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3AT'AJIBHA XAPAKTEPUCTHUKA POBOTH

AktyanbHictb TemMu. CyyacHuMl eram pO3BUTKY TEXHOJOTi Ha OCHOBI
TeTePOCTPYKTYPOBAHUX HEOPTaHIYHO/HEOPTaHIYHUX, HEOPTaHIYHO/OPTaHIYHUX HAHOKOM-
MO3UTHUX MaTepialiB’, 3 SKMMHU OB’ SI3YIOTh MOXJIMBICTh peai3allii YHIKaJIbHUX (Hi3UKO-
XIMIYHHX BJIACTHBOCTEH, CTUMYJIIOE TEOPETHYHI JOCHIDKCHHS Ta MaTeMaTHYHE
MO/ICITIOBAHHS PeaKIIHHO-eIeKTPO (Y3 IHUX MPOLIECIB Y TAKUX CUCTEMaX.

BaxJ1MBo10 MPUKIIAIHOO 32/1a4€H0 € ONUC HAITIBIPOBIIHUKOBUX CHCTEM 31 CTalliHUM
YIOPSAKYBaHHSIM, IO BHHHKA€E y IMAPYBATHX CTPYKTypaxX IMPH 3aCTOCYBaHHI METOJIUKH
HOTIEPEIHBOT  IHTepPKANIALIi—IeIHTepKAIAIT i1 TMOKPAIICHHS BXO/KEHHS TOCThOBUX
YACTUHOK. Y 3B’S3KY 13 €KCIIEPUMEHTAIBLHOIO CKIIAJHICTIO CTBOPEHHS TAKUX CTPYKTYP JJIs
POTrHO3YBaHHS HEOOXIJHMX BIACTUBOCTEH BeJMKE 3HAYEHHS Mae TmolOyJoBa Ta
JIOCT/DKEHHST MaTeMaTMYHUX Mojenell nudy3ifiHOro IMIenaHcy [uisl 1€papXidHHX
CTPYKTYp. Y Takux I€papXiyHUX CTPYKTypax CIIOCTEpIraloThCS MPOIECH aHOMAJIbHOT
(cymep-, cy0-) mudys3ii yaCTMHOK, MEXaHI3MH SKHX JajJeko He BuUB4YeHIi. JlilicHO, Y
Cy4aCHHUX JOCHIDKCHHSIX MPOIECH TEePEeHOCY, 30KkpeMa Mu(y3is YaCTMHOK Yy MOPHUCTHUX
CEpelIOBUIIAX, HEYMOPSIKOBAHUX CTPYKTypaxX OMHUCYEThCA CITIBBIJHOIICHHAM JUISl 1X
CepeHbOKBAPATHUHOTO 3MileHHs: ((F(t)—F(0))*)=2Dt“ /Tl+«), ne D, — koedilieHT
"aHoManpHOI AMQy3ii, t —yac, I'(l+«) — rama-QpyHKUId, TapaMeTp «, L0 3MIHIOETHCS B
iHTepBasl 0<a <1. [Ipu « =1 11e CIIBBIAHOIICHHS MIEPEXOIUTh Y BiJOME CIIBBIAHOIICHHS
Eitamreiina ((F(t) -7(0))*) =2Dt, ne D — koedimieHT AUQY3ii, KU BXOIUTH Y PIBHAHHS
mudy3ii Pika. OTxe, MU MaeMO HE(DIKOBCHKI MPOLIECH 1 BUHUKAE NUTAHHSA, SIKI
MaTeMaTU4YH1 MOJIeJIl MOXKYTh OITUCYBATH iX.

[Ipu mocaimkeHi eneKTPOXIMIYHOTO IMIIEJAHCY Y MPOCTOPOBO-HEOHOPIAHUX CUCTE-
Max TMpOIECH TMPOXOKEHHSI CTPYMY OIHUCYIOThCS HACTYIIHUM CITIBBIJHOIIEHHSAM
YaCTOTHOI 3aJICKHOCTI  y3aralbHEHOro omopy: Z(iw)«< (iw)”'?, ne mapamerp f
3MIHIOETbCA B 1HTepBalmi 0<p<2. Ilpy p=2 1e CHIBBIIHONICHHS MEPEXOIUTh B
eleKTpoXiMiunmii imMmenanc Bapbypra' Z(iw) o« (iw)™, SKOMy BigmoBimaoTh (ikoBCBKi
nporiecu audy3ii HOCIiB 3apsay. Lle o3Hayae, M0 ICHYIOTh 'aHOMAJIbHI' €JIEKTPOXIMIUHI
MPOLECH MEPEHOCY 3apsAly Yy MPOCTOPOBO-HEOAHOPIIHUX CHUCTEMax. 3 I€i TOYKU 30py
noOyJgoBa MaTeMaTWyHOi Mojeni Judy31MHUX MPOIECiB, IO CYMPOBOKYIOTHCS
AHOMAJIbHOIO TOBEAIHKOIO, 30KpeMa JUisl aTOMIB Ta 10HIB y 1€papXidyHUX CTPYKTypax €
aKTyaJbHOIO TIPOOJIEMOIO 1 Ma€ K TEOPETUYHE, TaK 1 MpUKIaaHe 3HAadeHHsS. Po3paxyHoK
MIPOCTOPOBO-YACOBO1 3aJIEKHOCTI HEOAHOPIIHUX Koe]ilieHTIB Audy3il y TaKUX MpoIecax
€ TICPIIOYEPTOBOIO TIPOOJIEMOI0, OCKIILKH BOHH BIJIMOBIAAI0TH 32 OCHOBHI MEXaHI3MH.

JJ1st MaTeMaTUYHOTO MO/ICIIOBAHHSI TIPOIIECIB MEPEHOCY Y PI3HUX CUCTEMaX, 30KpeMa
3 (pakTaIbHOI CTPYKTYPOIO AaKTyaJbHUMH 3aJIMIIAIOTHCS MTPOoOJeMH TOCHIOBHOTO
BUBEJICHHS PIBHSIHD NIEPEHOCY (Mudy3ii, TiapoJuHaMIKi, KIHETHYHUX PIBHSHB) y APOOOBUX
MOX1THUX. SIKIIO MaTeMaTWYHE MOJENOBaHHS AU(Y31HHUX TPOIECIB Y KOHIECHCOBAHUX
CUCTeMaxX y paMKaxX CTaTUCTUKM Ha OCHOBI eHTpomii ['100ca Ha naHuii 4dac pgoOpe
po3po0IIeHi, To onuc cyo-, cynepandy3iiHUX MPOIIECIB Y PI3HUX CEPEIOBUINAX BUXOIUTH
3a paMKu ctatucTuku ['100ca 1 po3risaaeTbess B y3arajJbHEHUX CTATUCTHKaX Ha OCHOBI
entporniid Tcammica, PeHi Ta iH. 3 1i€] TOYKHU 30py BAKIUBOIO € pO3pOOKa MaTEMaTHYHHUX

! Ipuropuax LI, Kocrpo6iii ILII., Craciok 1.B., Tokapuyk M.B., Bermuxo O.B., [Bamummn ®.0., Mapkosua B.M. ®izuuni
MIPOLIECH Ta X MIKPOCKOIIYHI MOZEJNI B NEPioIMYHIX HEOPraHiYHO/OpraHiuHuX Kiarparax. - JIeiB, Bua. Pactp-7, 2015, 285c.
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METO/IIB MOJETIOBaHHA MU(Y31HHUX MPOLECIB y cTaTUCTUII Peni, 1t sxoi xapakTtepHi
CTETICHEB1 3aKOHU JIJIs1 PO3MOLTIB y Yaci. [Ipu gociimkeHHl CKIIaqHUX caMOoopraHizaliiHuX,
(dbpakTanpbHUX CTPYKTYp Ta MpoleciB cyoaudysii y HUX HEO0OXiJIHI HOBI MaTeMaTH4HI
MOJICNII Ta PIBHAHHS TepeHocy. BUBYEHHS Ta MaTeMaTWYHE MOCITIOBAHHS HETIHIMHUX
NPOLECIB Yy TOPHUCTUX CEPEAOBUINAX 3aIUIIAIOTHCS AaKTyaJbHUMH Y TEOPETHUHINA 1
MaTeMaTU4HIN (i3ulll SIK Ha KIHETUYHOMY, TaK 1 Ha T1IpOAMHAMIYHOMY PiBHI OITHCY.

3B’A30Kk Po0OTHM 3 HAYKOBMMM NpOorpamMamMu, IUIaHaMu, TemMamMu. OCHOBY
AUcepTaIiitHol poOOTH CKJIaal0Th Pe3yIbTaTH TEOPETUYHHUX Ta MPAKTUYHUX JAOCITIIKEHB,
BUKOHAHUX aBTOPOM y MeXaX IJIAaHOBUX poOIT Kadeapy MPUKIAIHOT MaTeMaTUKU [HCTUTYTY
NPUKIAIHOT MaTeMaTHKd Ta (PyHIAMEHTAIbHUX HayK HarlioHambHOTO YHIBEpCUTETY
"JIbBIBChKA MOJITEXHIKA" MO0 TOCHIIKEHHS MAaTeMaTUYHUX MOJeNiell KOHKPETHUX THUIIIB
CUCTEM, a TaKOXX HAyKOBO-JIOCIIIHMX pOOIT, 110 BUKOHYBalHCs Kadenporo, a came:
"Mogeni KBaHTOBO-CTATHCTUYHOTO OMNHUCY KaTaJiTUYHUX TMPOIECIB HAa METaJeBUX
migkmagax" (Homep naepxkaBHOi peectparii 01107U001091) 2012-2013p.; "®izmusi
IPOLIECH 1 IX MaTEMaTHUYHE MOJEIIIOBaHHS y HAHOT1OPUIU30BAHUX CTPYKTYpax MPUCTPOIB
CCHCOPHKH 1 HaKomU4eHHs eHeprii" (Homep aeprkaBHoi peectpanii 0113U003189) 2013-
2015p.; "lloObymoBa 1 MAOCHIPKEHHSI METOAIB pO3B’SA3yBaHHS 3ajady MPHUKIAIHOI
MaTeMaTuku Ta inpopmaTuku" (Homep aepkaBHoi peectparii 0113U005296) 2013-2017p.

Mera i 3aBaaHHs AocjilzkeHHs. MeToo poboTH € moOyaoBa Ta JIOCIHIIKEHHS
MaTeMaTUYHUX Mojeled Audy3iiHuX Ta CcyOoaudy3iiHUX MPOLECIB YAaCTHHOK Yy
MIPOCTOPOBO-HEOAHOPIAHUX CHUCTEMax Ha OCHOBI Yy3araJlbHEHUX pIBHAHb Juy3ii
OTPHMAHHUX METOJOM HEpPIBHOBAXKHOrO crarucTHuHoro omeparopa (HCO) 3ybGapesa’ y
paMKax CTaTUCTUKH Ha OCHOBI eHTporli PeHi.

VY po6oTi 1715t AOCATHEHHS BKa3aHOi MeTU OyJu nepeadayueHi Taki 3a80aHHA.

