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Âñòóï
Ñòâîðåííÿ ìàòåìàòè÷íèõ ìîäåëåé ðåàëüíèõ ôiçè÷-

íèõ ÿâèù, ÿêi âðàõîâóþòü äèñêðåòíó i íåïåðåðåâíó ¨õ
ïðèðîäó, ïðèâîäèòü äî âèíèêíåííÿ òàê çâàíèõ êâà-
çiäèôåðåíöiàëüíèõ ðiâíÿíü (ÊÄÐ), ÿêi ìiñòÿòü óçà-
ãàëüíåíi ôóíêöi¨ â êîåôiöi¹íòàõ.

Îäíi¹þ ç iäåé äîñëiäæåííÿ òàêèõ ÊÄÐ ¹ çâåäå-
ííÿ ¨õ äî êîðåêòíèõ óçàãàëüíåíèõ ñèñòåì äèôåðåí-
öiàëüíèõ ðiâíÿíü ç ìiðàìè. Ïðè öüîìó çàñòîñîâó¹-
òüñÿ àïàðàò êîíöåïöi¨ êâàçiïîõiäíèõ (íàïð., [1] � [4]).
Ïðàêòè÷íèé iíòåðåñ ñòàíîâëÿòü òàêi ÊÄÐ, ðîçâ'ÿçîê
ÿêèõ ìîæíà îäåðæàòè ó ÿâíîìó âèãëÿäi. Ó ñòàòòi ðîç-
ãëÿäàþòüñÿ äâà êëàñè ÊÄÐ � ÷àñòêîâî âèðîäæåíi òà
âèðîäæåíi ÊÄÐ. Ñïî÷àòêó íàâåäåíî íåîáõiäíi òåîðå-
òè÷íi âiäîìîñòi, íà ÿêi îïðèà¹òüñÿ ïîäàëüøå äîñëi-
äæåííÿ. Ââîäÿòüñÿ ïîíÿòòÿ ÷àñòêîâî âèðîäæåíèõ òà
âèðîäæåíèõ ÊÄÐ, äëÿ ÿêèõ íàäàëi:

• äîñëiäæåíî ñòðóêòóðó ìàòðèöi Êîøi;

• ïîäàíî êîíñòðóêòèâíèé âèãëÿä ðîçâ'ÿçêiâ ïî÷à-
òêîâî¨ çàäà÷i, çàäà÷i Âàëëå-Ïóññåíà, êðàéîâî¨
çàäà÷i;

• âñòàíîâëåíî ñêií÷åííiñòü ñïåêòðà çàäà÷ íà âëà-
ñíi çíà÷åííÿ.

Êîæíà iç íàâåäåíèõ ÷àñòèí iëþñòðó¹òüñÿ âiäïîâiä-
íèì ïðèêëàäîì.

I. Äîäàòêîâi âiäîìîñòi
Òóò ïîäàþòüñÿ íåîáõiäíi âiäîìîñòi ç òåîði¨ óçàãàëü-

íåíèõ êâàçiäèôåðåíöiàëüíèõ ðiâíÿíü òà âiäïîâiäíèõ

¨ì ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿä-
êó [1], [2], [5]. Óñi ôóíêöi¨, ùî ðîçãëÿäàþòüñÿ â ñòàòòi,
ââàæàòèìåìî äiéñíîçíà÷íèìè.

Íåõàé I � âiäêðèòèé (ñêií÷åííèé ÷è íåñêií÷åí-
íèé) iíòåðâàë äiéñíî¨ îñi, BV +

loc(I) �êëàñ íåïåðåðâ-
íèõ ñïðàâà ôóíêöié ëîêàëüíî îáìåæåíî¨ íà I âàðià-
öi¨, AC(I) � êëàñ àáñîëþòíî íåïåðåðâíèõ íà I ôóí-
êöié. Ðîçãëÿäà¹òüñÿ êâàçiäèôåðåíöiàëüíèé âèðàç

Lmn[y] ≡
n∑

i=0

m∑

j=0

(−1)m−j
(
aij(x)y(n−i)

)(m−j)

i âiäïîâiäíå êâàçiäèôåðåíöiàëüíå ðiâíÿííÿ (ÊÄÐ)

Lmn[y] =
m−1∑

i=0

(−1)i+1f
(i+1)
i (x), (1)

äå êîåôiöi¹íòè aij(x) i ôóíêöi¨ fi(x) ñïðàâäæóþòü òà-
êi óìîâè:

1) a−1
00 (x) � ëîêàëüíî îáìåæåíà i âèìiðíà íà I

ôóíêöiÿ;
2) ai0(x), a0j(x) ∈ L2(I), i = 1, . . . , n, j = 1, . . . , m;
3) aij(x) = b′ij(x), bij(x) ∈ BV +

loc(I);

4) fi(x) ∈ BV +
loc(I), f

(i+1)
i (x) � ¨õ óçàãàëüíåíi ïîõi-

äíi, i = 0, . . . , m− 1.

Äëÿ ðiâíÿííÿ (1) ââîäÿòüñÿ êâàçiïîõiäíi y[k](x) çà
ôîðìóëàìè

y[k](x) = y(k)(x), i = 1, . . . , n− 1;

y[n](x) =
n∑

i=0

ai0(x)y(n−i)(x);

y[n+k](x) =
(
fm−k(x)− y[n+k−1](x)

)′
+

+
n∑

i=0

aik(x)y(n−i)(x), k = 1, . . . , m,

(2)
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×àñòêîâî âèðîäæåíi òà âèðîäæåíi êâàçiäèôåðåíöiàëüíi ðiâíÿííÿ

çà äîïîìîãîþ ÿêèõ ÊÄÐ (1) çâîäèòüñÿ äî ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó:

Y
′
(x) = C ′(x)Y (x) + F

′
(x), (3)

äå Y (x) =
(
y(x), y[1](x), . . . , y[n+m−1](x)

)>, F (x) =
= (0, . . . , 0, fm−1(x), . . . , f1(x), f0(x))>, C(x), F (x) ∈
∈ BV +

loc(I) i âèêîíóþòüñÿ óìîâè (êîðåêòíîñòi)

∀x ∈ I (∆C(x))2 = 0, ∆C(x)∆F (x) = 0. (4)

Çàóâàæèìî, ùî óìîâè êîðåêòíîñòi (4) ãàðàíòóþòüñÿ
âèìîãàìè 1) � 4) íà êîåôiöi¹íòè ÊÄÐ (1). Ñèñòåìà
(3) íàçèâà¹òüñÿ ñèñòåìîþ, ùî âiäïîâiäà¹ ÊÄÐ (1).

