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Beryn

MsuorouneHn YeOuoBa — 0CHOBa TEOPETUYHHX Ta Mpa-
KTUYHUX JOCIIDKEHb Teopil HaOMMKeHHs (QYHKIIH, ede-
KTHBHO BUKOPUCTOBYIOTBCS B 3a/1a4aX OOUYHCIIIOBAIBEHOT Ma-
TeMaTHKH, IS PO3B’s3yBaHHS AWQepeHIlialbHAX Ta iHTe-
rpaJibHUX PIBHSHB, JJISI YUCIOBOro AW(EPEHIIIOBAHHS Ta
IHTErpyBaHHSI.

BnactuBocti MHOrowreHiB Yebumiosa 10CTaTHBO IPYyH-
TOBHO BHUKJIAJCHO B poborax [1, 2]. 3Ha4HO MEHIIE HOCIi-
JUKEHb CTOCYIOTBCS BIIACTHBOCTEH IUX CHCTEM Y KOMILIC-
KCHHUX oOmacTsax. Y poborti [2] HaBeeHO JesKi BIaCTHBOCTI
MHOTOWICHIB YeOumIoBa y KOMIUIEKCHIN TUTOIIHMHI, a TaKOXK
PO3BUHEHHS aHAMITUYHUX (YHKUIH 32 MHOrowieHamu Ye-
OHIIIOBa MEPIIOTO POJY y KOMIUIEKCHUX O0JacTsX.

V3araibHEHHSIM METO/y PO3BHHEHHs (YHKILIH y crere-
HEBI psAAM B KOMIDICKCHHUX OONACTAX € TXHE PO3BUHCHHS
3a CHCTEMOIO0 MHOTOWICHIB, O10pPTOTOHATIBHUX 3 JCSKOIO 1H-
IO CHCTEMOIO (acomiioBaHuX) (QYHKIIN. 3a TEBHUX YMOB
I1s1 Oyb-KO1 He3aJIeKHOT Ta TTOBHOT cucTeMu (PyHKITIH Mo-
’KHa NOOy/IyBaTH BINOBIIHY CHCTEMY acoulifioBaHuX (yH-
KLl 1 KOHCTPYIOBaTH PAIM 3a HEIO.

VY wiit pobori mobygoBaHO cucteMy (yHKIIH, 6iopTo-
TOHAJBPHUX 3 MHOrOWIeHaMHu YeOWIoBa APYroro pomy Ha
3aMKHEHUX KPUBHX y KOMILUICKCHIH TUIOMIMHI, BCTAHOBICHO
YMOBH, 3a SIKUX aHAJIITHYHI (YHKII MOXHa PO3KIACTH Yy
pAOM 33 MUMH MHOTOWICHaMH. HaBemeHo MpHKIaaM TaKkux
po3kiafi. KpiMm Toro, oTpuMano KOMOIHATOPHI TOTOXKHOCTI,
SIKI CTAHOBIIATH CAMOCTIHHHIN iHTEpeC.

IMosuauumo yepes U, (z) muorowienn Yebuinosa apy-

3i cniBBigHOIIEHD (1) OTPpUMAaEMO BHpa3H MHOTOUJICHIB
U, (z) Iist napHUX Ta HEMAPHUX 3HAYEHB 7

Uan(z) = S C1FRORICE,204)
k=0
= v
= ( 1)” 12210n+l ’ (2)
i=0
Usnt1(2) = (—1)”_‘22‘+1072L$i1 2i+1 3)
i=0

I. BuaacruBocti MHOrowieHiB U, (z)

Teopema 1. /s muozounenie U, (z) cnpasednuse in-
mezpanbHe 300PaANHCeHHS.

