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Âñòóï
Ó ïðàöi [1] ðîçãëÿíóòî ðiâíÿííÿ ç äðóãîþ ïîõiäíîþ

çà ÷àñîì i ÷åòâåðòèìè ïîõiäíèìè çà ïðîñòîðîâèìè
çìiííèìè âèãëÿäó

ρutt = div σ(∇u) + ν4ut − δ242u, (1)

äå ρ, ν, δ � äîäàòíi êîíñòàíòè. Çîêðåìà, òàêi ðiâ-
íÿííÿ ïðèñóòíi ó ïðàöÿõ Ñëåìðîäà, Òðóñêiíîâñüêî-
ãî, Àáåÿðàíòå i Íîâëåñà. Öå ðiâíÿííÿ ìîäåëþ¹ ôàçè
äèíàìi÷íîãî ïåðåõîäó â ðiäèíàõ Âàí-äåð-Âààëüñà [2],
[3] i â ðóñi âçà¹ìîäi¨ òâåðäèõ òië [4], [5]. Áàãàòî ðîáiò
ïðèñâÿ÷åíî ÷àñòêîâîìó âèïàäêó ðiâíÿííÿ (1), êîëè
ïðèñóòíÿ îäíà ïðîñòîðîâà çìiííà (äèâ. [6], [7]).

Ó öié ðîáîòi ðîçãëÿíóòî íåëiíiéíå ðiâíÿííÿ ç äðó-
ãîþ ïîõiäíîþ çà ÷àñîì, ÷åòâåðòèìè ïîõiäíèìè çà
îäíi¹þ ãðóïîþ ïðîñòîðîâèõ çìiííèõ i äðóãèìè ïî-
õiäíèìè çà äðóãîþ ãðóïîþ ïðîñòîðîâèõ çìiííèõ ó
íåîáìåæåíié îáëàñòi çà ïðîñòîðîâèìè çìiííèìè. Öå
ðiâíÿííÿ ¹ âèïàäêîì âèðîäæåííÿ ðiâíÿííÿ òèïó (1)
çà îäíi¹þ ãðóïîþ ïðîñòîðîâèõ çìiííèõ. Òàêi ðiâíÿ-
ííÿ íàçèâàþòüñÿ −→2b-ïàðàáîëi÷íèìè ðiâíÿííÿìè àáî
åâîëþöiéíèìè ðiâíÿííÿìè òèïó Åéäåëüìàíà. Çîêðå-
ìà, çàäà÷i äëÿ ëiíiéíèõ ñèñòåì ðiâíÿíü âèãëÿäó (1)
äîñëiäæåíî â ïðàöÿõ [8]�[22].

I. Ôîðìóëþâàííÿ çàäà÷i òà äåÿêi äî-
ïîìiæíi ôàêòè

Íåõàé Ωx � íåîáìåæåíà îáëàñòü â ïðîñòîðiRk ç ìå-
æåþ ∂Ωx ∈ C1, Ωy � íåîáìåæåíà îáëàñòü â ïðîñòîði
Rm ç ìåæåþ ∂Ωy ∈ C1, Ω = Ωx×Ωy, QT = Ω×(0, T ),
äå T < ∞, Ωτ = QT ∩ {t = τ}, τ ∈ [0, T ],
k + m = n, z = (x, y), x ∈ Ωx, y ∈ Ωy.

Ðîçãëÿíåìî îáìåæåíi îáëàñòiΩR
x = Ωx∩BR

x , ΩR
y =

= Ωy ∩ BR
y , äå BR

x =
{
x ∈ Rk : |x| < R

}
i

BR
y =

{
y ∈ Rm : |y| < R

}
, ΩR = ΩR

x × ΩR
y ,

QR
T = ΩR × (0, T ), ΩR

τ = QR
T ∩ {t = τ}, τ ∈ [0, T ].

Ó íåîáìåæåíié îáëàñòiQT ðîçãëÿíåìî çàäà÷ó äëÿ
ðiâíÿííÿ ç äiéñíîçíà÷íèìè êîåôiöi¹íòàìè i âiëüíèì
÷ëåíîì

A(u) ≡ utt +
k∑

i,j,s,l=1

(asl
ij(z, t)uxixj )xsxl

−

−
k∑

i,j=1

(aij(z, t)uxi)xj −
n∑

i=1

(bi(z, t)|utzi |p−2utzi)zi+

+a0(z, t)u−
m∑

i,j=1

(cij(z, t)uyi)yj + b0(z, t)|ut|q−2ut =

=
k∑

i,j=1

(fij(z, t))xixj −
k∑

i=1

(fi(z, t))xi+

+f0(z, t)−
m∑

i=1

(gi(z, t))yi (2)

ç ïî÷àòêîâèìè óìîâàìè

u(z, 0) = u0(z), (3)

ut(z, 0) = u1(z) (4)
i êðàéîâèìè óìîâàìè

u
∣∣
∂Ω×(0,T )

= 0,
∂u

∂ν

∣∣∣∣
∂Ωx×Ωy×(0,T )

= 0, (5)

äå ν � çîâíiøíÿ íîðìàëü äî ïîâåðõíi∂Ωx×Ωy×(0, T ).
Ââåäåìî ïðîñòîðè:

Lp((0, T ); B) =



u :

T∫

0

||u(·, t)||pBdt < ∞


 ,

||u||Lp((0,T );B) =




T∫

0

||u(·, t)||pBdt




1/p

,

äå p ∈ (1,+∞), B � äåÿêèé áàíàõiâ ïðîñòið;
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Lp
loc(Ω) =

{
u : u ∈ Lp(K) ∀K− êîìïàêòíî¨ ìíî-

æèíè ç Ω, p ∈ (1, +∞]
}

;

V 1,p
0 (ΩR) =

{
u : uzi

∈ Lp(ΩR),

i ∈ {1, ..., n}, u
∣∣
∂ΩR = 0

}
;

V 1,p
0,loc(Ω) =

{
u : u, uzi

∈ Lp
loc(Ω),

i ∈ {1, ..., n}, u|∂Ω = 0
}

;

V 2,1
0 (ΩR) =

{
u : u, uxi

, uxixj
, uyl

∈ L2(ΩR),

i, j ∈ {1, ..., k}, l ∈ {1, ..., m},

u
∣∣
∂ΩR = 0,

∂u

∂ν

∣∣
∂ΩR

x×ΩR
y

= 0
}

;

V 2,1
0,loc(Ω) =

{
u : u, uxi , uxixj , uyl

∈ L2
loc(Ω),

i, j ∈ {1, ..., k}, l ∈ {1, ..., m},

u|∂Ω = 0,
∂u

∂ν

∣∣∣∣
∂Ωx×Ωy

= 0
}

;

W0(ΩR) = V 2,1
0 (ΩR) ∩ L2(ΩR

y ;H4(ΩR
x ))∩

∩L2(ΩR
x ;H2(ΩR

y )) ∩ L2p−2(ΩR) ∩ V
1,2(q−1)
0 (ΩR).

