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Introduction

Suppose that H is a separable Hilbert space, A is
a positive self­adjoint operator on H with point spectrum
σp(A) =

{
zk ∈ R : zk ∼ βkα, α, β > 0, k = 1, 2, ...

}
,

i.e. lim
k→∞

βkα

zk
= 1, V (A) ≡

{
vk(A) ∈ H : k = 1, 2, ...

}
is

a system of eigenfunctions that form an orthonormal basis
in the space H , H1 ≡ L2((0, 1),H) =

{
u(t) : (0, 1) →

H, ∥u(t);H∥ ∈ L2(0, 1)
}
, Dx is a strong derivative in

the space H1, i.e.
∥∥∥u(x+∆x)−u(x)

∆x −Dxu;H
∥∥∥→0, ∆x→0,

D is a differentiation operator in the space L2(0, 1),
I : L2(0, 1)→L2(0, 1) is a operator of involution: Iu(x) ≡
u(1−x), u(x) ∈ L2(0, 1), p0 ≡ 1

2 (E+ I), p1 ≡ 1
2 (E− I),

W 2
2 (0, 1) ≡

{
y ∈ L2(0, 1) : Dy ∈ AC[0, 1], D2y ∈

L2(0, 1)
}
, (y, u;W 2

2 (0, 1)) ≡
2∑
k=0

(Dky,Dku;L2(0, 1)),

∥y;W 2
2 (0, 1)∥2 ≡ (y, y;W 2

2 (0, 1)), H(As) =
{
v ∈ H :

Asv ∈ H
}
, s ≥ 0, (u, v;H(As)) ≡ (Asu,Asv;H),

∥y;H(As)∥2 ≡ ∥Asy;H∥2, L2,j(0, 1) ≡
{
y ∈ L2(0, 1) :

y = pjy
}
, EHf ≡ f , f ∈ H , p1,j : H1 → H1,

p1,j ≡ pj ⊗ EH , H1,j ≡
{
y(x) ∈ H1 : y(x) ≡ p1,jy(x)

}
,

j = 0, 1, H2 ≡
{
y(x) ∈ H1 : D2

xy ∈ H1, A
2y ∈ H1

}
,

∥y;H2∥2 ≡ ∥D2
xy;H∥2 + ∥A2y;H∥2, L(H(Am);H(Aq))

is a set of bounded linear operators S : H(Am) →
H(Aq), m, q ≥ 0, L(H(Am)) ≡ L(H(Am);H(Am)),
H(A0) = H , H1 ≡ H

(
A

3
2

)
, H2 ≡ H

(
A

1
2

)
, Br ∈ L(H),

B0 ∈ L(H1), Brvk = br,kvk, r = 1, 2, k = 1, 2, ....
Consider the following problem:

L(Dx, A)y ≡ −D2
xy(x) +A2y+

+B0(2x− 1)p1,0y(x) = f(x),
(1)

l1y ≡ B1y(0) +B2y(1) = h1,
l2y ≡ Dxy(0)−Dxy(1) = h2,

(2)

f(x) ∈ H1, h1 ∈ H1, h2 ∈ H2.

We interpret the solution [1], [2] of problem (1), (2) as

a function y(x) ∈ H2satisfying the equalities

∥L(Dx, A)y − f ;H1∥ = 0,∥∥l1y − h1;H
1
∥∥ =

∥∥l2y − h2;H
2
∥∥ = 0.

(3)

Differential equation (1) includes operator of involution
I . The first time study properties of the operator involution
started C. Babbage [3]. In the paper [4] T. Carleman in­
troduced the concept of operator shift – a generalization of
the concept of involution I . Exploration partial differential
equations with involution are devoted [4]–[10].

Properties spectral problems for ordinary differential
and functional­differential equations with involution inves­
tigated in the works [2], [11]–[23] and [3, 24, 25, 26] re­
spectively.

