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Ó ðîáîòi [1] äîâåäåíà òåîðåìà: íåõàé âñi êîåôi-
öi¹íòè äèôåðåíöiàëüíîãî ðiâíÿííÿ

w(n) + an−1 (z)w(n−1) + . . . + aµ+1 (z) w(µ+1)+
+aµ (z)w(µ) + . . . + a0 (z)w = 0,

(1)

¹ öiëèìè ôóíêöiÿìè, ïðè÷îìó an−1 (z) , . . . , aµ+1 (z),
z ∈ C, � ìíîãî÷ëåíè, aµ (z), z ∈ C, � òðàíñöåíäåí-
òíà ôóíêöiÿ. Òîäi ðiâíÿííÿ (1) ìà¹ íå áiëüøå íiæµ
ëiíiéíî íåçàëåæíèõ öiëèõ ðîçâ'ÿçêiâ ñêií÷åííîãî ïî-
ðÿäêó.

Äëÿ íåâàíëiííiâñüêî¨ õàðàêòåðèñòèêè ìíîãî÷ëå-
íà a (z), z ∈ C, iñíó¹ ñïiââiäíîøåííÿ m (r, a) =

= 1
2π

2π∫
0

ln+
∣∣a (

reiϕ
)∣∣ dϕ = O (ln r) , r → +∞.

Äàëi óñi ñïiââiäíîøåííÿ, ÿêi ìiñòÿòü ñèìâîëè
Ëàíäàó O (. . .) , o (. . .) , ðîçãëÿäàþòüñÿ ïðè r → +∞.
Öiëà òðàíñöåíäåíòíà ôóíêöiÿ f (z) , z ∈ C, ìà¹
â ∞ iñòîòíî-îñîáëèâó òî÷êó i äëÿ íå¨ âèêîíó¹òüñÿ
m (r, f) / ln r → +∞, r → +∞ [2, ñ. 40, 50].

Ó òåðìiíàõ íåâàíëiííiâñüêèõ õàðàêòåðèñòèê çãà-
äàíó òåîðåìó ìîæíà ñôîðìóëþâàòè ó çàãàëüíié ôîð-
ìi: íåõàé êîåôiöi¹íòè ai (z), z ∈ C, i = 0, 1, . . . ,
n − 1, ðiâíÿííÿ (1) ¹ ìåðîìîðôíèìè ôóíêöiÿìè,
òàêèìè, ùî

m (r, an−1) = O (ln r) ,m (r, an−2) =
= O (ln r) , . . . ,m (r, aµ+1) = O (ln r) ,

m (r, aµ) 6= O (ln r) .

Òîäi ðiâíÿííÿ (1) ìà¹ íå áiëüøå íiæµ ëiíiéíî íåçàëå-
æíèõ ìåðîìîðôíèõ ðîçâ'ÿçêiâ ñêií÷åííîãî ïîðÿäêó.

Ó öié ðîáîòi äîâåäåíî, ùî àíàëîãi÷íå òâåðäæåí-
íÿ âèêîíó¹òüñÿ i òîäi, êîëè êîåôiöi¹íòè i ðîçâ'ÿçêè
ðiâíÿííÿ (1) íàëåæàòü ïîëþ àëãåáðî¨äíèõ ôóíêöié.
Íàãàäà¹ìî äåÿêi îçíà÷åííÿ òà âëàñòèâîñòi àëãåáðî¨-
äíèõ ôóíêöié. Ðîçãëÿíåìî ðiâíÿííÿ

P0u
ν + . . . + Pν−1u + Pν = 0, (2)