Ïðè ïî÷àòêîâié óìîâi

Y (x0) = Y 0, (5)

äå Y (x0) =
(
y(x0), y[1](x0), . . . , y[n+m−1](x0)

)>, Y 0 =
= (y0, y1, . . . , yn+m−1)

> iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i
(3), (5), ïðè÷îìó y[k](x) ∈ AC(I), k = 0, 1, . . . , n − 1,
y[n+k](x) ∈ BV +

loc(I), k = 0, 1, . . . , m − 1, à â òî÷êàõ
xs ðîçðèâiâ ôóíêöié bij(x) i fi(x) êâàçiïîõiäíi ìàþòü
ñòðèáêè, ùî âèçíà÷àþòüñÿ ôîðìóëàìè

∆y[n+k−1](xs) =
n−1∑

i=0

∆bn+i,k(xs)y[i](xs) + ∆fm−k(xs).

Äëÿ âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè

Y
′
(x) = C ′(x)Y (x) (6)

iñíó¹ ôóíäàìåíòàëüíà ìàòðèöÿ (ìàòðèöÿ Êîøi)
B(x, α), ùî çà çìiííîþ x ñïðàâäæó¹ âiäïîâiäíå (6)
ìàòðè÷íå ðiâíÿííÿ

d

dx
B(x, α) = C ′(x)B(x, α)

i ìà¹ òàêi âëàñòèâîñòi:
1. B(α, α) = E;

2. B(x, α) = (E + ∆C(x)) B(x − 0, α), äå E � îäè-
íè÷íà ìàòðèöÿ;

3. (âëàñòèâiñòü ãàðìîíi÷íîñòi)

∀x1, x2, x3 ∈ I B(x3, x2)B(x2, x1) = B(x3, x1);

4. ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i (3), (5) çîáðàæà¹-
òüñÿ ó âèãëÿäi (ó ôîðìi Êîøi)

Y (x) = B(x, x0)Y 0 +

x∫

x0

B(x, t)dF (t), (7)

äå x0, x ∈ I.

Çàóâàæåííÿ 1. Ïiä ðîçâ'ÿçêîì ÊÄÐ (1) áóäåìî
ðîçóìiòè ïåðøó êîîðäèíàòó y(x) âåêòîðà Y (x), çà
äîïîìîãîþ ÿêîãî öå ðiâíÿííÿ çâîäèòüñÿ äî êîðåêò-
íî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïî-
ðÿäêó (3).

II. ×àñòêîâî âèðîäæåíi òà âèðîäæåíi
êâàçiäèôåðåíöiàëüíi ðiâíÿííÿ

Óòî÷íèìî òåïåð ñòðóêòóðó êîåôiöi¹íòiâ ÊÄÐ (1).
Ïðèïóñòèìî, ùî a00(x), ai0(x), a0j(x), i = 1, . . . , n,
j = 1, . . . , m � êóñêîâî-ñòàëi íà iíòåðâàëi [a; b) ⊂ I
ôóíêöi¨, ÿêi ìîæíà ïîäàòè ó âèãëÿäi

a00(x) =
p∑

s=0
as
00 ·Θs(x),

ai0(x) =
p∑

s=0
as

i0 ·Θs(x),

a0j(x) =
p∑

s=0
as
0j ·Θs(x),

(8)

äå as
00, a

s
i0, a

s
0j ∈ R, Θs(x) � õàðàêòåðèñòè÷íà ôóí-

êöiÿ ïðîìiæêó [xs; xs+1), s = 0, 1, . . . , p, òîáòî

Θs(x) =
{

1, x ∈ [xs; xs+1),
0, x /∈ [xs; xs+1).

(9)

x1, . . . , xs, . . . , xp � òî÷êè ðîçðèâiâ êîåôiöi¹íòiâ
a00(x), ai0(x), a0j(x).

Êîåôiöi¹íòè aij(x), i · j 6= 0 ìàþòü òàêèé âèãëÿä:

aij(x) =
p+1∑
s=1

as
ijδ(x− xs), (10)

äå as
ij ∈ R, δ(x−xs) � ôóíêöiÿ Äiðàêà ç íîñi¹ì ó òî÷öi

xs. Ïðèïóñòèìî òàêîæ, ùî ôóíêöi¨, ÿêi çíàõîäÿòüñÿ
â ïðàâié ÷àñòèíi ÊÄÐ (1), ïîäàþòüñÿ ó âèãëÿäi

fi(x) =
p∑

s=1

fs
i η(x− xs), (11)

äå fs
i ∈ R, η(x − xs) � çìiùåíà ôóíêöiÿ Õåâiñàéäà:

η′(x− xs) = δ(x− xs).
Îçíà÷åííÿ 1. Êâàçiäèôåðåíöiàëüíå ðiâíÿí-

íÿ (1), êîåôiöi¹íòè ÿêîãî aij(x), i = 0, 1, . . . , n,
j = 0, 1, . . . ,m i ôóíêöi¨ fi(x), i = 0, 1, . . . ,m − 1
ìàþòü çîáðàæåííÿ (8), (10), (11) íàçèâàòèìåìî ÷àñò-
êîâî âèðîäæåíèì (×ÂÊÄÐ).

Îçíà÷åííÿ 2. Íåõàé ñïðàâåäëèâèìè ¹ çîáðàæå-
ííÿ (10), (11). Âèðîäæåíèì êâàçiäèôåðåíöiàëüíèì
ðiâíÿííÿì (ÂÊÄÐ) íàçèâàòèìåìî ðiâíÿííÿ âèãëÿäó
(
a00(x)y(n)(x)

)(m)

+
n∑

i=1

m∑

j=1

(−1)m−j
(
aij(x)y(n−i)

)(m−j)

=

=
m−1∑

i=0

(−1)i+1f
(i+1)
i (x).

Î÷åâèäíî, ùî ×ÂÊÄÐ i ÂÊÄÐ ¹ ÷àñòèííèìè âè-
ïàäêàìè ÊÄÐ (1), êîåôiöi¹íòè ÿêîãî çàäîâîëüíÿþòü
óìîâè 1)-4), òîìó äëÿ íèõ ñïðàâåäëèâi âñi âëàñòèâî-
ñòi, îïèñàíi ó ïîïåðåäíüîìó ïóíêòi. Ç iíøîãî áîêó,
ñïåöèôi÷íà ñòðóêòóðà ¨õ êîåôiöi¹íòiâ äîçâîëÿ¹ áóäó-
âàòè ìàòðèöþ Êîøi, ÿêà âèêîðèñòîâó¹òüñÿ â çàñòîñó-
âàííÿõ, â çàìêíåíîìó âèãëÿäi.
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III. Ñòðóêòóðà ìàòðèöi Êîøi ñèñòåì,
ùî âiäïîâiäàþòü ×ÂÊÄÐ i ÂÊÄÐ

