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Âñòàíîâëåíî òà äîâåäåíî äåÿêi íîâi ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ ãiïåðãåîìåòðè÷íèõ

ôóíêöié Àïåëÿ F1. Çàïðîïîíîâàíà òåõíiêà, ùî äà¹ ìîæëèâiñòü çàïèñàòè óçàãàëüíåíó ôîð-
ìóëó ó âèïàäêó áàãàòîâèìiðíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ Ëàóði÷åëëèF

(N)
D . Íàâåäåíî ïðè-

êëàä òàêî¨ ôîðìóëè ó âèïàäêó N = 3.
Êëþ÷îâi ñëîâà: ãiïåðãåîìåòðè÷íà ôóíêöiÿ, ðåêóðåíòíå ñïiââiäíîøåííÿ, êðàòíèé ñòåïåíåâèé
ðÿä.
ÓÄÊ: 517.526.

Ãiïåðãåîìåòðè÷íà ôóíêöiÿ Àïïåëÿ
F1 (a, b1, b2; c; z1, z2) � îäíà ç ÷îòèðüîõ ôóíêöié
âiä äâîõ çìiííèõ, ùî áóëè îçíà÷åíi ó 1882 ðîöi
ôðàíöóçüêèì ìàòåìàòèêîì Àïåëåì [1] ÿê óçàãàëü-
íåííÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ Ãàóññà íà âèïàäîê
äâîõ çìiííèõ. Öÿ ôóíêöiÿ âèçíà÷à¹òüñÿ êðàòíèì
ñòåïåíåâèì ðÿäîì òàêîãî âèãëÿäó:

F1 (a, b1, b2; c; z1, z2) =
∞∑

m, n=0

(a)m+n (b1)m (b2)n

(c)m+n m!n!
zm
1 zn

2 ,

(1)
äå (α)k = α (α + 1) . . . (α + k − 1) � ñèìâîë Ïîõãàì-
ìåðà, c 6= 0,−1,−2, ....

Ðÿä (1) çáiãà¹òüñÿ â ïîëi êðóçi |zi| < 1, i = 1, 2.
Ó âèïàäêó N çìiííèõ àíàëîãi÷íèì áàãàòî-

âèìiðíèì óçàãàëüíåííÿì ãiïåðãåîìåòðè÷-
íî¨ ôóíêöi¨ Ãàóññà ¹ ôóíêöiÿ Ëàóði÷åëëè
F

(N)
D (a, b1, b2, ..., bN ; c; z1, z2, ..., zN ).
Ïðè äîñëiäæåííi âëàñòèâîñòåé òàêèõ ôóíêöié òà

ïðè ïîáóäîâi i àíàëiçi ðiçíèõ àïàðàòiâ ¨õ íàáëèæåíü
÷àñòî âèêîðèñòîâóþòüñÿ ðåêóðåíòíi ñïiââiäíîøåííÿ.
Ó ìîíîãðàôiÿõ òà äîâiäíèêàõ [3] íàâåäåíi ðiçíîìàíiò-
íi ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ ãiïåðãåîìåòðè÷íèõ
ôóíêöié ÿê çàãàëüíîãî âèãëÿäó, òàê i ïðè ïåâíèõ çíà-
÷åííÿõ ¨õ ïàðàìåòðiâ.

Ñôîðìóëþ¹ìî òà äîâåäåìî äåÿêi íîâi ðåêóðåíòíi
ñïiââiäíîøåííÿ äëÿ ãiïåðãåîìåòðè÷íèõ ôóíêöié F1

òà F
(N)
D .
Òâåðäæåííÿ 1. Äëÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨

F1 ñïðàâåäëèâi òàêi ðåêóðåíòíi ñïiââiäíîøåííÿ:

F1 (a, b1, b2; c; z1, z2) =

= (1− z1)F1 (a, b1 + 1, b2; c; z1, z2)+

+
c− a

c
z1F1 (a, b1 + 1, b2; c + 1; z1, z2) , (2)

F1 (a, b1, b2; c; z1, z2) =

(1− z2) F1 (a, b1, b2 + 1; c; z1, z2)+

+
c− a

c
z2F1 (a, b1, b2 + 1; c + 1; z1, z2) . (3)

