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We study a nonlocal problem for differential-operator equations of order 2 with involution. The
spectral properties of the operator of this problem are analyzed and the conditions for the existence and
uniqueness of its solution are established. It is also proved that the system of eigenfunctions of the

analyzed problem forms a Riesz basis.
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Introduction

Suppose that H is a separable Hilbert space, A is
a positive self-adjoint operator on H with point spectrum
op(4) = {zk eER:zp ~ BEkY .8 > 0,k = 1,2,...},
A)={v(Ad) e H:k=1,2,..}is
a system of eigenfunctions that form an orthonormal basis
in the space H, Hy = Ly((0,1),H) = {u(?) —
H,||u(t); H|| € L2(0,1) }, D, is a strong derlvatrve in
M) - D | -0, Av,

D is a differentiation operator in the space L2(0,1),
I:L5(0,1)—L2(0,1) is a operator of involution: Tu(z) =

ie. lim 2% =1 v(
k—oo *Fk

the space H1, i.e.

u(l—z), u(z) € Ls(0,1), po = 2(E+1), p1 = L(E-1),

W3(0,1) = {y € L2(0,1) : Dy € AC[0,1],D%y €
2

Ly(0, 1)}, (y,wsW3(0,1)) = 32 (D*y, D*u; Lx(0,1)),
k=0

lys W30,V = (y,4:W3(0,1)), H(A*) = {v € H :

Asv € H}, s > 0, (u,v;H(A®)) = (A%u,A°v; H),
ly; H(A%)[* = [[A%y; H|]?, L2,3(0,1) = {y € Lz(0,1) :
y = vy}, Enf = f, f € H, pi; + Hi — Hi,
p1; =p; ® B, Hij = {y(z) € Hy @ y(z) = pryy(e)},
7 =0,1, Hg_{(x)GHl.DQyEHl,AyGHl}
ly: Holl? = | D2y: | + || A%y; H|[2, L(H(A™); H (A7)
is a set of bounded linear operators S : H(A™) —
H(AT), m.q > 0, L(H(A™) = L(H(A™); H(A™),
H(A%) = H, H" = H(A?), H? = H(A*%), B, eL(H)
By € L(Hl), By, = bnkvk, r=1,2, k= 1,2,
Consider the following problem.

L(D,,A)y = —D2y(x) + A%y+

+By (22 — Dproy(a) = f(a), M
ly = B1y(0) + Bay(1) = ha, @)
l2y = Da:y(o) - ny(l) = h27

f(z) € Hy,hy € H' hy € H?.
We interpret the solution [1], [2] of problem (1), (2) as

a function y(z) € Hasatisfying the equalities

| L(Dz, A)y — f; Hil| = 0, 3)
i1y — ha; HY|| = [[lay — ho; H?|| = 0.

Differential equation (1) includes operator of involution
I. The first time study properties of the operator involution
started C. Babbage [3]. In the paper [4] T. Carleman in-
troduced the concept of operator shift — a generalization of
the concept of involution /. Exploration partial differential
equations with involution are devoted [4]-[10].

Properties spectral problems for ordinary differential
and functional-differential equations with involution inves-
tigated in the works [2], [11]-[23] and [3, 24, 25, 26] re-
spectively.

V. A. II’in in [14]-[16] introduced the concept of essen-
tially nonself-adjoint operator and proved the existence of
present criterion of root functions of spectral problems for
differential equations of arbitrary order.

In 1979 A. A. Shkalikov [27] it was proved that Riesz
basis of subspaces (block basis) to L3(0,1) root system
forms a subspace that meet multiple or asymptotically close
eigenvalues of differential operator A.

In works [28]-[30] studied the spectral properties of
problem with linear potential with Dirichlet conditions in
the interval (0, 1).

In works [31]-[33] studied the properties of operators
with increasing the multiplicity of the spectrum.