® JUIsi MaTeMaTUYHOTO MOJIENIOBaHHA AU(Y31HHUX, cymep- Ta cyOaudy3iitHux
MPOLIECIB OTPUMATH HEOAHOPIAHI PIBHAHHS IU(y3ii YaCTUHOK, BUKOPUCTABILIN
Metog HCO 3y0apeBa y pamkax CTaTUCTUKH Ha OCHOBI eHTpomii PeHi;

® Ha OCHOBI MaT€MaTHUYHOTI'O anapary ApOOOBOTO YHCIEHHS OTPUMATH y3arajibHEHe
piBHSIHHS 1u]y3ii Ha OCHOBI piBHSAHHS JIiyBULISA y TpOOOBHUX MOXITHUX;

e 100OyJ0OBa HOBHX MaTeMaTHYHMX MoOJENed po3paxyHKy cyOaudysiitHoro
IMIIEIaHCY Yy MYJBTHIIAPOBUX HAHOCTPYKTYpax Ta AJITOPUTMIB iX YHCIOBOTO
JIOCIIHKEHHS,

e noOyznoBa MoJeleld Ta pO3PaXyHOK IPOCTOPOBO-YACOBOI  3aJI€KHOCTI
HEOJHOPIAHUX Koe(ilieHTiB 1u(dy3ii B paMKax CTaTUCTUKU HAa OCHOBI €HTPOIIi
PeHi 1711 4aCTMHOK Y TPOCTOPOBO HEOJAHOPIAHUX CUCTEMAX;

e uisi MOOYIOBU MAaT€MAaTHYHOI MOJEJNI OMHUCY KIHETUYHHX IPOIIECIiB OTPUMATHU
y3arajgbHEH1 KIHETUYHI PIBHSHHS JUIsl HEPIBHOBAKHUX OJHO- 1 JTBOYACTHHKOBUX
GyHKIIH po3MOALTY JJIi CUCTEM B3a€EMOJIIOYUX YACTHUHOK JJISi CTaHIB JAJICKUX
BiJl PIBHOBarv y CTaTUCTHUIIl HA OCHOB1 eHTpomii PeHi.

06'ekmom oocnidxcenns € ipouiecu audysii Ta aHOMaNIBHOI TUPY3ii Yy MPOCTOPOBO-
HEOJHOPIAHUX cUCTEeMaX, CyOaudy31iMHUI IMIIEAaHC Y MYJIbTUILIAPOBUX HAHOCTPYKTYpax.

Ilpeomemom Oocnidrycenna € MaTeMaTHUUHI MoJeNl AUQPY31HHUX Ta cyOaudy3iiHIX
MPOIIECIB YACTUHOK Y TIPOCTOPOBO-HEOTHOPITHUX CUCTEMAX.

2 Markiv B.B. Nonequilibrium statistical operator method in Renyi statistics / Markiv B. B. Tokarchuk R. M., Kostrobij P. P.,
Tokarchuk M. V. // Physica A., 2011, Vol. 390, p. 785.


https://www.sciencedirect.com/science/article/pii/S0378437110009738
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Metoau pocaimkeHnsi. Y pobOorti  3actrocoBano wmetonq HCO  3ybapera,
MaTeMaTHYHUN amapaT (pakTaibHOro (IpoOOBOr0) YMCICHHS, METOAU MAaTeMaTUYHOl
G13UKU Ta MIIXOAW A0 1X BUKOPUCTAHHS A0 MOOYJOBH PIBHSHB y3arajdbHEHOI AUPY3ii y
ApoOOBHX MOX1THUX AJISE HPOCTOPOBO-HEOTHOPITHUX CUCTEM.

HaykoBa HOBH3HA 0JlepKAHUX pe3yJbTATiB:

— BIEpIIE BUBEACHO y3arajbHEHI PIBHSHHS eleKTpoaudy3ii sl HOCIIB 3apsay,
AK1 0a3yIOThCS HA MaTeMaTHYHOMY amnapati GpakTaJIbHOTO YUCICHHS Ta METOI
HCO 3y06apeBa, mo nano MOXKIMBICTh onuCcyBaTu qudy3iiiHi Ta cyOaudys3iiHi
MPOLIECH Y paMKaX CTaTUCTHKHU Ha OCHOBI eHTporIii PeHi;

— BIIEpILE OTPUMAHO y3arajbHEHI PIBHSHHA enekTpomudysii tunmy Kerrano mms
CHCTEM 3  IPOCTOPOBO-YAaCOBOIO  (PpaKTaJbHICTIO, IO  YMOXJIHUBUIIO
MO/ICITIOBaHHS CyOIU(y3IHHOTO IMIIENaHCY /IS MYJIbTUIIAPOBUX HAHOCTPYKTYD
Ta 3a0e3MeYmsIo SIKICHE Y3TO/JKEHHS 13 eKCIePUMEHTATbHUMHU JaHUMU JUIS
cuctemu GaSe 3 IHKaNCyIbOBAHUM 3 -IIUKJIOJIEKCTPUHOM;

— BIEpIIe OTPUMAHO pIBHAHHSA (-mudy3ii B OJHOKOMIIOHEHTHIH cCHCTEMi
YAaCTUHOK, SIKi 0a3yt0Thesl Ha piBHAHHI JIiyBULIA y APOOOBHUX MOXITHHUX 1 METO/II
HCO B craructuii PeHi, 1m0 1ano MOXIKBICTE MOJIEIIOBATH IPOCTOPOBO-YaCOBI
3aexHOCTI KoedinienTa audysii mpy BIINOBITHUX 3HAYEHHSX mapamerpa Pewi
Ta BCTAHOBJIIOBATU PEXKHUMH CyO-, CyIiep- Ta HOpMaIbHOT TuQy3iT;

— BHepIie po3po0JICHO MaTeMaTU4YHY MOJENbh KIHETMUYHHMX Ta TiIPOJAMHAMIYHUX
IPOIIECIB Y CUCTEMI B3a€MO/IIFOYMX YAaCTUHOK, IO NMepe0yBalOTh Y HEPIBHOBAKHUX
CTaHax, JAJCKUX BiJ PIBHOBarw, sika 0a3yeThCs HA y3arajlbHEHUX KIHETUYHHUX
PIBHSHHSX JIJIS1 HEPIBHOBAXKHHUX OHOYACTUHKOBOI Ta JBOYACTUHKOBOI (DYHKIIIH
posnoaity, orpuManux Meronom HCO oneparopa 3ybapeBa JUisl KIIaCHYHHMX
CHUCTEM JaJIeKMX BIJ pIBHOBAarM y CTaTHCTHIN PeHI, IO Jal0 MOXJIHMBICTH
JIOCIIKYBaTH  3aJIe)KHOCTI  AUQY31MHUX  TPOLECIB  BiJl  y3arajlbHEHUX
koeditienTiB audys3ii | TEpTS YACTHHOK Y IPOCTOPI KOOPAMHAT Ta IMITYJIbCIB.

IIpakTryHe 3HAYECHHsS OJEpP:KaHUX pe3yabTariB. MaremaTUuyHE MOJEIIOBAHHS (-
audys3ii  Ta  MeTrox  po3paxyHKy — (YHKIT  pO3CIfOBaHHS, SKi  BUMIPIOIOTHCS
eKCIIEPUMEHTaJIbHO, MOXYTh OyTH 3aCTOCOBaHI 1O MaTeMaTUYHOTO MOJCITIOBAaHHS
T y31HHAX TIPOIIECIB Y MTPOCTOPOBO-HEOTHOPITHUX CUCTEMax. MaTeMaTHIHa MOJIEITb JJIst
OMHKCY HETIHIWHUX KIHETUYHUX IMPOIIECIB MEPEHOCY Ha OCHOBI y3aralbHEHUX KIHETUYHHX
PIBHSIHB JIJI1 HEPIBHOBXHUX OJHOYACTHMHKOBOI Ta JBOYACTHHKOBOI (PYHKINA PO3MOILITY
YACTUHOK JJIsl KJIACUYHUX CUCTEM JAJIEKMX Bl piBHOBaru Moxe OyTH 3aCTOCOBAaHA JJIs
OMHCY peaKkIiiHO-TUPY3IHHUX  TYpOYJIEHTHHX TIPOLECIB, SKI XapakKTepHl s
3aMpONOHOBAHUX Y POOOTI MaTEMaTUUYHUX MOJEIEH.

Peanizayis  pesynemamie ma enposaddcenns. MaTeMaTMyHe MOJCTIOBAHHS
cyOonudy31MHOTO IMIEIAHCY BXKE€ 3HAWILIIO MPAKTUYHE 3aCTOCYBaHHS Yy TMOSCHEHHI
EKCIIEPUMEHTAIbHIX JaHWX 3 IMIIEJAHCHOI CHEKTPOCKOMii Ui MYJIBTUIIApOBUX
HAaHOCTPYKTYp, IO OTpUMaHl y JOCTIUKEHHAX Ha Kadeapli NpUKIagHOl (i3UKU
HamionanesHoro yHiBepcuteTy "JIbBiBChbka moniTexHika". YwucenabHe MOJEITIOBaHHS
cyOnudy3iifHOro IMIIEJaHCY Ha OCHOBI PO3pOOJICHOT MaTeMaTHYHOI MOJENl Jajo
MOJKJIUBICTh MPOAHAI3yBaTH Ta MOSICHUTU HENIHIHHY MPUPOAY SIBUI MEPEHOCY 3apsay Y
MYJBTUIIAPOBUX HAHOCTPYKTYpax 3 (paKkTaIbHOK CTPYKTYpPOIO HAa OCHOBI YacCTOTHOI
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3aJeKHOCTI AIMCHOI Ta ysBHOI 4YacTUH 11 y3arajgpHeHOro omopy. s mpakTUYHOTO
BUKOPHUCTAHHS CTBOPEHO MPOTPAMHUN MPOIYKT PO3PAXYHKY IMIIEJAHCHUX XapaKTEPUCTHK
I MOJIETIOBaHHA cyO1u(y31HHUX MPOLIECIB Y PEANbHUX €JIEKTPOJIITUYHUX OaTapesix.

PesynbpTaTu gucepraiiiinoi po60TH BUKOPUCTAHO:

e B [TAT "JIpBiBCchKM enekTposiamoBuii 3aBoja "ICKPA" (mns ymockoHaJCHHS
TEXHOJIOT1i BUPOOHHUIITBA OCBITIFOBAJILHUX MPHJIAIIB HA OCHOBI CBITJIOIOTHUX
MPUCTPOIB BUKOPUCTAHO PE3YyJIbTaTH AOCHIKCHHS KoedimieHTiB Audy3ii Ta
MoeneH cyonudysii);

e B T30B "beckua-bit" (BukopuTaHo Mojeii Ta MiAXOAW IO aHali3y IpoIeciB
elleKToAu(y3ii y mapyBaTUX HAMiBOPOBIAHHUKOBUX CTPYKTypax Ta MPOTpamMHy
TEXHOJIOTII0 PO3paxyHKy Koe]imieHTIB Audy3ii, M0 Jall0 MOMJIMBICTH TIpOoaHaIi-
3yBaTU JesiKi pe3ynbTaTtd Audy31iHUX TMPOIECIB y MIapyBaTUX KpUCTalax Ta
PO3pOOUTH HOBI TEXHOJIOTIT BUPOOHHUIITBA CEHCOPIB HA TX OCHOBI).