Ïðèïóñòèìî âèêîíàííÿ òàêèõ óìîâ:
(A)

asl
ij , asl

ijt, asl
ijtt, aij , aijt, aijtt, a0, a0t ∈ L∞(QT ),

D2
xasl

ij(·, 0), D1
xaij(·, 0) ∈ L∞(Ω),

äå Dα
x = ∂|α|

∂x
α1
1 ...∂x

αk
k

, |α| = α1 + ... + αk,

k∑

i,j,s,l=i

asl
ij(z, t)ξijξsl ≥ A0

k∑

i,j=1

|ξij |2, A0 > 0,

äëÿ ìàéæå âñiõ (z, t) ∈ QT i âñiõ ξij ∈ R òàêèõ, ùî
ξij = ξji,

asl
ij(z, t) = aij

sl(z, t), aij(z, t) = aji(z, t)

ìàéæå äëÿ âñiõ

(z, t) ∈ QT , i, j, s, l ∈ {1, ..., k};
k∑

i,j=i

aij(z, t)ξiξj ≥ A1

k∑

i=1

|ξi|2, A1 > 0,

äëÿ ìàéæå âñiõ (z, t) ∈ QT i âñiõ ξi ∈ R;

a0(z, t) ≥ A2 > 0;

(B)
bi, bit, b0, b0t ∈ L∞(QT ),

D1
zbi(·, 0) ∈ L∞(Ω), bi(z, t) ≥ B0 > 0, i ∈ {1, ..., k},

b0(z, t) ≥ β0 > 0;

(C)

cij , cijt, cijtt ∈ L∞(QT ), i, j =∈ {1, ...,m},

D1
ycij(·, 0) ∈ L∞(Ω), i, j ∈ {1, ..., m},

äå
Dβ

y =
∂|β|

∂yβ1
1 ...∂yβm

m

, |β| = β1 + ... + βm,

m∑

i,j=1

cij(z, t)ξiξj ≥ C0

m∑

i=1

|ξi|2, C0 > 0,

äëÿ âñiõ ξ ∈ Rm i ìàéæå âñiõ (z, t) ∈ QT ,

cij(z, t) = cji(z, t), i, j ∈ {1, ..., m}.

Îçíà÷åííÿ 1. Ôóíêöiþ u ∈ L2((0, T ); V 2,1
0,loc(Ω))

òàêó, ùî ut ∈ Lp((0, T ); V 1,p
0,loc(Ω)) ∩ Lq((0, T ); Lq

loc(Ω))
i u çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (3) i ðiâíiñòü

∫

Ωτ

utvdz +
∫

Qτ

[
−utvt +

k∑

i,j,s,l=1

asl
ij(z, t)uxixj vxsxl

+

+
k∑

i,j=1

aij(z, t)uxivxj + a0(z, t)uv+

+
n∑

i=1

bi(z, t)|utzi |p−2utzivzi +
m∑

i,j=1

cij(z, t)uyivyj +

+b0(z, t)|ut|q−2utv −
k∑

i,j=1

fij(z, t)vxixj − f0(z, t)v−

−
k∑

i=1

fi(z, t)vxi −
m∑

i=1

gi(z, t)vyi

]
dzdt =

∫

Ω

u1(z)vdz

(6)
äëÿ äîâiëüíèõ τ ∈ (0, T ] i v ∈ L2((0, T ); V 2,1

0,loc(Ω)) ∩
Lq((0, T ); Lq

loc(Ω))∩Lp((0, T ); V 1,p
0,loc(Ω)), ÿêà ìà¹ îáìå-

æåíèé íîñié â QT , íàçèâà¹ìî óçàãàëüíåíèì ðîçâ'ÿç-
êîì çàäà÷i (2)�(5).

Ðîçãëÿíåìî ñïî÷àòêó çàäà÷ó â îáìåæåíié îáëàñòi
QR

T äëÿ ðiâíÿííÿ

A(u) =
k∑

i,j=1

(fR
ij (z, t))xixj −

k∑

i=1

(fR
i (z, t))xi+

+fR
0 (z, t)−

m∑

i=1

(gR
i (z, t))yi (7)

ç ïî÷àòêîâèìè óìîâàìè

u(z, 0) = uR
0 (z), (8)
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ut(z, 0) = uR
1 (z) (9)

i êðàéîâèìè óìîâàìè

u
∣∣
∂ΩR×(0,T )

= 0,
∂u

∂ν

∣∣∣∣
∂ΩR

x×ΩR
y ×(0,T )

= 0. (10)

Íàêëàäåìî íà âiëüíèé ÷ëåí óìîâó (F):

fR
ij , fR

ijt, fR
ijtt, fR

i , fR
it , fR

0 , fR
0t ∈ L2(QR

T ),

gR
l , gR

lt , gR
ltt ∈ L2(QR

T ), fR
i ∈ Lp′(QR

T ),

(fR
ij (·, 0))xixj

, (fR
i (·, 0))xi

, (gR
l (·, 0))yl

∈ L2(ΩR),

l ∈ {1, ...,m}, i, j ∈ {1, ..., k}.

Îçíà÷åííÿ 2. Ôóíêöiþ u ∈ L2((0, T ); V 2,1
0 (ΩR))

òàêó, ùî ut ∈ Lp((0, T ); V 1,p
0 (ΩR))∩Lq((0, T ); Lq(ΩR)),

utt ∈ L2((0, T ); L2(ΩR)) i u çàäîâîëüíÿ¹ ïî÷àòêîâi
óìîâè (8), (9) i ðiâíiñòü
∫

QR
τ

[
uttv+

k∑

i,j,s,l=1

asl
ij(z, t)uxixj vxsxl

+
k∑

i,j=1

aij(z, t)uxivxj +

+
n∑

i=1

bi(z, t)|utzi |p−2utzivzi +
m∑

i,j=1

cij(z, t)uyivyj +

+a0(z, t)uv + b0(z, t)|ut|q−2utv −
k∑

i,j=1

fR
ij (z, t)vxixj−

−
k∑

i=1

fR
i (z, t)vxi − fR

0 (z, t)v −
m∑

i=1

gR
i (z, t)vyi

]
dzdt = 0

(11)
äëÿ äîâiëüíèõ τ ∈ (0, T ] i v ∈ L2((0, T ); V 2,1

0 (ΩR)) ∩
Lq((0, T ); Lq(ΩR)) ∩ L2((0, T ); V 1,p

0 (ΩR)), íàçèâà¹ìî
óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (7)�(10).

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A),
(B), (C), (F ) i uR

0 ∈ V 2,1
0 (ΩR) ∩

L2(ΩR
y ;H4(ΩR

x )) ∩ L2(ΩR
x ;H2(ΩR

y )), uR
1 ∈ V 2,1

0 (ΩR) ∩
L2q−2(ΩR), |uR

1zi
|p−2uR

1zi
∈ L2(ΩR), i ∈ {1, ..., n}, p >

1, q > 1. Òîäi iñíó¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (7)�(10).
Äîâåäåííÿ öi¹¨ òåîðåìè ìîæíà ïðîâåñòè ïîâíiñòþ
àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 1 [23], òîìó éîãî
íàâîäèòè íå áóäåìî.

II. Îñíîâíi ðåçóëüòàòè

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A),
(B), (C), u0 ∈ V 2,1

0,loc(Ω) ∩ L2
loc(Ωy;H4

loc(Ωx)) ∩
L2

loc(Ωx; H2
loc(Ωy)), u1 ∈ V 2,1

0,loc(Ω) ∩ L2q−2
loc (Ω),

|u1zi |p−2u1zi ∈ L2
loc(Ω), i ∈ {1, ..., n}, fij , fijt, fi, f0,

gl ∈ L2((0, T ); L2
loc(Ω)), i, j ∈ {1, ..., k}, l ∈ {1, ...,m}.

Òîäi ïðè n > 2, 2 < p < q, q < 2n
n−2 , à òàêîæ ó

âèïàäêó, êîëè n = 2, 2 < p < q, iñíó¹ ¹äèíèé óçà-
ãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2)�(5).

¤ Äîâåäåííÿ.
Ðîçãëÿíåìî â îáìåæåíié îáëàñòiQR

T , äå R ïðèéìà¹
çíà÷åííÿ h ∈ N (äëÿ ñïðîùåííÿ çàïèñó öþ îáëàñòü
ïîçíà÷èìî ÷åðåç Qh

T ) äîïîìiæíó çàäà÷ó:

A(u) = Fh,h, (z, t) ∈ Qh
T ,

u|∂Ωh×(0,T ) = 0,
∂u

∂ν

∣∣∣∣
∂Ωh

x×Ωh
y×(0,T )

= 0, (12)

u(z, 0) = uh,h
0 (z), ut(z, 0) = uh,h

1 (z), z ∈ Ωh,

äå

Fh,h(z, t) =
k∑

i,j=1

(fh,h
ij )xixj−

−
k∑

i=1

(fh,h
i )xi

+ fh,h
0 −

m∑

i=1

(gh,h
i )yi

,

fh,h
ij (z, t) =

{
fh

ij(z, t), (z, t) ∈ Qh
T

0, (z, t) ∈ QT \Qh
T ,

fh,h
i (z, t) =

{
fh

i (z, t), (z, t) ∈ Qh
T

0, (z, t) ∈ QT \Qh
T ,

fh,h
0 (z, t) =

{
fh
0 (z, t), (z, t) ∈ Qh

T

0, (z, t) ∈ QT \Qh
T ,

gh,h
i (z, t) =

{
gh

i (z, t), (z, t) ∈ Qh
T

0, (z, t) ∈ QT \Qh
T .