1

Un(z) = n+1/(z+t\/22—1)ndt. )

2

—1

O JoBenenus. BuxopucraBmu ¢opmyny OiHoma
HproToHa Ta 3MIHUBIIM TOPSAOK IiJACYMOBYBaHHS, i3 (4)
3HAXOAUMO

n 1
Un(2) = "‘2” Sooperm(:2-1)® /tmdt =
-1

m=0

E)o(;()) I\fy(;zg/ [I;(?I\EHJ;EI;(:]HOI 3MIHHOI. J{1 HUX clipaBe/UInBI SIBH1 — (1) > 210_7_ lzn72i ; (—1)F Cik 52i—2k _
3 N —
Un(z) = ;;)( 1)kgn=2kCk =2k 01, (1) (n + )kzo( ; %+
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BpaxyBaBmu KOMOiHATOPHY TOTOXHICTb

[g] 0210k

22+1_

2n72kcrli_k
n+1

; )

&M

npuxomumo 1o criBBigHomreHH: (1). l
ITo3znaunmo vepes ' edinc, 3aganuii piBHIHHIM

1 . .
:i(ReWJrR—le—W), R>1,0<¢<2r. (6)

Hexait Dy — obmacts, TpaHuIero skoi € emnc I'g.

Teopema 2.
OYIHKU

s mmocounenie U, (z) cnpasednusi

Un(@)| < (n+1), 2 € R, Jo] <1,
|Un(2)| < (n+1)R", 2 € Dg. @)
(] JoBemeHHS. BpaxoByroun HEPIiBHICTh

2

22— 22 442 < 1, sika cripaBe[UInBa IS BCIX T 1 ¢, TAKHX,
wo |z| < 1, |¢| < 1, 3i cniBBinHOWIEHHS (4) OIEPKUMO

1

Un@) < 5= /|

—1

n
1—22| dt =

1 1
= /(x2+t2(1—x2))2dt§ 5 /dt§n+1.

-1 -1

1
MsHorounexn 71U,L(z) 33J0BOJIbHSIE YMOBU TEOPEMHU
n

[4, c. 166]: saxwo onn muozounena Wy (z) n-eo cmene-
Hsi Ha Ollichomy 6iopisky [—1; 1] euxonyemwcs nepignicmo
Wi (2)] < M, oe M = const, mo ons 6y0b-s2K020 z 3306Hi
Yb02o IOpi3Ka CNpasednusa OYiHKA

[Wa(2)] < M(a+0)",

Oe a i b— nisoci eninca 3 poxycamu ¢ moukax z = +1, axuii
npoxooums uepe3 mouxy z. 3BIJICH, OCKUIBKH MIBOCI ejirnca
'y, 1 < r < R, 3 piBHSHHAM (6) BiJIOBIZHO JOPIBHIOIOTH

1 1\ 1 1
—|r+-, s | r— — ), BumnuBae ouinka (7). W
2 r 2 r

Teopema 3. Cnpasednuge inmezpanvhe 300pajiceHHs
1 n
Un.(z) = %/ (z +tv 22 — 1) en(t)dt,  (8)

C

oe C — dodammo opienmosane xono |t| < Ry, 1 < Ry < 0o,
n+1. t+1

() = In
onlt) = =i

1 dt

C

Ha mincrasi Bizomoro pesynsrary [5, c. 81-82]

1 dz 1, n=1,
o P = ©)
2mi i (z —a) 0, n#l,

ne L — moBimbHMIA 3aMKHEHHI KOHTYD, IO OXOIUTIOE TOYKY
a 1 OMHOKPATHO MPOXOIUTHCS B JOAATHOMY HAIpsMi, 3HAXO-
MO

2
(n+1)) 5%
§=0

Un(z) =

22 (z2 — l)j .

[\
<
+

—_

PosxmaBmm  Bupas (22 - 1)j 3a ¢opmynoro OiHOMa
HproToHA Ta 3MIHHBIIY MOPSIOK MiACYMOBYBAHHS, ONEPIKU-
MO

[5] j
k 2j—2k
Un(2) = (n+1) Z % TN (—1)FCERY

j=0 k=0

3] 2] ce2ion

k n—2k n =y

(n4+1)Y (=1)kz sz+1
k=0 i=k

3BiJCcH, BpaxyBaBIIM KOMOIHAaTOpPHY TOTOXHICTB (5),
npuxonumo a0 dopmyn (1).

Bimomo [2, c. 28], mo creneHi 2™ OXHO3HAYHO BUpPaXKa-
10ThCst yepe3 MHorounenn Yebumosa Uy, (), ToOTO cripaBe-
JUIMBI CIIBBIIHOIIICHHS:

n—2k(2), n>0. (10)

ii (n— 2k + 1)Ck
2n Pt n—k+1

I3 cniBBigHOMmEHD (10) oTpuMaemo Bupasu z" nmus map-
HUX T4 HEMAPHHUX 3HAYCHb 7.