V. A. Il’in in [14]–[16] introduced the concept of essen­
tially nonself­adjoint operator and proved the existence of
present criterion of root functions of spectral problems for
differential equations of arbitrary order.

In 1979 A. A. Shkalikov [27] it was proved that Riesz
basis of subspaces (block basis) to L2(0, 1) root system
forms a subspace that meet multiple or asymptotically close
eigenvalues of differential operator A.

In works [28]–[30] studied the spectral properties of
problem with linear potential with Dirichlet conditions in
the interval (0, 1).

In works [31]–[33] studied the properties of operators
with increasing the multiplicity of the spectrum.

I. Auxiliary spectral problems

We now consider the operator L of problem (1), (2):

Ly ≡ L(Dx, A)y, y ∈ D(L),

D(L) ≡ {y ∈ H2 : l1y = 0, l2y = 0} ,
Solutions of spectral problem

L(Dx, A)y = λy(x), λ ∈ C. (4)

l1y ≡ B1y(0) +B2y(1) = 0,
l2y ≡ Dxy(0)−Dxy(1) = 0

(5)
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Boundary­value problem for second­order differential­operator equation with involution

consider as a product y(x) = u(x)vk(A), u(x) ∈W 2
2 (0, 1),

k = 1, 2, ....
To determine the functions u(x) obtain spectral problem

Lk(D, I)u ≡ −D2u(x) + z2ku(x)+
+b0,k(2x− 1)p0u(x) = λu(x),

(6)

l1,ku ≡ b1,ku(0) + b2,ku(1) = 0,
l2,ku ≡ Du(0)−Du(1) = 0.

(7)

Consider the particular case the problem (6), (7), if the
specified conditions B1 = −B2 = E, B0 = 0.

Lk(D)u ≡ −D2u(x) + z2ku = λu(x), (8)

u(0)− u(1) = 0, Du(0)−Du(1) = 0. (9)

It is easy to verify that the problem (8), (9) have
point spectrum σk ≡

{
λn,k ∈ R : λn,k = (2πn)2 + z2k,

n = 0, 1, ...} , and system of eigenfunctions

T ≡
{
tsn ∈ L2(0, 1) : t

0
0(x) = 1, t0n(x) =

√
2 cos 2πnx,

t1n(x) =
√
2 sin 2πnx, n ∈ N

}
.

We now consider the operator L0,k, of the problem (8),
(7)

L0,ku ≡ Lk(D)u, u ∈ D(L0,k),

D(L0,k) ≡
{
u ∈W 2

2 (0, 1) : l1,ku = 0, l2,ku = 0
}
.

Let,

v00,k(x) ≡ 1 + βk(2x− 1),

v0n,k(x) ≡
√
2 sin 2πnx, n = 1, 2, ...,

(10)

v1n,k(x) ≡
√
2(1 + βk(2x− 1)) cos 2πnx,

n = 1, 2, ...,
(11)

βk ≡ (b1,k − b2,k)
−1

(b1,k + b2,k) . (12)

You can check that vsk,n(x) ∈ D(L0,k), s ∈ Mn,
Mn ≡ {0, signn}, n = 0, 1, ...,

L0,kv
1
n,k = λn,kv

1
n,k + ξn,kv

0
n,k,

L0,kv
0
n,k = λn,kv

0
n,k, ξk,n = 8πnβk, n = 1, 2, ....

(13)

Hence, V (L0,k) ≡
{
vsn,k(x) : s ∈Mn, n = 0, 1, ...

}
is

a system of root functions of the operator L0,k in the sense
of equality (13).
Theorem 1. Let b1,k ̸= b2,k . Then the operator L0,k

of problem (8), (7) have point spectrum σk, and system
V (L0,k) complete and minimal in L2(0, 1).

Proof. Let ys (x, ρ) =
(
eρx + (−1)seρ(1−x)

)
– funda­

mental system of solutions of the differential equation (8),
u(x) = c0y0 (x, ρ) + c1y1 (x, ρ) – general solution of this
differential equation (8),Reρ ≤ 0 λ = ρ2, s = 0, 1.