I. Auxiliary spectral problems

We now consider the operator L of problem (1), (2):
Ly = L(Dq, A)y,y € D(L),
D(L)={y € Hy: liy = 0,1y = 0},
Solutions of spectral problem
L(Dg, A)y = Ay(x), A € C. @)

loy = Dyy(0) — D,y(1) =0
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Boundary-value problem for second-order differential-operator equation with involution

consider as a product y(z) = u(z)vg(A), u(x) € Wi(0,1),
k=12, ..
To determine the functions «(z) obtain spectral problem

Li(D, u = —D?u(z) + z2u(x)+

+bo. 1 (22 — 1)pou(x) = Au(z), ©)
1 gu = by gu(0) + be pu(l) =0, R
lo ku = Du(0) — Du(1) = 0.
Consider the particular case the problem (6), (7), if the
specified conditions By = —Bs = E, By = 0.
Lp(D)u = —D?u(x) + 22u = u(z), ®)
u(0) — u(1) = 0, Du(0) — Du(1) = 0. Q)

It is easy to verify that the problem (8), (9) have
point spectrum o, = {An i € R: Ay = (27n)? + 27,
n=0,1,...}, and system of eigenfunctions

V2 cos 2mn,

T= {t:; € Ly(0,1) : t(z) = 1, 5 (2) =

th(z) = V2sin2mnz, n € N} .

We now consider the operator Lg , of the problem (8),

(7
Loyku = Lk(D)u,u € D(Loyk-),

D(Loy) = {ueW3(0,1) : ly yu=0,lppu=0}.
Let,
() = 14 Bu(2 1), o
vgﬁk(x) =/2sin2rnz,n=1,2, ...,
vy 1 (€) = V2(1 + B (22 — 1)) cos 2mna,
TL (11)
n=12,..,
B = (brk — o)™ (brp + bok) - (12)

You can check that UZ,H(QU) € D(Lok), s € M,,
M, ={0,signn}, n=0,1,...,

LO,k:’U}L k= )\n,kvyll_k, + gn,kvg ko
0 "0 ' ’ (13)
Lo’kvmk = )\nﬁkvn)k,fk,n = 87rn6k,n = ]., 2,

Hence, V(Lo) = {vfl’k(x) Ls€ Myp,n=0, 1} is
a system of root functions of the operator L ; in the sense
of equality (13).

Theorem 1. Let by # bay . Then the operator Ly
of problem (8), (7) have point spectrum oy, and system
V(Lok) complete and minimal in L2(0,1).

Proof. Let y, (z,p) = (e + (—1)*e’!=%)) — funda-
mental system of solutions of the differential equation (8),
u(z) = coyo (z, p) + c1y1 (z, p) — general solution of this
differential equation (8),Rep < 0 X\ = p?, s =0, 1.

Substituting this general solution into boundary condi-
tions (7), we obtain an equation for determining the eigen-

values
2B, (L+e€°) 2(1—ef) > _0

A(p)Zdet< 2 (1 — ef) 0

Hence, operator L j of problem (8), (7) have point
spectrum oy,.
Consider the adjoint problem

Ly(D)w = —D*w(zx) + ziw(z) =
—w(l) =0,
l47kw = b2,ka(O) + bLka(l) =0.

Consider the operator Lg on L2(0,1), of the adjoint
problem

Mu(a),

I3 xw = w(0)

Lakw = Ly(D)w,w € D (Lak) ,
D (L) = {we Wi0,1) : s pw =0, ly gw =0} .
Let, wg,k(x) = 1w27k(x) = V/2cos 2mqz, w;k(x) =
V2(1 = By k(22 — 1)) sin2mqz, ¢ = 1,2, .....
You can check that w;, ,(z) € D (Lak), 5 € M,,
n=0,1,..

* 1 _ 1 0 0
LO,kwn,k = /\"wan,k - En,kwn,lw

fg,k =8mfnk,n=12,... (14)

Hence, the operator L ;.
system of root functions

W(Loy) = {w;k € Ly(0,1), s € M,, q=0,1, }
So, the system V(Lo ) possesses a unique biorthogonal
system W (Lg %) in the sense of equality

(’U:L,k;a w;,k;; LQ(Oa 1)) = 6r,86n,qa
re M, secM;qk=0,1,...

The theorem is proved.

Consider the operators Ry, S0k L5(0,1)
Ly(0,1), By =y, y € L2(0,1), Roxth = v ., Roy
E+Syr,peM,n=0,1,... ,

From the definition of the operator Ry and the com-
pleteness of system V(Lgy) in space Lo(0,1) we get
SO,k; : L2’1(0, ].) — 0, SO,k : L2¢0(0, 1) — LQJ(O, ].) Then
SO’kSQJC : Lg’o(o,l) — 0, SO,kSO,lc : LQJ(O, 1) — 0, ie.,
So,k50,k = O, where O is the zero operator in the space
Ly(0,1). Thus, Ry = E — So .

