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ELABORATION OF EQUIPOTENTIAL SURFACES OF PLANETS USING
BIORTHOGONAL EXPANSIONS

Purpose. Using known and fixed Earth potential, presented asthe biorthogonal expansion, to culculate the geoid
surface, which describes the actual shape of the planet. The external gravitational field is generally described by the
series of spherical functions. Since the geoid is determined with the help of such functions, a question arises converning
the identity to define the shape, moreover its several points does not belong to the region of convergence. Methodology
and results. We consider representation of potential by convergent series everywhere, which makes it possible to find
the geoid without specifying the location of points on the surface, although the geoid heights calculation is carried out by
various relations. According to the known function of the mass distribution of the Earth, represented by the second
degree polynomial, internal and external potential of elliptical planet are defined and the equipotential surfaces are
found. Calculated values via these formulas and their degree of coincidence was analyzed. Defined in two ways surfaces
do not coincide with each other because the difference in the values of the radius-vector amouts up to ten meters. So,
when applying biorthogonal expansions of higher orders in constructing equipotential surfaces based on information
about the external gravitational field it is necessary to take into account characteristics of expansion. Originality.
Method of determining the shape of the Earth using the biorthogonal expansions of mass distribution function is
proposed. This representation is characterized by a convergence for considered series and gives the opportunity to build
digital models of the geoid (volumetric or as an isolines map). Practical significance. The results of numerical
experiments, described in the article, led to the conclusion about the possibility of determining the equipotential surfaces
that adequately describe the physical surface of the planet not only of the second but higher orders using biorthogonal
expansions only with additional investigations. Calculation of geoid heights with high accuracy opens the way to
observe many regional and local geodynamic phenomena, such as the movement of tectonic plates, and high accuracy
leveling using GPS technology can solve a number of geodetic problems.
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Introduction convergent series [Chernyaha, 2014], thus makes it

possible to determine the the Earth surface levelwith

External gravitational field of planets is
more confidence.

presented in sufficient detail by series of spherical
functions [Pavlis, 2008; Yung, 2001; Konopliv,
1999; Konopliv, 2001]. Several works are devoted to

Purpose

Definition of equipotential surfaces by known

the study of convergence of series in spherical
functions in any unspecified region [Kraup, 1969;
Marchenko, 1983; Marchenko, 1998; Pellynen,
1978, Moritz, 1983]. Besides, practical research on
representation of potential by other functions is also
actual [Meshcheryakov, 1991; Antonov, 1988;
Zahrebyn, 1976, Marchenko, 1982, Balmino, 1975].
Other approach is description of three-dimensional
part of the function of the mass distribution through
biorthogonal series, which further could represented
the potential (internal and external) of the planet.
Such representation is represented by a universally

fixed potential (internal and external) determines
the shape of relativity surface (geoid for the Earth).
As a rule, the external gravitational field is
described by series of spherical functions. Since
some points of the Earth form don’t belong to
convergence region of such series, the question of
adequate description of this shape arises.

Methodology

Internal and external potential of three
dimensional part of mass distribution of planet is
described by expression:
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By the known coefficients b, , and fixed
potential U, (sea level potential) expression:
N
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defines the surface where it is constant (geoid — for
the Earth, selenoid — for the Moon, areoid — for the
Mars) and series (4) is convergent. This is a
consequence of average convergence expansion (2)
[Fys, 1983] and uniform convergence of (1).
Therefore, the main problem in proposed approach
is determining of coefficients b,,, . Some of them

may be defined according to data of gravitational
field of the planet (Earth), for example, Stokes
constants [Fys, 1997; Fys, 2006]. The research in
[Chernyaha, 2014] showed incomplete
representation for some directions, so there is a
need for additional studies considering the form of
linear combinations U, ,. However, for N <2

expansion coefficients are uniquely determined by
the formulas [Fys, 2008]
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where C,,,C,, — Stokes constants, that are given to

the principal axes of inertia.
To simplify calculations we take data accepted
in GRS — 80 [Moritz, 1979], namely:

U, =62636860.851c™,
M =(398600.50 +0.05)xa’c ™,

and the Stocks constants per the model of the
gravitational field GEM-10 [Lerch, 1979].

In this case the equation of the surface with
constant potential is as follows:
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where u, =

Let us write in detail each item U

mnk >

taking the

shape of the planet as sphere (partial case of
ellipsoid) with radius R = 6371 km.
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From equation (4) at fixed values of latitude,

longitude and following designations:
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Determining of value for the radius-vector
using the formula shown above does not yield
reliable results. Therefore further we define it using
approximate methods, such as method of half-

41
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The equation for calculating the radius-vector

p at given values is as follows:
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division.