Substituting this general solution into boundary condi­
tions (7), we obtain an equation for determining the eigen­
values

∆(ρ) ≡ det

(
2βk (1 + eρ) 2 (1− eρ)
2ρ (1− eρ) 0

)
= 0.

Hence, operator L0,k of problem (8), (7) have point
spectrum σk.

Consider the adjoint problem

Lk(D)w ≡ −D2w(x) + z2kw(x) = λw(x),

l3,kw ≡ w(0)− w(1) = 0,

l4,kw ≡ b2,kDw(0) + b1,kDw(1) = 0.

Consider the operator L∗
0,kon L2(0, 1), of the adjoint

problem

L∗
0,kw ≡ Lk(D)w,w ∈ D

(
L∗
0,k

)
,

D
(
L∗
0,k

)
≡
{
w ∈W 2

2 (0, 1) : l3,kw = 0, l4,kw = 0
}
.

Let, w0
0,k(x) ≡ 1w0

q,k(x) ≡
√
2 cos 2πqx, w1

q,k(x) ≡√
2 (1− βq,k(2x− 1)) sin 2πqx, q = 1, 2, .....

You can check that wsn,k(x) ∈ D
(
L∗
0,k

)
, s ∈ Mn,

n = 0, 1, ...

L∗
0,kw

1
n,k = λn,kw

1
n,k − ξ0n,kw

0
n,k,

ξ0n,k = 8πnβn,k, n = 1, 2, ....
(14)

Hence, the operator L∗
0,k have point spectrum σk, and

system of root functions

W (L0,k) ≡
{
wsq,k ∈ L2(0, 1) , s ∈Mq, q = 0, 1, ...

}
.

So, the system V (L0,k) possesses a unique biorthogonal
system W (L0,k) in the sense of equality(

vrn,k, w
s
q,k;L2(0, 1)

)
= δr,sδn,q,

r ∈Mn, s ∈Mq, q, k = 0, 1, ....

The theorem is proved.
Consider the operators R0,k, S0,k : L2(0, 1) →

L2(0, 1), Ey ≡ y, y ∈ L2(0, 1), R0,kt
p
n ≡ vpn,k, R0,k ≡

E + S0,k, p ∈Mn, n = 0, 1, ....
From the definition of the operator R0,k and the com­

pleteness of system V (L0,k) in space L2(0, 1) we get
S0,k : L2,1(0, 1) → 0, S0,k : L2,0(0, 1) → L2,1(0, 1). Then
S0,kS0,k : L2,0(0, 1) → 0, S0,kS0,k : L2,1(0, 1) → 0, i.e.,
S0,kS0,k = O, where O is the zero operator in the space
L2(0, 1). Thus, R−1

0,k = E − S0,k.
Theorem 2. Let b1,k ̸= b2,k. Then system V (L0,k)

forms a Riesz basis in L2(0, 1).
To prove that the system V (L0,k) forms a Riesz ba­

sis [34] in L2(0, 1), it is sufficient, according to for­
mula R0,k = E + S0,k, to show that the operator S0,k ∈
L (L2(0, 1)).

Let ω be an arbitrary element from the space L2(0, 1)).
We represent ω as a Fourier series in the system T .

ω = ω0
0t

0
0 +

∞∑
m=1

ω0
mt

0
m + ω1

mt
1
m.