1 (2n — 2k +1)C%
2n 2n
* _2271Z m—Fk+1

U2n k)( )

1 (2t +1)C3"
= QQ,L;inHH Uai(2), (1

" (2i +2)Cpi
2= 22n+1 Z Uz (2). (12)

n+i+2
]
Hexait
5. — {O, m#n
1, m=n

— cumBout Kponexkepa.

O JloBenenns. Poskiasimm Bupas (z 1t m)n Tpepnmeﬂﬂﬂ 1. CnopaBemmmBi KOMOIHATOPHI TOTOX-
3a opmyioo Ginoma HploToHa Ta BpaxyBaBmn possuaen- O
X n+l1 1 . n o2 i
Hi o, (t) = Y. ——— ——, 3rigno 3 (8), orpumMaemo . Cyn—iIntiYe T o
=R Fe @+ DY )T =0, (1)
i=j
bk ( S - CoL Coth
n— 2 . n+i 7 _ .
Un(2) = (n+1) ZC (22— 1) (2;+2)Z(—1) S = (14)
k=0 :0 e
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(] ﬂOBeueHH;I [MincraBuBmu Bupasu (11) mis cre-
neniB z2" B (2) Ta 3MiHUBIIM TIOPSIOK I1iICYMOBYBAHHS,
3HaXOJUMO:

n

(- (2] + 105

_ n—1021 2 21

Uan((2) =) (=" 2Ol igmd =
=0 7=0

UQj(Z):
S (i e

= 27 4+ 1)Usy; .
jz:;( J ) 2,7(2') v+l

i=j

3BiCH, BpaxOBYHOUH He3alIe)KHICTh MHOTOWIeH B U, (2),
OTPUMYEMO TOTOXHICTB (13).

AmnanoriyHo, migcraBuBmM Bupaszu (12) mnst creneHiB
2?7+ g (3), npuxogumo 10 TotoxkHocTi (14). W

[o3naunmo uepe3 Er NpocTip OJHO3HAYHUX aHAIITH-
9HEX ¥ Kpy3i 2] < R,0 < R < 00, QyHKUiH KOMILIEKCHOT
3MiHHO.

Teopema 4.  Cucmema mnozounenis {U,(z)}, ai-
HIUHO He3anedcHa | nogHa y npocmopi Eg.

O JoBemenns. OckinbKu KoeillieHT

2"(—1)°CY = 2" £ 0

npu Haificrapiiomy crernedi Muorowiena U, (z) BiaMiHHUMIA
Bin Hyms, 1o cuctema {U,(z)}, -, niHiliHO He3anexHa [6,
c. 137]. Kpim Toro, BoHa moBHa [6, c. 137], 60 koxHHI
CTemiHp 2" ONHO3HAYHO BHUPAXKAETHCSA Y BUIVIAMI JiHIHHOI
koMGiHaii MHorowteHiB Uy, (z). W

II. Pynkuii, acouiiioBaHi 3 MHOro4JieHaMH

Un(2)

Po3risiHEMO OfIHO3HAYHy aHATHYHY B Kpy3i |z| < R,
1 < R < oo, pynkuito f(z) xomruiekcuoi 3minuoi. Tomi
il MoxkHA 300pa3utu psamoM Teinopa

= (0
B ¥l
n
n=0
3Haitnemo ii popmanbHe pO3BUHEHHS 32 CHCTEMOIO MHO-

routenis {U, (z)},~ . Just uporo nigcrasumo supasu (11)
ta (12) y piaicts (15). Toxi

(15)

o0 n .
feM(0) 1 (2i+1)C3."
= _— 777“[] i
1) n;) (2n)! 22712 w1 CElE
= f@nt (0 " (2i+2)Cy
+ f Z 2n+1 2i+1(z)~
= (2n+1) 1 22”+1 n+i+2

3MiHUBIIH TOPSAAOK IiJICYMOBYBAaHHS, OTPHUMAEMO

fz) = ;(22 +1)U2i(2) nz:: Prin+it1) @n)
00 . 00 C«nn—z f(2n+1) 0

+ ;(21 +2)Uzi41(2) Z 22n<n2_|_-;1+ 2) (2n+ 1()1) -
oo oo CY

o (25+21)
& | 2+ fHTI(0)
=Y @i+ 1)Us(2) ) 2252i(j 4+ 2 + 1) (25 + 2i)!