Ïî÷àòêîâi óìîâè ìàþòü òàêèé âèãëÿä: uh,h
0 (z) =

uh
0 (z)χh(z), uh,h

1 (z) = uh
1 (z)χh(z), äå

χh(z) =
{

1, z ∈ {
(x, y) : |x| < h− 1, |y| < h− 1

}
0, z ∈ {

(x, y) : |x| ≥ h, |y| ≥ h
}
,

0 ≤ χh(z) ≤ 1, z ∈ Rn, χh ∈ C2(Rn). Ïîñëiäîâíîñòi
{fh

ij}, {fh
i }, {fh

0 }, {gh
i }, {uh

0}, {uh
1} òàêi, ùî

fh
ij ∈ C2([0, T ]; C2

0 (Ω)), fh
i , fh

0 , gh
l ∈ C1([0, T ]; C1

0 (Ω)),

i, j ∈ {1, ..., k}, l ∈ {1, ...,m},
uh

0 ∈ C4
0 (Ω), uh

1 ∈ C1
0 (Ω)

i
fh

ij → fij , fh
ijt → fijt, fh

i → fi (13)
â L2((0, T ); L2

loc(Ω)), i, j ∈ {1, ..., k}, fh
i →

fi â Lp′((0, T ); Lp′

loc(Ω)), i ∈ {1, ..., k}, fh
0 →

f0 â L2((0, T ); L2
loc(Ω)), gh

i → gi, gh
it → git â

L2((0, T ); L2
loc(Ω)), i ∈ {1, ..., m}, uh

0 → u0 â
V 2,1

0,loc(Ω), uh
1 → u1 â L2

loc(Ω) ïðè h →∞.

Ðîçãëÿíåìî uh � ðîçâ'ÿçîê çàäà÷i (12). Ç ïîïåðå-
äíüî¨ òåîðåìè âèïëèâà¹, ùî öÿ çàäà÷à ìà¹ óçàãàëü-
íåíèé ðîçâ'ÿçîê â ñåíñi îçíà÷åííÿ 2. Ïiäñòàâèìî uh

çàìiñòü u â ðiâíiñòü (11) i ïðèéìåìî

v = uh
t ϕR(x)ψR(y)e−µt,

äå
ϕ(x) = [hR(x)]γ , ψ(y) = [ĥR(y)]γ , γ > 2,

hR(x)=

{
R2−|x|2

R , |x| ≤ R
0, |x| > R,

ĥR(x) =

{
R2−|y|2

R , |y| ≤ R
0, |y| > R.
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Îòðèìà¹ìî ðiâíiñòü
∫

Qτ

[
uh

t uh
ttϕR(x)ψR(y)+

+
k∑

i,j,s,l=1

asl
ij(z, t)uh

xixj

(
uh

txsxl
ϕR(x)ψR(y)+

+uh
txs

(ϕR(x))xl
ψR(y) + uh

txl
(ϕR(x))xs

ψR(y)+

+uh
t (ϕR(x))xsxl

ψR(y)
)
+

+
k∑

i,j=1

aij(z, t)uh
xi

(
uh

txj
ϕR(x)ψR(y)+

+uh
t (ϕR(x))xj

ψR(y)
)

+ a0(z, t)uhuh
t ϕR(x)ψR(y)+

+
n∑

i=1

bi(z, t)|uh
tzi
|pϕR(x)ψR(y)+

+
k∑

i=1

bi(z, t)|uh
txi
|p−2uh

txi
uh

t (ϕR(x))xiψR(y)+

+
n∑

i=k+1

bi(z, t)|uh
tyi
|p−2uh

tyi
uh

t ϕR(x)(ψR(y))yi+

+
m∑

i,j=1

cij(z, t)uh
yi

(
uh

tyj
ϕR(x)ψR(y)+

+uh
t ϕR(x)(ψR(y))yj

)
+

+b0(x, t)|uh
t |q−2uh

t uh
t ϕR(x)ψR(y)

]
e−µtdzdt =

=
∫

Qτ

[ k∑

i,j=1

fh,h
ij

(
uh

txixj
ϕR(x)ψR(y)+

+uh
txi

(ϕR(x))xj
ψR(y)+

+uh
txj

(ϕR(x))xiψR(y) + uh
t (ϕR(x))xixj ψR(y)

)
+

+
k∑

i=1

fh,h
i

(
uh

txi
ϕR(x)ψR(y) + uh

t (ϕR(x))xiψR(y)
)
+

+fh,h
0 uh

t ϕR(x)ψR(y) +
m∑

i=1

gh,h
i

(
uh

tyi
ϕR(x)ψR(y)+

+uh
t ϕR(x)(ψR(y))yi

)]
e−µtdzdt, τ ∈ (0, T ]. (14)

Îöiíèìî äîäàíêè îñòàííüî¨ ðiâíîñòi. Î÷åâèäíî,

J1 :=
∫

Qτ

uh
t uh

ttϕR(x)ψR(y)e−µtdzdt =

=
1
2

∫

Ωτ

|uh
t |2ϕR(x)ψR(y)e−µtdz−

−1
2

∫

Ω0

|uh,h
1 |2ϕR(x)ψR(y)dz+

+
µ

2

∫

Qτ

|uh
t |2ϕR(x)ψR(y)e−µtdzdt.

Íà ïiäñòàâi óìîâè (A)

J2 :=
∫

Qτ

k∑

i,j,s,l=1

asl
ij(z, t)uh

xixj
uh

txsxl
ϕR(x)ψR(y)e−µtdzdt ≥

≥ A0

2

∫

Ωτ

k∑

i,j=1

|uh
xixj

|2ϕR(x)ψR(y)e−µtdz−

−A0

2

∫

Ω0

k∑

i,j=1

|uh,h
0xixj

|2ϕR(x)ψR(y)e−µtdz+

+
(

µA0

2
− A3

2

) ∫

Qτ

k∑

i,j=1

|uh
xixj

|2ϕR(x)ψR(y)e−µtdzdt,

äå
k∑

i,j,s,l=1

asl
ij(z, t)ξijξsl ≤ A0

k∑
i,j=1

|ξij |2, A0 > 0,

k∑
i,j,s,l=1

asl
ijt(z, t)ξijξsl ≤ A3

k∑
i,j=1

|ξij |2, A3 ≥ 0 äëÿ

ìàéæå âñiõ (z, t) ∈ QT i âñiõ ξij ∈ R òàêèõ, ùî
ξij = ξji;