Pesynpratu mucepraniiinoi poOOTH BHKOPHUCTOBYIOTHCS TaKOX Yy HaBYAIbHOMY
npoueci y HamionaneHoMy yHiBepcuTeTi "JIbBIBChbKa MOJIITEXHIKA" B JIEKIIHHUX Kypcax
"CroxacTU4Hl MoAeNl cucteM" sl CTYyAEHTIB OPYroro (MariCTepChbKOro) piBHS BHIIOI
ocBitTu (cnemianpHicTh 113 — "[Ipuknagna matemartuka', OCBITHbO-HAyKOBa Iporpama
"IMpuknagna Mmatemaruka') ta "Bumaakoi mporecu"” uist CTyIEHTIB 4-TO KypCy OCBITHBO-
kBaiikamiiHoro piBHA "OakanaBp” (creriambHicTh 6.040301 — "TIpukiagHa MaTeMaTHKa').
AKTHU IIpO BUKOPUCTAHHS PE3yJIbTaTIB AUCEPTALINHUX JOCTIKEHb HaBeIeHO Y JloaaTky.

OcoOuctuii BHecok 3700yBaua. Bci pe3ynabTaTH, OTpUMMaHI MpPU BHUPINICHHI
MOCTaBJICHUX Yy JUCepTalliiHii poOOTI 3aBjaHb, OTPUMaHI aBTOPOM CaMOCTIIHO.
VY HayKOBUX TpalsiX, OMyOJIKOBaHMX Y CIIIBaBTOPCTBI, aBTOPY HaJeXaTb: YHCEJIbHE
MOJICNIIOBaHHs cyOnudy3iitHOro immemaaHcy Ha OCHOBI piBHsSHHS KerraHo y apo6oBux
noxigaux [1,6]; aHami3 4acTOTHOI 3aJIe)KHOCTI MIHCHOI Ta YABHOI YaCTHH y3araJlbHEHOI'O
OTIOPY ETEKTPOTITUYHOT CUCTEMU, BUBEJICHHS Y3araJIbHEHOTO PIBHAHHSA AUPY3ii 1 pIBHSIHHS
enexkTpoaudy3ii y ApoOOBUX TMOXITHUX Ha OCHOBI piBHsSHHA JIiyBUUIS y ApoOOBUX
MOXITHUX ISl CUCTeM B3aeMojitounx dvactuHok [3,4,7,8,10]; oTpumaHHsS y pamkax
cratuctukn Peni merogom HCO y3aranbHeHOro piBHSHHA AUQY3ili, YHCETbHUN
po3paxyHok koediuieHTa Audy3ii 1 QyHKIII PO3CIFOBaHHS ISl MOJEIBHOI CHUCTEMH B
3aJIeKHOCTI Bijg mapamerpa Peni [5]; meranbHuE po3paxyHOK Ta aHali3 CTPYKTYpH
y3arajibHeHUX (QYHKIIN mam’sTi npu NoOyA0BI MaTEMaTUYHOI MOJEII ONMUCY KIHETUYHUX
nporieciB [2,9]; y4acTh y mocTaHOBII 3adad, iHTEpIIpETalis pe3yjibTaTiB, a TaKOX IX
BHCBITJICHHS Ha KoH(epeniisx [11-13, 16-20].

Anpobaunia pe3yabTaTiB aucepramii. Pesynmbrath  nuceptariiiHoi  poOoOTH
JIOTNIOBiIaIMCh Ta OOrOBOPIOBAJIMCS Ha TakuX HaykoBHx KoHpepeniiisx: VI Intern. Conf.
"Physics of disordered systems" (Lviv, 2013); Hayk.-rexa. koH(. "Mikpo- Ta
HaHOHEOAHOPiAHI Martepianu: moxaeni Ta ekcrniepumeHnT” (INTERPOR'15) (JIseiB, 2015);
MixHap. MUKAMCHUIUTIHAPHIA HayK. KOH(. CTYAEHTIB, acHipaHTIB 1 MOJOJHUX BYEHHUX
"Science and Scientists" (duinpornerporcrk, 2015); Konf. Miedzynar. Nauk.-Prakt.
"Inzynieria 1 Technologia. Osiagni¢cia Naukowe, Rozwoj, Propozycje na rok 2015"
(Warszawa, 2015); VII Bceykp. Hayk.-nipakT. KOH}. 3a MikHap. yuacTio "'THdopmaTnka Ta
cucremui Hayku" (ICH-2016) (ITonrtaBa, 2016); 16-it Bceykp. mkomi-caminapi Ta
KoHKypcl MOJIOJIMX BYEHUX 13 CTATUCTUYHOI (DI3UKH Ta TeOpli KOHJIEHCOBAHOI PEYOBUHHU
[HctuTyTy dizukn konaencoBanux cucteM HAH VYkpainu (JIsBiB, 2016); Bogolyubov
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Conf. on Problems of Theoretical Physics dedicated to the 50th anniversary of the
Bogolyubov Institute for Theoretical Physics of the NAS of Ukraine (Kyiv, 2016);
MixBy31BCbKOMY HayK. ceMmiHapi, mpucBsiueHoMmy 100-piuuto BiJ AHS HApPOHKEHHS MPOd.
Bacuns ITaBnoBuua Pybanuka (1917-1993) i 55-piudio kadeapu npukiIagHOi MaTeMaTHKN
ta iHpopMariitaux texHojorii "Tlpukmamni 3amadi Ta IT-Texunomorii” (Yepnisi, 2017);
XIV Mixnap. kou®. "®dyHKkuioHanbHi Ta HaHOCTPYKTypoBaHi Matepianu” (FNMA’2017)
i VIl Mixnap. xou¢. "®isuka HepnopsakoBanux cucrem' (PDS’2017) (JIeiB, 2017).
Po6ota npoxoauiia ampo0aliito Ha PeryJIipHUX HAYKOBUX ceMiHapax Kadeapu MpUKIaIHO1
maTemaTuku HamionanbsHoro yHiBepcuteTy "JIbBiBchbKa mojitexnika" (2012-2017).

Iy6aikanii. Pesynpratu mucepranii omyOmikoBani y 20 pobotax, cepen sIKuX
1 po3ain y monorpadii [1], 4 craTTi y HaykoBuUX (axoBUX BHIAaHHSIX YKpainu [5-8],
3 cTaTTi y HAyKOBUX MEPIOJANYHMX BHIAHHSIX IHIIUX JaepikaB [2-4], 2 cTaTTi y HayKOBHX
BuganHsax Ykpainu [9,10] ta 10 te3 naykoBux koH(pepentii [11-20].

Ctpykrypa Ta o0car podorm. [lucepraiiiiHa poOoTa CKIATA€ThCS 31 BCTYIY,
II’SIThOX PO3/ALTIB, BUCHOBKIB, CIIMCKY BHUKOPUCTAHMX JIKEpEN Ta JOJATKIB. 3araJbHHI
ob0car pobotu cknangae 149 cropiHok, 3 HUX 99 CTOpPIHOK OCHOBHOrO TeKcTy. PoGora
MictuTh 31 pucynok. Ciucok BUKOPUCTAHUX JKEPET OXOIUToe 232 HalMeHyBaHHS.

OCHOBHMUM 3MICT POBOTHU

VY BeTyni 3a3HaUEHO AKTYaJIbHICTh IPOOJIEM, OOTPYHTOBAHO METY Ta OCHOBHI 3aBJIaHHS
aociipkenb. OnucaHo 3B'130K poOOTH 3 HAYKOBUMH IporpamaMu Ta TeMaMu. ChopmyIibo-
BaHO HAayKOBY HOBHU3HY 1 NPAKTUYHY I[IHHICTh OTPUMAHUX PE3yJbTaTIB. 3a3HAUYECHO JaHI
PO 0COOUCTUI BHECOK aBTOpPA, anpoOaIlito pe3yyibTaTiB poOOTH Ta MmyOiKaIlii.

Y mnepmiomy po3gisii ocoOiuBa yBara NPUAUISIETECA MaTEMAaTUYHUM MOJCISIM
IPOLECIB aHOMaIbHOI 1U(y3ii y KOHAEHCOBAHUX CUCTEMax 31 CTETIEHEBUMHU PO3IOALIaMU
BIAMOBIHUX cTaTUCTUK Tcamica ta PeHi, a Takox piBHaHHAM Audy3ii @okkepa-Ilnanka
y ApoboBux noxigHux. I[IpeacraBiaeHo orisa poOIT MOA0 MAaTEMAaTUYHOTO MOJICTIOBAHHS
cyonudy31MHOr0 IMIENaHCy M eIeKTPONITUYHUX cucTeM. [lomaHo aHami3 poOiIT 1010
noOy/10BU pIBHSAHL NU(DPyY3ii, KIHETUYHUX PIBHAHb y JIPOOOBUX MOXIAHUX Ta KOPOTKHM
BUKIIA piBHsHHEs JIiyBimist y qpo6oBux moxigaux 3a poboramu Tapacosa®. BimoGpakerHo
pEe3yNbTaTH OMPAIIOBAaHHS OCHOBHUX POOIT MO0 MPoOJeM HEOOXITHOCTI MOOYI0BU
MaTE€MaTUYHOI MOJIENI Y3TOJKEHOT0 OMKUCY KIHETUYHMX Ta T1IPOJUHAMIYHHUX MPOILECIB Y
TYCTUX Tra3ax Ta piMHAaX JajJeKuX BiJA PIBHOBAr", KOJIM 0OaraTo4aCTHHKOBUMU
KOPEeJALISMHU, TTOB'SI3aHUMU 3 JIOKATHbHUMH 3aKOHAMH 30€pEeKeHHSI HE MOXXHA HEXTYBATH.
Hamnpukinmi po3ainy HaBeneHno crucnuii Bukiag metony HCO 3ybapeBa y cratuctuii Ha
OCHOBI eHTpomii PeHi, 3a JOMOMOT00 SIKOTO MPOBOJIUIUCS JTOCTIKEHHS y pOOOTI.

Y apyromy po3aiii po3pobiieHo mMarematudHi mojneni nudys3ii 3 BUKOPUCTAHHSIM
PIBHSIHBb Y IPOOOBUX MOXIAHUX, BUXOASUU 3 piBHAHHSA JIiyBULIA y APOOOBUX MOXIAHUX IS
MPOCTOPOBO-HEeOAHOP1AHOT cuctemu. Merogom HCO 3HaiineHo 3araibHU PO3B'SA30K
piBHsiHHS JIiyBULIS y ApOOOBHX MOX1THKX, 332 IOTIOMOTOIO SIKOTO BUBOJUTHCS y3arajibHEHE
piBHsHHS qudy3ii y npoOoBux noxiaHux. s MareMaTuyHOro MoAeNtOBaHHs cyOnudy-
31HUX TMPOIECIB Y MYJIbTHUIIAPOBUX CTPYKTYpaxX, IO XapaKTEPU3YIOThCS (HPaKTAIBLHOIO
CTPYKTYpPOIO, BUBEJICHO TAKOX y3arajibHEH1 PIBHSHHS €NeKTpoaAuQy3ii 1Uisl HOCIiB 3apsay

® Tarasov V. E. Fractional Dynamics: Applications of Fractional Calculus to Dynamics of Particles, Field and Media.
Springer., New York, 2011.



6

y npoOoBux noxiaHux, Ha ocHOBI MeToay HCO 3ybapeBa 1 entpomii Peni. OTpumano psin
piBHSIHB TUIY Audy3ii 1 BIAMNOBIAHUX 3HaY€Hb MapaMeTpiB (PPaKTAIBLHOCTI Y IPOCTOP1
Ta yaci.