äå Pj (z) , z ∈ C, j = 0, 1, . . . , ν, � öiëi ôóíêöi¨. Ðîçâ'ÿ-
çîê u = u (z) , z ∈ C, ðiâíÿííÿ (2) ¹ ν-çíà÷íà àëãåáðî-
¨äíà ôóíêöiÿ. ßêùî â (2)ν = 1, òî öå ðiâíÿííÿ âèçíà-
÷à¹ ìåðîìîðôíó ôóíêöiþ. Îòæå, ÿêùî ÷åðåçM ïî-
çíà÷èòè ïîëå ìåðîìîðôíèõ ôóíêöié, à ÷åðåçA � ìíî-
æèíó âñiõ àëãåáðî¨äíèõ ôóíêöié, òîM ⊂ A; ìíîæè-
íà A òåæ ¹ ïîëåì [3]. Îñîáëèâèìè òî÷êàìè àëãåáðî¨-
äíî¨ ôóíêöi¨ ¹ içîëüîâàíi êðèòè÷íi àëãåáðà¨÷íi òî÷êè
òà ïîëþñè (ìîæëèâî, íåñêií÷åííà ¨õ êiëüêiñòü). Íå-
õàé {cµ} � ìíîæèíà òî÷îê ðîçãàëóæåííÿ àëãåáðî¨äíî¨
ôóíêöi¨ u (z) . Ó äåÿêîìó îêîëi g = {z : |z − z0| < ε}
òî÷êè z0, z0 ∈ C\ {cµ} , iñíó¹ k îäíîçíà÷íèõ âi-
òîê u1 (z) , . . . , uν (z) , z ∈ g, ÿêi ìàþòü ðîçâèíåííÿ
uj (z) =

∞∑
n=t

ajn (z − z0)
n

, z ∈ g, i ÿêi çàäîâîëüíÿþòü
ðiâíÿííÿ (2) â g. Ôóíêöi¨ u1 (z) , . . . , uν (z) , z ∈ g íà-
çèâàþòüñÿ ïðàâèëüíèìè åëåìåíòàìè ç öåíòðîì â òî-
÷öi z0. ßêùî ðiâíÿííÿ (2) íåçâiäíå íàä ïîëåì ìåðî-
ìîðôíèõ ôóíêöié, òî ïðàâèëüíèé åëåìåíòu1 (z) ìî-
æíà àíàëiòè÷íî ïðîäîâæèòè â áóäü-ÿêèé iíøèé ïðà-
âèëüíèé åëåìåíò âçäîâæ äåÿêî¨ êðèâî¨. Ó ïëîùèíi
C ç òî÷îê cµ = rµeiϕµ ∈ {cµ} ïðîâåäåìî ðîçðiçè
âçäîâæ ïðîìåíiâ

{
z : z = ρeiϕµ , rµ ≤ ρ < +∞}

òàê,
ùîá âíàñëiäîê öèõ ðîçðiçiâ óòâîðèëàñü îäíîçâ'ÿçíà
îáëàñòü ∆. Ïðàâèëüíèé åëåìåíò uj (z) , z ∈ g, àëãå-
áðî¨äíî¨ ôóíêöi¨ u (z) , z ∈ C, ìîæíà àíàëiòè÷íî ïðî-
äîâæèòè íà âñþ îáëàñòü ∆ i îäåðæàòè îäíîçíà÷íó
ìåðîìîðôíó â ∆ ôóíêöiþ (îäíîçíà÷íó âiòêó àëãå-
áðî¨äíî¨ ôóíêöi¨ u (z) , z ∈ C), ÿêó ïîçíà÷èìî òàê ñà-
ìî, ÿê ïî÷àòêîâèé åëåìåíò, ÷åðåç uj (z) , j = 1, . . . , ν.
×åðåç n (r, u) ïîçíà÷èìî êiëüêiñòü ïîëþñiâ ôóíêöi¨
u (z) , z ∈ C â êðóçi {z : |z| ≤ r} ; êîæåí ïîëþñ âðàõî-
âó¹òüñÿ ñòiëüêè ðàçiâ, ÿêà éîãî êðàòíiñòü.