Ðîçãëÿíåìî îäíîðiäíå ×ÂÊÄÐ
n∑

i=0

m∑

j=0

(−1)m−j
(
aij(x)y(n−i)

)(m−j)

= 0 (12)

i âiäïîâiäíó éîìó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü
ïåðøîãî ïîðÿäêó (6). Çà óìîâ (8), (10) ìàòðèöÿ
∆C(xs) ìà¹ âèãëÿä

∆C(xs) =
(

On Onm

Cs Omn

)
(13)

äå On � íóëüîâà ìàòðèöÿ n-ãî ïîðÿäêó, Opq � íóëüîâi
ìàòðèöi ðîçìiðó p× q, ìàòðèöÿ Cs ìà¹ âèãëÿä

Cs =




as
n1 as

n−1,1 . . . as
11

as
n2 as

n−1,2 . . . as
12

. . . . . . . . . . . .
as

nm as
n−1,m . . . as

1m




òîáòî ñòðèáêè ñèñòåìè (6) çà óìîâ (8), (10) ¹ ëèøå
â íîñiÿõ xs ôóíêöié Äiðàêà δ(x − xs). Ïîðÿä ç ñè-
ñòåìîþ (6) ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-

íÿíü ïåðøîãî ïîðÿäêó ç êóñêîâî-ñòàëèìè êîåôiöi¹í-
òàìè, ïîðîäæåíèìè ôîðìóëàìè (8)

Y
′
=

(
p∑

s=0

AsΘs(x)

)
Y , (14)

äå êâàäðàòíi ìàòðèöi As � ñòàëi íà ïðîìiæêàõ
[xs; xs+1), à Θs(x) � õàðàêòåðèñòè÷íi ôóíêöi¨ (9) öèõ
ïðîìiæêiâ.

Ñèñòåìà (14) iíäóêó¹ íà êîæíîìó ç ïðîìiæêiâ
[xs; xs+1) ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

Y
′
s = AsY s, s = 0, 1, . . . , p. (15)

Ïîçíà÷èìî ìàòðèöþ Êîøi ñèñòåìè (15) ÷åðåç
B̃s(x, α) i ââàæàòèìåìî ¨¨ âiäîìîþ äëÿ äîâiëüíîãî
s = 0, 1, . . . , p. Òîäi ñïðàâåäëèâà

Òåîðåìà 1. Ìàòðèöÿ Êîøi ñèñòåìè äèôåðåí-
öiàëüíèõ ðiâíÿíü (6), ùî âiäïîâiäà¹ ×ÂÊÄÐ, ïðè
α = a ìà¹ âèãëÿä

B(x, a) =
p∑

s=0

Bs(x, a)Θs(x) (16)

äå ìàòðèöi Bs(x, a) îá÷èñëþþòüñÿ ç ðåêóðåíòíèõ
ñïiââiäíîøåíü

B0(x, a) = B̃0(x, a), x ∈ [a; x1);
Bs(x, a) = B̃s(x, xs) (E + ∆C(xs))Bs−1(xs − 0, a), x ∈ [xs; xs+1).

(17)

¤ Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî ìåòîäîì
ìàòåìàòè÷íî¨ iíäóêöi¨ çà p. Ïåðåâiðèìî ñïðàâåäëè-
âiñòü ôîðìóëè (16) ïðè p = 1. Íà ïðîìiæêó [a; x1)
B0(x, a) = B̃0(x, a). Äëÿ ïðîäîâæåííÿ ¨¨ íà ïðîìiæîê
[x1; b) ñêîðèñòà¹ìîñÿ ç âëàñòèâîñòi ãàðìîíi÷íîñòi

B1(x, a) = B̃1(x,x1)B0(x1, a).

Âðàõîâóþ÷è âëàñòèâiñòü 2 ìàòðèöi Êîøi, îäåðæèìî
ôîðìóëó

B1(x, a) = B̃1(x,x1)(E + ∆C(x1))B0(x1 − 0, a).

Î÷åâèäíî, ùî íà ïðîìiæêó [a; b) ìàòðèöÿ Êîøi
B(x, a) ïîäà¹òüñÿ ó âèãëÿäi

B(x, a) = B0(x, a)Θ0(x) + B1(x, a)Θ1(x).

Ïðèïóñòèìî, ùî ôîðìóëà (16) ñïðàâåäëèâà ïðè p =
k, òîáòî iñíó¹ çîáðàæåííÿ

B(x, a) =
k∑

s=0

Bs(x, a)Θs(x), (18)

à ç (17), çîêðåìà, ñëiäó¹, ùî ïðè x ∈ [xk;xk+1)

Bk(x, a) = B̃k(x, xk) (E + ∆C(xk)) Bk−1(xk − 0, a).
(19)

Íåàõàé p = k + 1, òîáòî iíòåðâàë [a; b) ìiñòèòü k + 1
òî÷îê � íîñi¨â óçàãàëüíåíèõ êîåôiöi¹íòiâ âiäïîâiäíî-
ãî ×ÂÊÄÐ. Ïðè x ∈ [xk+1; b) çà âëàñòèâiñòþ ãàðìîíi-
÷íîñòi ìà¹ìî

Bk+1(x, a) = B(x, xk+1)B(xk+1, a),

Çâiäêè

Bk+1(x, a) = B(x, xk+1)(E + ∆C(xk+1)B(xk+1 − 0, a).

Ïðè x ∈ [xk+1; b) ìà¹ìî, ùî B(x, xk+1) =
B̃k+1(x, xk+1). Îñêiëüêè iíòåðâàë (xk+1−0, a) ìiñòèòü
k òî÷îê � íîñi¨â óçàãàëüíåíèõ êîåôiöi¹íòiâ âiäïîâiä-
íîãî ×ÂÊÄÐ, òî ñïðàâåäëèâèìè ¹ çîáðàæåííÿ (18),
(19), çâiäêè ñëiäó¹ ñïðàâåäëèâiñòü ôîðìóë (16) òà
(17) äëÿ p = k + 1. ¥

Íàñëiäîê 1. ßêùî x ∈ [xs; xs+1) ⊂ I, òî äëÿ
ôóíäàìåíòàëüíî¨ ìàòðèöi ñèñòåìè (6), ùî âiäïîâiäà¹
îäíîðiäíîìó ×ÂÊÄÐ (12), ñïðàâåäëèâå òàêå ìóëüòè-
ïëiêàòèâíå ïðåäñòàâëåííÿ:

Bs(x, x0) = B̃s(x, xs)
s−1∏

i=0

(E + ∆C(xs−i))B̃s−i−1(xs−i, xs−i−1). (20)
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Ñòðóêòóðà ìàòðèöi Êîøi ñèñòåìè ùî âiäïîâiäà¹
îäíîðiäíîìó ÂÊÄÐ

(
a00(x)y(n)(x)

)(m)
+

+
∑n

i=1

∑m
j=1(−1)m−j

(
aij(x)y(n−i)

)(m−j)
= 0

(21)

òåæ ìà¹ âèãëÿä (16), àëå â öüîìó êîíêðåòíîìó âè-
ïàäêó ìàòðèöi B̃s(x, α) îäíàêîâi íà âñiõ ïðîìiæêàõ

[xs; xs+1) i áóäóþòüñÿ â ÿâíîìó âèãëÿäi [4].