Posrnsinyro piBusans JliyBuuis ans HCO (HepiBHOBaxHOi (PYHKINT poO3MOALLY)
p(x";t) 3 mKeperom

gp(x“ 1) 4L, Op(x" 1) =—e(p(x" 1) - pra (X"51)) (1)

(e & —+0, micig TPaHUYHOTO TEPMOJAMHAMIYHOTO MEPEX0Y) Y APOOOBUX MOXIAHHUX JJIS
KJTACUYHOI CHCTEMH YaCTHHOK, 3arpornoHoBaHe TapacoBum® 3 onepatopom JIiyBimis
N N
: N.gy — Ay v YN Ayv R\ N.
iL, p(x";0= L DEH(F, BIDE - Y DI H(F, HIDE)p(x";1),

=1 =1

X n
e Dgf(x)= ! I f (Ql_n dz — ngpoboBa moximHa Kamyrto, n-1<a<n,
F(n-a)sy (x-2)
d n
dz"
OJIMH 13 NUIAXIB OTPUMAHHS Yy3araJlbHEHOro (HEMapKOBCHKOrO) pIiBHSAHHS AuQy3li 3
BukopuctanHaMm Meroay HCO 3ybapeBa Ta nmpuHUUIY MakCUMyMy €HTporii PeHi, skui
0a3yeThCs Ha CTENEHEBUX po3noautax. [lyig MmaTeMaTnyHOro onucy AUQy31iHUX MPOLIECIB
y KJIAaCUYHHMX OJHOKOMIIOHEHTHUX CHCTEMaX OCHOBHUM MapaMeTPOM CKOPOYEHOTO OIHCY

€ HepIBHOBA)XHA TyCTHHA 4YHWCIA YaCTUHOK <ﬁ(F)>;:f“(l,....,N)'f(l,....,N)ﬁ(F)p(xN;t),

f"(z) = f(z). H(F, p) — raMUIbTOHIaH CUCTEMH y IPOOOBUX MOX1THUX. 3aMPOIIOHOBAHO

N
A(F)=> &(F—F,) — MiKpOCKONiYHA TyCTHHA 4mcia dacTHHOK. Tyt s cuctemu N
j=1

qacTHHOK [ (1., N) = 1 (1),0ee, T*(N), [ (j) = T*(F,)[“(P;,) 1 o3Ha4aroTH omeparii
_ x|

= dx. Oneparop T(1,....,N) =T (1),...., T(N)
I'(«)

IHTETpYBaHHS: |« (xX)f(x)= Jif (x)dge,, (x),dge,, ()

O3Haya€ OIepallito: 'Ic(xj)f(xj)=%(f(...x; —X;..)+ f (.} +x,..)). BinnosigHo no meromy
HCO peneBaHTHMII CTaTUCTUYHUN OMEpaTop p,,(x";t') IIykaeMo 13 eKCTpeMyMmy
1 30epexeHl yMOBU

t
a

¢ynknionany enrpomii Peni mpu ¢ikcoBaHuX 3HaueHHAX (A(F))
HopmyBaHus [(1,...,N)T(L,....,N)p,, (x";t")=1. B pe3ynbTaTi OTpuMaeMo, 1io
1

Pra (B) = 2.0 (1— q;1ﬂ<H —Idua(F)v*(F;t)ﬁ(F))]H, (2)

1
g-1

Jie ZR(t):|a(1,_,,N)T(l,..,N)(l—qT_lﬂ(H—'fdya(F)v*(F;t)n(F))J — CTaTHCTUYHA CcyMa
v(F;t)
1+ C‘;l o, P (E DR,

3HAYEHHS XIMIYHOTO MOTEHI[1ay YaCTUHOK, [0 BU3HAYAETHCA 13 YMOBHU CaMOY3T0JI)KCHHS:
t

<n(F)>; =(n(r)), - 0<a<l, q — mapamerp Peni. ¥ upomy Bumaaky HCO, sx po3s’s3ok

penieBaHTHOTO posnoainy (2), v’ (F;t) = , v(F;t) — HEpIBHOBa)KHE

piBHsIHHSA (1) Mae BUTIIAL:

PO =pa®+ | ef“'*”T(t,t'){[ de, (F)V"(F 01, (f';t')}pre, (t)dt', (3)



ne 1 (F;t)=(- P(t)) w()iLyn(F) — y3aralbHEHHMH TIOTIK, Yy SKOMY (YHKIIis

z//(t):l—qT_(ﬁ(H —j de, (F)v*(F;t)ﬁ(F))), P(t) — y3araJbHeHMH NpOEKUIHHUI omneparop

Mopi, moOymoBanuii Ha 3MiHHHX n(f). 3a pomomororo HCO (3) mms mapamerpa
CKOPOYEHOTO OIMHCY OTPUMAHO Yy3araJibHEHE pIBHSAHHSA (HEMapKOBCbKe) (-audysii y
JTPOOOBUX MOX1THUX:

§<ﬁ(r)>; - (4)

t
() j e VD (F,F

ae
D, (F, 73, = (VI (LU W)Y g =1 (Lo N)T (L, NYV(P)T (48 W) oy (1) — (5)
y3araqpHeHUN KoedilieHT ¢-audy3ii B craTucTuii PeHi, y SKoMy ycepeaHeHHS

BUKOHYEThCS 13 CTENEHEBHM po3moiaiioM (2). BimmoBimHo, cepemHi 3HaueHHsS 3a
PEJIEBAHTHOIO (GyHKIIIEO po3noaLTY 03HAYaI0ThCS AK ()

F (L, )T (@ N) ) g (XN 51). V() = Zv S(F—T,;) — MIKpOCKOIliYHA TyCTHHA MOTOKY
j=1

yacTUHOK cucTtemu. [Ipm q=1 y3aranpHeHe piBHSAHHA (-Audy3li y cratuctuul Pewi
MepPEXOUTh B y3arajibHeHe piBHSAHHA qudy3ii craTuctuku ['1606ca y 1po0oBUX MOXIAHUX.
Komu x q=11 a=1, TO OpUXOAUMO JI0 y3arajJbHEHOI'O PIBHSAHHS IU(]y31i CTATUCTUKU
[i60ca. Y wnabmmxeni MapkoBa [isi y3arajibHeHOro koedimieHta audysii y daci 1
NPOCTOPOBil  omHOpigHOCTI: D, (F,F;t,t)~D,5(t—t)S(F —F), BUKIIOUMBIIM HapameTp
v'(F;t) 3a IOIIOMOrOI0 YMOBHM CaMOY3TOJIKCHHS, i3 (4) oTprMaeMo piBHSHHS AUQYy3ii y

TpOOOBUX MOX1THUX:
2a

O /apa\t 0 e
o 1N(P), =Dy —= (M),

JUIsi MareMaTM4yHOTO MOJIETIOBaHHS MPOLECIB MEPEHOCY HOCIiB 3apsaiB (10HIB,
CJIEKTPOHIB) y MYJIbTUIIAPOBUX CTPYKTYpax, IO XapaKTePH3YIOTHCs (bpaKTaanOIo
CTPYKTYpPOIO BHUBEICHO yBaFaJIBHeHl PIBHSIHHS eneKkTpoaudy3ii uisi HOCIIB 3apsiiiB y
ApOoOOBUX MOXIJHUX, BUXOISMUU 13 piBHSAHHS JIiyBULIS y IpOOOBHX MOXIAHUX Ha OCHOBI
merony HCO 3y6ap€Ba 1 entpomii Peni. J{nsg omucy enexkrpoaudy3idiHUX MPOLECIB
NEPEeHOCY HOCIiB 3apsiiiB y HEOJHOPIAHUX CEpPEelOBUIIAX OCHOBHMM MapaMeTpoM
CKOpPOYEHOIO ONHCY € HEpPIBHOBAXKHA TYyCTHMHA 4YHCIA HOCIIB 3apsagy copry b

n, (F;t) = (A, (F)),, ne nb(r)—zjzlé(r—rj) — MIKPOCKOIIIYHA TYCTHHA 3aps/DKEHUX HOCIIB

3apsimy copty b. Ilpum Takomy HaOoOpi mapaMeTpiB CKOPOUEHOrO OIKCY pejieBaHTHA

(GyHKIIIS pO3MOALTY Ma€ BUTIISI:
1

Pra() == (1—qq1 ( NACTGDLN (r)j} ° (6)

Zg (1)

ne Z,(t)=1“(1,..,N)TQ,.., N)[l—qT_lﬂ(H —z Idﬂa(r)‘/ b (F; A, (r))}1 :

b
* o vy, (F31)

1. Q;lz s, (B, (70, (F))'
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v, (F;t) = 1, (F;1) + Z,ep(F;t) — €NEKTPOXIMIYHUNA MOTEHIIAN, g, (F;t) — XIMIYHHA MOTEHITIAI
Ta BAJIGHTHICTb Z, HOCIIB 3apsily COpPTY b, ¢(F;t) — MOTEHIlial eJIeKTPOMArHiTHOrO MOJs y

CHCTEMI, 1110 OMUCYEThCS PIBHAHHSIME MakcBeuia y TpoOOBUX MOXiTHUX *. 3a JOIOMOTOO
HCO nns mnapamerpa CKOpPOYEHOIO ONUCY OTPUMAaHO Yy3araJbHEHE pPIBHAHHA (-

eJIeKTpoz[I/Iq)y3i'1' TUISt Hoci'l'B 3apsay:
< (M),
DI°(F, 7 t,t) = (v, (F)T(t t)V (F) e =1 (11"’N)T(l""N)va(F)T(t’tl)vb_(r‘)prel (t) -

y3arajJbHEeHUN Koe]ilieHT B3aeMHOI ¢ -audy3ii HOCIIB 3apsAay COpTIB a 1 b y cTaTucTHIll
Peni, B sKoMy ycepeaHEHHS BHUKOHYEThCS 13 CTEIEHEBUM po3mnoAiioMm (6), e

r;tdt, (7)

(F )J‘e““t UDE(F, Lt

Na
V,(F) =) V,5(F -F;) — MIKpOoCKOMi4Ha TYCTHHA TOTOKY HOCIiB 3apsay copTy a. Ilpu q=1
j=1

y3araJlbHeHe PIiBHAHHS eJekTpoaudysii B craTtucTuilli PeHi mepexonuTh B y3arajlbHEHE
piBHSIHHS enekTpoaudy3ii craructuku ['100ca y npodoBux noxiguux. Kom x q=11 a =1,
TO MPUXOAUMO JO Yy3arajbHEHOTO pIBHSIHHS enekTpoaudysii cratuctuku ['100ca.
VY nabmmxkeHi MapkoBa Juisl y3arajJbHEHOTO KoegilieHTa B3aeMHOI AMQy3ii y yaci 1
NpOCTOpOBil  HeomHopimHOCTI: D°(F,F';t,t)~ D°S(t —t)s(F —F'), i3 (7) oTpuMyemo
PIBHSIHHS €JIeKTpoArQy31i y ApOOOBHUX MOXITHUX:

0 AL ab 8206 * (It

§<na(r)>a —Zb: D T o (F/;1).