Theorem 2. Let by # boy. Then system V(L)
forms a Riesz basis in L2(0,1).

To prove that the system V(Lo ) forms a Riesz ba-
sis [34] in L2(0,1), it is sufficient, according to for-
mula Ry = E + Soi, to show that the operator Sy €
L(Ls(0,1)).

Let w be an arbitrary element from the space L2(0, 1)).
We represent w as a Fourier series in the system 7.

have point spectrum oy, and

m 4

o0
w = w8t8 + Z wglt(,)n + w}ntin.
According to the definition of the operator Sy j, we find

Sokw = Br(2x — 1) (Wovo et Z Wy V2 cos 27me)

Using the ratio

1S0,6w; La(0, 1) || =
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o 2
B (2x — 1),w8v87k+ Z w2 V2 cos 2rma; Ly (0,1)

m=1

we estimate it

180,83 L2(0, 1)[|* < [Bx|? ||w; L2(0, )]

Hence, the operator Ry, = E + Spj is bounded
Ls(0,1) — Ly(0,1) and (Rai) - E- Sy, €
L (L3(0,1)). So using theorem N.K. Bary (see theorem
6. 2.1[33]) we obtain the statement of the theorem.

Further, we introduce operator L; ; of the problem (6),

).
Llyku = Lk (D, I) u, u S D(lek),

D(Ly k) = {u € W5(0,1) : Ly pu = 0,lp ju = 0} .

By the direct substitution we can show that the

vo,0k(x) = 1+ (B + f5bok) (22 — 1)—

—Lbo (22 — 1)3, v 51 (x) = V2sin 2mnz, (15)

is eigenfunctions of operator Li j: vsnkx(z) € D(L1k),
Ly pvsmik(®) = Appvsni(), s € My, n = 0,1,....
Hence, the operator L j have point spectrum oj. Root
function of the operator L; j defined by relation

V1 k(7)) = V2 (1 + Br(22 — 1)) cos 2mna+

&n V222 — 1)2 sin 27n (16)

Enk = box(16mn) 1 n =1,2, ... (17)

Hence, V(L1) = {vsni(z):s€ M,, n=0,1,...}
is a system of root functions of the operator Li , in the
sense of equality

Lk’(D7 I)Ul,n,k(x) = )\n,kvl,n,k(x)+
fl,n,kvo,k,n (ZL’),

(18)

gl,n,k = _8£n,k + P,k Pnk = 87[-77‘516’ n=1, 27 (19)

Show that the system V(Ljy) of root functions of
the operator L ; possesses a unique biorthogonal system
W(L1k)-

Further, we introduce operators Ry i, 1 : L2(0,1) —
L2(0’ 1);

Rip=E+S1k, Ripth(z) =vpni(x),

peM,,n=0,1,... (20)

With formulas (15), (16) that have, that (S ;) = 0.
Show that Sy € L(L2(0,1)). To have any function
w € Ly (0, 1)

o0
w=w)+ V2 E W cos 2mma + w? sin 2mma,

m=1

Sy pw = wl + \/52 wg,k (Bk (22 — 1) cos 2mnaz+

n=1
En (20 — 1)2 sin 27mx)
115 La(0, DI < ma (1 + |+

21
+|€n,k|2) ||W7L2(071)H2 ( )

-1
So there operator (R’{’k) = E — 57 such that

1
(Ri‘,k,) : T — W(L1 ). Hence, the system of V(L ;)
of the operator L; ; complete and minimal in forms a in
L5(0,1).

With formulas (12), (13), (15), (16) that have system
V(L1,) and V(Lo ) is squarely close in the sense of in-
equality

S [vemr(@) = vp ) L0, D] <

n=0seM,,

9 1 = 1
n=1

So using theorem N.K. Bary (see theorem 6. 2.3[34])
we obtain the following statement.

Theorem 3. Let by i # ba . Then the operator L
have point spectrum oy, and system V(L) of root func-
tions forms a Riesz basis in L(0,1).