Ëåìà 1. Ôóíêöiÿ Êîøi ÊÄÐ
(
a00(x)y(n)

)(m)

= 0, (22)

âiäïîâiäíîãî ÂÊÄÐ (21), ìà¹ âèãëÿä

K(x, α) = (−1)m−1 1
(n− 1)!(m− 1)!

∫ x

α

a−1
00 (t)(x− t)n−1(t− α)m−1dt. (23)

¤ Äîâåäåííÿ. Ôîðìóëà (23) äîâîäèòüñÿ áåç-
ïîñåðåäíüîþ ïåðåâiðêîþ øëÿõîì ïîñëiäîâíîãî äèôå-

ðåíöiþâàííÿ ïðàâî¨ ÷àñòèíè çà ïàðàìåòðîì x i âðà-
õóâàííÿ âèãëÿäó êâàçiïîõiäíèõ (2).¥

Ïîçíà÷èìî

Ipq(x, α) =
1

p!q!

x∫

α

a−1
00 (t)(x− t)p(t− α)qdt.

Ëåìà 2. Ìàòðèöÿ Êîøi ñèñòåìè, ùî âiäïîâiäà¹ îäíîðiäíîìó ÂÊÄÐ (21), ìà¹ âèãëÿä

Bc(x, α) =




1 x− α . . . (x−α)n−1

(n−1)! In−1,0(x, α) . . . (−1)m−1In−1,m−1(x, α)

0 1 . . . (x−α)n−2

(n−2)! In−2,0(x, α) . . . (−1)m−1In−2,m−1(x, α)
. . . . . . . . . . . . . . . . . . . . .
0 0 . . . 1 I0,0(x, α) . . . (−1)m−1I0,m−1(x, α)
0 0 . . . 0 1 . . . (−1)m−1 (x−α)m−1

(m−1)!

. . . . . . . . . . . . . . . . . . . . .
0 0 . . . 0 0 . . . 1




(24)

¤ Äîâåäåííÿ. Äîñòàòíüî çàóâàæèòè , ùî ïåðøèé ðÿäîê â (24) óòâîðþ¹ ôóíäàìåíòàëüíó ñèñòåìó
ðîçâ'ÿçêiâ ÊÄÐ (21), à iíøi ðÿäêè � ïîñëiäîâíi êâàçiïîõiäíi çà çìiííîþx. ¥

IV. Çàñòîñóâàííÿ
A Ïî÷àòêîâi çàäà÷i
Äëÿ åôåêòèâíîãî çàñòîñóâàííÿ ôîðìóëè (7) íå-

îáõiäíî óòî÷íèòè ñòðóêòóðó iíòåãðàëà Ðiìàíà-
Ñòiëüòü¹ñà â ¨¨ ïðàâié ÷àñòèíi, âðàõîâóþ÷è ñïåöiàëü-
íèé âèãëÿä âåêòîð-ôóíêöi¨ F

′
(x). Îñêiëüêè F (x) =

(0, . . . , 0, fm−1, . . . , f1, f0)>, òî

F (x) =
p+1∑
s=1

Φsη(x− xs), (25)

äå Φs = (0, . . . , 0, fs
m−1, . . . , f

s
1 , fs

0 )>, òîáòî

F
′
(x) =

p∑
s=1

Φsδ(x− xs).

Ëåìà 1. ßêùî âåêòîð-ôóíêöiÿ F (x) ìà¹ âè-
ãëÿä (25), òî iíòåãðàë Ðiìàíà-Ñòiëüòü¹ñà ó ôîðìó-

ëi (7) (ÿêà âiäïîâiäà¹ ×ÂÊÄÐ ÷è ÂÊÄÐ) îá÷èñëþ¹-
òüñÿ òàê:

∫ x

x0

B(x, t)dF (t) =
p∑

s=0

(
s∑

l=0

Bl(x, xl)Φl

)
Θs(x) (26)

äå Φ0 = 0.
¤ Äîâåäåííÿ. Äîâåäåííÿ ïðîâîäèòüñÿ ìåòîäîì

ìàòåìàòè÷íî¨ iíäóêöi¨ çà p. ¥
Çàóâàæåííÿ 1. Ç óðàõóâàííÿì ôîðìóë (16) i

(26) ôîðìóëó (7) äëÿ ðîçâ'ÿçóâàííÿ ïî÷àòêîâî¨ çàäà-
÷i (3), (5) ìîæíà ïîäàòè â çðó÷íîìó äëÿ ïðàêòè÷íîãî
êîðèñòóâàííÿ âèãëÿäi:

Y (x)=
p∑

s=0

(
Bs(x, x0)Y 0+

s∑

l=0

Bl(x, xl)Φl

)
Θs(x) (27)

Çàóâàæåííÿ 2. Âðàõîâóþ÷è ôîðìóëó (27),
ðîçâ'ÿçîê âiäïîâiäíî¨ ïî÷àòêîâî¨ çàäà÷i äëÿ ×ÂÊÄÐ,
çâàæàþ÷è íà çàóâàæåííÿ 1, ìîæíà ïîäàòè ó âèãëÿäi:

y(x) =
p∑

s=0

(
n+m−1∑

i=0

K{i}
s (x, x0)y

[n+m−i−1]
0 +

s∑

l=0

m+1∑

i=0

K
{i}
l (x, xl)f l

i

)
Θs(x), (28)

äå K
{i}
l (x, xl) � åëåìåíòè ìàòðèöi Bl(x, xl).
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Ïðèêëàä 1. Ðîçãëÿíåìî íåîäíîðiäíå ×ÂÊÄÐ
y′′ +

(
1 +

1
6
δ
(
x− π

4

)
+

1
8
δ
(
x− π

2

))
y = δ

(
x− π

4

)
+ 2δ

(
x− π

2

)
(29)

ç ïî÷àòêîâîþ óìîâîþ
y(0) = 0, y′(0) = 1. (30)

Êâàçiïîõiäíà ó öüîìó âèïàäêó çáiãà¹òüñÿ iç çâè-
÷àéíîþ ïîõiäíîþ, òîáòî y[1](x) = y′(x). Çàäà÷à (29),
(30) çâîäèòüñÿ äî çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíî¨
ñèñòåìè ïåðøîãî ïîðÿäêó âèãëÿäó (3), (5), äå:

C ′(x) =
(

0 1
− (

1 + 1
6δ

(
x− π

4

)
+ 1

8δ
(
x− π

2

))
0

)
;

F
′
=

(
0

δ
(
x− π

4

)
+ 2δ

(
x− π

2

)
)

;

Y 0 =
(

0
1

)
.

