panel. The
solution is built on the basis of the indirect boundary elements method. The sequential
approach to the representation of the Green’s functions is used. The integral equations
are solved by the collocation method.

Keywords: orthotropic doubly curved panel, inclusions, vibration, indirect boundary ele-
ments method.
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1. Introduction

The vibration of shells and plates with the attached masses or the concentrated masses at the points
received much attention among researchers. There are also works known in literature dealing with
the dynamic problems for the 3-D infinite elastic body with the inclusions [1-5]. However, to the
author’s knowledge, there is a scarcity of published materials regarding vibration of the finite curved
panels carrying the massive inclusions of some shape penetrating the panel through all its thickness.
Solutions of the problems on the steady-state vibration of the orthotropic plate and cylindrical panel
with absolutely rigid inclusion rigidly fixed of the arbitrary shape and location are built [6,7]. The
problems on the steady-state vibration of the orthotropic doubly curved panels with the arbitrary
number of inclusions of the arbitrary shapes and locations interacting with the panel via the thin elastic
Winkler-type interlayers, rigidly connected with panel or simply supported are considered in [7-10].
The purpose of the present work is to construct the solution in framework of the first-order shear
deformation theory of shells for the problem on the vibration of the orthotropic doubly curved panel
with any number of inclusions of any shape and location with different types of connections with the
panel simultaneously, when an outer boundary of the panel has any form and the arbitrary mixed
boundary conditions are imposed on it.
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2. Problem statement

Consider the problem on the steady-state vibration of the orthotropic doubly curved panel with totally
N absolutely rigid inclusions. Among them are N7 inclusions of an arbitrary form and location inter-
acting with the panel via thin Winkler-type elastic interlayers with the stiffness kU )(a), (j =1,Ny),
Ny inclusions of the arbitrary form and location that are rigidly connected with the panel, and N3
inclusions of the arbitrary form and location that are simply supported. The stiffness of the elastic
interlayers can be different for each inclusion and, generally, can vary along the contours of the in-
clusions. The contours of the inclusions are the curves L), j = T, N. The force with the principal
vector PU) = Péj ) sin(wt) normal to the middle surface of the panel is acting on the inclusion with the
mass m). Suppose that inclusions perform the translational motion along the normal direction to the
middle surface of the panel and wV)(t) = QI)(()j ) sin(wt) is the displacement of the j-th inclusion. The
external boundary of the panel is also of the arbitrary form and its contour consists of three curves
LW+ [(N+2) gpnq [(V+3) complementing each other. The middle surface of the panel occupies the
multi-connected domain 2. The domain II is a singly connected rectangular in plane domain with the
sides of the length [, lo, that contains the domain 2. The domain II is chosen in the way that its
sides are directed along the principal directions of the orthotropy of the material. Coordinate lines of
the curvilinear system of coordinates are directed along the sides of the rectangular in plane domain
II and the origin is located in one of its vertices. The metrics of the curvilinear system of coordinates
is considered to be close to the Euclidean.

Such notations are used: « = {ay, s} are curvilinear coordinates, ¢ is time, n, T are normal and
tangential vectors along some direction; F; is Young’s moduli; G129, G13, Go3 are shear moduli; v19, vo1
are Poisson coefficients; p is the density; k1, ko are principal curvatures of the panel; 2k is the thickness
of the panel; w is deflection of the panel; w1, uo are axial displacements of the points of the middle
surface of the panel; u,, u, are normal and tangential components of the axial displacements of the
points of the middle surface of the panel; 1, 72 are the angles of rotation of the normal to the middle
surface of the panel; 7, 7, are the normal and tangential components of the angles of rotation of the
normal to the middle surface of the panel; ), is the normal component of the shear force; M,,, N, are
normal components of the bending moments and axial forced, M., N, are tangential components of
the bending moments and axial forced.

The boundary conditions on the contours of the inclusions interacting with the panel via the elastic
Winkler-type interlayers take the form

Qun(a,t) = —pD(a,t), My(a,t) =0, Np(o,t) =0, M(a,t)=0, Ny(o,t)=0,
OZEL(j), j:17N17 (1)
where p)(a,t) = —kU)(a) (ﬁ/(j)(t) — w(a,t)) are the contact forces of interaction between the panel

and the j-th inclusion, w(a,t) is the deflection of the panel on the edge just before the the elastic
interlayer, k( )(a) is the stiffness of the elastic interlayer between the j-th inclusion and the panel.