=0 7=0

<l (25+2i41)
. (j+i)+1 / (0) _
+;(27’+2)U21+1( );22]—0—2@4-1(]_’_22_’_2) (2j+2i—|—1)! -

- - Chin  FEH(0)
N n;)(n +DUn(2) ;} 22t (j+n+1) (25+n)!
(16)
TTo3naunmo
o cl (2j+n)

Ln(f) = (n+ ”; G ¥ D) 3]

VYpaxyBapm croiBBigHOmEHHS (16), omepXuMoO poO3-

BuHeHHs (yHKmii  f(z) 32 CHCTEMOK MHOTOYJIEHIB
{Un(2)} o
f(z) = Z Ln(f)Un(2)
n=0

Beenemo dyHkuii, acoriiioani 3 MHorowienamu U, (2)
[6, c. 120]

> C%J+7n 1
wm(2) = (m +1) Z 225+ m(j 1+ m + 1) z2tmrl (18)
=0

Ha migcraBi chiBBimHOmeHHs (18) 3amumieMo Bupasu
acouiiffoBaHux (QYHKIIH w,y,(z) UL HapHUX Ta HEMapHHUX
3HAuCHb HJICKCIB M

ad c) 1
o Jj+2m _
wam(z) = (2m +1) Z 2272m (5 + 2m + 1) 22 +2m+l
j=0
> Oyt 1
=(@2m+1)) P+ g T 1) 2 (19)
l=m
l—
(= mi2)y o Cah 20)
Woam+1(2) = (&M 221+1(l+m+2) 22l+2

l=m

Teepmxennust 2. DyHkuii w,,(z) aHaxiTH4Hi B 00ia-
cri |2] > 1. Koediuientn L,,(f) 300paxaroTts y BADIIL
KOHTYPHHUX iHTErpaiB

L,.(f) = % /f(z)wm(z)dz
C

ne C — nopatHo opieHToBaHe KOO |z2| = ¢, 1 < ¢ < R.
0 JloBeneHHs. BUKOPUCTOBYIOYM aCHMIITOTHYHY
n

n . .
bopmyny n! ~ " — 00, 3HAWJEMO OIIHKY AJI Koe-

¢inienTie psay (18)
C?

2j4+m
22i+m(j +m+1)

B (25 +m)!
227 tm(j + m + 1)j1(j + m)!
(2j+m)2j+m B

TR (G m)E

25+m
(2)2+m (1 + m)

27

m\’ "
227tm(j +m + 1)523+m (1 + >
J
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CucTema chyHKUiM, BiopToroHanbHa 3 MHorouneHamu Yebuwosa ApYroro poay Ha 3aMKHEHWX KPUBMX KOMMIEKCHOT MIOLMHH

m 2j4+m
1
( +23> 1

= ] ~ . 21
m\ITm j+m+1 1)
(j+m+1) (1-‘1-].)

3BiZICH OJEPIKYEMO

g (m+ 1)C%J+m . m+1
lim : = lim {/ ——— =
jooo | 22Fm(j 4+ m+1)  jooo V j+m+1

i TBepkeHHs 2 poseneHo. M

Osnauennsi 1. Cucrema  acoumifioBaHux  (QYHKIIH
{wk(2)}p, HA3UBaEThCSA GIOPTOTOHAIBHOW i3 CHCTEMOK
MHOTOWIeHIB V}, (2), AKIIO CIIPAaBIIKYIOTHCS YMOBH

1

21
L

Vn(z)wk(z)dz = Onk,

e L — monaTtHO opi€HTOBaHWH 3aMKHCHHN KOHTYP, IO 0XO-
W€ 0cobmuBi TOUKH GYHKIIT wy, (2).

