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Íåõàé Rm � m - âèìiðíèé åâêëiäiâ ïðîñòið, Sm =
= {x ∈ Rm : |x| = 1} � îäèíè÷íà ñôåðà â Rm ç öåí-
òðîì ó ïî÷àòêó êîîðäèíàò, àωm � ïëîùà ¨¨ ïîâåðõíi.

Ïîçíà÷èìî ÷åðåç ∆ îïåðàòîð Ëàïëàñà. ßêùî u �
ñóáãàðìîíiéíà âRm, m ≥ 2, ôóíêöiÿ, òî∆u ≥ 0 â ðî-
çóìiííi óçàãàëüíåíèõ ôóíêöié, òîìó êîæíié ôóíêöi¨
u âiäïîâiäà¹ ¹äèíèé ðîçïîäië ìàñ µu = 1/(dmωm)∆u,
ÿêèé íàçèâà¹òüñÿ ðîçïîäiëîì ìàñ, àñîöiéîâàíèõ çà
Ðiññîì iç ñóáãàðìîíiéíîþ ôóíêöi¹þ u [1, c. 55-58].

Òóò dm =
{

1,
m− 2,

m = 2,
m > 2.

Íåõàé µ � ðîçïîäië ìàñ âRm òàêèé, ùî 0 /∈ supp µ.
Ïðèïóñòèìî, ùî ìíîæèíà

Mµ =



n : n ∈ Z+,

∞∫

0

dµ (t)
tn+m−1

< ∞




íåïîðîæíÿ. Ïîçíà÷èìî p = pµ = inf Mµ,

Kp (y; ς) =





ln
∣∣1− y

ς

∣∣ +
p∑

k=1

∣∣y
ς

∣∣k cos kϕ

k
, m = 2,

− 1
|y − ς|m−2 +

1
|ς|m−2

p∑

k=0

∣∣∣∣
y

ς

∣∣∣∣
k

Cν
k

[(
y

|y| ,
ς

|ξ|
)]

, m > 2,

(1)

äå ϕ � êóò ìiæ ðàäióñ-âåêòîðàìè òî÷îê y, ς ∈ R2,
(·, ·) � ñêàëÿðíèé äîáóòîê â Rm, m > 2, à Cν

k � ìíî-
ãî÷ëåíè Ãåãåíáàóåðà [2, ñ. 302, 329] ñòåïåíÿ k òà ïî-
ðÿäêó ν =

m− 2
2

, ÿêi âèçíà÷àþòüñÿ ç ðîçêëàäó

1
(1− 2τ t + τ2)ν

=
∞∑

k=0

Cν
k (t)τk, |t| ≤ 1. (2)

Ôóíêöiÿ

Jp (y; µ) =
∫

|ς|<∞

Kp (y; ς) dµ (ς)

íàçèâà¹òüñÿ êàíîíi÷íèì iíòåãðàëîì Âåéåðøòðàññà
ðîäó p [1, ñ. 78]. Âîíà ¹ ñóáãàðìîíiéíîþ ôóíêöi¹þ,
à µ � ðîçïîäiëîì ìàñ, àñîöiéîâàíèõ ç íåþ çà Ðiññîì.

Ôóíêöiÿ

T (r, u) =
1

ωm

∫

Sm

u+(rξ)dS(ξ), u+ = max(u; 0),

íàçèâà¹òüñÿ õàðàêòåðèñòèêîþ Íåâàíëiííè [3, c.145]
ñóáãàðìîíiéíî¨ ôóíêöi¨ u, à âåëè÷èíà

ρ(u) = lim
r→∞

lnT (r, u)
ln r

,

� ¨¨ ïîðÿäêîì [3, c. 161].
Íåõàé u � ñóáãàðìîíiéíà â Rm, m ≥ 3, ãàðìîíié-

íà â äåÿêîìó îêîëi ïî÷àòêó êîîðäèíàò ôóíêöiÿ òàêà,
ùî u (0) = 0, à λ � äîäàòíà, íåïåðåðâíà, íåñïàäíà íà
(0,∞) ôóíêöiÿ, ÿêà íàçèâà¹òüñÿ ôóíêöi¹þ ðîñòó.

Ïîçíà÷èìî ÷åðåç α[λ] íèæíié ïîðÿäîê ôóíêöi¨
ðîñòó λ, ÿêèé âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

α[λ] = lim
r→∞

ln λ(r)
ln r

.