The boundary conditions on the contours of the inclusions rigidly connected with the panel are as
follows:

’LU(O[, t) = ?I)(]) (t)7 ’LLn(Oé, t) =0, ’Yn(a, t) =0, UT(Oé, t) =0, IVT(OQ t) =0,
acLY, j=N,+1,N; + N, (2)

On the contours of the simply supported inclusions, the boundary conditions take the form

w(a,t) =09 @), ur(a,t) =0, ~yr(a,t) =0, My(a,t)=0, Ny(a,t)=0,
aGL(j), 7 =N1+ No+ 1, Ny + Ny + Ns. (3)
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The contact forces of interaction between the panel and the rigidly connected and simply supported
inclusions are modeled as follows:

p(j)(a,t) = —Qn(a,t) = —Qn(a)sin(wt), «€ L(j), j= Ny +1,N1+ Ny + Ns.

The boundary conditions on the outer boundary of the panel are the following:

w(a,t) = w(()NH)(oz) sin(wt), wup(a,t) = u%H)(a) sin(wt), yn(a,t) = ﬁgﬂ)(a) sin(wt),
ur(a,t) = u(T]gH)(a) sin(wt),  v-(a,t) = ’Ygo\”rl)(a) sin(wt), oe LN, 4)

Qnla,t) = QU™ () sin(wt), My (a,t) = MY (a)sin(wt), Ny(a,t) = NN () sin(wt),

No(ot) = N (@)sin(wt),  Mo(ant) = MYy ™ (a)sin(wt), o€ L+, (5)
w(a,t) = w(()N+3)(a) sin(wt), My(a,t) = MT(LQUF?’) (o) sin(wt), Nyp(a,t) = N,%VJFB)(a) sin(wt),
ur(ont) = uly " a)sin(wt), r(ont) =4 P (@) sin(wt), o LV, (6)

3. Solution of the problem

The equations of the first-order shear deformation theory of shallow shells taking into account all
inertial components, including rotary inertia, are used [8-11]

[L{U} = —{P}, (7)
{U} = {ul(a7 t)7u2(a7 t)7w(a7 t)?’Yl (a7 t)772(a7 t)}T7 {P} = {07 07 07 07 0}T7
0? 0? 0? 0? 0? 0?
L1y = Bi=— + Bia=— — k%A1 — 2hp——, Las = Bia—— + Ba=—— — k3Ay — 2hp——
11 16@% + 126@% 11 P L2 12604% + 28@% 242 P
82 2 82
Lys=AN— +Ao— — |1 By (k k koBs (k k — 2hp—=
33 18a%+ 2502 [k1B1 (k1 + vi2ks) + ko Ba (ko + va1k1) | P o
0? 02 2n3 92 0? 0? 2n3 02
Lit = Dios 4 Dio2 A = 2 2 Lss = Digoe 4 Dyl — py = 2 &
44 1804% + 12804% 1= 3 Papr L5 12804% + 28a§ 2T 3 P
82 2
Ly =Ly = k1A L= (B Bi3) ——, Loy = (B B T —
14 = Ly = k11,  Lig = (Bivia + Bia) daiday’ (B2 + Bavar) Doy’
82 2
Los = Lgy = koA Lss = (D Dy9) ———, Lgy=(D D _—
25 = Lsg = koMo, Lys = (D1v12 + D12) Doida, Lo (D12 + Dayvan) Baidas’

0 0
L3y =—Lys=MAN—+—, L3s=—-Lss=Ao—, Loyy=Lso=0, Li5=Ls =0,
day Oarg

0 0
Ly3 = (k1Ay + Biki + Bikovi2) Jar’ L3; = — (k1 A1 + B1ky + Bakavoy) Jar’

0
L3y = — (kaAg 4+ Boks + Bikivia) 7—

0
Loy = (koA Bk B>k .
23 = (koMo + Boks + Ba 2V21)a s

)
a2

The equations of translational motion of absolutely rigid inclusions take the form

02w (¢ , , o ’
a0y~ [ K00 (8900 - wie,) diO). j =T,
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_ (020 (1)

n =PO{)— [ Qu(C,t)dl(C), j=DNi+1,N +No+ Nz (8)

ot? Lo
The solution of the boundary value problem is found on the basis of the indirect boundary ele-

ments method using the Green functions (9) for the system of partial derivative equations (7) in the
rectangular in plane domain II with the homogeneous boundary conditions of the kind

w=0 M,=0, N,=0, u.=0, ~ =0, «cdll,

which are found in the paper [11] on the basis of the sequential approach to the representation of the
Dirac delta-function and the Fourier series method [6,12,13],