Teopema 5. Cucmema  acoyiiioganux  QyHxyit
{wn(2)}2, Giopmozonanvha 3 muozounenamu U, (z)
630082/C 3AMKHEHO20 KOHRYPA 7y, W0 oxonmie kpye |z| < 1,
mobmo SUKOHYIOMbCS PIGHOCHE

1

— [ Un(2)wm

I (Z)dZ = 6nma (22)

5
0e Wy, (2) susnaueni cnisgionowennsm (18).
O JoBenenns. Po3mIsHEMO CIIOYATKy BHIAIOK I1ap-

HUX 3Ha4YeHb iHAEkciB m Ta n. IlimcTtaBumo Bupasu (2) i
(19) y niBy wactuny piBHOCTI (22). MatuMemo

1 - n—1i62i 21
57 Usp (2)wam(2)dz = Z(—l) 27CH L (2m + 1) x
e i=0
l—m
Sy
= 2214+ m+1)2m ) 220-)+1

~

3BiacH, 3rigHo 3 (9), ogepKUMO
1 n 4021‘ Cl—m
2Tm,/UQ,L(z)wm(z)dz = (2m+1)» (—1)n o2
y

i=m

AHANOriYHO 3HAXOAMMO JIsi HEMapHUX 3HAYEHb iHJIe-
KCIB m Ta n:

QWZ/UZnH )w2m+1( )dZ—

n 021+1 105 rrlz
= (2 2 § _q)yn—tInditl 72it+l
(2m + )izm( )" i+ m+2

Bukopucrasim kom0inaropHi TotoxxHocTi (13) Ta (14),
onepxumo pisHocTi (22). B

Teopema 6.  Acoyitiosani ¢ynxyii' wy,(z) maomo in-
mezpanvie 300paiNcenHs.

2}@

™

(z)dz. (23)

Z—X

i+m4+1"

O JoBexenns. 3amuiuemo st MHOrowieHa U, (x)
iHTerpanbHy opmyry Komri

L / Un(2) 4., (24)

211 zZ—x
v

Un(z) =

JIe 7y — KOHTYD, KU € TPaHMIICI0 00IaCTI, 110 MICTUTH Bij-
pizok [—1;1]. CHiBBiHOLIEHHS OPTOrOHANBHOCTI [2, ¢. 52]
st Maorowrienis U, (x) Mae BUDISA

% /1 Un(2)Up (z

[MincraBuBIm criBBigHOMIEHHS (24) B (25), omep:KuMo

1
2 1 U,
,/ 7/ n(2) )
T 211 zZ—x

W1 —22dx = 0pm. (25)

2)V1 — 22dx = bpm.

3MiHIOIOYM Y JIiBIi 4acTWHI OCTAaHHBOI PIBHOCTI HOPs-
JIOK 1HTETPYBaHHsI, 3HAXOIMMO
1
1 2 UnvV1—22
— [ Up(2)— —————dz | dz = dpm.
2m T zZ—
o' -1

3BiJICH Ha TiJICTaBi CIiBBiIHOIICHD (22) IPUXOIUMO IO
3060paxxerns (23). W

Teopema 7. Cnpasednuge pozeunenHs

= Z Up(2)wn(t (26)

siIKe PIGHOMIPHO 30icaembest Onisi t € DSO, z € DY, oe p,
7 — 6Y0b-AKI Yuca, wo 3a0060avHAI0OMb YMosu 0 < r < 00,
p > max{l,r}, Dgo — 3aMKHeHa o0nacmo, Wo MICMume
HeCKIHYeHHO 6100aNieHy MouKy, epanuyeio sxoi € eninc Ty,
D? — sauxnena o6racme, wo micmums Hynb08y MOUKY, 2pa-
Huyeio sxoi € eninc T',..