According to this formulas we make calcu-
lations the results of which are shown in Table 1.
Similarly we receive the relation for external

potential V, which elements are represented as
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of the sphere (R = 6371 km).

Similarly, we determine the value of the radius-

(13)

Values U,,V, calculated per formulas (10) and
(13) respectively, match each other on the surface

vector using approximation methods; the results of

(12)

calculations are shown in a Table 2.

Table 1

Values of relative radius-vectors of the geoid, calculated per the inner potential U, in meters

Longitude 8 (°) Latitude A (°)
0 30 60 90 120 150
0 6362420.173 | 6362420.173 | 6362420.173 | 6362420.173 6362420.173 | 6362420.173
30 6362891.463 | 6362888.739 | 6362890.093 | 6362891.459 6362888.737 | 6362890.095
60 6363833.619 | 6363825.456 | 6363829.519 | 6363833.615 6363825.454 | 6363829.521
90 6364304.486 | 6364293.606 | 6364299.025 | 6364304.486 6364293.606 | 6364299.025
120 6363833.615 | 6363825.454 | 6363829.521 | 6363833.619 6363825.456 | 6363829.519
150 6362891.459 | 6362888.737 | 6362890.095 | 6362891.463 6362888.739 | 6362890.093
Table 2
Values of relative radius-vectors of the geoid, calculated per the inner potential /;
Longitude Latitude A (°)
8% 0 30 60 90 120 150
0 6362420.173 6362420.173 6362420.173 6362420.173 6362420.173 6362420.173
30 6362891.464 6362890.087 6362888.742 6362891.464 6362890.087 6362888.742
60 6363833.628 6363829.498 6363825.466 6363833.628 6363829.498 6363825.466
90 6364304.501 6364298.995 6364293.621 6364304.501 6364298.995 6364293.621
120 6363833.628 6363829.498 6363825.466 6363833.628 6363829.498 6363825.466
150 6362891.464 6362890.087 6362888.742 6362891.464 6362890.087 6362888.742
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The comparison of two tables shows a discre-
pancy to tens of meters of radius-vector values for
surfaces, determined by different methods. Using
biorthogonal expansion higher than the second
order is possible only with the use of harmonic
functions like in (12), since not all expansion
coefficients bvnk can be defined according to data
on the external gravity field (only their linear
combinations are established). In this regard, to
obtain radius-vectors of equal potential surface-
susing formulas like in (11) more research is
needed.

Originality

Method of determining the shape of the Earth
using the biorthogonal of mass
distribution function is proposed. This represen-
tation is characterized by convergence for consi-
dered series and gives the opportunity to build
digital models of the geoid (volumetric or as an
isolines map). Obtained formulas make it possible
to compare the numerical values of the geoid sur-
faces determined according to various expressions.

expansions

Practical significance

The results of numerical experiments, described
in the article, led to the conclusion about the
possibility of determining the equipotential surfaces
that adequately describe the physical surface of the
planet. Calculation of geoid heights with high
accuracy opens the way to study plenty of regional
and geodynamic phenomena,
movement of tectonic plates. High accuracy
leveling using GPS technology can solve a number
of geodetic problems. The resulting surface, being
close to the physical one, makes it possible to
determine the components of the normal vector to
level surface of the Earth.

local such as

Conclusions

As a result of numerical experiments we arrive
to the following conclusions:

1. Equipotential obtained per the
internal and external gravitational field for the
density of the second order inclusively are not
identical to each other (the difference reaches ten
meters);

surfaces

2. Potentials, determined by means of biortho-
gonal expansions to the second order inclusive
(formula (10) and (13)), are equal on the sphere
surface;

3. Determination of geoid by coefficients
defined via Stokes constants of higher orders will
be subject to further investigations.
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JOBU3HAYEHHA EKBIITIOTEHUIAJIBHUX [TOBEPXOHD INTAHET 3 BUKOPUCTAHHAM
BIOPTOI'OHAJIBHUX PO3KJIA/IIB