{UG (a, of,t)} = gim {UG (o, of,s,t)}

= gl_%z Z Crm (€)[Ekm ()] [Ukn] [Erm (2")] {17} sin(wt), (9)
k=0m=0

{UG (a,ar,t)} = {u? (o, ", 1) ,ug (o, ", t) ,w” (o, ", t) ,’ylG (o, 0", ) ,’yzG (a,ar,t)}T,
{TT} = {vaTgngvTing}T

% (a) 0 0 0 0
0 @< (a) 0 0 0
[Erm(a)] = 0 0 o () 0 0 ,
0 0 0 @ (a) 0
0 0 0 0 @ ()
% (a”) 0 0 0 0
0 ¥ (a") 0 0 0
(B (a7)] = 0 0 ®E (o) 0 0 ,
0 0 0 o (a”) 0
0 0 0 0 o5 (o)
u%km u%km u%km u%km ugkm
5

1 2 3 4
fyllkm ’Y%km fy%)’km fy}lkm ’Y%km
Yokm  V2km  V2km  V2km V2km
km km km km
m m m m
ulk — 1 det Lg2 ng Lz4 L%S
hm T det (LEm) Lyt Lig* Ly Lig* |’
km km km km
L52 L53 L54 L55
km km km km
m m m ™m
u2k — -1 det L L33 L34 L35
ol I O i R
km km km km
L51 L53 L54 L55
k k k k k
iy ohp oy Dy
det(L"™) = det e rhn fhno phno phn
€ =de 31 32 33 34 35 )
km km km km km
L51 L52 L53 L54 L55
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Lll = Bl)\%k — Bl2)\%m — ]{T%Al + 2phw2, L22 = —Blg)\%k — Bg/\%m — k‘%Ag + 2phw2,
LA = — A2, — AoA2, — (k1 By (k1 + vioks) + ko By (ko + vorky)] + 2phw?,

Lif" = =DiAfy = DiaAy, — Ay + ?ﬂw% L5S" = DoAYy, — Da)3, — Ao + ?Pw
Llf - L41 = k1A, L25 - ?2” = koA, L15 - L51 - L24 = Lign =0,
L = — (Bivia + Bi2) Mkdom, L5 = — (Bavar + Bi2) Mikdam,
L5 = LI = —Mdig, L = LEF" = —Aodom,
LET = — (Davay + Di2) Mikdom,  LET = — (Diviz + Di2) Mgdom,

LY = (k1 Ay + Biky + Bikovia) M,  LET = (kiAy + Biky + Bokavar) Mg,
LA™ = (koAg + Boky + Bokava1) Aom,  LEN = (koAg + Boko + Bikiviz) Aam,

4
Crm(e) = Mkm@¢1(A1k51)¢2(A2m€2),

=T, _nr 1, if k#0, m #0,
ll Y m l 1

?m(a) = CO8 (/\lka ) ()\2ma2) 5, if k=0, m 75 0,

k(@) = sin (Argan) cos (Aamaz) , Fhm = % if k#0, m =0,
fm (@) = sin (Ajgan) sin (Agmaz) ]

wm (@) = cos (A1) cos (Aamara) R if k=0, m =0,

d1 (Mke1), d2 (Aamez) are the weight functions that define the method of generalized summation. For
the simplicity €1 = €9 = € can be taken.

Consider the generalized contour L = LM U, . . ULM UL+ yLN+2) yL(N+3) and such functions
defined on it

{T( )} = {T1(€), To(&), T5(£), Ta(€), T5(€)}"
[ {10} = {100, 10, 1. 7.7 © ), cer®
_ ] {1} = {rP©. 1. 17 ©. 17 ©. 1P}, cer®,