¤ Äîâåäåííÿ. Ïiä ÷àñ äîâåäåííÿ âèêîðèñòà¹ìî
îçíà÷åííÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ F1 ÷åðåç êðà-
òíèé ñòåïåíåâèé ðÿä (1). Ïîêàæåìî, ùî â ëiâié òà
ïðàâié ÷àñòèíàõ ôîðìóëè (2) êîåôiöi¹íòè ðîçâèíåí-
íÿ ó ïîäâiéíèé ñòåïåíåâèé ðÿä (1) ïðè çìiííèõzm

1 zn
2

çáiãàòèìóòüñÿ.

(a)m+n (b1)m (b2)n

(c)m+n m!n!

[
b1 + m

b1
− (c + m + n− 1)m

(a + m + n− 1) b1
+

+
(c− a)

c

cm

(a + m + n− 1)b1

]
=

(a)m+n(b1)m(b2)n

(c)m+nm!n!
.

Îòæå, ðîçâèíåííÿ (2) ïðàâèëüíå.¥
Àíàëîãi÷íî äîâîäèòüñÿ ñïðàâåäëèâiñòü ðîçâèíåí-

íÿ (3).
Çàóâàæåííÿ. Àíàëîãi÷íi ðåêóðåíòíi ôîðìóëè

ñïðàâåäëèâi i äëÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ Ëàóði-
÷åëëè F

(N)
D :

F
(N)
D

(
a, b̄; c; z̄

)
= (1− zi)F

(N)
D

(
a, b̄ + ēi; c; z̄

)
+

+
c− a

c
ziF

(N)
D

(
a, b̄ + ēi; c + 1; z̄

)
, (4)

äå b̄ = (b1, b2, ..., bN ), ēi =
(
δi
1, δ

i
2, ..., δ

i
N

)
, δi

j � ñèìâîë
Êðîíåêåðà, z̄ = (z1, z2, ..., zN ).

Òâåðäæåííÿ 2. Äëÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨
F1 ñïðàâåäëèâå òàêå ðåêóðåíòíå ñïiââiäíîøåííÿ:

F1 (a, b1, b2; c; z1, z2) = F1 (a + 1, b1, b2; c; z1, z2)−

−
(

b1

c
z1 +

b2

c
z2 − b1 + b2

c
z1z2

)
×
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Äåÿêi íîâi ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ ãiïåðãåîìåòðè÷íèõ ôóíêöié ÀïåëÿF1 òà Ëàóði÷åëëè F
(N)
D

F1 (a + 1, b1 + 1, b2 + 1; c + 1; z1, z2)− (5)

−b1 + b2

c + 1
z1z2F1 (a + 1, b1 + 1, b2 + 1; c + 2; z1, z2) .

¤ Äîâåäåííÿ. Ôîðìóëó òâåðäæåííÿ 2 íåâàæ-
êî ïåðåâiðèòè àíàëîãi÷íèì ÿê i â ïîïåðåäíüîìó âè-
ïàäêó ìåòîäîì, ïðîòå äëÿ ïîäàëüøîãî óçàãàëüíåííÿ
ôîðìóëè äîâåäåìî ¨¨ êîíñòðóêòèâíî. Ïðè òîìó âè-
êîðèñòà¹ìî ùå îäíå ðåêóðåíòíå ñïiââiäíîøåííÿ, ùî
äîâåäåíå â ðîáîòi [4] äëÿ âèïàäêó ãiïåðãåîìåòðè÷íî¨
ôóíêöi¨ Ëàóði÷åëëè F

(N)
D . Ñôîðìóëþ¹ìî öåé ðåçóëü-

òàò äëÿ âèïàäêó N = 2.
Äëÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ F1 ñïðàâåäëèâå

òàêå ðåêóðåíòíå ñïiââiäíîøåííÿ:

F1 (a, b1, b2; c; z1, z2) = F1 (a + 1, b1, b2; c; z1, z2)−

−b1

c
z1F1 (a + 1, b1 + 1, b2; c + 1; z1, z2)−

−b2

c
z2F1 (a + 1, b1, b2 + 1; c + 1; z1, z2) . (6)