Ðîçãëÿíåìî íåâàíëiííiâñüêi õàðàêòåðèñòèêè àëãå-

Ìàòåìàòèêà c© À.Ç. Ìîõîíüêî, Ë.I. Êîëÿñà, 2007



À.Ç. Ìîõîíüêî, Ë.I. Êîëÿñà

áðî¨äíî¨ ôóíêöi¨ u (z) , z ∈ C [2, ñ. 27, 4]:

N (r, u) = 1
ν

r∫
0

(n (t, u)− n (0, u)) t−1dt,

m (r, u) = 1
2πν

ν∑
j=1

2π∫
0

ln+
∣∣uj

(
reiθ

)∣∣ dθ,

T (r, u) = m (r, u) + N (r, u) ,

ln+ x
def= max (ln x, 0) , x ≥ 0; x+ = max (x, 0) , x ≥ 0.

Ïîðÿäîê ρ[u] àëãåáðî¨äíî¨ ôóíêöi¨ u (z), z ∈ C, çà
îçíà÷åííÿì äîðiâíþ¹: ρ[u] = lim

r→∞
ln T (r, u)/ln r.

ßêùî u (z), z ∈ C, àëãåáðî¨äíà ôóíêöiÿ ïîðÿäêó
ρ < ∞, òî äëÿ áóäü-ÿêîãî ε, 0 < ε < 1, ñïðàâåäëèâà
íåðiâíiñòü [5]

m

(
r,

u(k)

u

)
≤ (2ρ− 1 + ε)+ k ln r+O (1) , k = 1, 2, . . . ,

(3)
à äëÿ âñiõ r, êðiì, ìîæëèâî, ìíîæèíè E ñêií÷åííî¨
ëîãàðèôìi÷íî¨ ìiðè (

∫
E

dr
r < +∞), ñïðàâåäëèâà òî÷íi-

øà îöiíêà

m

(
r,

u(k)

u

)
≤ (ρ− 1 + ε)+ k ln r + O (1),

r /∈ E ⊂ [0,+∞).
(4)

ßêùî u, v ∈ A, òî äëÿ íåâàíëiííiâñüêèõ õàðàêòåðè-
ñòèê âèêîíóþòüñÿ íåðiâíîñòi [3]

m (r, u + v) ≤ m (r, u) + m (r, v) + ln 2,
m (r, u · v) ≤ m (r, u) + m (r, v) ,

T
(
r,

u

v

)
≤ T (r, u) + T (r, v) + O (1).

(5)

ßêùî ν-çíà÷íà àëãåáðî¨äíà ôóíêöiÿu (z) , z ∈ C, ìà¹
ïîðÿäîê ρ[u] < +∞, òî äëÿ ïîõiäíî¨ u′ (z) , z ∈ C, âè-
êîíó¹òüñÿ íåðiâíiñòü [6]

T (r, u′) ≤ (2ν + o (1)) T (r, u) . (6)

Òåîðåìà 1. Íåõàé äàíî äèôåðåíöiàëüíå
ðiâíÿííÿ

y(n) + an−1 (z) y(n−1) + . . . + aµ+1 (z) y(µ+1)+
+aµ (z) y(µ) + . . . + a0 (z) y = 0,

(7)

äå an−1 (z) , . . . , a0 (z) , z ∈ C, � àëãåáðî¨äíi ôóíêöi¨,
òàêi, ùî

m (r, an−1) ≤ (kn−1 + o (1)) ln r,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

m (r, a1) ≤ (k1 + o (1)) ln r
(8)

ïðè r →∞, kj < ∞, 1 ≤ j ≤ n− 1. Ïîçíà÷èìî

lim
r→∞

m (r, a0)
ln r

= α. (9)

Íåõàé äëÿ äåÿêîãî q ≥ 0 âèêîíó¹òüñÿ íåðiâíiñòü

α > (2q + 1) n
(n + 1)

2
+

n−1∑

j=1

kj . (10)

Òîäi âñi àëãåáðî¨äíi ðîçâ'ÿçêè (7) ìàþòü ïîðÿäîê
ρ[y] > q + 1.