J3 :=
∫

Qτ

k∑

i,j,s,l=1

asl
ij(z, t)uh

xixj
uh

txs
(ϕR(x))xl

ψR(y)e−µtdzdt ≥

≥ −δA4

2

∫

Qτ

k∑

i,j=1

|uh
xixj

|2ϕR(x)ψR(y)e−µtdzdt−

−δ

p

∫

Qτ

n∑

i=1

|uh
tzi
|pϕR(x)ψR(y)(y)e−µtdzdt−

−C1(δ, p)
∫

QT

k∑

i=1

∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/2+1/p

∣∣∣∣
2p

p−2

ψR(y)e−µtdzdt,

äå δ � äîâiëüíà ìàëà äîäàòíà êîíñòàíòà, A4 =

ess sup
QT

k∑
i,j,s,l=1

|asl
ij(z, t)|2, C1(δ, p) � äåÿêà äîäàòíà êîí-

ñòàíòà, ÿêà çàëåæèòü âiä δ i p.
Iíòåãðàë

J4 :=
∫

Qτ

k∑

i,j,s,l=1

asl
ij(z, t)uh

xixj
uh

txl
(ϕR(x))xsψR(y)e−µtdzdt

îöiíþ¹òüñÿ àíàëîãi÷íî.
Äàëi

J5 :=
∫

Qτ

k∑

i,j,s,l=1

asl
ij(z, t)uh

xixj
uh

t (ϕR(x))xsxl
ψR(y)e−µtdzdt ≥

≥ −δA4

2

∫

Qτ

k∑

i,j=1

|uh
xixj

|2ϕR(x)ψR(y)e−µtdzdt−
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−δ

q

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt−

−C2(δ, q)
∫

Qτ

k∑

i,j=1

∣∣∣∣
(ϕR(x))xixj

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

ψR(y)e−µtdzdt,

äå C2(δ, q) � äåÿêà äîäàòíà êîíñòàíòà, ÿêà çàëåæèòü
âiä δ i q;

J6 :=
∫

Qτ

k∑

i,j=1

aij(z, t)uh
xi

uh
txj

ϕR(x)ψR(y)e−µtdzdt ≥

≥ A1

2

∫

Ωτ

k∑

i=1

|uh
xi
|2ϕR(x)ψR(y)e−µtdz−

−A2

2

∫

Ω0

k∑

i=1

|uh,h
0xi
|2ϕR(x)ψR(y)dz+

+
(

µA2

2
− A5

2

) ∫

Qτ

k∑

i=1

|uh
xi
|2ϕR(x)ψR(y)e−µtdzdt,

äå
k∑

i,j=1

aij(z, t)ξiξj ≤ A2
k∑

i=1

|ξi|2, A2 > 0,

k∑
i,j=1

aijt(z, t)ξiξj ≤ A5

k∑
i=1

|ξi|2, A5 ≥ 0 äëÿ ìàéæå

âñiõ (z, t) ∈ QT i âñiõ ξi ∈ R;

J7 :=
∫

Qτ

k∑

i,j=1

aij(z, t)uh
xi

uh
t (ϕR(x))xj ψR(y)e−µtdzdt ≥

≥ −δA6

2

∫

Qτ

k∑

i=1

|uh
xi
|2ϕR(x)ψR(y)e−µtdzdt−

−δ

q

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt−

−C2(δ, q)
∫

Qτ

k∑

i=1

∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

ψR(y)e−µtdzdt,

äå A6 = ess sup
QT

k∑
i,j=1

|aij(z, t)|2;

J8 :=
∫

Qτ

a0(z, t)uhuh
t ϕR(x)ψR(y)e−µtdzdt ≥

≥ −A2T

∫

Ω0

|uh,h
0 |2ϕR(x)ψR(y)dz+

+
A2(1 + T 2)

2

∫

Qτ

|uh
t |2ϕR(x)ψR(y)e−µtdzdt.

Ç óìîâè (B) ìà¹ìî

J9 :=
∫

Qτ

n∑

i=1

bi(z, t)|uh
tzi
|pϕR(x)ψR(y)e−µtdzdt ≥

≥ B0

∫

Qτ

n∑

i=1

|uh
tzi
|pϕR(x)ψR(y)e−µtdzdt;

J10 :=
∫

Qτ

k∑

i=1

bi(z, t)|uh
txi
|p−2uh

txi
uh

t×

×(ϕR(x))xi
ψR(y)e−µtdzdt ≥

≥ −B1δ

p′

∫

Qτ

k∑

i=1

|uh
txi
|pϕR(x)ψR(y)e−µtdzdt−

−δ

q

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt−

−C3(δ, p, q)
∫

Qτ

k∑

i=1

∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/p′+1/q

∣∣∣∣
qp

q−p

ψR(y)e−µtdzdt,

äå B1 = ess sup
QT

n∑
i=1

|bi(z, t)|p′ , C3(δ, p, q) � äåÿêà äîäà-
òíà êîíñòàíòà, ÿêà çàëåæèòü âiä δ, p i q;

J11 :=
∫

Qτ

n∑

i=k+1

bi(z, t)|uh
tyi
|p−2uh

tyi
uh

t×

×ϕR(x)(ψR(y))yie
−µtdzdt ≥

≥ −B1δ

p′

∫

Qτ

n∑

i=k+1

|uh
tyi
|pϕR(x)ψR(y)e−µtdzdt−

−δ

q

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt−

−C3(δ, p, q)
∫

Qτ

m∑

i=1

∣∣∣∣
(ψR(y))yi

(ψR(y))1/p′+1/q

∣∣∣∣
qp

q−p

ϕR(x)e−µtdzdt;

J12 :=
∫

Qτ

b0(z, t)|uh
t |q−2uh

t uh
t ϕR(x)ψR(y)e−µtdzdt ≥

≥ β0

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt.

Ç óìîâè (C) áóäåìî ìàòè

J13 :=
∫

Qτ

m∑

i,j=1

cij(z, t)uh
yi

uh
tyj

ϕR(x)ψR(y)e−µtdzdt ≥

≥ C0

2

∫

Ωτ

m∑

i=1

|uh
yi
|2ϕR(x)ψR(y)e−µtdz−

−C0

2

∫

Ω0

m∑

i=1

|uh,h
0yi
|2ϕR(x)ψR(y)e−µtdz+

+
µC0 − C1

2

∫

Qτ

m∑

i=1

|uh
yi
|2ϕR(x)ψR(y)e−µtdzdt,
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äå
m∑

i,j=1

cij(z, t)ξiξj ≤ C0
m∑

i=1

|ξi|2, C0 > 0,

m∑
i,j=1

cijt(z, t)ξiξj ≤ C1

m∑
i=1

|ξi|2, C1 ≥ 0 äëÿ ìàéæå

âñiõ (z, t) ∈ QT i âñiõ ξi ∈ R;

J14 :=
∫

Qτ

m∑

i,j=1

cij(z, t)uh
yi

uh
t ϕR(x)(ψR(y))yj

e−µtdzdt ≥

≥ −C2δ

2

∫

Qτ

m∑

i=1

|uh
yi
|2ϕR(x)ψR(y)e−µtdzdt−

−δ

q

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt−

−C2(δ, q)
∫

Qτ

m∑

i=1

∣∣∣∣
(ψR(y))yi

(ψR(y))1/2+1/q

∣∣∣∣
2q

q−2

ϕR(x)e−µtdzdt,

äå C2 = ess sup
QT

m∑
i,j=1

|cij(z, t)|2.
Êðiì òîãî,

J15 :=
∫

Qτ

k∑

i,j=1

fh,h
ij uh

txixj
ϕR(x)ψR(y)e−µtdzdt ≤

≤ 1
2δ

∫

Ωτ

k∑

i,j=1

|fh,h
ij |2ϕR(x)ψR(y)e−µtdz+

+
δ

2

∫

Ωτ

k∑

i,j=1

|uh
xixj

|2ϕR(x)ψR(y)e−µtdz+

+
1
2

∫

Ω0

k∑

i,j=1

|fh,h
ij |2ϕR(x)ψR(y)e−µtdz+

+
1
2

∫

Ω0

k∑

i,j=1

|uh,h
0xixj

|2ϕR(x)ψR(y)e−µtdz+

+
1
2

∫

Qτ

k∑

i,j=1

(µ

δ
|fh,h

ij |2 + |fh,h
ijt |2

)
dzdt+

+
(δµ + 1)

2

∫

Qτ

k∑

i,j=1

|uh
xixj

|2ϕR(x)ψR(y)e−µtdzdt;

J16 :=
∫

Qτ

k∑

i,j=1

fh,h
ij uh

txi
(ϕR(x))xj ψR(y)e−µtdzdt ≤

≤ δ

2

∫

Qτ

k∑

i,j=1

|fh,h
ij |2ϕR(x)ψR(y)e−µtdzdt+

+
δ

p

∫

Qτ

n∑

i=1

|uh
tzi
|pϕR(x)ψR(y)e−µtdzdt+

+C1(δ, p)
∫

Qτ

∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/2+1/p

∣∣∣∣
2p

p−2

ψR(y)e−µtdzdt;