According to the definition of the operator S0,k, we find

S0,kω = βk(2x− 1)

(
ω0
0v

0
0,k +

∞∑
m=1

ω0
m

√
2 cos 2πmx

)
Using the ratio

∥S0,kω;L2(0, 1)∥2 =
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=

∥∥∥∥∥βk(2x− 1), ω0
0v

0
0,k+

∞∑
m=1

ω0
m

√
2 cos 2πmx;L2(0, 1)

∥∥∥∥∥
2

we estimate it

∥S0,kω;L2(0, 1)∥2 ≤ |βk|2 ∥ω;L2(0, 1)∥2

Hence, the operator R0,k = E + S0,k is bounded

L2(0, 1) → L2(0, 1) and
(
R−1

0,k

)∗
= E − S∗

0,k ∈
L (L2(0, 1)). So using theorem N.K. Bary (see theorem
6. 2.1[33]) we obtain the statement of the theorem.

Further, we introduce operator L1,k of the problem (6),
(7).

L1,ku ≡ Lk (D, I)u, u ∈ D(L1,k),

D(L1,k) ≡
{
u ∈W 2

2 (0, 1) : l1,ku = 0, l2,ku = 0
}
.

By the direct substitution we can show that the

v0,0,k(x) = 1 +
(
βk +

1
12b0,k

)
(2x− 1)−

− 1
12b0,k(2x− 1)3, v0,n,k(x) =

√
2 sin 2πnx,

(15)

is eigenfunctions of operator L1,k: vs,n,k(x) ∈ D(L1,k),
L1,kvs,n,k(x) = λn,kvs,n,k(x), s ∈ Mn, n = 0, 1, ....
Hence, the operator L1,k have point spectrum σk. Root
function of the operator L1,k defined by relation

v1,n,k(x) ≡
√
2 (1 + βk(2x− 1)) cos 2πnx+

ξn,k
√
2(2x− 1)2 sin 2πnx

(16)

ξn,k = b0,k(16πn)
−1, n = 1, 2, .... (17)

Hence, V (L1,k) ≡ {vs,n,k(x) : s ∈Mn, n = 0, 1, ...}
is a system of root functions of the operator L1,k, in the
sense of equality

Lk(D, I)v1,n,k(x) = λn,kv1,n,k(x)+
ξ1,n,kv0,k,n(x),

(18)

ξ1,n,k = −8ξn,k + ρn,k, ρn,k = 8πnβk, n = 1, 2, .... (19)

Show that the system V (L1,k) of root functions of
the operator L1,k possesses a unique biorthogonal system
W (L1,k).

Further, we introduce operators R1,k, S1,k : L2(0, 1) →
L2(0, 1),

R1,k = E + S1,k, R1,kt
p
k(x) ≡ vp,n,k(x),

p ∈Mn, n = 0, 1, ....
(20)

With formulas (15), (16) that have, that (S1,k)
2 = 0.

Show that S1,k ∈ L (L2(0, 1)). To have any function
ω ∈ L2(0, 1)

ω = ω0
0 +

√
2

∞∑
m=1

ω0
m cos 2πmx+ ω1

m sin 2πmx,

S1,kω = ω0
0 +

√
2

∞∑
n=1

ω0
n,k (βk(2x− 1) cos 2πnx+

ξn,k(2x− 1)2 sin 2πnx
)

∥S1,kω;L2(0, 1)∥2 ≤ max
n

(
1 + |βk|2+

+|ξn,k|2
)
∥ω;L2(0, 1)∥2.

(21)

So there operator
(
R∗

1,k

)−1

= E − S∗
1,k such that(

R∗
1,k

)−1

: T → W (L1,k). Hence, the system of V (L1,k)

of the operator L1,k complete and minimal in forms a in
L2(0, 1).

With formulas (12), (13), (15), (16) that have system
V (L1,k) and V (L0,k) is squarely close in the sense of in­
equality

∞∑
n=0

∑
s∈Mn

∥∥vs,n,k(x)− vsn,k(x);L2(0, 1)
∥∥2 ≤

≤ K |b0,k|2 <∞,K =
1

72
+

∞∑
n=1

1

64π2n2
.

So using theorem N.K. Bary (see theorem 6. 2.3[34])
we obtain the following statement.

Theorem 3. Let b1,k ̸= b2,k. Then the operator L1,k

have point spectrum σk, and system V (Lk) of root func­
tions forms a Riesz basis in L2(0, 1).