¤ Äîâåäåííÿ. Äîâåäåìî âiä ñóïðîòèâíîãî.
Ïðèïóñòèìî, ùî äèôåðåíöiàëüíå ðiâíÿííÿ (7) ìà¹ õî-
÷à á îäèí àëãåáðî¨äíèé ðîçâ'ÿçîê y = w (z) ïîðÿä-
êó ρ[y] ≤ q + 1. Òîäi ñïðàâåäëèâà òàêà íåðiâíiñòü
(äèâ. (3)):

m
(
r, w(k)

w

)
≤ k (2q + 1 + ε) ln r, k ∈ N. (11)

Ç (7) âèïëèâà¹

a0 = −w(n)

w
− an−1

w(n−1)

w
− . . .− a1

w′

w
,

çâiäêè, âðàõîâóþ÷è (5), (8) i (11), ìà¹ìî

m (r, a0) ≤ m

(
r,

w(n)

w

)
+ m (r, an−1)+

+m

(
r,

w(n−1)

w

)
+ . . . + m (r, a1) + m

(
r,

w′

w

)
≤

≤ ln r

n−1∑

j=1

(kj + o (1)) +
n∑

s=1

m

(
r,

w(s)

w

)
=

= ln r

n−1∑

j=1

(kj+o (1)) + ln r (2q+1+ε) (1 + 2 + . . . + n)=

= ln r

n−1∑

j=1

(kj + o (1)) + ln r (2q + 1 + ε) (n + 1) n/2,

m (r, a0)
ln r

≤
n−1∑

j=1

[kj + o (1)] + (2q + 1 + ε) (n + 1)
n

2
.

Ïåðåéøîâøè äî ãðàíèöi i âðàõîâóþ÷è, òå ùî ε > 0
ÿê çàâãîäíî ìàëà âåëè÷èíà, îòðèìà¹ìî

α ≤
n−1∑

j=1

kj + (2q + 1) n
(n + 1)

2
,

ùî ñóïåðå÷èòü (10). ¥
Òåîðåìà 2. Íåõàé äàíî äèôåðåíöiàëüíå ðiâíÿ-

ííÿ (7), äå an−1 (z) , . . . , a0 (z), z ∈C, � àëãåáðî¨äíi
ôóíêöi¨, òàêi, ùî

m (r, an−1) ≤ (kn−1 + o (1)) ln r, . . . ,m (r, a1) ≤
≤ (k1 + o (1)) ln r, r /∈ E,

∫

E

dr

r
< +∞,

(12)
ïðè r →∞,kj < ∞, 1 ≤ j ≤ n− 1. Ïîçíà÷èìî

lim
r→∞

m (r, a0)
ln r

= α, r /∈ E. (13)

Íåõàé äëÿ äåÿêîãî q ≥ 0 âèêîíó¹òüñÿ íåðiâíiñòü

α > qn
(n + 1)

2
+

n−1∑

j=1

kj . (14)

Òîäi âñi àëãåáðî¨äíi ðîçâ'ÿçêè (7) ìàþòü ïîðÿäîê
ρ[y] > q + 1.

44 Ìàòåìàòèêà
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¤ Äîâåäåííÿ. Äîâåäåìî âiä ñóïðîòèâíîãî.
Ïðèïóñòèìî, ùî äèôåðåíöiàëüíå ðiâíÿííÿ (7) ìà¹ õî-
÷à á îäèí àëãåáðî¨äíèé ðîçâ'ÿçîê y = w (z) ïîðÿä-
êó ρ[y] ≤ q + 1. Òîäi ñïðàâåäëèâà òàêà íåðiâíiñòü
(äèâ. (4)):

m

(
r,

w(k)

w

)
≤ k (q + ε) ln r,

r /∈ E,

∫

E

dr

r
< +∞, k ∈ N.

(15)

Äàëi äîâåäåííÿ àíàëîãi÷íå äîâåäåííþ òåîðåìè 1, ëè-
øå çàìiñòü íåðiâíîñòi (11) âèêîðèñòîâó¹òüñÿ íåðiâ-
íiñòü (15). ¥
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