J17 :=
∫

Qτ

k∑

i,j=1

fh,h
ij uh

t (ϕR(x))xixj
ψR(y)e−µtdzdt ≤

≤ δ

2

∫

Qτ

k∑

i,j=1

|fh,h
ij |2ϕR(x)ψR(y)e−µtdzdt+

+
δ

q

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt+

+C2(δ, q)
∫

Qτ

k∑

i,j=1

∣∣∣∣
(ϕR(x))xixj

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

ψR(y)e−µtdzdt;

J18 :=
∫

Qτ

k∑

i=1

fh,h
i uh

txi
ϕR(x)ψR(y)e−µtdzdt ≤

≤ 1
p′δp′/p

∫

Qτ

k∑

i=1

|fh,h
i |p′ϕR(x)ψR(y)e−µtdzdt+

+
δ

p

∫

Qτ

n∑

i=1

|uh
tzi
|pϕR(x)ψR)(y)e−µtdzdt;

J19 :=
∫

Qτ

k∑

i=1

fh,h
i uh

t (ϕR(x))xiψR(y)e−µtdzdt ≤

≤ δ

2

∫

Qτ

k∑

i=1

|fh,h
i |2ϕR(x)ψR(y)e−µtdzdt+

+
δ

q

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt+

+C2(δ, q)
∫

Qτ

k∑

i=1

∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

ψR(y)e−µtdzdt;

J20 :=
∫

Qτ

fh,h
0 uh

t ϕR(x)ψR(y)e−µtdzdt ≤

≤ 1
2

∫

Qτ

|fh,h
0 |2ϕR(x)ψR(y)e−µtdzdt+

+
1
2

∫

Qτ

|uh
t |2ϕR(x)ψR(y)e−µtdzdt;

J21 :=
∫

Qτ

m∑

i=1

gh,h
i uh

tyi
ϕR(x)ψR(y)e−µtdzdt ≤

≤ 1
2δ

∫

Ωτ

m∑

i=1

|gh,h
i |2ϕR(x)ψR(y)e−µtdz+

+
δ

2

∫

Ωτ

m∑

i=1

|uh
yi
|2ϕR(x)ψR(y)e−µtdz+
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+
1
2

∫

Ω0

m∑

i=1

|gh,h
i |2ϕR(x)ψR(y)e−µtdz+

+
1
2

∫

Ω0

m∑

i=1

|uh,h
0yi
|2ϕR(x)ψR(y)e−µtdz+

+
1
2

∫

Qτ

m∑

i=1

(µ|gh,h
i |2 + |gh,h

it |2)ϕR(x)ψR(y)e−µtdzdt+

+
∫

Qτ

m∑

i=1

|uh
yi
|2ϕR(x)ψR(y)e−µtdzdt;

J22 :=
∫

Qτ

m∑

i=1

gh,h
i uh

t ϕR(x)(ψR(y))yie
−µtdzdt ≤

≤ δ

2

∫

Qτ

m∑

i=1

|gh,h
i |2ϕR(x)ψR(y)e−µtdzdt+

+
δ

q

∫

Qτ

|uh
t |qϕR(x)ψR(y)e−µtdzdt+

+C2(δ, q)
∫

Qτ

m∑

i=1

∣∣∣∣
(ψR(y))yi

(ψR(y))1/2+1/q

∣∣∣∣
2q

q−2

ϕR(x)e−µtdzdt.

Âèêîðèñòîâóþ÷è îòðèìàíi îöiíêè, ç (14) ìà¹ìî
∫

Ωτ

[
|uh

t |2 + (A0 − δ)
k∑

i,j=1

|uh
xixj

|2 + (C0 − 2δ)
m∑

i=1

|uh
yi
|2+

+A2

k∑

i=1

|uh
xi
|2

]
ϕR(x)ψR(y)e−µtdz+

+
∫

Qτ

[
|uh

t |2
(
µ−A4 −A4τ

2 − 1
)
+

+
k∑

i,j=1

|uh
xixj

|2 (µA0 −A1 − δµ− 1− 3δA3)+

+
m∑

i=1

|uh
yi
|2 (µC0 − C1 − C2δ − 1) +

+
n∑

i=1

|uh
tzi
|p

(
2B0 − 2B1δ

p′
− 8δ

p

)
+

+|uh
t |q

(
2β0 − 16δ

q

)
+

k∑

i=1

|uh
xi
|2 (

µA2 −A5 − δA6

)]×

×ϕR(x)ψR(y)e−µtdzdt ≤
∫

Ω0

[
2TA4|uh,h

0 |2+

+|uh,h
1 |2 +

k∑

i,j=1

|uh,h
0xixj

|2(A0 + 1) +
m∑

i=1

|uh,h
0yi
|2(C0 + 1)+

+A2
k∑

i=1

|uh,h
0xi
|2

]
ϕR(x)ψR(y)dz+

+
∫

Ω0




k∑

i,j=1

|fh,h
ij |2 +

m∑

i=1

|gh,h
i |2


ϕR(x)ψR(y)dz+

+
∫

Qτ

[ m∑

i=1

(
(µ + δ)|gh,h

i |2 + |gh,h
it |2

)
+ |fh,h

0 |2+

+
k∑

i=1

(
δ|fh,h

i |2+ 1
p′δp′/p

|fh,h
i |p′)+

k∑

i,j=1

((
2δ+

µ

δ

)|fh,h
ij |2+

+|fh,h
ijt |2

)]
ϕR(x)ψR(y)e−µtdzdt+

+
∫

Ωτ

[
1
δ

k∑

i,j=1

|fh,h
ij |2 +

1
δ

m∑

i=1

|gh,h
i |2

]
ϕR(x)ψR(y)dz+

+
∫

Qτ




k∑

i,j=1

∣∣∣∣
(ϕR(x))xixj

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

ψR(y)C2(δ, q)+

+
m∑

i=1

(∣∣∣∣
(ψR(y))yi

(ψR(y))1/q+1/p′

∣∣∣∣
pq

q−p

C3(δ, p, q)+

+
∣∣∣∣

(ψR(y))yi

(ψR(y))1/2+1/q

∣∣∣∣
2q

q−2

C2(δ, q)

)
ϕR(x)+

+
k∑

i=1

(∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/2+1/p

∣∣∣∣
2p

p−2

C1(δ, p)+

+
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

C2(δ, q)+

+
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/q+1/p′

∣∣∣∣
pq

q−p

C3(δ, p, q)

)
ψR(y)

]
e−µtdzdt.

Ïðèéìåìî µ = max
{

A4(1 + T 2) + 1; A1+1+3δA15
A0−δ +

1; A3+δA16+A7
A3 + 1; C1+C6δ+1

C0
+ 1

}
, äå δ � äîâiëüíà ìà-

ëà äîäàòíà êîíñòàíòà, ÿêà çàäîâiëüíÿ¹ òàêó óìîâó:
δ < min

{
A0; C0

2 ; β0q
8 ; B0pp′

B5p+4M1p′
}
. Òîäi ïiäiíòåãðàëü-

íèé âèðàç ëiâî¨ ÷àñòèíè îñòàííüî¨ íåðiâíîñòi äîäà-
òíèé, à ïðàâà ÷àñòèíà îáìåæåíà äîäàòíîþ êîíñòàí-
òîþ.