II. The spectral problem (1), (2)
Let by i # ba i, k= 1,2,.... By the direct substitution
we can show that the

Us,n,k:<L) = 'Us,n,k(x)vkt A) € D(L)7
0

seM,, k=1,2,..n= (22)

Lvg i (L) = (47r2k2 + zi) vo,n,k(L),
k=1,2,...,n=0,1,..,
Lvy k(L) = (47K + 2) v1,0.0(L) + &nwvo,n,k (L),
k=1,2,...,n=1,2,...

Therefore, we define the eigenvalues and the system of
root functions of the operator L by the relations

Mn(D) =4m°n* + 22 k=1,2,..., n=0,1,...,

V(L) = {vsmk(L) € Hy : V5 k(L) = vg i (x)vi(4),
seEM,, k=1,2,... n=0,1,...}.

Let m, : H — H - orthogonal projector, mph =
(h,vp(A); H)vp(A) k = 1,2,... Consider the ope-
rators R,S : Hh - H, R = 22021 Rl,kﬂ-k, S =

En, — R, and T7 — the orthonormal basis in the space
H T = {t;k € Hy:t5, = t3(z)o(A), t5(z) € T,
vg(A) e V(A),s e M, n=0,1,....k=1,2,...}.

With formulas (22) that have

Vs k(L) = Rt 1o s € Mp,

)
n=0,1,.,k=12... (23)

From the definition of the operator R and the com-
pleteness of system V(L) in space L5(0,1) we get
111),;7,1(36)11(1(14) = Rty ., r € M, p=01,.,q=
7 ’Hence, system V(L) of root functions of the opera-
tor L possesses a unique biorthogonal system W (L) =
{wyp,g(L) € Hy 2 wrpq(L) = wypq(2)vg(A), 7 € My,

22
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p=0,1,.., ¢=1,2,..} in the sense of equality
(Uj,n,kawr,p,q;Hl) = 5j,7'6n,p6k,qa .7 € My, v € Mpa
n,p=0,1,..., ¢,k =1,2,....

Hence, we obtain the following statement.

Theorem 4. Let by # bay, k= 1,2,.... Then the
operator L have complete and minimal in Hy system of
root functions V (L).

Further, we introduce operator B =
By)~' e L(HY)

Then

|’ka(A)

(B1 + By)(B; —
HY|| = "A%ka(A);H” -
A H|| = 16u] on () 1]
A);H1||.

= Hﬁk(zk)%vk(
|Buk(A); H'|| < ||B; L(H*
Therefore,

18x| < || B; L(H")

(bo, k) ((27177)4 + zi) ,

25, 1@); Ha|* = (20m)* + 23,
seM,,n=0,1,...k=1,2,....
Therefore, if By € L(Hz), then

(bo.1)’ (<2m7r>4 +22) <
€ My,

)Hlox(

24

| Bots w(a); 1| =

Bt 0); o] =

< || Bo; L(Hy)|? Ht H2
n_o,l,...,k_ 1,2, ...,
[bo k| < ||Bo; L(H2)|| , k =1,2,....
Show that S € L(H,).
Let g(z) be an arbitrary element from the space Hj.
We represent g(x) as a Fourier series in the system T7:

g= > R

s,m,k

According to the definition of the operator S, we find

(25)

59=Z<900k7)00k +Z.90mkv0mk( )+

k=1 m=1
+gl,m,kvl,m,k,($)> Vi (A)a
(go,o,k (1+
1

—%bo k(233 — 1)3)>

118

Sg = (Br + T5b0.6) (22 — 1)—

vg(A)+

k

+ Z ( El (QO,m,k“‘ (26)
m=
+g1,m,k§m’k(2x -1) )\/isin 2rma+
+91,m.kBm k(22 — 1)v/2 cos 27rm33) vg (A).
With formulas (17), (24), (25) that have
< . 1

+[Bo; L(H2)l]) g, Hz|l, € > 0.

Hence, S € L(Hy).

So using theorem N. K. Bary (see theorem 6.2.1 [34])
we obtain the following statement.

Theorem 5. Let B € L(H'). Then the operator L
have system of root functions V(L) forms a Riesz basis in
Hi.

III. Property problem (1), (2)

Replaced condition (2) on equivalent terms

sy = y(0) —y() + By(0) +y(1)) =hs, ¢
lay = Dzy(o) - Dzy(l) = ha.
Here hy = (Bl — BQ)ilhl S Hl, hy € H2.