Çàïèøåìî ñïiââiäíîøåííÿ (2) äëÿ ôóíêöi¨
F1 (a + 1, b1, b2 + 1; c + 1; z1, z2) òà (3) äëÿ ôóí-
êöi¨ F1 (a + 1, b1 + 1, b2; c + 1; z1, z2) i ïiäñòàâèìî ó
ñïiââiäíîøåííÿ (6) âiäïîâiäíî, îòðèìà¹ìî:

F1 (a, b1, b2; c; z1, z2) = F1 (a + 1, b1, b2; c; z1, z2)−

−b1

c
z1 [(1− z2)F1 (a + 1, b1 + 1, b2 + 1; c + 1; z1, z2)+

+
c− a

c + 1
z2F1 (a + 1, b1 + 1, b2 + 1; c + 2; z1, z2)

]
−

−b2

c
z2 [(1− z1)F1 (a + 1, b1 + 1, b2 + 1; c + 1; z1, z2)+

+
c− a

c + 1
z1F1 (a + 1, b1 + 1, b2 + 1; c + 2; z1, z2)

]
=

= F1 (a + 1, b1, b2; c; z1, z2)−
−

(
b1

c
z1 +

b2

c
z2 − b1 + b2

c
z1z2

)
×

F1 (a + 1, b1 + 1, b2 + 1; c + 1; z1, z2)−
−b1 + b2

c + 1
z1z2F1 (a + 1, b1 + 1, b2 + 1; c + 2; z1, z2) .

Ôîðìóëà (5) äîâåäåíà. ¥
Çàóâàæèìî, ùî çà äîïîìîãîþ ôîðìóëè (5) ìî-

æíà çàïèñàòè ôóíêöiþ F1 ç âiä'¹ìíèìè bi (i = 1, 2)
÷åðåç ëiíiéíó êîìáiíàöiþ äâîõ ôóíêöié F1 ç äîäà-
òíèìè bi (i = 1, 2). Íàïðèêëàä, ó âèïàäêó ôóíêöi¨
F1

(
1,− 1

2 ,− 1
2 ; 2; z1, z2

)
iñíóâàòèìå ðiâíiñòü:

F1

(
1,−1

2
,−1

2
; 2; z1, z2

)
=

1− 1
3
z1z2F1

(
1,

1
2
,
1
2
; 4; z1, z2

)
−

−1
4

(z1 + z2 − 2z1z2) F1

(
1,

1
2
,
1
2
; 3; z1, z2

)
. (7)

Ìåòîäèêà äîâåäåííÿ òâåðäæåííÿ (2) äîçâîëÿ¹ âè-
âåñòè ôîðìóëó, çà äîïîìîãîþ ÿêî¨ ìîæíà çàïèñàòè

ôóíêöiþ F
(N)
D ç äîâiëüíèìè âiä'¹ìíèìè bi

(
i = 1, N

)

÷åðåç ëiíiéíó êîìáiíàöiþ ôóíêöiéF
(N)
D ç äîäàòíèìè

bi

(
i = 1, N

)
.

Ïîêàæåìî öå íà ïðèêëàäi N = 3.
Çàïèøåìî àíàëîã ôîðìóëè (6) äëÿ áàãàòîâèìiðíî¨

ôóíêöi¨ Ëàóði÷åëëè F
(N)
D :

F
(N)
D

(
a, b̄; c; z̄

)
= F

(N)
D

(
a + 1, b̄; c; z̄

)−

−
N∑

j=1

bj

c
zjF

(N)
D

(
a + 1, b̄ + ēi; c + 1; z̄

)
, (8)

à òàêîæ áàãàòîâèìiðíèé àíàëîã ôîðìóë iç òâåð-
äæåííÿ 1:

F
(N)
D

(
a, b̄; c; z̄

)
= (1− zi)F

(N)
D

(
a, b̄ + ēi; c; z̄

)−

−c− a

a
F

(N)
D

(
a + 1, b̄ + ēi; c + 1; z̄

)
. (9)