Âiçüìåìî R0 < R, òîäi ç îñòàííüî¨ íåðiâíîñòi ìà-
òèìåìî
∫

Ω
R0
T

[
|uh

t |2 +
k∑

i,j=1

|uh
xixj

|2 +
m∑

i=1

|uh
yi
|2 +

k∑

i=1

|uh
xi
|2

]
dz+

+
∫

Q
R0
T

[
|uh

t |2+
k∑

i,j=1

|uh
xixj

|2+
m∑

i=1

|uh
yi
|2+

n∑

i=1

|uh
tzi
|p+|uh

t |q+

+
k∑

i=1

|uh
xi
|2

]
dzdt ≤ eµT R2

µ(R2 −R2
0)2

∫

Ω0

[
|uh,h

0 |2 + |uh,h
1 |2+

+
k∑

i,j=1

|uh,h
0xixj

|2 +
m∑

i=1

|uh,h
0yi
|2+
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+
k∑

i=1

|uh,h
0xi
|2

]
ϕR(x)ψR(y)dz +

∫

Ω0




k∑

i,j=1

|fh,h
ij |2+

+
m∑

i=1

|gh,h
i |2

)
ϕR(x)ψR(y)dz +

∫

Qτ

[ m∑

i=1

(|gh,h
i |2+

+|gh,h
it |2) + |fh,h

0 |2 +
k∑

i=1

(|fh,h
i |2 + |fh,h

i |p′)+

+
k∑

i,j=1

(|fh,h
ij |2 + |fh,h

ijt |2
)]

ϕR(x)ψR(y)e−µtdzdt+

+
∫

Ωτ

[ k∑

i,j=1

|fh,h
ij |2 +

m∑

i=1

|gh,h
i |2

]
ϕR(x)ψR(y)dz+

+
∫

Qτ




k∑

i,j=1

∣∣∣∣
(ϕR(x))xixj

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

ψR(y)+

+
m∑

i=1

(∣∣∣∣
(ψR(y))yi

(ψR(y))1/q+1/p′

∣∣∣∣
pq

q−p

+

+
∣∣∣∣

(ψR(y))yi

(ψR(y))1/2+1/q

∣∣∣∣
2q

q−2
)

ϕR(x)+

+
k∑

i=1

(∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/2+1/p

∣∣∣∣
2p

p−2

+
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

+

+
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/q+1/p′

∣∣∣∣
pq

q−p

)
ψR(y)

]
e−µtdzdt.

Ç âèáîðó ϕ, ψ i óìîâ òåîðåìè âèïëèâà¹, ùî ïðàâà
÷àñòèíà îñòàííüî¨ íåðiâíîñòi îáìåæåíà. Îòæå,

||uh||
V 2,1
0 (Q

R0
T )

≤ M1, ||uh
t ||Lq(Q

R0
T )∩V 1,p

0 (Q
R0
T )

≤ M1,

(15)
äå M1 � äåÿêà äîäàòíà êîíñòàíòà, ÿêà çàëåæèòü âiä
êîåôiöi¹íòiâ ðiâíÿííÿ i ïî÷àòêîâèõ óìîâ.

Íà ïiäñòàâi (15), ç ïîñëiäîâíîñòi {uh} ìîæíà âè-
áðàòè òàêó ïiäïîñëiäîâíiñòü {uhk}, ùî

uhk → u (16)

*-ñëàáêî â L∞((0, T ); V 2,1
0 (ΩR0)),

uhk
t → ut

ñëàáêî â Lq((0, T ); Lq(ΩR0)) ∩ Lp((0, T ); V 1,p
0 (ΩR0))

ïðè hk →∞.
Ç ðiâíÿííÿ (2) âèïëèâà¹, ùî uh

tt ∈
∈ Lq′((0, T ); W−2,p′(ΩR0)), ç (16) ìà¹ìî, ùî uh

t ∈
∈ V 1,p

0 (QR0
T ), àëå V 1,p

0 (ΩR0) ⊂ Lq(ΩR0) ⊂ W−2,p′(ΩR0)
ïðè 2 < q < np

n−p , ïðè÷îìó V 1,p
0 (ΩR0) ⊂ Lq(ΩR0) êîì-

ïàêòíî, òîìó ç ïîñëiäîâíîñòi {uh} ìîæíà âèáðàòè
òàêó ïiäïîñëiäîâíiñòü {uhk}, ùî uhk

t → ut ñèëüíî â
Lq(QR0

T ).

Íåõàé uα, uβ � ðîçâ'ÿçêè çàäà÷i (2)-(4) ïðè R <
α+1 i R < β +1 âiäïîâiäíî. Ïiäñòàâèìî uα, uβ â ðiâ-
íiñòü (11), îòðèìàíi ðiâíîñòi âiäíiìåìî i ïðèéìåìî
v =

(
uα

t − uβ
t

)
ϕR(x)ψR(y)e−µt = uαβ

t ϕR(x)ψR(y)e−µt.
Îäåðæèìî

∫

Qτ

[
uαβ

t uαβ
tt ϕR(x)ψR(y)+

+
k∑

i,j,s,l=1

asl
ij(z, t)uαβ

xixj

(
uαβ

txsxl
ϕR(x)ψR(y)+

+uαβ
txs

(ϕR(x))xl
ψR(y) + uαβ

txl
(ϕR(x))xs

ψR(y)+

+uαβ
t (ϕR(x))xsxl

ψR(y)
)

+

+
k∑

i,j=1

aij(z, t)uαβ
xi

(
uαβ

txi
ϕR(x)ψR(y)+

+uαβ
t (ϕR(x))xj

ψR(y)
)

+ a0(z, t)uαβuαβ
t ϕR(x)ψR(y)+

+
n∑

i=1

bi(z, t)
(|uα

tzi
|p−2uα

tzi
− |uβ

tzi
|p−2uβ

tzi

)
uαβ

tzi
×

×ϕR(x)ψR(y) +
k∑

i=1

bi(z, t)
(|uα

txi
|p−2uα

txi
−

−|uβ
txi
|p−2uβ

txi

)
uαβ

t (ϕR(x))xiψR(y)+

+
n∑

i=k+1

bi(z, t)
(|uα

tyi
|p−2uα

tyi
− |uβ

tyi
|p−2uβ

tyi

)
uαβ

t ×

×ϕR(x)(ψR(y))yi +
m∑

i,j=1

cij(z, t)uαβ
yi

(
uαβ

tyj
ϕR(x)ψR(y)+

+uαβ
t ϕR(x)(ψR(y))yj

)
+ b(z, t)

(|uα
t |q−2uα

t − (17)

−|uβ
t |q−2uβ

t

)
uαβ

t ϕR(x)ψR(y)
]
e−µtdzdt =

=
∫

QR
τ

[ k∑

i,j=1

fαβ
ij uαβ

txixj
+

k∑

i=1

fαβ
i uαβ

txi
+

+fαβ
0 uαβ

t +
m∑

i=1

gαβ
i uαβ

tyi

]
ϕR(x)ψR(y)e−µtdzdt,

äå τ ∈ (0, T ], Fα,β = Fα,α − F β,β .
Îöiíèìî äîäàíêè îñòàííüî¨ ðiâíîñòi

J23 =
∫

Qτ

n∑

i=1

bi(z, t)
(|uα

tzi
|p−2uα

tzi
− |uβ

tzi
|p−2uβ

tzi

)×

×uαβ
tzi

ϕR(x)ψR(y)e−µtdzdt ≥

≥ B022−p

∫

Qτ

n∑

i=1

|uαβ
tzi
|pϕR(x)ψR(y)e−µtdzdt;

J24 =
∫

Qτ

k∑

i=1

bi(z, t)
(|uα

txi
|p−2uα

txi
− |uβ

txi
|p−2uβ

txi

)×

×uαβ
t (ϕR(x))xiψR(y)e−µtdzdt ≥
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≥ −B0

( ∫

Qτ

k∑

i=1

(|uα
txi
|p−2uα

txi
− |uβ

txi
|p−2uβ

txi

)p′×

×
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/p

∣∣∣∣
p′

ψR(y)e−µtdzdt

)1/p′

×

×
( ∫

Qτ

|uαβ
t |pϕR(x)ψR(y)e−µtdzdt

)1/p

;

J25 =
∫

Qτ

n∑

i=k+1

bi(z, t)
(|uα

tyi
|p−2uα

tyi
− |uβ

tyi
|p−2uβ

tyi

)×

×uαβ
t ϕR(x)(ψR(y))yie

−µtdzdt ≥

≥ −B0

( ∫

Qτ

n∑

i=k+1

(|uα
tyi
|p−2uα

tyi
− |uβ

tyi
|p−2uβ

tyi

)p′×

×
∣∣∣∣

(ψR(y))yi

(ψR(y))1/p

∣∣∣∣
p′

ϕR(x)e−µtdzdt

)1/p′

×

×
( ∫

Qτ

|uαβ
t |pϕR(x)ψR(y)e−µtdzdt

)1/p

;

J26 =
∫

Qτ

b(x, t)
(|uα

t |q−2uα
t − |uβ

t |q−2uβ
t

)×

×uαβ
t ϕR(x)ψR(y)e−µtdzdt ≥

≥ β022−q

∫

Qτ

|uαβ
t |qϕR(x)ψR(y)e−µtdzdt.