O Josenenns. IlincraBuBIIM y TpaBy 4acTHHY piB-
HocTi (26) Bupasu (19) Ta (20) mis acomnifioBanux GyHKIIH
wy, (1), oTpruMaemo

. o SN R
2% 2)wnl(t Z (2n+1)Us, (2 Z2Ql(l—2kln+1) 201 +
00 cl-n 1
+ Z;)(Qn +2)Uzn11(2) zz: 92041 (52_1:711 +2) 242

3MiHUBIIH B JBOX OCTaHHIX CyMax MOPSIJIOK ITiICYMOBY-
BaHHS Ta BpaxyBaBluu crisBigHomenHs (11) Ta (12), maru-
MEMO

Z Uy (2)wn (1)
n=0

[e e}

_Z t21+1 221 Z

(2n+1 Cél "

ntl+1 Uan(2)+
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(2n+2 Célfl
+Z t2l+2 22l+1 Z ntl+2 2nt1(2) =
2 N [ AN S I | 1
ZthHﬁZ 202 ¢ Z (Z) 7 zZT
m=0 ]-_z

[Mokaxkemo, 1o psan y (26) piBHOMIpHO 30DKHHMH s
t e D°°, z € D0 ne p, v — Oyab-siKi 4ucla, Mo 3ai0-
BONBHSIOTH yMOBH 0 < 7 < 00, p > max{l,r}.

Bpaxysaeum ouisky (7) mmst muorowienis U, (z) Ta BU-
pa3 (18) mis acouiiioBanux GpyHKIIH wy, (t), OTpUMaEMO

<Z|U ) wn ()] <

o0 o0 C] 1
2,.n 2j+n
< 2%(7% 1) Z; 9270 (j 4 n 4 1) [¢[I L 27
n—= Jj=

Ha mincraBi acumntoTnyHux piBHOCTEH (21) psin y mpa-
Bilf YaCTHHI CHIiBBiAHOIICHHS (27) €KBIBAJICHTHHU PSIy

oo oo 1

Z(n+1 Z

n=0 Jj=J

J+n+1)|t|23+n+1

OcTaHHIH pAI OWIHIOETHCS TAKHM PSIOM

SIKHH 30ira€Tbest, AKIo p > 7. 3BiACH BHUIUIMBAE, IO PSAA Y
criBBigHOIIEHH] (26) pIBHOMIPHO 30ira€Thcs y 3a3HauEeHHX
obmactax. H

III. Po3BuHeHHs aHAJITHYHHX (QYHKIOIA 3a

cucremMor0 MHorowieHis {U,(z)} "

Teopema 8.
3MIHHOI, OOHO3HAYHA MA AHANIMUYHA Y 8IOKpUmMill obnacmi
Dg, epanuyero axoi ¢ eninc 'r, 1 < R < 00, 3 pisHannim

(6). Tooi psao
> Ln(f)Un(2) (28)
n=0

pisnomipno 36icacmovca 6 samkneniti obnacmi D ,, obmedice-
niu enincom Iy, de 1 < p < R.

O Joseaenns. Ockinmbku creneHeBuit psn (15) pis-
HOMIpHO 30iraerbes B kpysi {z: |z| < r}, r < R, TO

|f(2j+m)(0)| - K
(25 +m)! — r2tm’

K = const. (29)

BpaxysaBmmu cniBBigHOmeHHsa (17) Ta HepiBHOCTI (7),
(29), orpumaemo

Hexaii f(z) — ¢yukyis xomniexchoi

<k e (B) Y g
) "/ =0 224 (j+n+1)r2’

OneprkaHuid psi Ha TiACTaBl aCHMITOTHYHUX PiBHOCTEH
(21) exBiBaneHTHUI pALY

ko (1) e

n=0
MaopaHTHUM PSIIOM JJIsl OCTaHHBOTO € 30DKHUI 3a
R < rpan

T2 [ee] R n
K 1) — .
r2—1nz:%(n+ )<T>

3BifcH BHTUIMBAE piBHOMipHA 301KHICTE psany (28) y 3a3Ha-
geHiit obmacti. M

1

a—z

Mpuxmax 1. Poswnactu ¢yHkuito f(z) = y

psin 3a muHorouneHamu U, (2).
s!

—57 10 31 cmiBBigHOmEeHHS (17)
a

Ockimeku f(#)(0) =
OICPKIMO

- C% +n 1
Ly(f)=(n+1) Z 22j+n<]j_|_ n+ 1) q2i+n+l = wy(a).
§=0

[MigcrasuBiuu Bupas must L, (f) B (28), maemo

1 o0
=Y wa(@Un(2) (lal > |2]).
a—z
n=0
Mpuxmaax 2. Poskiacrtu ¢yukuio f(z) = % y
a?—z

psina 3a muorouneHamu Uy, (2).