Ìîæíà ïåðåêîíàòèñÿ, ùî ôóíêöiÿ Êîøi äëÿ �íå-
ïåðåðâíî¨ ÷àñòèíè� ðiâíÿííÿ (29), òîáòî äëÿ ðiâíÿííÿ

y′′(x) + y = 0 îá÷èñëþ¹òüñÿ çà ôîðìóëîþ K(x, α) =
= sin(x − α). Ôóíäàìåíòàëüíà ìàòðèöÿ, âiäïîâiäíà
öüîìó ðiâíÿííþ, ìàòèìå âèãëÿä:

B̃(x, α) =
(

cos(x− α) sin(x− α)
−sin(x− α) cos(x− α)

)

Îòæå,

B̃0(x, 0) =
(

cosx sinx
−sinx cosx

)

Çãiäíî ç ðåêóðåíòíèìè ñïiââiäíîøåííÿìè (17) çíàõî-
äèìî âèãëÿä ìàòðèöü Êîøi B1(x, 0) òà B2(x, 0):

B1(x, 0) =
1
12

(
13cosx− sinx cosx + 11sinx
−cosx− 13sinx 11cosx− sinx

)

B2(x, 0) =
1
96

( −8sinx + 103cosx 88sinx + 19cosx
−8cosx− 103sinx 88cosx− 19sinx

)

Òîäi, âèêîðèñòîâóþ÷è çîáðàæåííÿ (28), çíàéäåìî
ðîçâ'ÿçîê çàäà÷i (29), (30):

y(x) = y0(x) ·Θ0(x) + y1(x) ·Θ1(x) + y2(x) ·Θ2(x),

äå Θ0(x), Θ1(x), Θ2(x) � õàðàêòåðèñòè÷íi ôóíêöi¨ ií-
òåðâàëiâ

[
0; π

4

)
,
[

π
4 ; π

2

)
òà

[
π
2 ; ∞) âiäïîâiäíî, à

y0(x) = sinx;

y1(x) =
1− 6

√
2

12
cosx +

11 + 6
√

2
12

sinx;

y2(x) =
11 + 6

√
2

12
sinx− 173 + 42

√
2

96
cosx.

B Êðàéîâi çàäà÷i
Ïîçíà÷èìî a = x0, b = xp+1. Ðîçãëÿíåìî êðàéîâi

óìîâè äëÿ íåîäíîðiäíîãî ×ÂÊÄÐ:
n+m∑

k=1

(
rpky[k−1](a) + spky[k−1](b)

)
= up, p = 1, . . . , n+m,

(31)

äå rpk, spk, up ∈ R. Òîäi äëÿ âiäïîâiäíî¨ óçàãàëüíåíî¨
äèôåðåíöiàëüíî¨ ñèñòåìè (3) êðàéîâà óìîâà íàáóäå
âèãëÿäó

RY (a) + SY (b) = U, (32)

äå R = {rpk}n+m
k,p=1, S = {−spk}n+m

k,p=1 � äiéñíîçíà÷íi
ìàòðèöi (n+m)-ãî ïîðÿäêó, U = {up}n+m

p=1 � äiñíîçíà-
÷íèé âåêòîð.

Ëåìà 2. ßêùî

Det(R + SB(b, a)) 6= 0, (33)

òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (3), (32)
äëÿ ñèñòåìè, ùî âiäïîâiäà¹ ×ÂÊÄÐ, ÿêèé çîáðàæà-
¹òüñÿ ó âèãëÿäi:

Y (x) =
p∑

s=0

(
Bs(x, a)(R + SBp(b, a))−1

(
U − S

p+1∑

l=0

Bl(b, xl)Φl

)
+

s∑

l=0

Bl(x, xl)Φl

)
Θs(x), (34)

äå

Bp(b, a) =
p∏

l=0

(E + ∆C(xp+1−l))B̃p−l(xp+1−l, xp−l).

22 Ìàòåìàòèêà



×àñòêîâî âèðîäæåíi òà âèðîäæåíi êâàçiäèôåðåíöiàëüíi ðiâíÿííÿ

¤ Äîâåäåííÿ. Äëÿ äîâåäåííÿ çàñòîñó¹ìî ìå-
òîä çâåäåííÿ êðàéîâî¨ çàäà÷i äî ïî÷àòêîâî¨. Çãiäíî ç
(7) ìà¹ìî

Y (b) = B(b, a)Y (a) +
∫ b

a

B(b, t)dF (t).

Çâiäêè

SY (b) = SB(b, a)Y (a) + S

∫ b

a

B(b, t)dF (t).

Âðàõîâóþ÷è êðàéîâó óìîâó (32), ìîæíà îäåðæàòè

ðiâíiñòü:

Y (a)=(R+SB(b, a))−1

(
U − S

∫ b

a

B(b, t)dF (t)

)
. (35)

Âèêîíàííÿ óìîâè (33) çàáåçïå÷ó¹ iñíóâàííÿ îáåðíå-
íî¨ ìàòðèöi (R + SB(b, a))−1, à, îòæå, ðiâíiñòü (35)
ìà¹ çìiñò. Îòæå, êðàéîâà çàäà÷à (3), (32) äëÿ ×ÂÊÄÐ
çâåëàñÿ äî çàäà÷i Êîøi (3), (35), ðîçâ'ÿçîê ÿêî¨ iñíó¹
i ¹äèíèé òà ïîäà¹òüñÿ ó ôîðìi Êîøi (7). Âðàõîâóþ-
÷è ôîðìóëó (35) äëÿ ïî÷àòêîâîãî çíà÷åííÿ Y (a) òà
çîáðàæåííÿ (16) i (26), îäåðæèìî ôîðìóëó (34).¥

Ïðèêëàä 2. Ðîçãëÿíåìî íåîäíîðiäíå ÂÊÄÐ

yIV −
((

2δ

(
x− 1

4

)
+ δ (x− 1)

)
y′

)′
+

(
3δ

(
x− 1

4

)
+ 2δ (x− 1)

)
y = −5δ

(
x− 1

4

)
+ 2δ′ (x− 1) (36)

iç êðàéîâèìè óìîâàìè
y(0) = y′(0) = 0;

y[2](1) = y[3](1) = 0.
(37)