| {20490} = {1090, 70V (€)@, TV €. TV ©)) L e e L,

The solution is represented in the form of simple layer potential

W(onn)} = tim | 53" Cln(®) B (@) U] B (O {T(©) dU(e)sin(ut), (10

k=0 m=0

{U(O" t)} = {ul(a’ t)’ U2 (Oé, t)v w(a, t)v 7 (O" t)’ Y2 (O" t)}T

Integral equations for the boundary value problem are built using the representation of the solu-
tion (10) and boundary conditions (1)—(6). In the case of boundary conditions when forces are defined
on the contours the method of the fictitious contours is used to avoid the discontinuity jump of the
derivative of the simple layer potential on the boundaries. Such that, the boundary conditions on
those contours can be satisfied not on the real contour, but on the shifted one by the small distance e
inside the multi-connected domain considered in the problem. The curves of the shifted contours are
denoted by LU). Then taking into account the equations of motion (8), the system of 5(N + 3) + N
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integral equations and integral relations with respect to the unknown density functions {7°(£)} and to

the unknown displacements of the inclusions QI)(()j ), j =1, N obtains the form

[u8)(0). u) (@), ) (@).15) (@).75) (@) } = lim / 33 Cone) (94 (@)] B (T (©)}a1(6),

e—0
=0m=0

aeLm, j=Ni 1, N + Nz, j=N+1,

[N (@), N (@), 0%(0), M3 (@), MY (@)}

= tim [ 37 Con@) [20)] (B OUT (@}, @ €10, j=T N j=N+2

k=0m=0

5

~ i [ 3 S S Chnun@) Bl (T dI(6)

k=0 m=0 i=1

= lim /L S5 Gl (@), (T (E)

k=0 m=0 i=1
5

Lk =0m=0 =1

ae LY, j:N1+N2,N, j=N+3,

M @) =t | 333 G o T3 €) dI(E),

k=0m=0 =1
N () = lim [ 33 3 i) No ()8 (T E)
UL 20 m=0 i=1

aeclfY =N+ N3N, j=N+3,

el = B = [ k90 ()~ wi@)) i), i =T
J

—w?m e (]) Péj)— o Qn(Q)dl(¢), j=Ni+1,Ni+ Na+ N3,
e(d

where

N (@) =u¥ (@) = M) (@) =19 (@) =0, wi (@) =@y, j=Ni+No+1L,N + Nz + N,

~ iy | 33 S Gl (€T ) )

k=0 m=0 i=1

w(a) = lim /L 333 Gl @) (€T €) ),

k=0 m=0 i=1
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oo 00 5
QO = lim [ 373" 3 Cun(E)Qun( P (TS ).

e—0
k=0m=0 i=1

Phom(€) = Pin(§) = PE(6),  Dfn(6) = P (€) = Pifa(6), PR () = B35,(6),

(
[Q,gﬁ(a)] = | wi(a) ws

@) + 72() Vo P (@)

wj(a) = wz (), j=1,5,

km
Nln(a) N2n(a) N?m(a) N4n(a) NSn(a)
P NlT(a) N2T(a) N3T(a) N4T(a) N5T(a)
0@)] = | Qula) Qula) Qsla) Qula) Qsula) |
Mln(a) M2n(a) M3n(a) M4n(a) M5n(a)
er(a) M2T(a) M3T(a) M4T(a) M5T(a)

Njn(a) = By (n1())” f5, (o) [—Alkuﬂm — V12 dam gy, + (K1 + Vlzkz)wim]
+ 2B1an1 (@)na (@) ®F5, (@) (Aamt] 4y, + Akt )

+ By (n(0))? B3 (@) [~Namty,, — vardagtrdy,, + (b + varky) wl, |

Njr(a) = Bini(a)m(a)®53, (a) [—Alku{km — vioAam iy, + (k1 + vioks) wi;m}
+ Bia (n1(a) 72 (@) + na(@)71 () 8, (@) (Aamtidy,, + Mitidy,,)

+ Boma(@)ma(0) 0 (0) [~ Aoty — v Ml + (b + vk ]

Mjn(@) = D1 (n1(a)® @55, () (= MY pm — V1222mVgm) + 2D12101 ()02 () B, ()
X (A2m Y1k + M Vo) + D2(n2(0)2 @55, () ( = A2m Vg — V2AAEY gm )+

Mjr(a) = Ding (@) (@)@, (@) (= MYl — Vi2A2m Ve )
+ D12 (nl(a)Tz(a) + ng(a)n(a)) e (@) ()‘2m’Y{km + )‘lk’Y%km)
+ Dana(a)m2 () P55, (@) (= XomVagm — Y21 MY )

Qjn(a) = Amy (@) @55, (@) (Vg + Arrwl,, — krud,,,)