Ïðèéìåìî B (r, u) = max {u (y) : |y| ≤ r}.
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Iíøå äîâåäåííÿ òåîðåìè Áðåëî-Àäàìàðà äëÿ ñóáãàðìîíiéíèõ ó ïðîñòîði ôóíêöié ñêií÷åííîãî ïîðÿäêó

Ñóáãàðìîíiéíà ôóíêöiÿ u íàçèâà¹òüñÿ ôóíêöi-
¹þ ñêií÷åííîãî λ-òèïó [4], ÿêùî iñíóþòü ñòàëi a, b
òàêi, ùî

B (r, u) ≤ aλ (br)

ïðè âñiõ r > 0. Êëàñ òàêèõ ôóíêöié ïîçíà÷à¹òüñÿ ÷å-
ðåç ΛS .

Ó [5] äîâåäåíà íàñòóïíà òåîðåìà.
Òåîðåìà 1. Íåõàé u ∈ ΛS. Òîäi iñíóþòü ñóáãàð-

ìîíiéíà ôóíêöiÿ h 6≡ −∞, íåîáìåæåíà ìíîæèíà äî-
äàòíèõ ÷èñåë Ω i ñiì'ÿ {uR : R ∈ Ω} ñóáãàðìîíiéíèõ
ôóíêöié òàêi, ùî
1) ðîçïîäiëè ìàñ, àñîöiéîâàíèõ çà Ðiññîì iç ôóíê-
öiÿìè uR òà u + h, çáiãàþòüñÿ ó êóëi VR =
= {y ∈ Rm : |y| ≤ R} äëÿ âñiõ R ∈ Ω;
2) (u + h)− uR → 0 ðiâíîìiðíî íà êîìïàêòàõ iç Rm,
êîëè R →∞, R ∈ Ω;
3) h, uR, (u + h)− uR ∈ ΛS äëÿ âñiõ R ∈ Ω.
ßêùî α[λ] = ∞, òî ìîæíà âçÿòè h ≡ 0.
ßêùî lnλ (r) � îïóêëà âiäíîñíî ln r ôóíêöiÿ, òî
ìîæíà âçÿòè h ≡ 0 i Ω = {R : R ≥ R0} ïðè äåÿêîìó
R0 > 0.

ßê íàñëiäîê ç öi¹¨ òåîðåìè îòðèìà¹ìî âiäîìå
ïðåäñòàâëåííÿ Áðåëî-Àäàìàðà ñóáãàðìîíiéíèõ ôóí-
êöié ñêií÷åííîãî ïîðÿäêó.

Òåîðåìà 2. (Áðåëî-Àäàìàðà).
Íåõàé u, u (0) = 0, � ñóáãàðìîíiéíà â Rm, m ≥ 3,
ôóíêöiÿ ñêií÷åííîãî ïîðÿäêó ρ ≥ 0, [ρ] = q i µ = µu.
Òîäi

u (y) = Jq (y; µ) + Φ (y) ,

äå Φ � ãàðìîíiéíèé ìíîãî÷ëåí ñòåïåíÿ n ≤ q.
Äëÿ äîâåäåííÿ öi¹¨ òåîðåìè íàì ïîòðiáíi äåÿêi

âiäîìîñòi ïðî ñôåðè÷íi ãàðìîíiêè (äåòàëüíiøå äèâ.,
íàïðèêëàä, [6, c. 157�174], [7]).

Ñôåðè÷íîþ ãàðìîíiêîþ àáî ñôåðè÷íîþ ôóíêöi¹þ
Ëàïëàñà ñòåïåíÿ k, k ∈ Z+ = {0, 1, 2, ...,}, ÿêó ïîçíà-
÷àòèìåìî ÷åðåç Y (k), íàçèâà¹òüñÿ çâóæåííÿ íà îäè-
íè÷íó ñôåðó Sm, m ≥ 2, îäíîðiäíîãî ãàðìîíiéíîãî
ìíîãî÷ëåíà ñòåïåíÿ k. Ìíîæèíó ñôåðè÷íèõ ãàðìî-
íiê ñòåïåíÿ k ìîæíà ðîçãëÿäàòè ÿê ïiäïðîñòið ïðîñ-
òîðó L2(Sm) äiéñíîçíà÷íèõ ôóíêöié çi ñêàëÿðíèì
äîáóòêîì