II. The spectral problem (1), (2)

Let b1,k ̸= b2,k, k = 1, 2, .... By the direct substitution
we can show that the

vs,n,k(L) ≡ vs,n,k(x)vk(A) ∈ D(L),
s ∈Mn, k = 1, 2, ..., n = 0, 1, ...,

(22)

Lv0,n,k(L) =
(
4π2k2 + z2k

)
v0,n,k(L),

k = 1, 2, ..., n = 0, 1, ...,

Lv1,n,k(L) =
(
4π2k2 + z2k

)
v1,n,k(L) + ξ1,n,kv0,n,k(L),

k = 1, 2, ..., n = 1, 2, ....

Therefore, we define the eigenvalues and the system of
root functions of the operator L by the relations

λn,k(L) = 4π2n2 + z2k, k = 1, 2, ..., n = 0, 1, ...,

V (L) ≡ {vs,n,k(L) ∈ H1 : vs,n,k(L) ≡ vs,n,k(x)vk(A),

s ∈Mn, k = 1, 2, ..., n = 0, 1, ...} .

Let πk : H → H – orthogonal projector, πkh ≡
(h, vk(A);H) vk(A) k = 1, 2, .... Consider the ope­
rators R,S : H1 → H1, R ≡

∑∞
k=1R1,kπk, S =

EH1 − R, and T1 – the orthonormal basis in the space

H1 T1 ≡
{
tsn,k ∈ H1 : tsn,k ≡ tsn(x)vk(A) , tsn(x) ∈ T ,

vk(A) ∈ V (A), s ∈Mn, n = 0, 1, ... , k = 1, 2, ...}.
With formulas (22) that have

vs,n,k(L) = Rtsn,k, s ∈Mn,

n = 0, 1, ... , k = 1, 2, ....
(23)

From the definition of the operator R and the com­
pleteness of system V (L) in space L2(0, 1) we get
wr,p,q(x)vq(A) = R∗trp,q , r ∈ Mp, p = 0, 1, ..., q =
1, 2, ....

Hence, system V (L) of root functions of the opera­
tor L possesses a unique biorthogonal system W (L) ≡
{wr,p,q(L) ∈ H1 : wr,p,q(L) ≡ wr,p,q(x)vq(A), r ∈Mp,
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p = 0, 1, ..., q = 1, 2, ...} in the sense of equality
(vj,n,k, wr,p,q;H1) = δj,rδn,pδk,q , j ∈ Mn, r ∈ Mp,
n, p = 0, 1, ..., q, k = 1, 2, ....

Hence, we obtain the following statement.
Theorem 4. Let b1,k ̸= b2,k, k = 1, 2, .... Then the

operator L have complete and minimal in H1 system of
root functions V (L).

Further, we introduce operator B ≡ (B1 + B2)(B1 −
B2)

−1 ∈ L(H1)
Then ∥∥Bvk(A);H1

∥∥ =
∥∥∥A 3

2Bvk(A);H
∥∥∥ =

=
∥∥∥βk(zk) 3

2 vk(A);H
∥∥∥ = |βk|

∥∥vk(A);H1
∥∥ ,∥∥Bvk(A);H1

∥∥ ≤
∥∥B;L(H1)

∥∥∥∥vk(A);H1
∥∥ .

Therefore,

|βk| ≤
∥∥B;L(H1)

∥∥ , k = 1, 2, ...., (24)∥∥B0t
s
n,k(x);H2

∥∥2 = (b0,k)
2
(
(2nπ)

4
+ z2k

)
,∥∥tsn,k(x);H2

∥∥2 = (2nπ)
4
+ z2k,

s ∈Mn , n = 0, 1, ... , k = 1, 2, ....