+ Aong (o) @75, () (Vg + Aomwr,, — koudy ), j =

L,5.
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The solution of system of integral equations can be found using many numerical techniques. For
example, the collocation method provides sufficiently good results. The contours of the generalized
curve L are approximated by the broken lines (S () is the the number of linear sections of the j-th
contour, a9)" is the middle point of the linear section of the J-th contour, 1U)r is the length of the
corresponding linear section LU r = 1, S (@)). The approximation of the unknown density functions
on each linear section can be taken as {T )(&)} = {TW15(a9)" €). The residual can be minimized in
the number of collocation points a7 coinciding with the mlddle points of the linear sections. Hence,
the system of 5 Z;V;lg SU) + N linear algebraic equations with the respect to the discrete values of the

unknown density functions {TU)"}, j =T, N + 3, r = 1, SU) and the amplitudes of the displacements
()

of the inclusions wg’, j = 1, N obtains the form

L . , 8T
{U(JO)(()((J)‘]),’LLS_])( (4)a 9, w((] )(a(J)Q) %(L)( (4)a 9, ()(a(J)Q)}

= i f: Crom (2) [Q]&Q (a(j)q)} [Ekm(a(f)r)} {T(f)r} ,

a1 eV =180, j=N;+1,Ni+No, j=N+1,

oWt ersl) =180, j=1N;, j=N+2,

N+3SU) K M

wi (aP1) = Z Z Z Z Crm (e)wi (@) DL (oD
f=1 r=1 k=0 m=0 i=1
N+3SY) K M 5

g (@) = D000 3 Ceml@uir (@)@, (aDN)TI,

oW e ) =190, j=Ni+N,+1,N, j=N+3,

N+3sS() K M

MG = 37 3255 3 5 e o

f=1 r=1 k=0m=0 i=1

N+38()

K M 5
N = 3 33 3 3 Cln N, (0 a7 T
!

=1 r=1 k=0 m=0 i=1

a(])‘]eLa(]), q:l,S(]), J:N1—|—N2—|—1,N, ]:N+3,
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J K M 5
R =- >0 30 D Chn(@) W (0 B ()T

N (ab)1) = Nl (ab) = M (a01) = M (1) =,

N+3s) K M

QY) (a1) = kW) (af ZZZZZ% ewi (@@, (P TI), j =T,

f=1 r=1 k=0m=0 i=1

Np (@D) = ug (@) = Mg (09) =1 (@) =0, wf (@) = 5,
j=Ni1+Na+1,N; + Ny + N3,

\Pin(a(]) ) Al\IICS ( (j)p) (’ﬁkm + Alkw?@m - kluikm) + AQ\I’Z%%(O[(])I)) (Wékm + )‘2mw§cm - k2uékm) )

@ (@) = ny(ali) / & (¢)dI(C),

LeWp

i (@) = ny(alP) / e Q) diC), oW e L0P,
LeG)p

¥ @) = [ 0@, @) = [ Q). v eLom

The natural frequencies can be found by equating the determinant of the system of linear algebraic
equations with zero. On the basis of the discrete values of the density functions of the simple layer
potential the characteristics of the stress-strain state along arbitrary direction with the normal vector
n(«) and tangential vector 7(«) can be calculated using the following formulas:

t)
ur(a,t) N+35U) K M
(o, t

) 1 =2_2.2.2 Ciml [Q(U )] [Ekm(a(j’T)} {10} sinfwt),

’yn(a,t) j=1 r=1 k=0m=0
(@)

N+3SUW K M
=355 e o200 [ {77} e
=1 r=1k=0m=
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4. Numerical results

Using the algebraic equations constructed in the paper one can consider different partial cases of the
problem. For the verification of the numerical scheme, the partial case of simply supported rectangular
in plane doubly curved panel with two circular rigidly connected to the panel inclusions is considered.
In this case it is reasonable to choose the domain II in the way that its boundary coincides with the
external boundary of the panel. The geometrical and physical parameters of the panel are: 1 = 2m,
lo = 1m, 2h = 0.02m, k; = 0.1m™", ky = 0.2m™', Gi2 = Gi3 = 4.48GPa, Go3 = 1.53GPa,
FEy = 128GPa, Ey = 11 GPa, v15 = 0.25, p = 1500 %. The masses of the inclusions are taken as:
mM =m® =100kg. External forces acting on the inclusions have the values Pél) = —Péz) = 50000 N.
The radii and locations of the centers of the inclusions are: b; = 0.2m, oflk(l) = 0.5m, a;(l) = 0.5m;
by =02m, o/® = 15m, o}® = 0.5m.