Çãiäíî ç ôîðìóëàìè (2) êâàçiïîõiäíi â öüîìó âèïàäêó
ìàòèìóòü âèãëÿä

y[1](x) = y′(x);
y[2](x) = y′′(x);

y[3](x) = 2δ (x− 1)− y′′′(x)+
+

(
2δ

(
x− 1

4

)
+ δ (x− 1)

)
y′(x)

Çà äîïîìîãîþ öèõ êâàçiïîõiäíèõ çàäà÷à (36), (37)
çâîäèòüñÿ äî çàäà÷i âèãëÿäó (3), (32), äëÿ ÿêî¨

C ′(x) =




0 1 0 0
0 0 1 0
0 a1(x) 0 −1

a2(x) 0 0 1




äå
a1(x) = 2δ

(
x− 1

4

)
+ δ (x− 1) ,

a2(x) = 3δ

(
x− 1

4

)
+ 2δ (x− 1) ;

F (x) =




0
0

2η(x− 1)
5η

(
x− 1

4

)




R =
(

E2 O2

O2 O2

)
; S =

(
O2 O2

O2 E2

)
. (38)

U = O41,

E2, O2 � îäèíè÷íà òà íóëüîâà ìàòðèöi 2-ãî ïîðÿäêó
âiäïîâiäíî, O41 � 4-âèìiðíèé íóëüîâèé âåêòîð. Ôóí-
êöiÿ Êîøi âiäïîâiäíîãî ÊÄÐ yIV = 0 áóäå îá÷èñëþ-
âàòèñÿ çà ôîðìóëîþ: K(x, α) = − (x−α)3

6 . Îòæå, çâà-
æàþ÷è íà ñòðóêòóðó [6] ôóíäàìåíòàëüíî¨ ìàòðèöi,
îäåðæèìî âèãëÿä ìàòðèöi Êîøi, âiäïîâiäíî¨ äàíîìó
ðiâíÿííþ:

B̃(x, α) =




1 x− α (x−α)2

2 − (x−α)3

6

0 1 x− α − (x−α)2

2
0 0 1 −(x− α)
0 0 0 1


 (39)

Âèêîðèñòîâóþ÷è ôîðìóëó (34) i âèïèñàâøè ç íå¨
ïåðøèé ðÿäîê, îäåðæèìî ðîçâ'ÿçîê çàäà÷i (36), (37):

y(x) = y0(x)Θ0(x) + y1(x)Θ1(x) + y2(x)Θ2(x),

äå Θ0(x), Θ1(x), Θ2(x) � õàðàêòåðèñòè÷íi ôóíêöi¨
ïðîìiæêiâ [0; 1

4 ), [ 14 ; 1), [1;∞) âiäïîâiäíî, à

y0(x) = −1930160
3080129

x2 +
2128128
3080129

x3;

y1(x) =
12134

9240387
− 1184864

9240387
x− 603904

3080129
x2− 190050

3080129
x3;

y2(x) = − 106969489
1182769536

− 173501837
394256512

x− 73
128

x2 +
275
384

x3

C Áàãàòîòî÷êîâi çàäà÷i

Ðîçãëÿíåìî áàãàòîòî÷êîâó çàäà÷ó (çàäà÷ó Âàëëå-
Ïóàññåíà) äëÿ íåîäíîðiäíîãî ×ÂÊÄÐ:

y(xi) = yi, i = 0, . . . , n + m− 1.
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Òîäi äëÿ âiäïîâiäíî¨ äèôåðåíöiàëüíî¨ ñèñòåìè (3)
ñòàâèòüñÿ òàêà áàãàòîòî÷êîâà óìîâà:

n+m−1∑

i=0

RiY (xi) = U, (40)

äå Ri � ìàòðèöÿ (n+m)-ãî ïîðÿäêó, åëåìåíòàìè ÿêî¨
¹ íóëi, îêðiì ai+1,1, = 1, U = (y0, y1, . . . , yn+m−1)

>.

Ëåìà 3. ßêùî âèêîíó¹òüñÿ óìîâà

Det

(
R0 +

n+m−1∑

i=1

RiB(xi, x0)

)
6= 0, (41)

òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê áàãàòîòî÷êîâî¨ çàäà÷i (3),
(40), ÿêèé çîáðàæà¹òüñÿ ó âèãëÿäi:

Y (x) =
p∑

s=0

(
Bs(x, x0)Y 0 +

s∑

l=0

Bl(x, xl)Φl

)
Θs(x) (42)

äå

Y (x0) =

(
R0 +

n+m−1∑

i=1

RiBi(xi, x0)

)−1 (
U −

n+m−1∑

i=1

Ri

i∑

l=0

Bl(xi, xl)Φl

)
.

¤ Äîâåäåííÿ. Ñêîðèñòàâøèñü ïðåäñòàâëåííÿì ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i äëÿ ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ó ôîðìi Êîøi (7), îäåðæèìî:

Y (xi) = B(xi, x0)Y (x0) +
∫ xi

x0

B(xi, t)dF (t), i = 0, . . . , n + m− 1.

Äîìíîæèìî i-òó ðiâíiñòü íà Ri i âèêîðèñòà¹ìî áàãàòîòî÷êîâó óìîâó (40), îäåðæèìî ðiâíiñòü, ç ÿêî¨ çíàéäåìî
Y (x0):

Y (x0) =
(
R0 +

∑n+m−1
i=1 RiB(xi, x0)

)−1
(

U −
n+m−1∑

i=1

Ri

∫ xi

x0

B(xi, t)dF (t)

)
. (43)

Çà âèêîíàííÿ óìîâè (41) îñòàííÿ ðiâíiñòü ìà¹ çìiñò, à, îòæå, iñíó¹ ¹äèíèé ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i (3),
(43), à çíà÷èòü i âiäïîâiäíî¨ çàäà÷i (3), (40). Âðàõîâóþ÷è ôîðìóëó (35) äëÿ ïî÷àòêîâîãî çíà÷åííÿY (x0) òà
çîáðàæåííÿ (16) i (26), îäåðæèìî ôîðìóëó (42).¥

Ïðèêëàä 3. Ðîçãëÿíåìî îäíîðiäíå ÂÊÄÐ 4-ãî
ïîðÿäêó

yIV −
(

5δ

(
x− 1

2

)
y′

)′
+ 7δ(x− 1)y = 0 (44)

ðàçîì iç 4-òî÷êîâîþ óìîâîþ:

y(0) = 1; y
(

1
4

)
= −1; y

(
1
2

)
= 2; y(1) = −1

2
. (45)

Çà äîïîìîãîþ êâàçiïîõiäíèõ

y[1](x) = y′(x);
y[2](x) = y′′(x);

y[3](x) = −y′′′(x) + 5δ
(
x− 1

2

)
y′

âêàçàíèì âèùå ìåòîäîì çâîäèìî öþ çàäà÷ó äî áà-
ãàòîòî÷êîâî¨ çàäà÷i âèãëÿäó (6), (40) iç âiäïîâiäíèì
âåêòîðîì

U =




1
−1
2
− 1

2 .