VY3aranbHeHe piBHAHHS elnekTpoaudysii (7) BpaxoBye MPOCTOPOBY (pakTaIbHICTD

cucteMu Ta edeKTH naM STl B y3arajdbHeHOMY KoedimieHTi audy3ii HOCIIB 3apsmay
D°(F,F';t,t") y craructuii Peni. IIpocTopoBa dpaKkTansHICTh CHCTEMH OYEBUJIHO BIUIUBAE

Ha TPOIECH TMEpPEeHOCY HOCIIB 3apsdy, 10 MOXE TMPOSBIATACA SK YacoBa
MYJIBTH(QPAKTATBHICTh 13 XapaKTepHUMHU 4YacamH penakcaiii. g po3KpUTTs 4acoBoi
MYJIBTH(PPAKTATHLHOCTI B  y3araJlbHEHOMY DIBHSHHI  eleKTpoaudy3ii BUKOPUCTAHO
HACTyMHEe HAOMWXKEHHS JJI y3aralbHEeHOro KoedilieHTa B3aeMHOT audy3ii HOCIIB 3apsry
D (F,F';t,t") =W, (t,t')D°(F,F"), ne W, (t,t') MOXKHa O3HAuHTH AK QYHKIIif0 mam'aTi y gaci. 3

BPaxXyBaHHSM LILOT'O Ha6J'II/I>I(eHHH plBHﬂHHﬂ (7), MOXHa MMOJIATH Y BUTJISIII

<n (). je‘“ W ()W, (F;t)dt, (8)

ne W, (r; t)_

(F)D(F.F) 'ar_-aﬁv*b(f';t')- 3acrocoyiouu nepersopenns dyp'e

710 PIBHSIHHS (8), y pe3yanaTi, Yy 4aCTOTHOMY 300pakeHH1 OTPUMYEMO, IO
(A, (7)) =W, () ¥, (F; ). 9)
BgiBmm yac penakcaiii ¢ (IKui XapakTepu3ye MPOIECH MEePEHOCY HOCIIB 3apsny y
CUCTEMI1) YaCTOTHY 3aJICKHICTh (PYHKITIT TTaM'ATi MOJAEMO Y BUTJISI]II:

w 0<<&<L

Toni piBasHHS (9) MOXKHA 3aMKCcaTH TaK:

L+iwz,)io(i, (F)” = (i0) ¥, ;o). (10)
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Jani Bukopuctaemo mnepeTBopeHHs Dyp'e 1m0 ApoOOBUX MOXIAHUX BiA (PYHKIIIH:
L(,D;* f (t);iw) = (iw)"* L(f (t);iw). 3 HOro BUKOPUCTAHHSIM, 3BOPOTHIH Mepexia y piBHIHHI
(10) mo gacoBoi 3aJIeXKHOCTI Ja€ y3arajabHeHe PiBHAHHA elekTpoaudysii tumy Kerrano 3
BpaxyBaHHIM IPOCTOPOBO-YaCOBOI (PpaKTATLHOCTI:
2 a a
f S0 S @0 =, DY [, () 20 DPEE) o . (D)
IIpu q=1 13 (11) orpuMyemo y3aranpHeHe piBHsIHHA Ty KeTTano B ctatuctuii ['166ca

13 MPOCTOPOBO-4acoBOK GpakTtaibHicTIO. PiBHsSHHSA (11) MICTATH CyTTEBY IPOCTOPOBY
HEOJHOPiAHICT, Yy D°(F,F’). SIKIO 3HEXTyBaTM TNIPOCTOPOBOIO HEOJIHOPIIHICTIO:

D (F,F)=D°5(F —F'), TO OTpHMy€EMO:
T in (r-t)+ﬁn (F;)=, D> D.° 0% By (Fit) — (12)
aatza’ata’OtbanQa )
piBHsHHS nudy3ii Tuny KeTrTraHo 13 mpOCTOpPOBO-YaCOBOKO (PPAKTANBHICTIO 13 CTaTUMHU
koedimieHTamu B3aeMHOi 1udy3ii B ctatuctuili Peri. Ilpu q=1 a=1 13 (12) orpumyemo

piBHstHEs 1udysii Ty KeTTaHo, 1o moxaso y po6ori’
2

0" ey, O e N s O s
ra?na(r,tﬂana(r,t)zo D}fzb: D ba?ﬂv o (F;1). (13)

Y Tperbomy po3aiii 1MogaHO pe3yJbTaTH MATEeMAaTHYHOTO  MOJIEIIOBAHHS
cyonudy31iMHUX TPOIIECIB B €ICKTPOJITHYHIN cUCcTeM1 JIJisi MosicHEeHHs Alarpam Haiiksicta
CKCIICPUMEHTAIbHUX JOCHDKEeHb' Jis1  cucteMu (GaSe 3 iHKanCyJbOBaHUM  f3 -
IIUKJIOACKCTPUHOM. EKCiepruMeHTaIbHI TOCTIIKSHHS IMIIEIAaHCHUX XapaKTEPUCTHK JaHUX
CUCTEM TIOKa3alik, 10 MPOIECH MEPEHOCY HOCIIB 3apsiy MaloTh HETIHIWHUM CcTaaiiHUN
XapakTep 13 CKIAIHOI MOBEAIHKOI PelIaKCalliiHUX TpolieciB y vaci. JIJisi MoaentoBaHHS
TaKUX peIaKcaIiiHuX MpOIECiB 3aCTOCOBAHO piBHAHHS nudy3ii Tunmy Kerrano (13).

JInst MareMaTHYHOTO MOJCIIOBaHHS cyOnudys3iiiHuX nporieciB piBHsSHHS (13) mms
HOCI1B 3aps/ly OJJa€EMO Y BUTJTISIAL

d%c(x;t)  oc(x;t) o 9%c(x;t)
T Ta Dia e
y sskoMmy mapametrpu D, -koedimieHT cyOoaudysii 1 r (d4ac, Ha KU MOTIK 3aTPUMYETHCS

(14)

BIJIHOCHO TPAJIE€HTy KOHIEHTpAIll HOCIIB 3apsay c(x,t)) pO3IIISLIAIOTHCS SK HE3aJIEKHI
OJIMH B1J OJHOTO.

[IpoBeneHO MonENMOBaHHS IMIEAAHCY EJNEeKTPOXIMIYHOI cucteMu Z(iw), MO0

. . c(0,iw . L
3HaXOJIUThCS 3 CHIBBIAHOIICHHS Z(iw)=R, % (ne R, — omip BapOypra, j(0,iw) —
jOjiw

MOTIK 3apsiAy, @ — 4YacToTa), KOJU MpoIeC MEpPEeHECEHHS HOCIIB 3apsay OMHCYEThCA
y3aranbHeHUM piBHsIHHSAIM Kerrano (14) 3 HaCTymHUMH MOYaTKOBUMH 1 TPaHUYHHMH

ymoBamu (Ha rpaHuiii L): c(x,0) = % c(x,t)o =0, a;j(L,t+7)+b.c(L,t)=0.

VY pesynbTaTi, Ha OCHOBI pO3B’s3kiB piBHsSHHA Kerrano (14) 13 3acTocyBaHHAM
neperBopeHHs Jlamnaca OyB po3paxoBaHHi IMITEAaHC 13 3MIHOIO YacTOTH we (107,10%), mpu

R, =1 L=11mnomano Ha puc. 1 — puc. 4. byno npoBeaeHo po3paxyHku jaiarpam HaiikBicta

* Kosztolowicz T. Hyperbolic subdiffusion impedanse / Kosztolowicz T., Lewandowska K.D. // J.Phys. A: Math. Theor., 2009,
V. 42, p.055004
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-1=0
T=0.01
T=0.09

-1=0.1
t=0.5

-t=1

sl a=0.6, «=0.8 Ta o =1 NpHU BIJAMOBIAHUX

3Ha4YEHHSAX  CcyOaudysiiiHoro  koedimieHTa 351
D,=05 1 D,=1 13 3MiHOWO 4acy 7. Sk
0auuMo 13 PHUCYHKIB, TOBEIIHKa Jiarpam
HaiikBicta 13 3MIHOIO MapameTpiB T, « Ta v ]
koepinienta audysii D, gyxe CHiIbHO

[0

ImZ

3MIHIOETbCA. MM crocrepiraeMo  IMeBHY

CTaIIMHICTh TPOIECIB  TEPEHOCY  HOCIiB

3apsiy, fKa SIKICHO BIATBOPIOE pPE3yJbTaTH Rez

CKCIIEPUMEHTAIBHUX JOCTIKEHD " . Puc. 1. liarpama Haiiksicra D, =0.5,
o = 0.6 pH pI3HUX 3HAYEHHSX T

=0
-1t=0.01

-t=0
t=0.01

1
1,4 ; -1t=0.09 1,84 3 ©=0.09
4 -1=0.1 4 —-1=0.1
oyl s ©=05 b §—— —105
6 -t=1 1,4 t=1
1,04 124
E 0,8 g 1,04
n 06 '08-
0,6 4
0,4
0,4
0,24 0,2 4
0,0 4 0,04
0"0 0:5 1:0 1:5 2:0 2:5 3:0 -0'.2 0:0 0:2 0:4 0:6 0.'8 1:0 1:2 1:4 1,’6 1{8 2:0 2:2
Rez ReZ
Puc. 2. [liarpama Haiiksicra D, =0.5, Puc. 3. liarpam Haiiksicra D, =1,
a =0.8 npu pi3HUX 3HAYEHHSIX T o = 0.6 npH pI3HUX 3HAYEHHSX T
1 —t=0 1—-e=0
2 —t=0.01 2— -=0.01

1,04 3 —t=0.09 1,564 3 -1=0.09
4 —t=0.1 4— -1=01
5 —t=05 5—— -1=0.5
6 —t=1 6— -1=1

0,6

¥ £
' 0,4 4 ' 0,04
o 0,5
wl o ° i I —
-0,2 0:0 0:2 0:4 0,‘6 0:8 1:0 1:2 1:4 1:6 1:8 08 0204 108 08 10: 12,714 18 18 20,22 .24 120
ReZ ReZ
Puc. 4. liarpama Haiiksicra D, =1, Puc. 5. liarpama Haiiksicra D, =1,
a =0.8 npu pi3HUX 3HAYECHHSX 7 o =1 1pu pi3HUX 3HAYEHHSAX 7

Ha puc. 5 momani miarpamm HaiikBicTa, koim 3Ha4eHHS KoedimieHTIB Audys3ii
(dikcoBaHi, a 3MIHIOETBCA YacC, Ha SIKUW TMOTIK 3aTPUMYETHCS BITHOCHO TPAJIEHTY
KOHIIeHTpali. Ak 6aunmo, ipu 7 =0 1 7 =0.01 maemo audys3iiauii BapOypr, npu z =0.09
1 7=0.1 pi3KO 3MIHIOETHCS XapakTep 1 gam mpu r=05 1 r=1 YaCTOTHA 3aJIEKHICThH
iMITeJTaHCy HaOUpae KOJIMBHOTO XapakTepy.

3 anami3y giarpam HaiikBicTa Ha puc. 6 BUIUIUBAE, 10 PICT 7 3aKOHOMIPHO BUKIIUKAE
picT [K JIACHOI, Tak 1 YSBHOI CKJIQJOBHUX IMIEAAHCY (3ayBaXUMO, IO Tojorpadu
iMIienancy miasa t = 1.5+5 npakTuyHO HE 3ajexaTh BiJ 3HaYeHHs CyOaudy31iHOTOo
koepimienta 3 iHTepBany D, = 0.5+1); npu a=1 dynkuis ImZ(a) mae MiHIMYyM,
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a IHIYKTUBHUN BIATYK OUIBII SICKPAaBO BHUPAXKEHUN NPU BHUIIUX 3HAYCHHSX T MpHU
OJTHAKOBUX 3HAYCHHSIX « 3 iHTepBaly 0.6<a <0.8; wacroTHa amcrepcis Z(iw) 3pocrae
TIIBKK 31 30UIBLICHHSIM o, HE3aJICKHO BiJ 7; HU3bKI 3HAYCHHs mapamerpa cyOmudysii
(Hanmpuknana, « <0.2) BKa3ylOTh Ha CYTTEBI 3aTPYJHEHHS y Mpolecax MEPEHECEHHs 3aps Ly
1, IK HAaCJIIJIOK — HAKOITMYEHHS TIPOCTOPOBOTO 3apsLy.