The boundary conditions on the simply supported external boundary of the panel have the form:

wla,t) =0, ur(a,t) =0, ~r(a,t)=0, My(a,t)=0, Ny(a,t)=0, aecL®.

The parameters of approximation are as follows: K = 50, S = §@) =20, gy =gy = ¢ = % m.
Such method of generalized summation is used:
4 sin? kel gipy2 A2mée2
Ckm(g) = /Lkm@ >\1k€12 2 Mameo 22 .
(57)" (#25=2)
In the cases, when & = 0 or m = 0, the well known limit lim % =1 is used for calculating the value

z—0
of the expression Chp, ().

Parametric representation of the contours of the inclusions with the proper choice of the orientation
of the normal and tangential vectors to the contours of the inclusions is used. Hence, we obtain

0 _ ) 4 p o 279 D 20 g 2T
ayp’t = a;”’ +bjcos o) 3 =% b; sin SOk
) 21 . 21 ) ) . .
ay — _ g (ay — aip 274 ey — _ (4)a (ay — (4)a
ny(aV’?) = — cos 0 no(aV’?) = sin 0 71(aV9) no(aV’?),  1o(aV) = ni(aV’?),
Gw _ 2 G) (. 2Tp G G) g . 2mp
ay’’ =a;" + (bj +¢€) cos G 2 T (bj +¢)sin 0
G _ #0) o ool 20T G k) g 2T
oy’ =ay”’ + bjcos S0’ s’ =0y b; sin G 1=1,2
In Fig. 1, the deflection amplitude of the panel for different values of the inclusions’ radii under the
vibration frequency @ = 5= = 35 Hz is shown. It can be seen that, as the inclusions’ radii increase, the

deflection amplitude of the panel and the amplitude of the displacements of the inclusions decrease.

In Fig.2 and Fig. 3, the amplitude of deflection of the panel for different values of the masses of
the inclusions and for different values of the vibration frequency is presented. The results show that
in these cases the simplest form of the vibration takes place. Under the relatively low frequency of
vibration moderate increase of the masses of the inclusions leads to the increase of the amplitude of
the deflection of the panel and the displacements of the inclusions (Fig.2). However, for the cases of
higher frequencies the opposite effect can be observed (Fig. 3). So on the whole, one can conclude that
there is generally non monotonic relationship between the amplitude of deflection of the panel or the
displacements of the inclusions and masses of the inclusions.

In Fig. 4 and Fig. 5, the amplitude of the deflection of the panel for different values of the vibration
frequency is shown. In both cases the simplest form of vibration takes place and the vibration frequency
substantially influences the amplitude of the deflection of the panel and the displacements of the
inclusions. On the lower frequency range the sharp increase of the amplitude of the deflection of the
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Fig.1. The amplitude of deflection of the panel on the line ay = 0.5 m for different values
of the inclusions’ radii: solid curve for b; = 0.2m, by = 0.2 m, dashed curve for b; = 0.25m,
by = 0.25m, dotted curve for b; = 0.3 m, by = 0.3 m.
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Fig.2. The amplitude of deflection of the panel on the line as = 0.5m for dif-
ferent values of the inclusions’ masses under the frequency w = 5= = 35Hz: solid

curve for m() = m® = 50kg, dashed curve for m) = m® =100kg, dotted curve for
m =m® = 150kg.
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Fig.3. Deflection amplitude of the panel on the line s = 0.5m for different val-
ues of inclusions’ masses under the vibration frequency w = 5= = 100Hz: solid

curve for m() = m® = 50kg, dashed curve for m(Y) = m® = 100kg, dotted curve for
mM =m® =150kg.
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panel and the displacements of the inclusions under the increasing vibration frequency can be observed.
On the contrast, on the higher frequency range the amplitude of the panel and displacements of the
inclusions tend to decrease. Consequently, there is non monotonic relationship between the amplitude
and vibration frequency. Thus, not only the natural frequencies are dangerous for the construction,
the low frequencies before the first resonance occurs can be also dangerous.

w, m

0.004 s s

0.002 ’/ \

-0.002 N A
‘§\\ //4.
RN 2N
~ 7

-0.004

-0.006
0 05 1 15 a1, m

Fig. 4. The amplitude of deflection of the panel on the line ay = 0.5 m for different values

of the vibration frequency @w = 5-: solid curve for w = 5 Hz, dashed curve for @ = 20 Hz,

dotted curve for w = 40 Hz.
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Fig. 5. The amplitude of deflection of the panel on the line a; = 0.5 m for different values of
the vibration frequency w = 5-: solid curve for @ = 100 Hz, dashed curve for w = 150 Hz,

dotted curve for = 200 Hz.