(f, g) =
1

ωm

∫

Sm

f(x)g(x)dS,

äå dS � åëåìåíò ïëîùi ñôåðè Sm. ßêùî{
Y

(k)
1 , ..., Y

(k)
γk

}
� îðòîíîðìîâàíèé áàçèñ ó öüîìó ïiä-

ïðîñòîði, òî
∞⋃

k=0

{
Y

(k)
1 , ..., Y

(k)
γk

}
áóäå îðòîíîðìîâàíèì

áàçèñîì ó ïðîñòîðiL2(Sm). Òóò γk = (2k+m−2)(k+
+m−3)!/(k!(m−2)!) � êiëüêiñòü ëiíiéíî-íåçàëåæíèõ
ñôåðè÷íèõ ãàðìîíiê ñòåïåíÿ k.

Ðÿäîì Ôóð'¹-Ëàïëàñà ôóíêöi¨ f ∈ L1(Sm) íàçè-
âà¹òüñÿ ðÿä

∞∑

k=0

Y (k)(x; f), x ∈ Sm,

äå

Y (k)(x; f) = a
(k)
1 Y

(k)
1 (x) + ... + a(k)

γk
Y (k)

γk
(x),

a
(k)
j = (f, Y

(k)
j ), j = 1, ..., γk,

(f, Y
(k)
j ) � ñêàëÿðíèé äîáóòîê â L2(Sm). Ïðè m = 2

ìà¹ìî çâè÷àéíèé òðèãîíîìåòðè÷íèé ðÿä Ôóð'¹.
Ñïðàâåäëèâà òåîðåìà äîäàâàííÿ [7, ñ.206]

Cν
k [(x, y)] =

dmωm

2 (k + ν)

γk∑

j=1

Y
(k)
j (x)Y (k)

j (y),

äå (·, ·) � ñêàëÿðíèé äîáóòîê âRm, à Cν
k � ìíîãî÷ëåíè

Ãåãåíáàóåðà ñòåïåíÿ k òà ïîðÿäêó ν.
Iç öi¹¨ òåîðåìè âèïëèâà¹, ùî ñôåðè÷íi ãàðìîíiêè

Y (k)(x; f) ìîæóòü áóòè âèðàæåíi ÷åðåç ìíîãî÷ëåíè
Ãåãåíáàóåðà:

Y (k)(x; f) =
2(k + ν)
dmωm

∫

Sm

Cν
k [(x, ξ)]f(ξ)dS(ξ). (3)

Ïîçíà÷èìî ur = u(rx), r > 0, x ∈ Sm. Ôóíêöi¨

ck(x, r;u) = Y (k)(x;ur), k ∈ Z+,

íàçèâàþòüñÿ ñôåðè÷íèìè ãàðìîíiêàìè, àñîöiéîâàíè-
ìè iç ñóáãàðìîíiéíîþ ôóíêöi¹þ u [8].

Âiäîìî, ùî [4], [8]

ck(x, r;u) = rkY (k)
u (x; ur)+rk

∫

|ς|≤r

Cν
k

[(
x,

ς

|ς|
)]

dµu (ς)

|ς|k+2ν
−

− 1
rk+2ν

∫

|ς|≤r

|ς|kCν
k

[(
x,

ς

|ς|
)]

dµu (ς) (k ∈ Z+) , (4)

äå Y
(k)
u (x) âèçíà÷àþòüñÿ iç ðîçêëàäó

u (rx) =
∞∑

k=0

rkY (k)
u (x)

äëÿ äîñòàòíüî ìàëèõ r > 0.
Äîâåäåìî òåîðåìó 2.