Âèêîðèñòà¹ìî îòðèìàíi îöiíêè iíòåãðàëiâJ1−J26,
ç (17) ìà¹ìî
∫

Ωτ

[
|uαβ

t |2 +
k∑

i,j=1

|uαβ
xixj

|2 +
m∑

i=1

|uαβ
yi
|2 +

k∑

i=1

|uαβ
xi
|2

]
×

×ϕR(x)ψR(y)e−µtdz +
∫

Qτ

[
|uαβ

t |2 +
k∑

i,j=1

|uαβ
xixj

|2+

+
m∑

i=1

|uαβ
yi
|2 +

n∑

i=1

|uαβ
tzi
|p + |uαβ

t |q +
k∑

i=1

|uαβ
xi
|2

]
×

×ϕR(x)ψR(y)e−µtdzdt ≤

≤ M2

∫

Qτ




k∑

i,j=1

∣∣∣∣
(ϕR(x))xixj

(ϕR(x))1/2+1/p

∣∣∣∣
2p

p−2

ψR(y)C1(δ, p)+

+
m∑

i=1

∣∣∣∣
(ψR(y))yi

(ψR(y))1/2+1/q

∣∣∣∣
2q

q−2

ϕR(x)C2(δ, q)+

+
k∑

i=1

(∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/2+1/p

∣∣∣∣
2p

p−2

C1(δ, p)+

+
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2
)

ψR(y)C2(δ, q)

]
×

×e−µtdzdt + M2

( ∫

Qτ

k∑

i=1

(|uα
txi
|p−2uα

txi
−

−|uβ
txi
|p−2uβ

txi

)p′
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/p

∣∣∣∣
p′

ψR(y)e−µtdzdt

)1/p′

×

×
( ∫

Qτ

|uαβ
t |pϕR(x)ψR(y)e−µtdzdt

)1/p

+

+M2

( ∫

Qτ

n∑

i=k+1

(|uα
tyi
|p−2uα

tyi
− |uβ

tyi
|p−2uβ

tyi

)p′×

×
∣∣∣∣

(ψR(y))yi

(ψR(y))1/p

∣∣∣∣
p′

ϕR(x)e−µtdzdt

)1/p′

×

×
( ∫

Qτ

|uαβ
t |pϕR(x)ψR(y)e−µtdzdt

)1/p

+

+M2

∫

Ω0




k∑

i,j=1

|fαβ
ij |2 +

m∑

i=1

|gαβ
i |2


 ϕR(x)ψR(y)dz+

+M2

∫

Qτ

[ m∑

i=1

(|gαβ
i |2 + |gαβ

it |2
)

+ |fαβ
0 |2+

+
k∑

i=1

(|fαβ
i |2 + |fαβ

i |p′)+

+
k∑

i,j=1

(|fαβ
ij |2 + |fαβ

ijt |2
)]

ϕR(x)ψR(y)e−µtdzdt+

+M2

∫

Ωτ

[ k∑

i,j=1

|fαβ
ij |2 +

m∑

i=1

|gαβ
i |2

]
ϕR(x)ψR(y)dz,

äå M2 � äîäàòíà êîíñòàíòà, ÿêà çàëåæèòü âiä êîåôi-
öi¹íòiâ ðiâíÿííÿ.

Îñêiëüêè iñíó¹ òàêå R1 > 0, ùî äëÿ äîâiëüíîãî
R0 < R1, R0 > 0, âèêîíóþòüñÿ òàêi îöiíêè:

(R1 −R0)γ ≤ ϕR(x) ≤ (2R1)γ ,

(R1 −R0)γ ≤ ψR(y) ≤ (2R1)γ ,
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/2+1/p

∣∣∣∣
2p

p−2

≤ (2R1)γ− 2p
p−2 ,

∣∣∣∣
(ϕR(x))xi

(ϕR(x))1/2+1/q

∣∣∣∣
2q

q−2

≤ (2R1)γ− 2q
q−2 ,

∣∣∣∣
(ψR(y))yi

(ψR(y))1/2+1/q

∣∣∣∣
2q

q−2

≤ (2R1)γ− 2q
q−2 ,

∣∣∣∣
(ϕR(x))xixj

(ϕR(x))1/2+1/p

∣∣∣∣
2p

p−2

≤ (2R1)γ− 4p
p−2 , (18)

òî îñòàííþ íåðiâíiñòü ìîæíà çàïèñàòè ó òàêîìó âè-
ãëÿäi:

∫

Ω
R0
τ

[
|uαβ

t |2 +
k∑

i,j=1

|uαβ
xixj

|2 +
m∑

i=1

|uαβ
yi
|2+
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+
k∑

i=1

|uαβ
xi
|2

]
dz+

∫

Q
R0
τ

[
|uαβ

t |2+
k∑

i,j=1

|uαβ
xixj

|2+
m∑

i=1

|uαβ
yi
|2+

+
n∑

i=1

|uαβ
tzi
|p + |uαβ

t |q +
k∑

i=1

|uαβ
xi
|2

]
dzdt ≤

≤ M2R
n
1

(R1 −R0)2γ

(
R

2γ− 2p
p−2

1 + R
2γ− 2q

q−2
1 + R

2γ− 4p
p−2

1

)
+

+
M2

(R1 −R0)2γ

( ∫

Q
R1
τ

k∑

i=1

(|uα
txi
|p−2uα

txi
−|uβ

txi
|p−2uβ

txi

)p′×

×
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/p

∣∣∣∣
p′

ψR(y)e−µtdzdt

)1/p′

×

×
( ∫

Q
R1
τ

|uαβ
t |pϕR(x)ψR(y)e−µtdzdt

)1/p

+

+
M2

(R1 −R0)2γ

( ∫

Q
R1
τ

n∑

i=k+1

(|uα
tyi
|p−2uα

tyi
−

−|uβ
tyi
|p−2uβ

tyi

)p′
∣∣∣∣

(ψR(y))yi

(ψR(y))1/p

∣∣∣∣
p′

ϕR(x)e−µtdzdt

)1/p′

×

×
( ∫

Q
R1
τ

|uαβ
t |pϕR(x)ψR(y)e−µtdzdt

)1/p

+

+
M2

(R1 −R0)2γ

∫

Q
R1
τ

[ m∑

i=1

(|gαβ
i |2 + |gαβ

it |2
)
+

+|fαβ
0 |2 +

k∑

i=1

(|fαβ
i |2 + |fαβ

i |p′)+

+
k∑

i,j=1

(|fαβ
ij |2 + |fαβ

ijt |2
)]

ϕR(x)ψR(y)e−µtdzdt+

+
M2

(R1 −R0)2γ

∫

Ω
R1
τ

[ k∑

i,j=1

|fαβ
ij |2+

+
m∑

i=1

|gαβ
i |2

]
ϕR(x)ψR(y)e−µτdz. (19)

Îöiíèìî äîäàíêè ïðàâî¨ ÷àñòèíè îñòàííüî¨ íåðiâ-
íîñòi

J27 = I1I2 =
( ∫

Q
R1
τ

k∑

i=1

(|uα
txi
|p−2uα

txi
−|uβ

txi
|p−2uβ

txi

)p′×

×
∣∣∣∣

(ϕR(x))xi

(ϕR(x))1/p

∣∣∣∣
p′

ψR(y)e−µtdzdt

)1/p′

×

×
( ∫

Q
R1
τ

|uαβ
t |pϕR(x)ψR(y)e−µtdzdt

)1/p

,

äå I1 � îáìåæåíà ïðè ôiêñîâàíîìó R1, I2 → 0, áî
uh

t → ut ñèëüíî â Lp(QT ), òîìó J27 → 0.
Àíàëîãi÷íî ïîêàçó¹ìî, ùî

J28 =
( ∫

Q
R1
τ

n∑

i=k+1

(|uα
tyi
|p−2uα

tyi
− |uβ

tyi
|p−2uβ

tyi

)p′×

×
∣∣∣∣

(ψR(y))yi

(ψR(y))1/p

∣∣∣∣
p′

ϕR(x)e−µtdzdt

)1/p′

×

×
( ∫

Q
R1
τ

|uαβ
t |pϕR(x)ψR(y)e−µtdzdt

)1/p

→ 0.