Mera. 3a BijoMuM (hiKCOBAHMM MOTEHINATOM 3eMJTi, HOJaHHM 3a JIOLOMOro GlOPTOrOHATEHOTO PO3KIAIY, K
OJTHOTO 3 BapiaHTiB HOTO Ipe/ICTAaBIeHHs, 3HANTH ITOBEPXHIO T'e0ina, SKa OIUCYE peanbHy ¢irypy ITaHeTH. 30BHIIIHE
TpaBiTallifiHe [OJle OMUCYETHCS, SIK MIPABUIIO, PSaMU 2a KYTHOBUMH (GyHKIIisIMH. OCKITBKH Teoln BH2HAYaOTh 3 iX
BUKOPUCTaHHSM, TOMY BHHHKAE€ NHTAHHS i€HTHYHOCTI BU3HAYEHHs (irypH, THM madve, IO YacTHHA i TOUOK He
HAJICKHUTH 005acTi 30ikuHOCTI. MeTommnka i pe3yJbTaT podoTH. Y poboTi PO3MIISIHYTO MPEACTABICHHS IOTSHINATY
BCIOIM 30DKHUMM psaMH, IO Ja€ MOKIMBICTH 3HAXOAWUTH Teoin 6e3 yTOYHEHHS PO3MIIIEHHS TOYOK Ha Horo
MOBEPXHI, X0Ua OOUMCIICHHS BHUCOT T€0iNa 3MIMCHIOETHCS 32 PI3HUMHE CITIBBITHOIIEHHSIMH. 3a BiIOMOIO (JYHKILIEIO
posmoiny Mac Hajap 3emuti, IpeICTaBIeHO0 MHOTOWIEHOM JIPYTrOro CTENEHs, BU3HAYCHO BHYTPINIHIN Ta 30BHINIHIN
MOTEHIlAT eMNTHYHOI IUTAaHEeTH, 3a SKUM 3HaleHO eKBIIOTeHINajbHI THoBepxXHi. [IpoaHamizoBaHo oO4HcIeH]
3Ha4eHHs 3a NUMH (OpMyTaMH Ta CTeliHb X CITiBIajaHHA. Bu3HadeHi nBoMa crioco0aMy ITOBEPXHI PIBHS He
CITIIBIAAIOTE MIX CO0O00, 60 PI3HUI B 3HAUCHHSX PaliyCc-BEKTOPIB Aocsarae mecarkie merpis. Tomy 3acTocyBaTu
GlopTOTOHAIBHI PO3KITaJIN BUIIMX CTEIIEHIB I/ 9ac MoOyIOBY €KBINIOTEHIIIATBFHAX TOBEPXOHE Ha OCHOBI iH(opMaItii
Ipo 30BHIIIHE TpaBiTalliiHe Mosle HeoOXiMHO 3 ypaxyBaHHSIM ocoOGiHBocTell posknamxy. HaykoBa HoBH3HA.
3amponoHOBaHUN METON BH3HAYECHHA GIiTypyd 3eMili 3 BUKOPHCTAHHIM OiOpPTOTOHATBHHUX PO3KIamiB (yHKIIT
posnoaity mac. Take mpencTaBIeHHS XapaKTEPU3YEThCs 30DKHICTIO UL PO3TVISIHYTHX PSIIIB Ta JTa€ MOXKIIMBICTH
Gynysaru 1 poBi Mozenm reoina (06’eMHi, abo y BUrsAl kapT i3omiHil). IlpakTuaHa 3HagymicTs. Pesynbratn
YHCJIOBAX CKCIECPUMEHTIB, HABEJICHUX Y CTATTi, NAld 3MOTY 3pOOHTH BHCHOBOK IIPO MOXIHMBICTH BH3HAUCHHS
€KBIOTEHIIIATFHUX TTOBEPXOHB, SIKI aJIEKBATHO OMMCYIOTH (Pi3MUHY MOBEPXHIO IUTAHETH, HE TUIBKH Jpyroro, a i
BHUINKX TIOPSAKIB 3 BUKOPHCTAHHAM OI1OpTOTOHATHHUX PO3KIAJIB JIUIIE 3a JONATKOBHX JOCTI/DKeHb. OQOUNCIeHHS
BHCOT TeOiZa 3 BHUCOKOIO TOUHICTIO BiIKpHBAC IDIAX JIO JOCTI/UKEHHS GaraThoX perioHaTbHHX Ta JIOKATbHHX
TeOAIMHAMIYHUX SBUIN, HANPHKIAA, PYXy TEKTOHIYHUX IUTUT, a BHCOKOTOUHE HIBENIOBAHHSA 3a JIONOMOTOI0
GPS-rexHonoriil gae 3Mory po3B’si3yBaTy HU3KY T€0/IE3UYHIX 3a/1ad.

Kmiowoei crosa: motentian, KymsoBi Ta cheprtHi GpyHKIIT, TOBEpXHI piBHA, 301KHICTH PAAIB, €ITIICOIN.
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