Puc. 6. liarpamu HaiikBicta, po3paxoBaHi Ha OCHOBI po3B’s3KiB piBHSIHHS KeTTaHo
ISl pI3HUX 3HAYEHb MapaMeTpiB cyoandys3ii o npu gaci 3arpumMkn T 1,5 (a) Ta 5(0)

Amnaniz HaBeneHux JiarpaMm HaiikBicta HpUBOAUTH 1O JI€UI0 HEOYIKYBAaHOIO
pe3ysbTaTy: CHOCTEPEKyBaHUN Ha EKCIIEPUMEHTI PICT YacTOTHOI aucnepcii roporpada
IMIIEaHCY NIPU CHHTE31 B €JIEKTPUYHOMY ITOJII 3 OJIHOYACHUM OCBITJIICHHAM 3YMOBIICHUH
HE, SIK OYIKYBaJIOCS, POCTOM T, a 3MIHOIO 4YacoBOi (PpakTalbHOI PO3MIPHOCTI a.
Lle cTtocyeTbcs 1 MOSIBM 1HIYKTUBHOIO BIATYKY Y BHCOKOYAcTOTHIM oOmacti. Picr
gactotHoi nucnepcii Z(iw) Tpu OCBiTJICHHI, ske Tnepeadavyae (OTOIHIYKOBAHY
MOJISIPU3AII0 Y TaKUX CHUCTEMaxX, TAaKOX KOpEIIe Hacammepen 31 3MmiHOw a. [ns
BUSICHEHHSI TaKO1 MOBEIIHKM MapameTpiB 7, , D, 1 iX BIUIMBY Ha IMIEAAHCHI 3aJI€KHOCTI

HEOOX1THUH PO3BUTOK MIKPOCKOMIYHOTO MOJICTIOBAHHS IIPOIIECIB TepeHoCy, ske O
BpPaxoBYBaJIO XapaKTep B3aeMO/Ili HOCIIB 3apsy y MYJbTHIIAPOBUX HAHOCTPYKTYpax MpH
711 30BHINIHIX TOMIB (MarHiTHOTO, €JIEKTpOMar”iTHoro). Taka MIKpOCKOMIYHA Teopis,
BUKIaneHa B [1l], mpUBOAMTH 1O y3arajJbHEHUX pIBHSIHb IEPEHOCY, IO OMUCYIOTh
He(ikoBchbKl au(y3iiiHI mporecu (B paMKax CTAaTHUCTUKU PeHl) Juisi HOCIiB 3apsay y
MYJIbTHILIAPOBUX HAHOCTPYKTYpax.

VY d4erBepTOMYy poO3aiJii PO3MIISIHYTO OJWH 13 HUISAXIB OTPUMAHHS y3arajbHEHOTO
(HEMapKOBCHKOr0) piBHSAHHA AuQy3ii 3 BuxkopuctaHHsMm Mmeroxy HCO 3ybGapeBa Ta
NPUHIUIY MakCUMyMy eHTporii PeHi, sikuil 6a3yeTbcsi Ha cTeneHeBux po3noaiiax. Taxi
MIIXOIM BaXKJIMBI 3 TOYKH 30py MAaT€MaTUYHOTO MOJENIOBAHHS AU(Y31MHUX MPOLECIB Y
BUIAJIKOBUX Ta PETYJSIPHUX CTPYKTypax. OOrpyHTOBAHO OAMH 13 IUISXIB PO3PAXYHKIB
koedirmieHTiB q-audys3ii, SKi BiqoOpaxarTh MEXaHI3MU MPOIECIB TIEPEHOCY 1 SIKI BXOSATh
y BianoBiaHi piBHSHHSA (4) Ta (7). IIpoBeneHo uncenbHU po3paxyHOK (PYHKIIII pO3CIFOBaHHS
I MOJIEIbHOI CUCTEMHU YaCTUHOK, IO 3B’s3aHa 3 AMHAMIYHUM CTPYKTYPHHM (DaKTOPOM,
AKUN MOKE BUMIPIOBATUCS €KCIIEPUMEHTAIBHO Y MPOIECaX PO3CIFOBAHHS HEUTPOHIB.

JIJist yucenbHOro po3paxyHKy y3arajlbHEHOro KoedilieHTa -audy3ii BUKOPUCTAHO
METOIHUKY PO6OTH (METO KyMyJISIHTIB)® [Tl MOZE/IBHOI CHCTEMHU YaCTHHOK | OTPUMAHO’

® Boon I.P. Generalized diffusion equation / Boon I.P., Lutsko J. F.// Physica A. — 2006. — V. 368. — p. 55-62.
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— g q'>1
D, (r;t) g1 N(r;t) (15)
D 2 M(rt)’
-
Kv+1( )
o Ja' N e .
e N(r’t)_ (q'_l) . (L) 1-2v, M(r,t) 1+ 2 (l 2V)(N(r,t)+l),
N CE)
B : : «or 1 1
K, —moaudikosani ¢pyHkuii beccens, r™ = 7ot V_(q'—l) 5>
— s gq'<1
D, (r;t) _1-qg' N'(r;t) (16)
D 2 M(t)’
* ‘]‘u+l(#|) ,
e NY(rit) = D 1, ey =1+ D @ 2Ny +1), 3, — bynxuii

r
\/(1_ql) J ( I’* ) r*z
Va-a)

1 1

beccensa y=——+=.

1-9° 2
[TapameTpu ' 1 g 0OEpHEHO MPOMOPIIIIHI: q':l, 1—q':i1. Jnst mocmiKeHHs

g q-

NOBEIIHKK KoedirieHTa q-audys3ii 3a aHamiTiuHuMu Bupazamu (15) 1 (16) mposeneHo

YHUCJIOB1 OLIIHKU TIPH %((F(t) —(F(0))*) = Dt =0.5. Pe3yapTaTi OKpeMHX pO3paxyHKiB ITOJaHO

Ha puc. / Ta puc. 8.
3a yKrceNbHUMH PO3paxyHKaMu KoedilieHTa ¢-audy3ii Oyau npoBeAeH1 po3paxyHKU
¢yHKIiT po3ciroBanHs G(r;t) 3aMaHOT PiBHIHHSIM:
0 0’
OyHKuis po3ciloBaHHs (TycTHHA-TYCTHHA) G_(r;t) Y 4aCTOTHOMY 300pakeHi 3B’ 13aHa

3 IMHAMIYHUM CTPYKTYPHUM (PaKTOPOM, SIKUU MOXKE BUMIPIOBATUCS €KCTIEPUMEHTAIBHO Y
TpoIecax po3CiroBaHHs HEUTPOHIB. PesynapraTn po3paxyHkiB G(r;t) momaHo Ha puc. 9 Ta

puc. 10. IToBexinka ¢yHKIIIT po3citoBaHHs 300paxkeHa Ha puc. 11 ta puc. 12 npu pi3HUX ('

. .. * r . .
1 Ipu 3MiHI MapaMeTpa r = ——, CIIBMAaJa€ i3 JaAHUMHU POOOTH .

VDt
[IpoBeaeHi yncnaoBi OLIHKK KoedilieHTa q-audy3ii npu q'>1 1 g'<l BKa3ylTh Ha
CKJIaJIHy TOBEIIHKY 1 OYEBHIHO Ha PI3HI MexaHi3Mu AuPy3iiHuX (cyO- um cymep)
MPOIIECiB, sIKI MOXXYTh TPOTIKATH Yy aHami30BaHUX cucTemax. lIpu g'=1 oTrpumyemo
pe3ynbTaTH, SIK1 BiANOBIIaI0Th MpolecaM HOpMallbHOI udy3ii. BaxJIMBo 3a3Ha4uTH, 110 Y
YacoBil 3aleKHOCTI Koe(ilieHTIB (-Audy3ii CIOCTepIraeThCs BIJ €MHA JIIJISTHKA
3aJIEKHOCTI, 1110 CITIBIIAJAE 3 pGSYJIBTaTaMI/IG OTPUMAHUMHU 1HIIIMMHU METOJIaMHU.

® Lesnicki D., and Vuilleumier R., Carof A., and Rotenberg B.// Phys. Rev. Letters, 2016, V. 116, p. 147804.
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hAhnvaNnan

T 106 ¢
Puc. 7. 3anexwicts D, (r;t)/D BiJI Puc. 8. 3anexwicts D, (r;t)/D BiJI
napametpa r =10"°.10"°cwm, napametpa r =10".10"°cwm,
t=10"°.10"° ¢, xomu q=0.95 t=10"°.10"° ¢, xomu q=1.05

Puc. 9. 3anexnicte G(r;t) Bix Puc. 10. 3anexnicte G(r;t) Bix
napamerpa r =107°.10°cm, nmapamerpa r =107°.10"cm,
t=10".10"° ¢, xommu ¢ =0.95 t=10"°.10"° ¢, xomu q=1.05

0,30

—1-q=1.05
——2-q'=2.00 025 )

06| 3 3-q'=2.50

020 3

042 0,154

G(r)

G(r)

0.2+ 0,05 -]

0,001

0,0

Puc. 11. 3anexnicts Gukuii G(r’) Big Puc. 12. 3anexnicts ¢pukuii G(r’) Big
* r * r
rnapamerpa r = ——, Ko gq'>1 mapaMmerpa r = ——, Konu ('<1
VDt JDt

Y m’saromy po3diji MmogaHO MOJENbh OMUCY KIHETUYHUX Ta TIAPOAMHAMIYHUX
MPOLECIB JIJIsl CUCTEMH, 1110 NepeOyBae y HEpIBHOBAXXHUX CTaHaX, JaJeKUX Bl piBHOBAru.
Buxoasun 13 mpuHIumy Makcumymy eHTporii PeHi oTpumaHo pesneBaHTHY (DyHKITiO
PO3MOMLTY 1 Ha OCHOBI HEl HEPIBHOBXHY (YHKIIIO PO3MOALTY YaCTHHOK, SK PO3B'S30K
piBasiHHS JliyBUUIS. 3a JOMOMOTOI0 HEPIBHOBAXKHOT (DYHKINT pO3MOALTY OTPUMAHO
y3arajgbHEeH1 KIHETHYHI PIBHSHHS TSI HEPIBHOBAXHUX OJTHO- Ta IBOYACTUHKOBUX (DYHKITIH
po3noauty. PO3KpUTO BHYTPIIIHIO CTPYKTYpy y3arajdbHeHUX (QyHKIIH mam'saTi 1
BCTAHOBJIEHO X 3B’S30K 13 y3arajlbHeHUMH KoedilieHTaMu audy3ii Ta TepTs y MpocTopi
KOOPJIMHAT Ta IMITYJIbCIB, 1110 XapAKTEPHO JJIsi CUCTEM JAJIEKUX Bl pIBHOBArH.
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Buxonsuu i3 npuHInny MakcumyMy eHtporii Peni i meroqy HCO ?, ko 32 OCHOBHI
napaMeTpu CKOPOYEHOIO OIMUCY MOXYyTh OyTH BHOpaHI HEpIBHOBaXHI OJHO- Ta

JBOYACTUHKOBA  (PYHKIII  po3mojaury f(X't):<ﬁl(X)>t, f,(x x';t) = (A, (X, x'))t (me
N