Therefore, if B0 ∈ L(H2), then∥∥B0t
s
m,k(x);H2

∥∥2 = (b0,k)
2 (

(2mπ)4 + z2k
)
≤

≤ ∥B0;L(H2)∥2
∥∥tsm,k(x);H2

∥∥2 , r ∈Mn,

n = 0, 1, ... , k = 1, 2, ...,

|b0,k| ≤ ∥B0;L(H2)∥ , k = 1, 2, .... (25)

Show that S ∈ L(H1).
Let g(x) be an arbitrary element from the space H1.

We represent g(x) as a Fourier series in the system T1:
g =

∑
s,m,k

gs,k,mt
s
m,k.

According to the definition of the operator S, we find

Sg =
∞∑
k=1

(
g0,0,kv0,0,k(x) +

∞∑
m=1

g0,m,kv0,m,k(x)+

+g1,m,kv1,m,k(x)
)
vk(A),

Sg =
∞∑
k=1

(
g0,0,k

(
1 + (βk +

1
12b0,k)(2x− 1)−

− 1
12b0,k(2x− 1)3

))
vk(A)+

+
∞∑
k=1

( ∞∑
m=1

(
g0,m,k+

+g1,m,kξm,k(2x− 1)2
)√

2 sin 2πmx+

+g1,m,kβm,k(2x− 1)
√
2 cos 2πmx

)
vk(A).

(26)

With formulas (17), (24), (25) that have

∥Sg,H2∥ ≤ C
(
∥B;L(H1)∥+

+∥B0;L(H2)∥
)
∥g,H2∥, C > 0.

(27)

Hence, S ∈ L(H1).
So using theorem N. K. Bary (see theorem 6.2.1 [34])

we obtain the following statement.
Theorem 5. Let B ∈ L(H1). Then the operator L

have system of root functions V (L) forms a Riesz basis in
H1.

III. Property problem (1), (2)

Replaced condition (2) on equivalent terms

l3y ≡ y(0)− y(1) +B(y(0) + y(1)) = h3,
l2y ≡ Dxy(0)−Dxy(1) = h2.

(28)

Here h3 ≡ (B1 −B2)
−1h1 ∈ H1, h2 ∈ H2.

Consider the particular case the problem (1), (28) if the
specified conditions B = 0, B0 = 0

−D2
xy(x) +A2y = g(x), (29)

y(0)− y(1) = g1, Dxy(0)−Dxy(1) = g2,
gj ∈ Hj , j = 1, 2.

(30)

Theorem 6. For any g ∈ H1, g1 ∈ H1, g2 ∈ H2 there
exists a unique solution of problem (29), (30).

Proof. We seek the solution of this problem in the form
y = u+ v, there u is a solution of the problem

−D2
xu(x) +A2u = g(x), u(0)− u(1) = 0,

Dxu(0)−Dxu(1) = 0,
(31)

and v – solution of the problem

−D2
xv(x) +A2v(x) = 0, v(0)− v(1) = g1,

Dxv(0)−Dxv(1) = g2.
(32)

Consider the problem (31). We expand the functions
u(x), g(x) in a series in the orthonormal basis T1 in the
space H1:

u =
∑
s,n,k

us,n,kt
s
n,k, g =

∑
s,n,k

gs,n,kt
s
n,k.

Substituting into the (31) we get

u =
∑
s,n,k

(
(2πn)2 + z2k

)−1
gs,n,kt

s
n,k.

We estimate a numbers

−D2
xu =

∑
s,n,k

(2πn)2
(
(2πn)2 + z2k

)−1
gs,n,kt

s
n,k,

Therefore, ∥∥D2
xu;H1

∥∥ ≤ ∥g;H1∥ ,

A2u =
∑
s,k,m

z2k
(
(2πm)2 + z2k

)−1
gsk,mt

s
k,m,

∥∥A2u;H1

∥∥ ≤ ∥g;H1∥ ,

Hence,

∥u;H2∥ ≤
√
2 ∥g;H1∥ (33)
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Consider the problem (32). Further, we introduce ope­
rators, Yj(x,A) ≡ e−Ax + (−1)je−A(1−x), j = 0, 1. So
using lemma 4.1.2 (see [2]) we obtain