¤ Äîâåäåííÿ. Âèáåðåìî λ (r) = rρ∗ , ρ∗ > ρ
i [ρ∗] = q, äå [ρ∗] ïîçíà÷à¹ öiëó ÷àñòèíó ρ∗. Òî-
äi ìîæíà ââàæàòè, ùî u ∈ ΛS . Îñêiëüêè ôóíêöiÿ
ln λ(r) = ρ∗ ln r îïóêëà âiäíîñíî ln r, òî íà ïiäñòàâi
òåîðåìè 1 ìîæíà âçÿòè h ≡ 0, Ω = {R : R ≥ R0} ïðè
äåÿêîìó R0 > 0, à ôóíêöiþ uR çàïèñàòè òàê:

uR(y) =
∫

|ς|≤R

K (y; ς) dµ (ς) + QR (y) ,
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äå K (y; ς) = − |y − ς|2−m, à QR (y) � ãàðìîíiéíà
ôóíêöiÿ âiä y ïðè êîæíîìó R ∈ Ω. Îñòàíí¹ çîáðà-
æåííÿ ìîæëèâå çàâäÿêè òåîðåìi Ðiññà [3, ñ. 123] ïðî
ïðåäñòàâëåííÿ ñóáãàðìîíiéíî¨ ôóíêöi¨ òà òâåðäæåí-
íþ 1) òåîðåìè 1. Çàïèøåìî ôóíêöiþ uR iíàêøå

uR(y) =
∫

|ς|≤R

K0 (y; ς) dµ (ς) + ΦR (y) ,

äå ôóíêöiÿ K0 (y; ς) âèçíà÷åíà ñïiââiäíîøåííÿì (1),
à ΦR (y) � ãàðìîíiéíà ôóíêöiÿ âiä y ïðè êîæíîìó
R ∈ Ω òàêà, ùî ΦR (0) = 0. Íà îñíîâi òâåðäæåííÿ
3) òåîðåìè 1 ΦR � ãàðìîíiéíèé ìíîãî÷ëåí ñòåïåíÿ,
ÿêèé íå ïåðåâèùó¹ q, òîáòî

ΦR(y) = Y
(1)
R (x) r + Y

(2)
R (x) r2 + .. + Y

(q)
R (x) rq,

äå y = rx, r > 0, x ∈ Sm.
Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (2), îòðèìà¹ìî

ïðè r < |ς|

K0(rx; ς) = − 1
|rx− ς|2ν +

1
|ς|2ν =

= − 1

|ς|2ν

(
1− 2

r

|ς|
(

x,
ς

|ς|
)

+
(

r

|ς|
)2

)ν +
1
|ς|2ν =

= − 1
|ς|2ν

∞∑

k=1

(
r

|ς|
)k

· Cν
k

[(
x,

ς

|ς|
)]

, x ∈ Sm.

Îòæå, ôîðìóëè (4) íàáóäóòü âèãëÿäó

ck(x, r; uR) = −rk

∫

r<|ς|≤R

Cν
k

[(
x,

ς

|ς|
)]

dµ(y)

|ς|k+2ν
−

− 1
rk+2ν

∫

|ς|≤r

|ς|k Cν
k

[(
x,

ς

|ς|
)]

dµ(y), k > q;

ck(x, r; uR) = rk


Y

(k)
R (x)−

∫

|ς|≤R

Cν
k

[(
x,

ς

|ς|
)]

dµ(ς)

|ς|k+2ν


 +

+
∫

|ς|≤r

(
r

|ς|
)k

Cν
k

[(
x,

ς

|ς|
)]

dµ(ς)
|ς|2ν −

1
r2ν

∫

|ς|≤r

( |ς|
r

)k

Cν
k

[(
x,

ς

|ς|
)]

dµ(ς), 1 ≤ k ≤ q.

Âðàõîâóþ÷è òå, ùî uR ïðÿìó¹ äî u ðiâíîìiðíî
íà êîìïàêòàõ iç Rm ïðè R →∞, à òàêîæ òå, ùî äâà
îñòàííi iíòåãðàëè ó äðóãié ðiâíîñòi ïðè äîñòàòíüî ìà-
ëèõ r ïðÿìóþòü äî íóëÿ, îòðèìà¹ìî


Y

(k)
R (x)−

∫

|ς|≤R

Cν
k

[(
x,

ς

|ς|
)]

dµ(ς)

|ς|k+2ν


 → Y (k) (x;u) =

= Y (k) (x) ,

êîëè R →∞. Òîìó, ÿêùî ïîçíà÷èòè

Y
(k)

R (x) = Y (k) (x) +
∫

|ς|≤R

Cν
k

[(
x,

ς

|ς|
)]

dµ(ς)

|ς|k+2ν
,

òî

Y
(k)

R (x) = Y
(k)
R (x) + o (1) , R →∞, 1 ≤ k ≤ q.