A(X) =D S(x=x;), Ny(xX)= 225(x X;)8(X'—X) — MIKPOCKOMIYHI TYCTMHM YHCIa
j= j=1 1=1

JacTHHOK y (a3oBoMy Mpoctopi, x={p,f} — IMIOyJbCH Ta KOOPIMHATH YACTHHOK),

OTPUMAaHO yBaFaJIBHeHi KIHCTHYHI PIBHSIHHS:

<n (x))' j dx D (x, X' ;t)a(x';t) + j dx’ j dx D2 (x; X', X' Hb(X, X" t) + (18)

[dx jefﬂ Dl (x, x;,t)a(x;t)dt + jolx'jolx"jef(t Dl (x; x', X4 E)b(X, X )t
(R, (6, x))" = [ ox " @2 (6, x5 X020 1) + [ [ dx " 2206 X X, X5 0b(x", x5 1)+ (19)
IdX" Ieg“ Y om (%, X';X"t,t')a(X":t')dt'+de"de"'feg‘t P2 (x XX, X E)b(x, X )t

fe dF (%, X'it) = [ drNﬁi(x)iw-liLNm(x')pre. (<50, i, j=12, nj =A,0,/,(,x"),

NS HASE _[dl“ iLy A COT ()1 (X ) o (X517 — (20)
y3arajbHEH1 KIHCTHYHI aapa MEPEeHOCY, 1O (x;t)=(1- P(t)) w (DIl A (X),
12 (x;t) =1~ P(t)) w i (OIL A, (x,X') — y3araibHeHI OTOKHM, Yy SKHX  (DYHKILsS
q

w(t) :1—qT_1<[dxa(x;t)5ﬁl(x;t) +Idxjdxb(x,x';t)&"12(x, x';t)). 3HaitneHo p,, (x";t') i3 ekcremy-

My (ynkiionany entpomii Peni mpu (ikcoBaHMX mapaMeTpax CKOPOUYEHOTO OIUCY 1
30epeKeHl YMOBH HOPMYBaHHS I dry o, (xV;t') =1 i Mae HACTYITHUI BUTIIS:

1

pra(t) = le(t) [1— qgl{[ dxa(x; )3, (x;t) + [ dx [ dxb(x, '), (x, x';t)}jq_l , (21)

1

q _1 A 1 A 1 -1
ne Z.(t) =IdFN 1—quxa(x;t)5nl(x;t) +Idxj dxb(x, x';t)dn, (X, x ;t)} — CTaTUCTHUYHA CyMma

peneBanTHOI QYHKINT pO3MOALTY, a mapameTpu a(x;t) Ta b(x,x';t) BU3HAYAIOTHCA 13 YMOB
CaMOY3TOKCHHS: <ﬁl(x)>t :<ﬁ1(x)>trel, (A, (x, x')) =(A,(x, x))rel [Ipu q=1 y3arambHeHi
KIHETUYHI PIBHSHHS Y CTAaTUCTHUINl PeHI mepexoisiTh B y3araJibHeH1 KIHETUYHI PIBHSHHS
cratuctuku ['160ca. PO3KpUTO BHYTPIIIHIO CTPYKTYPY y3arajdbHEHUX (QYHKIINA Mam'sTi, sKi
Jani MOXJIMBICTh TIOKa3aTH, IO KiHETHYH1 piBHsSHHS € Tuny Dokkepa-Ilnanka, ski
MICTATh KOPENALiiHI (QyHKIIT Apyroro i BHILIMUX MOPSAKIB 32 JUHAMIYHUMHU 3TIHHUMHU:
MIKPOCKOMIYHUMH TYCTMHAMM 4YHCJIa YAaCTUHOK, IX IMIIyJIbCy Ta CHWJIM Yy TPOCTOPI
KOOPAMHAT Ta IMITYJIbCIB.
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OCHOBHI PE3YJBTATHU TA BUCHOBKU

VY nucepraniiiHiii poOOTI BUPIIIEHO aKTyalbHE HAYKOBE 3aBJaHHS — PO3POOJICHHS Ta
JOCTIDKEHHSI HOBUX MAaT€MaTHYHMX Mojeseil "aHomalbHuX' AUQY31HHUX MpOLECIB Y
IPOCTOPOBO-HEOTHOPITHIUX KOHJICHCOBAHMX CHCTEeMax (BKIIOYAIOYM MYJIHTHIIIAPOBI
HAaHOCTPYKTYpH), IJISl SIKHX CYTT€BA MPOCTOPOBO-4acoBa (paKkTalbHICTh. [Ipu mbomMy
OTPUMAaHO TaKi HAYKOBi Ta MPAKTHYHI PEe3yIbTaTH:

1. I3 3acTocyBaHHAM MaTEeMaTHYHOTO amapary (pakTaJbHOTO YHCIICHHS BUBEICHO
y3arajbHeHe (HEeMapKOBCbKe) piBHSHHSA audy3ii y ApoOOBUX MOXITHUX Ha OCHOBI
piBHsiHHS JI1yBULIS y IpoOOBUX MOX1AHMX, 3anpornoHoBaHoro TapacoBum B metoni HCO.
IIpu =1 y3aranpHeHEe pIBHAHHS elekTpoaudys3ii y cratuctuill PeHi mepexoauTs B

y3arajgbHEHE PIBHSHHSA eJIeKTpoaudy3ii cratuctuku [100ca y apoOOBUX TOXITHUX.
VY BUNaJIKy HEXTYBaHHS €(eKTaMH IaMm’aTi Ta MPOCTOPOBOIO HEOTHOPITHICTIO 1 KOJH
napametrp Peni q=1, orpumyeMo BimoMmi piBHSHHS audys3ii y apoOOBUX MOXITHUX 13
cTaauMu KoediieHTamMu qudysii.

2. Briepiie oTpuMaHO y3arajdbHEH1 piBHSHHS enekrpoaudysii tumy Kerrano mns
CUCTEM 3 IIPOCTOPOBO-YACOBOIO (hPAKTAIBHICTIO, SIKI P (=1, « =1 MEepPeXosiTh Y B1IOMI
PIBHSIHHS U ]Y3ii.

3.IIpoBemeHo MaTeMaTWYHE MOJCTIOBAaHHS CyOmudy3iiiHOrO IMIegancy Ta
OTPUMAHO SIKICHE TIOTOJDKEHHS 13  E€KCIEPUMEHTAJbHUMH  JOCHIKCHHSIMU IS
MYJIBTHILIAPOBUX HAHOCTPYKTYp. UncenbHe MOIEeNOBaHHS CyOo1u(y31iHOTO IMIIETaHCY Ha
OCHOBI1 pO3p00JIEHOT MaTEMaTUYHOI MOJIEN Jal0 MOKJIMBICTh NMPOAHANI3yBaTH HENIHINHY
OPUPONY SIBUIL Yy MYJIbTUIIAPOBUX HAHOCTPYKTYpax Ha OCHOBI YAaCTOTHOI 3aJI€KHOCTI
JIHCHOT Ta YSIBHOI YaCTHH y3arajibHEHOTO OTopY.

4. Jlngs MaTeMaTUYHOTO MOJENIOBaHHA JU(Y31HHUX MPOLECIB BIIEPIIE OTPUMAHO
piBHsAHHSA (-audy3ii 118 0JHOKOMIIOHCHTHOI CUCTEMH B3a€MOIIIOYNX YACTUHOK y METOII
HCO. TIlpoBeneHO 4YHCIOBHH PO3PaxXyHOK IPOCTOPOBO-YACOBOI 3aJeKHOCTI (YHKIIIT
poscioBanHs Ta koedimienTa q-audy3ii mpu BIANOBIIHMX 3HAYCHHIX MapaMeTrpa PeHi (
IJIE MOJICIBHOT CHCTeMU. BCTaHOBIIGHO pekuMu Cy0-, cymep- Ta HOpMaibHOT audysii.
[loka3aHo, 1m0 4YacoBa moBeniHKa KoedimieHTa (-audy3ii Mae BII'€MHY AUISHKY
3JIEKHOCTI, SIKA CIIOCTEPITA€ETHCS HA EKCIIEPUMEHTI.

5. Brepiie noOynoBaHo MaTeMaTU4YHY MOJEb AJIA OMUCY HETIHIMHUX KIHETUYHUX
MPOILIECIB TIEPEHOCY Ha OCHOBI y3arajlbHEHHWX KIHETHMYHHUX PIBHSHB JUIsl HEPIBHOBAXKHHUX
OJTHOYACTUHKOBOI Ta JBOYACTMHKOBOI (YHKIIIH pO3MOMITY YAaCTUHOK IS KIACHYHUX
CUCTEM JaJIeKUX Bija piBHOBaru, orpumanux merogom HCO 3ybapeBa y craructuil Ha
ocHoBl eHtpomii Peni. [lokazaHo, 1m0 y CTpYKTypy PpiBHSHb BXOJSATH Yy3arajibHEHI
koeditienTn audy3ii | TepTs YaCTHHOK Yy MPOCTOpPI KOOpAMHAT Ta IMIYJbCIB, IO
XapaKTEPHO JJISI CUCTEM JIAJICKUX BiJ] PIBHOBATH.

CIIUCOK ONMYBJIIKOBAHUX MPALb 3A TEMOIO JUCEPTAIIII

Po3xis monorpadii
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I'puropuaxk |. I., IBamummua @®. O., MapkoBuu b. M., BizHoBuu O. B. // ®i3nyni
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AHOTAINII

BiznoBuu O. B. MaTtemaTu4He MOAe/IOBAHHA AU(PyY3iiiHNX NpoueciB B paMKax
cratuctuku Peni. — Ha npaBax pykonucy.

Hucepraiiis Ha 3700yTTS HAYKOBOTO CTYIEHS KaHAUAAaTa TEXIYHUX HayK 3a
crnemianpHicTiO 01.05.02 — mareMaThyde MOAEIIOBAHHS Ta OOYHCIIOBAJIBLHI METOMIU,
Hamonansnuit ynisepcutet "JIbBiBchKka mosnitexHika'”, JIbBiB, 2018.