Consider the particular case the problem (1), (28) if the
specified conditions B =0, By =0
—Dly(w) + A%y = g(), (29)
y(0) = y(1) = g1, D2y(0) — Dyy(1) = go, (30)
g; € Hi,j=1,2.
Theorem 6. For any g € Hy, g1 € H', g5 € H? there
exists a unique solution of problem (29), (30).

Proof. We seek the solution of this problem in the form
Yy = u + v, there u is a solution of the problem

~D2u(e) + A%u = gla).u(0) ~u() =0,
D,u(0) — Dyu(1) =0,
and v — solution of the problem
—D2v(z) + A%v(x) = 0,v(0) — v(1) = g1, (32)

D,v(0) — Dyv(1) = go.

Consider the problem (31). We expand the functions

u(z), g(x) in a series in the orthonormal basis T} in the
space Hi:

u = § us,n,kti’kag = E gs,n,kt%’k-

s,n,k s,n,k

Substituting into the (31) we get

u= Z ((2mn)? + zi)_l Gs.n. kb k-

s,n,k

We estimate a numbers

_1 s
—D2u= 3" @mn)? (2m)® + ) genith i

s,n,k
Therefore,

| D2u; Hy || < |lg; Hi |,

A%y = Z 22

s,k,m

-1
((27Tm)2 + Zl%) glsc,mtz,ma

| A%u; Hy|| < |lg; Hall,

Hence,

Ju; Hal| < V2|g; Hy| (33)
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Consider the problem (32). Further, we introduce ope-
rators, Yj(z, A) = e~ 4% 4 (=1)7e~40-9) j = 0,1. So
using lemma 4.1.2 (see [2]) we obtain

Yj(z,A) € L (H* H,). (34)

The solution of the differential equation (32) has the
form
U(J?) = YVO(.f, A)SOO + Yi(.%‘, A)‘Pla

where ¢, 91 € H' are unknown.
To determine the, g, 1 € H! we substitute expression
(35) in the condition (32) and obtain

(35)

1 1
¢1 = §Y1(0,A)_1917¢0 = —§Y1(0a14)_114_192

Hence,

v = %Yl (z, A)Y1(0, A) g1 —

—1Yy(z, A3 (0, A) LA g, (36)
With formulas (34) that have
o 1ol” < © ([lgs TP + loos H2) - G37)

Therefore follows from inequalities (33), (37) inequality
2 2
ly; Ha||* < C4 (Ilg;HlH2 + |lgus HY||” + || 92: B )

We now return to the original problem (1), (2). Con-
sider in connection problem as the sum y = yo + y1,
Y; € Hl,j, 7 =0,1.

To determine the unknowns y; € Hy ;, j = 0,1, get the
problem

—D2yo(z) + A%yo = fo(z), fo(x) € Hi,

1390 = Y0(0)—y0(1) = 0,12y0 = D20(0)—Dayo(1) = ha,
—Diyi(x) + A*y1 = —2Bo (22 — 1)(yo(z) + yo(1 — 2))+
+/f1(x), fi(x) € Huy,
¥1(0) —y1(1) = =B(y0(0) + o (1)) + ha,
D,y1(0) — Dy (1) = 0.

For unknown functions y; € H; ; get that problem is a
particular case of the problem (29), (30).

Hence the statement is correct

Theorem 7. Let B € L(H'), By € L(Hz). Then for
any f € Hy, hy € H', hy € H?, there exists a unique
solution of problem (1), (2)

o Eall* < © (75 HalP + [ns 2"+ 1o 7))

C > 0.

Conclusion

We have investigated the properties of nonlocal prob-
lem with generalized conditions Ionkin’s for the Sturm-
Liouville equation with polynomial potential which con-
tains an involution operator. Defined point spectrum and
built a system of root functions of the spectral problem. It
is proved that under certain conditions the system of root
functions spectral problem forms a Riesz basis. It is proved
that under certain conditions the solution of the problem
exists and only one.
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BuBUaEeTHCS HETOKAIbHA JBOTOYKOBA 3a1a4a I TU(EpPEHIaTbHO-0MIePATOPHUX PIBHSIHD 3 1HBOJOITI-
€10. BcraHOBINIEHO CrIeKTpasbHI BIACTHBOCTI Ta YMOBH iCHYBaHHS 1 €JMHOCTI po3B’s13Ky. HaBeneno mocra-
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