Ôóíäàìåíòàëüíà ìàòðèöÿ B̃(x, α), ùî âiäïîâiäà¹ �íå-
ïåðåðâíié� ÷àñòèíi ÊÄÐ (44) ìà¹ âèãëÿä (39). Òîäi

âèðàç äëÿ ïî÷àòêîâîãî âåêòîðà ìà¹ âèãëÿä:

Y (0) =
(

R1 + R2B̃

(
1
4
, 0

)
+

+R3∆1B̃

(
1
2
, 0

)
+R4∆2B̃

(
1,

1
2

)
∆1B̃

(
1
2
, 0

))−1

U

äå

∆1 = E + ∆C

(
1
2

)
=




1 0 0 0
0 1 0 0
0 0 1 0
5 0 0 1




∆2 = E + ∆C(1) =




1 0 0 0
0 1 0 0
0 0 1 0
7 0 0 1




Îòæå,

Y (0) =




1
−1855

72
1039

6
1118

3




Ðîçâ'ÿçîê çàäà÷i (44), (45) ïîäà¹òüñÿ òàêèì ñïëàé-
íîì:

y(x) = y0(x)Θ0(x) + y1(x)Θ1(x) + y2(x)Θ2(x),

äå
y0(x) = 1− 1855

72
x +

1039
12

x2 − 559
9

x3;
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y1(x) =
29
24
− 1945

72
x +

1069
12

x2 − 574
9

x3;

y2(x) =
5
8
− 1819

72
x +

262
3

x2 − 2275
36

x3;

Θ0(x), Θ1(x), Θ2(x) � õàðàêòåðèñòè÷íi ôóíêöi¨ ïðî-
ìiæêiâ

[
0; 1

2

)
,
[
1
2 ; 1

)
, [1;∞) âiäïîâiäíî.

D Çàäà÷i íà âëàñíi çíà÷åííÿ
Ðîçãëÿíåìî ×ÂÊÄÐ äîâiëüíîãî ïàðíîãî ïîðÿäêó

L2n ≡ Lnn[y]− λLn−1,n−1[y] = 0, (46)

äå λ � ñêàëÿðíèé (êîìïëåêñíèé) ïàðàìåòð,

Lnn[y] ≡
n∑

i=0

n∑

j=0

(−1)n−j
(
aij(x)y(n−i)

)(n−j)

;

Ln−1,n−1[y] ≡
n∑

i=1

n∑

j=1

(−1)n−j
(
bij(x)y(n−i)

)(n−j)

,

ïðè÷îìó êîåôiöi¹íòè aij(x) çàäîâîëüíÿþòü óìîâè
(8), (10), à

bij(x) =
p+1∑
s=1

bs
ijδ(x− xs), bs

ij ∈ R.

Äîäàòêîâî âèìàãàòèìåìî âèêîíàííÿ óìîâ:

∀i, j aij(x) = aji(x), bij(x) = bji(x).

Äëÿ êâàçiäèôåðåíöiàëüíîãî âèðàçó Lnn[y] ââåäåìî
êâàçiïîõiäíi òàê:

y[k](x) = y(k)(x), k = 0, 1, . . . , n− 1;

y[n](x) =
n∑

i=0

ai0(x)y(n−i)(x);

y[n+k](x) = a0k(x)y(n)(x) +
n∑

i=1

(aik(x)− λbik(x))y(n−i)(x)− (
y[n+k−1](x)

)′
, k = 1, . . . , n− 1.

(47)

Ðiâíÿííÿ (46) áóäåìî ðîçãëÿäàòè ðàçîì ç êðàéîâèìè óìîâàìè:
2n∑

k=1

(
rpky[k−1](a) + spky[k−1](b)

)
= 0, p = 1, . . . , 2n. (48)

Çà äîïîìîãîþ âåêòîðà Y =
(
y, y[1], . . . , y[2n−1]

)>,
ñêëàäåíîãî ç êâàçiïîõiäíèõ (47), çàäà÷à (46), (48) çâî-
äèòüñÿ äî çàäà÷i íà âëàñíi çíà÷åííÿ äëÿ ñèñòåìè äè-
ôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó:

Y
′
= (A′ + λB′) Y . (49)

RY (a) + SY (b) = 0. (50)
Çàóâàæèìî, ùî ìàòðèöÿ B(x) ¹ êóñêîâî-ñòàëîþ çi
ñêií÷åííîþ êiëüêiñòþ ðîçðèâiâ ïåðøîãî ðîäó. Âèáå-
ðåìî êîñîåðìiòîâó ìàòðèöþ

J =
(

On −En

En On

)

i íàäàëi âèìàãàòèìåìî âèêîíàííÿ ðiâíîñòi
RJ−1R> = SJ−1S>. (51)

Òîäi çàäà÷à (46), (48) çâîäèòüñÿ äî óçàãàëüíåíî¨ ñõå-
ìè Àòêiíñîíà [7]. Çâiäñè, çîêðåìà, âèïëèâà¹ äié-
ñíiñòü ñïåêòðà öi¹¨ çàäà÷i. Áiëüø òîãî, iç ñïåöèôi÷íî¨
ñòðóêòóðè ìàòðèöiB(x) âèïëèâà¹ ñêií÷åííiñòü öüîãî
ñïåêòðà.

Ëåìà 4. Çà âèêîíàííÿ óìîâè (51) çàäà÷à (46),
(48) ìà¹ íå áiëüøå, íiæ ñêií÷åííó êiëüêiñòü âëàñíèõ
çíà÷åíü.

¤ Äîâåäåííÿ. Äîâiëüíèé ðîçâ'ÿçîê ñèñòåìè (49)
ïîäà¹òüñÿ ó âèãëÿäi

Y (x) = B(x, a, λ)Y (a),

çîêðåìà
Y (b) = B(b, a, λ)Y (a).

Ç îñòàííüî¨ ðiâíîñòi òà ç êðàéîâèõ óìîâ (50) îäåðæè-
ìî:

−RY (a) = SB(b, a, λ)Y (a).
Ùîá øóêàíèé ðîçâ'ÿçîê íå áóâ òðèâiàëüíèì, íàêëà-
äà¹ìî óìîâó

Det(R + SB(b, a, λ)) = 0, (52)
ÿêà i äà¹ õàðàêòåðèñòè÷íå ðiâíÿííÿ äëÿ âiäøóêàí-
íÿ âëàñíèõ çíà÷åíü. Ðîçãëÿíåìî äåòàëüíiøå öþ óìî-
âó. Âðàõîâóþ÷è ôîðìóëó ñòðèáêà ðîçâ'ÿçêó ñèñòåìè
(49), îäåðæèìî, ùî äëÿ âñiõ òî÷îêxk−1, xk ∈ I òàêèõ,
ùî xk−1 < xk ∈ I, ñïðàâåäëèâà ôîðìóëà
B(xk, xk−1, λ) = (E+∆A(xk)+λ∆B(xk))B(xk−0, xk−1, λ).