Ïðèéìåìî

ΦR(y) = Y
(1)

R (x) r + Y
(2)

R (x) r2 + .. + Y
(q)

R (x) rq,

uR(y) =
∫

|ς|≤R

K0 (y; ς) dµ (ς) + ΦR (y) .

Î÷åâèäíî, ùî u− uR = (u− uR) + (uR − uR) → 0
ðiâíîìiðíî íà êîìïàêòàõ iç Rm ïðè R →∞. Àëå

uR(y) = Y (1) (x) r+...+Y (q) (x) rq+
∫

|ς|≤R

Kq (y; ς) dµ (ς) ,

ùî äîâîäèòü òåîðåìó 2. ¥
Äîâåäåìî àíàëîã òåîðåìè 2 äëÿ δ-ñóáãàðìîíiéíèõ

ôóíêöié.
Íåõàé w − δ-ñóáãàðìîíiéíà ôóíêöiÿ, µw � ðîç-

ïîäië ìàñ, àñîöiéîâàíèõ çà Ðiññîì ç ôóíêöi¹þ w, à
µw = µ+

w − µ−w � ðîçêëàä Æîðäàíà [9, ñ. 482] µw.
Äëÿ äîâiëüíîãî ðîçïîäiëó ìàñ µ â Rm ïðèéìåìî

N (r, µ) = dm

r∫

0

n (t, µ)
tm−1

dt,

äå n (t, µ) =
∫

|τ |≤t

dµ (τ).

Ôóíêöiÿ

T (r, w) =
1

ωm

∫

Sm

w+ (rη) dS (η) + N
(
r, µ−w

)
,

0 /∈ suppµw,

íàçèâà¹òüñÿ õàðàêòåðèñòèêîþ Íåâàíëiííè δ-
ñóáãàðìîíiéíî¨ â Rmôóíêöi¨ w, w (0) = 0.

Òåîðåìà 3. Íåõàé w = u1 − u2, w (0) = 0, �
δ-ñóáãàðìîíiéíà â Rm, m ≥ 3, ôóíêöiÿ ñêií÷åííîãî
ïîðÿäêó β ≥ 0, [β] = q i µ1 = µu1 , µ2 = µu2 . Òîäi

w (y) = Jq (y;µ1)− Jq (y; µ2) + P (y) ,

äå P � ãàðìîíiéíèé ìíîãî÷ëåí ñòåïåíÿ, ÿêèé íå ïå-
ðåâèùó¹ q.
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Iíøå äîâåäåííÿ òåîðåìè Áðåëî-Àäàìàðà äëÿ ñóáãàðìîíiéíèõ ó ïðîñòîði ôóíêöié ñêií÷åííîãî ïîðÿäêó

¤ Äîâåäåííÿ. Âèáåðåìî íåöiëå ÷èñëî β∗ > β
òàê, ùîá [β∗] = q. Îñêiëüêè N (r, µ2) ≤ T (r, w) =
= O

(
rβ∗

)
, r → ∞, òî íà ïiäñòàâi íàñëiäêó 1 ç [4]

iñíó¹ ñóáãàðìîíiéíà ôóíêöiÿ u2 òàêà, ùî T (r, u2) =
= O

(
rβ∗

)
, r → ∞, i µu2 = µ2. Ç òåîðåìè 2

âèïëèâà¹, ùî

u2(y) = Jq (y, µ2) + P (y) ,

äå P � ãàðìîíiéíèé ìíîãî÷ëåí ñòåïåíÿ, ùî íå ïåðå-
âèùó¹ q.

Ðîçãëÿíåìî ôóíêöiþ u1 = w + u2. Âîíà ñóáãàð-
ìîíiéíà, êðiì òîãî, µu1 = µ1 i ïîðÿäîê ôóíêöi¨ u1

çàâäÿêè âèáîðó ÷èñëà β∗ äîðiâíþ¹ β. Çà òåîðåìîþ 2

u1(y) = Jq (y, µ1) + B (y) ,

äå B � ãàðìîíiéíèé ìíîãî÷ëåí ñòåïåíÿ, ùî íå ïåðå-
âèùó¹ q.

Âðàõîâóþ÷è ðiâíiñòüw = u1−u2, îòðèìó¹ìî òâåð-
äæåííÿ òåîðåìè. ¥
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