In Fig.6, the non-symmetrical case is considered, when inclusions have different masses
m® =50kg, m® = 100kg, are subjected to different external forces Po(l) = 35000, Pé2) = —65000,
have different radii by = 0.1m, b = 0.2m and are located non-symmetrically. The influence of
location of the second inclusion on the deflection amplitude of the panel under the Vil(ogation fre-

w *(1

quency @ = 5= = 35Hz is shown. The coordinates of the first inclusion are taken as o’ = 0.4m,

*(1)
O£2 — 0.5 m.
Fig. 6 demonstrates that the change of the relative location of the inclusions influences the deflection
amplitude of the panel on all sections and influences the displacement amplitudes of both inclusions.
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Fig. 6. Deflection amplitude of the panel on the line vy = 0.5m in the case of different
location of the second inclusion: solid curve for of{(Q) = 1.5m, a;(z) = 0.5m, dashed curve
for Of{(m =1.4m, a;@) = 0.5m, dotted curve for Of{(m =1.3m, a;(z) =0.5m.

5. Conclusions

The obtained numerical results show that the dynamic deflection of the panel depends on the frequency
of the vibration, mass, size, and the location of the inclusions substantially. Thus, not only the natural
frequencies are dangerous for the construction, the low frequencies before the first resonance occurs can
be also dangerous. The constructed solutions allow us to make the efficient choice of the shape, location,
mass of the inclusions, different physical and geometrical parameters of the panel for providing the
reliability of the construction under the dynamic loads. The generalized numerical scheme presented
in the paper can be used for the investigation of the solutions for different partial cases of the problem.
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KonuBaHHA opToTponHOi NaHesli NoABiMHOI KPUBUHN 3 MHOXUHOIO

BKJIIOYEHb [0BiNIbHOI KOHIrypauii Ta piaHumn Tunamu 3’'€egHaHb
3 NaHessIo

IToma T.

Inemumym npukaadHuxT npobaem METAHIKY T MAMEMATMUKY
im. . C. ITidempueava HAH Yxpainu,
eyn. Hayxosa, 3-6, Jlveis, 79060, Ykpaina

YV mexkax yToduHEHOI Teopil 00O0JIOHOK, sika BPAXOBYE MOMEPEYHi 3CYyBU Ta BCl iHEpIHHHI
KOMITOHEHTH, TOOYI0BAHO PO3B’I30K 3a/1aMi PO yCTaJIeHI KOJUBAHHS OPTOTPOITHOI TaHe i
MO/Bi#THOT KPUBUHU 3 JOBLIHLHOIO KiMbKICTIO abOCOJIOTHO »KOPCTKUX BKJIIOYEHDb JIOBIIBHOT
dbopmu Ta po3TalryBaHHsd. BKIOUYeHHsT MalOTh Pi3Hi TUMM 3’€IHAHD 3 MTAHE IO 1 3/TificHIO-
IOTh MOCTYHAJIBHUN PyX B3/I0BK HOPMAJBHOIO HAIPSIMKY J0 CEPEINHHOI TIOBEPXHI ITAHEeT.
30BHiIIHA TpaHWIld TaHEl JOBLIBHOI reoMerpwdHol KoHiryparii. Posriasayro moBiab-
Hi MimaHi TapMOHIYHI B 9Yaci TpaHWYHI yMOBM Ha 30BHIIIHIA rpaHuri nanesi. Po3s’sa3ok
100y I0BaHO Ha OCHOBI HEIIPsIMOI'O METO/ly I'PAHUYHHX eJieMeHTiB. BukopucTaHo mocios-
HicHu#l minxin mo momamusa dyukmiit I'pina. IaTerpanbni piBHAHHS PO3B’SI3aHO METOIOM
KOJIOKAITIHA.

Knw4osi cnosa: opmomponna naneiv nodeilinol Kpusuml, GKAOYEHHA, KOAUSAHHA,
HENPAMUT MEMO0 2PAHUNHUT eNEMEHITIE.
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