Ockinbku anst MEOTOwIeHiB U, (z) BUKOHY€EThCS CIIBBiAHO-
meHHs [2, ¢. 13]

Un(=2) = (=1)"Un(2) (30)

1 CIIpaBeJINBa PiBHICTh

L1
a2—22 2a\a—z a+2z)’

TO, BUKOPUCTOBYIOUH MPUKIAL |, 3HAXOTUMO
a 1 [
n=0
1 = n
= 52(1+(—1) )w
n=0

B ocranHiil cymi 3aMmarscs JOMaHKH, KO 1 = 2k, ToMy

iLn(f)Un(z) < i'Ln(f)HUn(Z” < ZOJQk YUar(2) (la] > |z]).
n=0 n=0
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CucTema chyHKUiM, BiopToroHanbHa 3 MHorouneHamu Yebuwosa ApYroro poay Ha 3aMKHEHWX KPUBMX KOMMIEKCHOT MIOLMHH

) z
Ipukaax 3. Posknactu QyHKUi0 — 5 Y pan 3a

a® —z
mHorowieHamu U, (z).

BukopucroByioun piBHICTB

z at+z—a 1 a

- )

a? — 22 a? — 22 a—z a?—22

npukiaay 1 ta 2, MaTuMeMo

ﬁzzwn(a)Un(z)_% Z(1+(_1)n) w,,,(a)Un(z) =
n=0 n=0

(1= (=1)") wn(a)Un(2).

1]

1
2

B ocranHi#l cymi 3aimmiaTbes AOmaHKU mpu n = 2k + 1,
TOMY

E w2k+1

a)Usky1(2) (la] > |2]).

Mpukmnax 4. Posknactu dyskuioo f(z) =
mHorowienamu U, (z2).

e y pan 3a

Ockineku f(*)(0) = a®, 10 3i cniBBinHOmeHHs (17) 3HaXO0-
JIIMO

>, (n+ I)Cg]+n

Ln(f) = ]ZO 22741 (j 4 n +1) (25 +n)! =

B z:: j!(j(?:ziz 1)! (%)2j+n -

( >2j+"+1 _ 2(n+1)

a2j+n

(n+1)

]+n+1 In-‘rl(a)a

25 oty

00 1 2j+v
e I, (z) = - (7) — monudikoBaHi
e I(z) EOJ!F(3+V+1) 2 g

¢yukiii beccenst nmepmroro poay [3, c. 13]. Tomy
2 oo
o = > (4 DLja(a)Un(2). (31)
n=0

I3 (31) MoxHa OTpUMaTH PO3BHHEHHS 32 MHOTOWICHA-
mu U, (z) TpuroHoMeTpuuHux (yHKLiH, a TAKOXK rimepoo-
JTYHUX QYHKITIH.

Mpuknan 5. Poskmactu gyskuito f(z) = sinaz y psig
3a MHorowieHamu U, (z).

. . 1, . )
Ockinpku  Sinaz = % (e“” — e"‘”), TO, BPaxOBYIOUH
i

cmiBBigHOIIEeHHS (30), MaeMo

o0

sinaz = —é Z (I=(=D")(n+DIht1(a)Uy(z) =
n=0

2 & :
= —a Z(Qk‘ + 2)[2/€+2 (m)ngH(z).
k=0

Bpaxosyrouu, 110

I,(ia) = i" Jp(a), 32)
e J,(z)= —_— | = — ¢yukmii becce-
el = 2 o bymar

15 mepioro poxy [3, c. 12], 3Haxonqumo

o0

2
sinaz = - Z(Qk +2)i% 2 Jop o (ia)Uspgr (2) =
k=0
2 — X
= =3 (=1)F(2k + 2) Japy2(a) Uzisa (2)-

a
k=0

Mpukaax 6. Posknactu ¢pyHKUio f(z) = cosaz y pan
3a mHorowieHamu U, (z).

Maemo

1+ (=1)") (n+ DIy (ia)Un(z) =

BpaxoBytoun criBigHOMIEHHS (32), OXEPKAMO

oo

cosaz = 2 > (1R (2k + 1) Jar 41 (a)Uai(2).
k=0

Hpuxnax 7. Posxnactu dyskuioo f(z) = shaz y psin
3a mHorouneHamu Uy, (z).