Ïiäñòàâëÿ¹ìî ôîðìóëè (9), çàïèñàíi äëÿ ïàðàìåò-
ðiâ a + 1, b̄ + ēi, c + 1, ó ôîðìóëó (8), ùîá äîáèòèñÿ â
ðåçóëüòóþ÷ié ôîðìóëi çñóâó ïî âñiõ ïàðàìåòðàõb̄+ēi.
Îòðèìó¹ìî:

F
(3)
D (a, b1, b2, b3; c; z1, z2, z3) =

F
(3)
D (a + 1, b1, b2, b3; c; z1, z2, z3)−

1
c

(b1z1 + b2z2 + b3z3 − (b1 + b2) z1z2 − (b2 + b3) z2z3−
− (b1 + b3) z1z3 + (b1 + b2 + b3) z1z2z3)×

F
(3)
D (a + 1, b1 + 1, b2 + 1, b3 + 1; c + 1; z1, z2, z3)−

− c− a

c (c + 1)
((b1 + b2) z1z2 − (b2 + b3) z2z3 − (b1 + b3) z1z3+

+2 (b1 + b2 + b3) z1z2z3)×
F

(3)
D (a + 1, b1 + 1, b2 + 1, b3 + 1; c + 2; z1, z2, z3)−

− (c− a) (c + 1− a)
c (c + 1) (c + 2)

(b1 + b2 + b3) z1z2z3×

F
(3)
D (a + 1, b1 + 1, b2 + 1, b3 + 1; c + 3; z1, z2, z3) .

Ãiïåðãåîìåòðè÷íi ôóíêöi¨ ¹ îäíèìè iç íàéïîøè-
ðåíiøèõ ñïåöiàëüíèõ ôóíêöié ìàòåìàòè÷íî¨ ôiçè-
êè ó çàñòîñóâàííÿõ. Òàê, íàïðèêëàä, ãiïåðãåîìåò-
ðè÷íà ôóíêöiÿ Ëàóði÷åëëè F

(N)
D âèêîðèñòîâó¹òüñÿ

ó ðîçâ'ÿçêàõ óçàãàëüíåíèõ ðiâíÿíü Øðåäiíãåðà, Âå-
áåðà òà ií [2]. Åôåêòèâíèì àïàðàòîì íàáëèæåí-
íÿ ãiïåðãåîìåòðè÷íèõ ôóíêöié ¹ ãiëëÿñòi ëàíöþãî-
âi äðîáè. Ó [4] ïîáóäîâàíi ðîçâèíåííÿ ôóíêöi¨ Ëà-
óði÷åëëè F

(N)
D ó ãiëëÿñòi ëàíöþãîâi äðîáè ç N -

ãiëêàìè ðîçãàëóæåííÿ òà äîâåäåíà ¨õ çáiæíiñòü ó
äåÿêié íåîáìåæåíié îáëàñòi ó âèïàäêó, êîëè ïàðà-
ìåòðè ôóíêöi¨ çàäîâîëüíÿþòü ïåâíi óìîâè, çîêðå-
ìà bi > 0. Îòæå, îòðèìàíèé ó ñòàòòi ðåçóëüòàò äà¹
ìîæëèâiñòü íàáëèæåííÿ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨
F

(N)
D

(
1,−1

2
, . . . ,−1

2
; 2; z1, . . . , zn

)
, ÿêà âèêîðèñòîâó-

¹òüñÿ ó ðîçâ'ÿçêó ðiâíÿííÿ Âåáåðà, ãiëëÿñòèì ëàíþ-
ãîâèì äðîáîì.
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THE SOME OF RECURRENCE RELATIONS OF THE GEOMETRIC
FUNCTION OF APPELL F1 AND LAURICELLA F

(N)
D

O. Manzija
aNational University "Lvivska Politechnika",
12 S. Bandera Str., Lviv, UA-79013, Ukraine

The some of new recurrence relations of the hypergeometric function of AppellF1 are obtained
and proved. Give the method to obtain the generalization of formula in case general geometric
function of Lauricella F

(N)
D . Give the example of formula in caseN = 3.

Keywords: hypergeometric function, recurrence relations, power series.
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