Hucepraiiiss npucBsueHa NOOYIOBI Ta JOCHIKEHHIO MaTeMaTUYHUX MoOJeNei
mudy3iiHuX Ta CcyOoaudy3iMHUX MPOIECIB YacCTHHOK Y IMPOCTOPOBO-HEOTHOPITHUX
CHUCTEMax Ha OCHOBI y3arajbHEHUX PiBHSHb AUQY3ii, OTPUMAHUX METOJOM HEPIBHOBAXK-
HOT'O CTAaTUCTUYHOIO omepaTopa 3ybapeBa y paMKax CTaTUCTHKH Ha OCHOBI eHTpoIIli PeHi.
BuBeneno y3araiapHEHI piBHSHHS (-mudysii Ta enekrpoaudysii (s HOCIiB 3apsmry) y
IpoOOBUX MOXIAHUX HAa OCHOBI PIBHSAHHA JIlyBULIS y OpoOOBUX MOXIJHUX, 3aIPOIOHO-
BaHOro TapacoBUM Yy METOJAI HEpPIBHOBAKHOIO CTAaTUCTUYHOrO oneparopa. Bnepiie
OTPMMAHO Yy3arajibHEeH1 pIBHSIHHS enekTpoaudys3ii tuny KerraHo mns cucrtem 3
IIPOCTOPOBO-4acOBOIO (ppakTanbHICTIO. [IpoBeneHO uucenbHE MOJENIOBaHHS CyOAudy-
31ifHOrO 1MIeAaHcy Ha OCHOBI piBHsSHHS KeTTaHo y ApoOOBUX MOXIAHHUX, IO Jajo
MOMJIMBICTh  NPOAHATI3yBaTH HENIHIHY MNpUPOLY SBUIL [EpPEHOCY 3apsany B
MYJIBTUIIAPOBUX HAHOCTPYKTYypax Ha OCHOBI YAaCTOTHOI 3aJIe)KHOCTI JIHCHOI Ta YSIBHOI
YaCTUH 3arajibHeHOro omopy. OTpUMaHO SKICHE MOTOKEHHS 13 eKCIepUMEHTATbHUMU
JAOCTIDKEHHSIMU /I MYJIBTHIIAPOBUX HAHOCTPYKTYp. [IpoBeneHo uncioBuil po3paxyHOK
IPOCTOPOBO-4acoBOi 3aiexHocTi (GyHKIIT posciroBanHs Ta koedimienTa q-audysii mpu
BIJMOBITHUX 3HAYCHHSX Mapamerpa PeHl ( A MOAENbHOI CUCTEMH i3 3aCTOCYBaHHSM
KyMYJISSHTHAX PO3KJIQJIB. 3alpPOMOHOBAHO MAaTEMaTHYHY MOJEIb OMHCY KIHETHYHHX Ta
TIAPOJMHAMIYHUX TPOIECIB IS CUCTEMH B3aEMOJIIOYHX YACTHHOK, IO NepeOyBaloTh y
HEPIBHOB@KHUX CTAaHAX, MAJCKUX BiJ PIBHOBAard, Ha OCHOBI y3araJlbHEHHUX KIHETHYHHX
PIBHSHB /11 HEPIBHOBOXHUX OJHOYACTUHKOBOI Ta JBOYACTHHKOBOI (DYHKIIH PO3MOALTY,
OTPHMAaHUX METOJIOM HEPIBHOBAXHOTO CTATUCTHYHOTO omnepatopa 3ybOapeBa uis
KJIACHYHKX CHCTEM JIaJeKHX Bij piBHOBaru y cratuctuili Peni. [TokazaHo, 1110 y CTpyKTYpy
PIBHSHBb BXOSTH Yy3arajibHeHI KoedimieHTn mudysii | TepTs YacTUHOK Y MpocTopi
KOOpJMHAT Ta IMITYJIbCIB.

Knrwouosi cnosa: maremaTudyHa Mojaenb, audy3iiiHUI mporec, cTaTUCTHUKa Pewi,
koedirienT (-audysii, piBHsHHS JliyBiLIA, HEPIBHOBAXHUH CTATUCTUYHHN OIEpaTop,
piBHsHHS KeTTaHo, MyJIbTHIIIApOBAa HAHOCTPYKTYpA.

BusnoBuu A. B. Maremarnueckoe moaeauposanve I1u(p@Py3uoHHbIX NMPOLECCOB
B pamkax cratuctuku Penu. — Ha npaBax pykonucu.

Jluccepranusi Ha COMCKaHWE YYEHOW CTENEHW KaHJIMJaTa TEeXHUYECKUX HayK I10
cnenuaibHOCThI0O 01.05.02 — maTeMartnueckoe MOJICIIMPOBAHHWE M BBIUYMCIUTEIbHbBIC
Meroabl, Hantmonanbubiil yauuBepcuteT ' JIbBUBChKa monuTaIxHUKa', JIbBoB, 2018.
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Juccepranusi MOCBAYEHA IMOCTPOCHUIO U HCCIIEOBAHUIO MAaTEMAaTUYECKUX MOJENEH
i y3noHHBIX U cyOan((Hy3MOHHBIX TIPOLIECCOB YACTUIL B IPOCTPAHCTBEHHO-HEOTHOPOTHBIX
CHUCTeMaxX Ha OCHOBaHHUU OOOOIICHHBIX ypaBHEHHH AU(PQPY3UH, IMOIYUYEHBIX METOJIOM
HEPABHOBECHOTO CTAaTUCTUYECKOTO oreparopa 3ydapeBa B paMKaX CTaTUCTHUKUA Ha OCHOBE
sHTponuu Penwpu. BriBeseno o6o06iieHHoe ypaBHeHHE (-nuddy3un u saekTpoauddys3uu
(nnst HOcuTeNel 3apsija) B IPOOHBIX MPOU3BOIHBIX HA OCHOBAHUHU ypaBHEHUA JInyBUIUIS B
JIPOOHBIX MPOU3BOJIHBIX, IPEATIOKEHHOTO TapacoBbIM B METO/I€ HEPABHOBECHOT'O CTAaTHC-
TUYECKOIo oreparopa. Brepsblie mosrydeHo 0000IIeHHbIE YpaBHEHUS 3eKTpoaudPpy3uun
turna KerraHo Jyist CUCTEM ¢ IPOCTPAaHCTBEHHO-BpEeMEHHOM (hpakTanbHOCThIO. [IpoBeneno
YUCeNIbHOE MoOJeNupoBaHue cyoaudy3noHHOro MMIlelaHca Ha OCHOBAHWU YPAaBHEHMS
Kerrano B ApoOHBIX NPOU3BOAHBIX. IJTO JAJI0 BO3MOXHOCTH MPOAHATU3UPOBATH
HEJIMHEWHYIO MPUPOAY SBICHUI NEpeHoca 3apsoB B MYJIbTHUCIOUCTBIX HAHOCTPYKTYpax
HAa OCHOBE YAaCTOTHOW 3aBUCHUMOCTU JEHCTBUTEIHPHOM M MHHMOW YacTeil 0OO0OIIEHHOTO
conpoTuBieHus. [lodydyeHO KaueCTBEHHOE COIVIACOBAHME C SKCIEPUMEHTAIbHBIMU
WCCIICIOBAHMSIMH 11 MYJIBTUCIOUCTBIX HAHOCTPYKTYp. lIpoBeneH dmcenbHBIA pacuer
¢Gynkunn paccesHud u koddduiuenta q-aud@y3un npyu COOTBETCTBYIOIIMX 3HAUYECHHSIX
napamerpa PeHbu (¢ [ MOAENBHOW CHCTEMBI C TPUMEHEHHEM KyMMYJISTHTHBIX
paznoxenuil. Ilpennoxena wmaTemaTuueckas MOJENb ONUCAHUS KUHETHYECKUX U
TUJPOIMHAMUYECKUX MIPOIIECCOB ISl CHCTEMbI B3aUMOICHCTBYIOINX YaCTHLL, YTO HAXOISTCS
B HEPABHOBECHBIX COCTOSHUSX JAJIEKUX OT PAaBHOBECUS HA OCHOBAaHMM OOOOIIECHHBIX
KMHETUYECKUX YpPAaBHEHUN 11 HEPABHOBECHBIX OJHOYACTUYHOW M JBYYACTUYHOMH
GyHKIUI pacnpeleneHusl, MOJyYeHHbIX METOJOM HEPaBHOBECHOI'O CTaTHCTUYECKOTO
onepaTtopa 3ybapeBa AJis KIACCUUECKHUX CHUCTEM, JAIEKHX OT PAaBHOBECHS B CTAaTHCTUKE
Penbu. IlokazaHo, 4TO B CTPYKTYypYy ypaBHEHUM BXOJAT 000OIIEHHBIE KOA(DPUIUECHTHI
¢ y3un 1 TPEHHS YaCTHUI] B POCTPAHCTBE KOOPAWHAT M HMITYJIbCOB.

Knrouesvle cnosa: maremarnueckass Mojenb, AU(PQGY3UOHHBIN MPOLECC, CTATUCTUKA
Penbu, kodddumment  -muddy3un,  ypaBHeHue  JIMyBUIUIS,  HEPABHOBECHBIM
CTaTUCTUYECKOU ornepaTop, ypaBHeHHe KeTTaHo, MyJIbTHCIIONCTas HAHOCTPYKTYPA.

Viznovych A.V. Mathematical modeling of diffusion processes within Renyi
statistics. — On the rights of manuscript.

Thesis for PhD degree on technical sciences in specialty 01.05.02 — mathematical
modeling and computational methods, Lviv Polytechnic National University, Lviv, 2018.

The dissertation is devoted to the construction and research of mathematical models
of diffusion and subdiffusion processes of particles in spatially inhomogeneous systems on
the basis of generalized diffusion equations obtained by the method of the non-equilibrium
statistical operator Zubarev in the framework of statistics on the basis of Renyi entropy.
The generalized equation (non-Markovian) of the diffusion in fractional derivatives was
obtained using the NSO method. With q =1 the generalized equation of q-diffusion in the
Renyi statistics goes into a generalized equation of the diffusion of Gibbs statistics in
fractional derivatives. The generalized equations of g-diffusion and electrodifusion (for
ions, electrons) in fractional derivatives have been established on the basis of the Liouville
equation in fractional derivatives in the non-equilibrium statistical operator method. For
the first time, generalized Kettano-type electrodiffusion equations for systems with spatial-
temporal fractality have been obtained.
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A numerical modelling of the sub-diffusion impedance on the basis of Kettano
equation in fractional derivatives has been carried out, enabling to analyse the nonlinear
nature of charge transfer phenomena in multi-layer nanostructures based on the frequency
dependence of the real and imaginary parts of its generalized resistance. A qualitative
coordination with the experimental studies for multi-layer nanostructures has been obtained.
The analysis of the outlined Nyquist diagrams has led to a somewhat unexpected result: the
increase of the frequency dispersion of the impedance hodograph, observed in the
experiment, in the synthesis in an electric field with simultaneous illumination is not due to
the growth of 1, as it was expected, but due to the change in the temporal fractal dimension
a. This also applies to the appearance of inductive response in the high-frequency area. The
increase in the frequency dispersion Z (i®) under illumination, which involves photoinduced
polarization in such systems, also correlates primarily with the change of a.

For mathematical modelling of diffusion processes, the g-diffusion equation for an
one-component system of interacting particles in the non-equilibrium statistical operator
method has been obtained and a numerical calculation of the spatial-temporal dependence of
the scattering function and the g-diffusion coefficient with the corresponding values of the
Renyi q parameter for the model system with applying cumulative decompositions has been
carried out. With q=1 the results are obtained that correspond to the processes of normal
diffusion. It is important to note that in the temporal dependence of the correlation
functions, a negative area of dependence has been observed which is actively researched by
other methods, in particular by the Mori projection operators’ method in the Gibbs statistics.

A mathematical model for describing kinetic and hydrodynamic processes for a
system of interacting particles in non-equilibrium states distant from equilibrium based on
generalized kinetic equations for non-equilibrium single-particle and two-particle
distribution functions obtained by Zubarev’s method of a non-equilibrium statistical
operator for classical systems distant from equilibrium in the Renyi statistics has been
proposed. It has been shown that the structure of the equations includes generalized
coefficients of diffusion and friction of particles in the space of coordinates and impulses.
The internal structure of the generalized memory functions has been revealed, which made
it possible to show that the kinetic equations are of Fokker-Planck type, which contain the
correlation functions of the second and higher orders according to the dynamic variables:
the microscopic densities of the number of particles, their impulse and power in the space
of coordinates and impulses. The fourth-order memory functions according to variables
allow for approximations corresponding to the ideology of the theory of interacting modes
and can be used to model nonlinear processes.

Key words: mathematical model, diffusion process, Renyi statistics, g-diffusion
coefficient, the Liouville equation, non-equilibrium statistical operator, Kettano equation,
multi-layer nanostructure.
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