Ockinbku shaz = 3 (e"* — e~ %), 10
1 oo
shaz = =3 (1= (=1)") (n + DIy (@)Un(2) =
a n=0

2 o0
== > 2k + 2) Lo y2(a)Uap 41 (2).
k=0

Mpuxmnax 8. Poskmactu ¢yukuito f(z) = chaz y psin
3a mHorowieHamu U, (z).

Maemo

chaz = < (e% +e %) =

N~

,Z (14 ( (n+ 1) 1h41(a)Un(z) =

== Z(Qk: + 1) Iog1(a)Uzi(2).
k=0
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B. B. [octoiiHa, O. B. Becenoscbka, | M. A. CyxoponbCbKuii

BucHoBku

Mertonu po3BUHEHHS (QYHKIIH y psau 3a cHCTEeMaMu
GyHKIIH AificHOT Y KOMIUIEKCHOI 3MiHHOI e(peKTHBHO BH-
KOPHCTOBYIOTBCS JIJIsl TOOYIOBH PO3B’SI3KiB KparoBHX 3a1ad
JUIsl 3BUYaHUX IU(EpeHIiaNbHuX PiBHAHBb Ta TUQepeHLili-
aIbHUX PIBHSAHB 13 YaCTMHHMMH ToXigHuMHU. [lomupenu-
MH € METOIH pO3B’s3aHHS JuepeHuiatbHIX PiBHSAHb, 110
IPYHTYIOTBCSI Ha PO3BHHEHHSX (YHKIIH B CTENEHEBI psaw,
a TaKOX Y PAOM 3@ CUCTEMaMH OPTOTOHAIBHHX MHOTOYIIE-
HIB Ta IHIIMX OPTOrOHAILHHUX (YHKIIN OAHIET Ta JEKITBKOX
3MIHHUX. 3HAYHO INUPIINHA KJ1aC CUCTEM (PYHKI[H CTaHOB-
JATH G10PTOrOHANBHI CUCTEMH (QYHKLIH. AKTyanbHe 3aB/aH-

HSI — PO3BUTOK MaTeMAaTUYHOTO armapary moOyJ0oBH Ta JOCITi-
JOKEHHSI 010pTOrOHATBHUX CHCTEM (YHKI[iHl CTOCOBHO pO3-
BUHCHHS Y PSIIU 332 IUMHU CHCTEMaMU.

VY it poboti mobymoBaHo acorliiioBaHi (GyHKIii, Giop-
TOTOHAJIbHI Ha 3aMKHEHHUX KPHBHX KOMIUIEKCHOI IUIOIIMHU
3 MHorowieHamu YeOumioBa apyroro poay. BcranoBneno
YMOBH, 32 SKUX aHAIITHYHI (YHKIT MOKHA PO3KIACTH Y
pSAM 3a i€l CHCTEMOI0 MHOTOWICHiB. HaBemeHo mpukia-
K pO3KIaAiB PYHKITIH Y pAIU 32 pO3TISTYBAHOIO CHCTEMOIO
MHOTOWICHIB Y KOMIUIEKCHiN obmacti. KpiM Toro, orpuma-
HO KOMOIHATOPHI TOTOXKHOCTI, 1[0 CTAHOBJIATH CAaMOCTIHHUN
iHTEpEC.
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A SYSTEM OF FUNCTIONS BIORTHOGONAL WITH CHEBYSHOV POLYNOMIALS OF
THE SECOND KIND ON CLOSED CURVES IN THE COMPLEX PLANE

V. V. Dostoina, O. V. Veselovska, | M. A. Sukhorolsky

Lviv Polytechnic National University
12, S. Bandera Str., Lviv, 79013, Ukraine

A system of functions biorthogonal with Chebyshov polynomials of the second genus on the closed
curves in the complex plane is constructed. The properties of these functions and the conditions of
expansion of analytical functions into series by Chebyshov polynomials of the second genus in complex
domains are investigated. The examples of such expansions are given. In addition, we obtain combinatorial

identities of a independent interest.

Key words: Chebyshov polynomials, analytical function, biorthogonal systems of functions, assosiated

functions.
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