Yj(x,A) ∈ L
(
H2;H2

)
. (34)

The solution of the differential equation (32) has the
form

v(x) = Y0(x,A)φ0 + Y1(x,A)φ1, (35)

where φ0, φ1 ∈ H1 are unknown.
To determine the, φ0, φ1 ∈ H1 we substitute expression

(35) in the condition (32) and obtain

ϕ1 =
1

2
Y1(0, A)

−1g1, ϕ0 = −1

2
Y1(0, A)

−1A−1g2

Hence,

v = 1
2Y1(x,A)Y1(0, A)

−1g1−
− 1

2Y0(x,A)Y1(0, A)
−1A−1g2.

(36)

With formulas (34) that have

∥v;H2∥2 ≤ C
(∥∥g1;H1

∥∥2 + ∥∥g2;H2
∥∥2) (37)

Therefore follows from inequalities (33), (37) inequality

∥y;H2∥2 ≤ C1

(
∥g;H1∥2 +

∥∥g1;H1
∥∥2 + ∥∥g2;H2

∥∥2)
We now return to the original problem (1), (2). Con­

sider in connection problem as the sum y = y0 + y1,
yj ∈ H1,j , j = 0, 1.

To determine the unknowns yj ∈ H1,j , j = 0, 1, get the
problem

−D2
xy0(x) +A2y0 = f0(x), f0(x) ∈ H1,0,

l3y0 ≡ y0(0)−y0(1) = 0, l2y0 ≡ Dxy0(0)−Dxy0(1) = h2,

−D2
xy1(x) +A2y1 = −2B0(2x− 1)(y0(x) + y0(1− x))+

+f1(x), f1(x) ∈ H1,1,

y1(0)− y1(1) = −B(y0(0) + y0(1)) + h3,

Dxy1(0)−Dxy1(1) = 0.

For unknown functions yj ∈ H1,j get that problem is a
particular case of the problem (29), (30).

Hence the statement is correct
Theorem 7. Let B ∈ L(H1), B0 ∈ L(H2). Then for

any f ∈ H1, h1 ∈ H1, h2 ∈ H2, there exists a unique
solution of problem (1), (2)

∥y;H2∥2 ≤ C
(
∥f ;H1∥2 +

∥∥h1;H1
∥∥2 + ∥∥h2;H2

∥∥2) ,
C > 0.

Conclusion

We have investigated the properties of nonlocal prob­
lem with generalized conditions Ionkin’s for the Sturm­
Liouville equation with polynomial potential which con­
tains an involution operator. Defined point spectrum and
built a system of root functions of the spectral problem. It
is proved that under certain conditions the system of root
functions spectral problem forms a Riesz basis. It is proved
that under certain conditions the solution of the problem
exists and only one.
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КРАЙОВА ЗАДАЧА ДЛЯ ДИФЕРЕНЦIАЛЬНО-ОПЕРАТОРНОГО РIВНЯННЯ ДРУГОГО
ПОРЯДКУ З IНВОЛЮЦIЄЮ

Я. O. Баранецький, Л. I. Коляса

Нацiональний унiверситет “Львiвська полiтехнiка”
вул. С. Бандери, 12, 79013, Львiв, Україна

Вивчається нелокальна двоточкова задача для диференцiально-операторних рiвнянь з iнволюцi-
єю. Встановлено спектральнi властивостi та умови iснування i єдиностi розв’язку. Наведено доста-
тнi умови, за яких система кореневих функцiй задачi утворює базис Рiсса.

Ключовi слова: диференцiальне рiвняння, диференцiально-операторне рiвняння, коренева фун-

кцiя, оператор iнволюцiї, несамоспряжений оператор, базис Рiсса, нелокальна задача.
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