Ç (13) âèïëèâà¹, ùî äëÿ äîâiëüíîãî ε > 0 iñíó¹
òàêå íàòóðàëüíå h, ùî äëÿ âñiõ α > h, β > h âèêîíó-
þòüñÿ òàêi îöiíêè:

||gαβ
i ||

L2(Q
R1
T )

< ε, i ∈ {1, ...,m},

||gαβ
it ||L2(Q

R1
T )

< ε, i ∈ {1, ..., m}, ||fαβ
0 ||

L2(Q
R1
T )

< ε,

||fαβ
i ||

L2(Q
R1
T )

< ε, ||fαβ
i ||

Lp′ (QR1
T )

< ε, ||fαβ
ij ||L2(Q

R1
T )

< ε,

||fαβ
ijt ||L2(Q

R1
T )

< ε, i, j ∈ {1, ..., k}.
Îòæå, ç íåðiâíîñòi (19) îäåðæèìî

∫

Ω
R0
τ

[
|uαβ

t |2 +
k∑

i,j=1

|uαβ
xixj

|2 +
m∑

i=1

|uαβ
yi
|2 +

k∑

i=1

|uαβ
xi
|2

]
dz+

+
∫

Q
R0
τ

[
|uαβ

t |2 +
k∑

i,j=1

|uαβ
xixj

|2 +
m∑

i=1

|uαβ
yi
|2+

+
n∑

i=1

|uαβ
tzi
|p + |uαβ

t |q +
k∑

i=1

|uαβ
xi
|2

]
dzdt ≤

≤ M3R
2γ
1

(R1 −R0)2γ
(R1)n− 2q

q−2 , (20)

äå M3 � äåÿêà äîäàòíà êîíñòàíòà, ÿêà çàëåæèòü âiä
êîåôiöi¹íòiâ ðiâíÿííÿ.

Ïðè R1 → ∞, n < 2q
q−2 ïðàâà ÷àñòèíà îñòàííüî¨

íåðiâíîñòi ïðÿìó¹ äî íóëÿ. Òîäi ïîñëiäîâíiñòü {uh}
ôóíäàìåíòàëüíà â ïðîñòîðiL2((0, T ); V 2,1

0,loc(Ω)) i {uh
t }

ôóíäàìåíòàëüíà â ïðîñòîði L2((0, T ); V 1,p
0,loc(Ω)) ∩

Lq((0, T ); Lq
loc(Ω)). Îòæå, öi ïîñëiäîâíîñòi ñèëüíî çái-

æíi ó âiäïîâiäíèõ ïðîñòîðàõ.
�äèíiñòü ðîçâ'ÿçêó áóäåìî äîâîäèòè ìåòîäîì âiä

ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî u1, u2 � äâà ði-
çíi ðîçâ'ÿçêè çàäà÷i (2)-(5). Ïiäñòàâèìî ¨õ â (6),
îòðèìàíi ðiâíîñòi âiäíiìåìî i ïðèéìåìî v = (u1

t −
u2

t )ϕR(x)ψR(y)e−µt = u1,2
t ϕR(x)ψR(y)e−µt. Îäåðæèìî

∫

Qτ

[
u1,2

t u1,2
tt ϕR(x)ψR(y)+

+
k∑

i,j,s,l=1

asl
ij(z, t)u1,2

xixj

(
u1,2

txsxl
ϕR(x)ψR(y)+
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+u1,2
txs

(ϕR(x))xl
ψR(y) + u1,2

txl
(ϕR(x))xs

ψR(y)+

+u1,2
t (ϕR(x))xsxl

ψR(y)
)

+

+
k∑

i,j=1

aij(z, t)u1,2
xi

(
u1,2

txi
ϕR(x)ψR(y)+

+u1,2
t (ϕR(x))xj

ψR(y)
)

+ a0(z, t)u1,2u1,2
t ϕR(x)ψR(y)+

+
n∑

i=1

bi(z, t)
(|u1

tzi
|p−2u1

tzi
− |u2

tzi
|p−2u2

tzi

)
u1,2

tzi
×

×ϕR(x)ψR(y) +
k∑

i=1

bi(z, t)
(|u1

txi
|p−2u1

txi
−

−|u2
txi
|p−2u2

txi

)
u1,2

t (ϕR(x))xi
ψR(y)+

+
n∑

i=k+1

bi(z, t)
(|u1

tyi
|p−2u1

tyi
− |u2

tyi
|p−2u2

tyi

)
u1,2

t ×

×ϕR(x)(ψR(y))yi +
m∑

i,j=1

cij(z, t)u1,2
yi

(
u1,2

tyj
ϕR(x)ψR(y)+

+u1,2
t ϕR(x)(ψR(y))yj

)
+ b(z, t)

(|u1
t |q−2u1

t−

−|u2
t |q−2u2

t

)
u1,2

t ϕR(x)ψR(y)
]
e−µtdzdt = 0,

äå τ ∈ (0, T ].

Âèêîðèñòîâóþ÷è îöiíêè iíòåãðàëiâ J1 − J26, ç
îñòàííüî¨ ðiâíîñòi áóäåìî ìàòè
∫

Ω
R0
τ

[
|u1,2

t |2 +
k∑

i,j=1

|u1,2
xixj

|2 +
m∑

i=1

|u1,2
yi
|2 +

k∑

i=1

|u1,2
xi
|2

]
dz+

+
∫

Q
R0
τ

[
|u1,2

t |2 +
k∑

i,j=1

|u1,2
xixj

|2 +
m∑

i=1

|u1,2
yi
|2+

+
n∑

i=1

|u1,2
tzi
|p + |u1,2

t |q +
k∑

i=1

|u1,2
xi
|2

]
dzdt → 0

ïðè R1 →∞, n < 2q
q−2 , R0 < R1.

Îòîæ,
u1 = u2

ìàéæå âñþäè â QT .
Îòæå, òåîðåìó äîâåäåíî. ¥

Âèñíîâêè
Îòæå, ó ïðàöi îäåðæàíî äîñòàòíi óìîâè iñíóâàí-

íÿ òà ¹äèíîñòi ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ ðiâíÿí-
íÿ òèïó Åéäåëüìàíà â íåîáìåæåíié çà ïðîñòîðîâèìè
çìiííèìè îáëàñòi, ÿêi íå çàëåæàòü âiä ïîâåäiíêè ïî-
÷àòêîâèõ äàíèõ i ïðàâî¨ ÷àñòèíè íà íåñêií÷åííîñòi.
Öå ðiâíÿííÿ ìè òðàêòó¹ìî ÿê âèðîäæåíå ïàðàáîëi-
÷íå ðiâíÿííÿ ç äðóãîþ ïîõiäíîþ çà ÷àñîâîþ çìiííîþ,
òîáòî ðiâíÿííÿ, â ÿêîìó âiäñóòíi ïîõiäíi ÷åòâåðòîãî
ïîðÿäêó çà ÷àñòèíîþ ïðîñòîðîâèõ çìiííèõ.
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The initial boundary value problem for nonlinear parabolic equation in an unbounded domain
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