Ôóíäàìåíòàëüíà ìàòðèöÿB(xk−0, xk−1, λ) âiäïîâiä-
à¹ ñèñòåìi

Y ′(x) = B′(x)Y (x),
òî î÷åâèäíî, ùî öÿ ìàòðèöÿ íå çàëåæèòü âiä ïàðàìå-
òðà λ. Âðàõîâóþ÷è ìóëüòèïëiêàòèâíå ïðåäñòàâëåííÿ
ôóíäàìåíòàëüíî¨ ìàòðèöi (20), îäåðæèìî, ùî õàðà-
êòåðèñòè÷íå ðiâíÿííÿ (52) íàáóâà¹ âèãëÿäó

PN (λ) = 0,

äå PN (λ) � ïîëiíîì äåÿêîãî ñòåïåíÿN , à, îòæå, êiëü-
êiñòü âëàñíèõ çíà÷åíü (i âiäïîâiäíèõ âëàñíèõ ôóí-
êöié) ¹ ñêií÷åííîþ. ¥

Ïðèêëàä 4. Ðîçãëÿíåìî çàäà÷ó ïðî âiëüíi êîëè-
âàííÿ êîíñîëüíî¨ íåâàãîìî¨ áàëêè çìiííîãî ïîïåðå-
÷íîãî ïåðåðiçó, ùî â òî÷êàõ x1 = 1

2 , x2 = 1 íåñå
çîñåðåäæåíi âàíòàæi ç ìàñàìè M1 = 1

4 i M2 = 1
2 i

âiäïîâiäíèìè ìîìåíòàìè iíåðöi¨ I1 = 3
4 i I2 = 1:
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(
1

1 + x2
y′′

)′′
− λ

(
−

((
3
4
δ

(
x− 1

2

)
+ δ(x− 1)

)
y′

)′
+

(
1
4
δ

(
x− 1

2

)
+

1
2
δ(x− 1)

)
y

)
= 0, (53)

êðàéîâi óìîâè ìàþòü âèãëÿä:
y(0) = y[1](0) = 0;

y[2](1) = y[3](1) = 0.
(54)

Êâàçiïîõiäíi ó öüîìó âèïàäêó ìàòèìóòü âèãëÿä:
y[1](x) = y′(x);

y[2](x) = 1
1+x2 y′′(x);

y[3](x) = − (
y[2](x)

)′ − λ
(

3
4δ

(
x− 1

2

)
+ δ(x− 1)

)
y′.
(55)

Òîäi çàäà÷à ç (53), (54) çâîäèòüñÿ äî çàäà÷i âèäó (6),
(50), äëÿ ÿêî¨ ìàòðèöi R òà S ìàòèìóòü âèãëÿä (38),
à

C ′(x) =




0 1 0 0
0 0 1 + x2 0
0 −λa1(x) 0 −1

−λa2(x) 0 0 0




äå

a1(x) =
(

3
4
δ

(
x− 1

2

)
+ δ(x− 1)

)
,

a2(x) =
(

1
4
δ

(
x− 1

2

)
+

1
2
δ(x− 1)

)

Ôóíêöiþ Êîøi ðiâíÿííÿ
(

1
1+x2 y′′

)′′
= 0 çíàõîäèìî,

âðàõîâóþ÷è ôîðìóëó (23):

K(x, α) = −
∫ x

α

(1 + t2)(x− t)(t− α)dt.

Òîäi çãiäíî ç (24) ôóíäàìåíòàëüíà ìàòðèöÿ, âiäïî-
âiäíà öüîìó ðiâíÿííþ, ìàòèìå âèãëÿä:

B̃(x, α) =




1 x− α
x∫
α

(1 + t2)(x− t)dt −
x∫
α

(1 + t2)(x− t)(t− α)dt

0 1
x∫
α

(1 + t2)dt −
x∫
α

(1 + t2)(t− α)dt

0 0 1 −(x− α)
0 0 0 1




Çíà÷åííÿ ìàòðèöi B(1, 0) çíàéäåìî, êîðèñòóþ÷èñü ìóëüòèïëiêàòèâíèì ïðåäñòàâëåííÿì (20):

B(1, 0) = (E + ∆C(1)) B̃1

(
1,

1
2

)(
E + ∆C

(
1
2

))
B̃0

(
1
2
, 0

)
,

äå

B̃0

(
1
2
, 0

)
= B̃

(
1
2
, 0

)
, B̃1

(
1,

1
2

)
= B̃

(
1,

1
2

)
,

∆C

(
1
2

)
=

(
O2 O2

C1 O2

)
; ∆C(1) =

(
O2 O2

C2 O2

)

C1 =
(

0 − 3
4λ

−λ 0

)
; C2 =

(
0 −λ

− 1
2λ 0

)

Çíàéøîâøè êîðåíi âiäïîâiäíîãî õàðàêòåðèñòè-
÷íîãî ðiâíÿííÿ (52), îäåðæèìî âëàñíi çíà÷åííÿ çà-
äà÷i (53), (54):

λ1 = 0.588; λ2 = 4.083; λ3 = 61.263;λ4 = 226.449.

Âèñíîâêè
Ñïåöèôi÷íà ñòðóêòóðà êîåôiöi¹íòiâ ×ÂÊÄÐ òà

ÂÊÄÐ äîçâîëÿ¹ íå òiëüêè çíàõîäèòè âèãëÿä âiäïî-
âiäíî¨ ìàòðèöi Êîøi, à é êîíñòðóêòèâíî çîáðàçèòè
ðîçâ'ÿçêè òàêèõ ðiâíÿíü, çîêðåìà, ó âèãëÿäi ñïëàé-
íiâ. Ïðàêòè÷íèé iíòåðåñ òàêi ÊÄÐ ìîæóòü ñòàíîâèòè
ïðè çàñòîñóâàííi ¨õ äî íàáëèæåíîãî ðîçâ'ÿçàííÿ óçà-
ãàëüíåíèõ (òà é çâè÷àéíèõ) ÊÄÐ. Äåÿêi çàñòîñóâàí-
íÿ ×ÂÊÄÐ òà ÂÊÄÐ íàâåäåíi, íàïðèêëàä, ó ðîáîòàõ
[8],[9].
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