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Â îáëàñòi, ùî ¹ äåêàðòîâèì äîáóòêîì âiäðiçêà [0, T ] i p-âèìiðíîãî òîðà Ωp, äîñëiäæåíî
íåëîêàëüíó çàäà÷ó çi çàãàëüíèìè ëiíiéíèìè äâîòî÷êîâèìè óìîâàìè äëÿ ñòðîãî ãiïåðáîëi÷-
íîãî (õâèëüîâîãî) ðiâíÿííÿ utt + a2∆u, äå a = a(t) > 0 � íåïåðåðâíî äèôåðåíöiéîâíà íà
[0, T ] ôóíêöiÿ, ∆ =

pP
j=1

∂2/∂x2
j � îïåðàòîð Ëàïëàñà.

Çàäà÷à ¹ íåêîðåêòíîþ çà Àäàìàðîì i ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ. Çà
äîïîìîãîþ ìåòðè÷íîãî ïiäõîäó äîâåäåíî òåîðåìó ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ. Íà
ïiäñòàâi òàêèõ îöiíîê îòðèìàíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i ó ïðîñòîðàõ
Ñîáîë¹âà ïåðiîäè÷íèõ çà çìiííèìè x1, . . . , xp ôóíêöié.
Êëþ÷îâi ñëîâà: ãiïåðáîëi÷íå ðiâíÿííÿ, ïðîñòîðè Ñîáîë¹âà, ìàëi çíàìåííèêè.
2000 MSC: 35G30
ÓÄÊ: 517.946

Âñòóï

Çàäà÷i ç äâîòî÷êîâèìè íåëîêàëüíèìè óìîâàìè äëÿ
ðiâíÿíü òà ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè
äîñëiäæóâàëèñÿ áàãàòüìà àâòîðàìè [1, 4, 6, 7, 8, 9,
11, 12, 13, 14, 15, 18]. Ó ðîáîòàõ [6, 7, 8, 9, 11, 12, 15]
òàêi çàäà÷i âèâ÷åíî äëÿ ñèñòåì äèôåðåíöiàëüíèõ
ðiâíÿíü iç ñòàëèìè êîåôiöi¹íòàìè ó øêàëàõ ïðîñòî-
ðiâ Ñîáîë¹âà ïåðiîäè÷íèõ çà ïðîñòîðîâèìè çìiííèìè
ôóíêöié. Öi çàäà÷i ¹ íåêîðåêòíèìè çà Àäàìàðîì, à
óìîâè ¨õ ðîçâ'ÿçíîñòi ïîâ'ÿçàíi ç ïðîáëåìîþ îöi-
íþâàííÿ çíèçó ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü
â ðÿäàõ Ôóð'¹, ùî çîáðàæàþòü ôîðìàëüíi ðîçâ'ÿçêè
öèõ çàäà÷.

Âèðiøåííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ çäiéñíþ-
¹òüñÿ íà îñíîâi ìåòðè÷íîãî ïiäõîäó [7, 8, 9, 15, 16, 17].
Ó ìåæàõ öüîãî ïiäõîäó ðîçãëÿäà¹òüñÿ íå îêðåìà çàäà-
÷à, à ìíîæèíà çàäà÷. Åëåìåíòàìè öi¹¨ ìíîæèíè ¹ çà-
äà÷i iç ôiêñîâàíèìè äàíèìè (êîåôiöi¹íòàìè äèôåðåí-
öiàëüíèõ ðiâíÿíü, êîåôiöi¹íòàìè êðàéîâèõ óìîâ ÷è
iíøèìè ïàðàìåòðàìè), ÿêi óòâîðþþòü ïåâíó îáëàñòü
ó ïðîñòîði äàíèõ. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ó
âiäïîâiäíié øêàëi ïðîñòîðiâ äîâîäèòüñÿ äëÿ ìàéæå
âñiõ (çà ìiðîþ Ëåáåãà) òî÷îê çãàäóâàíî¨ îáëàñòi àáî
äëÿ âñiõ òî÷îê ïiäîáëàñòi, ìiðà ÿêî¨ âiäðiçíÿ¹òüñÿ âiä
ìiðè îáëàñòi íà äîâiëüíå ìàëå ÷èñëî.

Äëÿ ðiâíÿíü òà ñèñòåì ðiâíÿíü çi ñòàëèìè êîåôiöi-
¹íòàìè âñòàíîâëåíî ðîçâ'ÿçíiñòü äåÿêèõ íåëîêàëüíèõ
çàäà÷ ó øêàëi ïðîñòîðiâ Ñîáîë¹âàHq(Ωp), q ∈ R.

Äëÿ ðiâíÿíü çi çìiííèìè êîåôiöi¹íòàìè iñíóþòü
ïðèêëàäè íåëîêàëüíèõ çàäà÷, ÿêi íå ¹ ðîçâ'ÿçíèìè ó
øêàëi ïðîñòîðiâ Ñîáîë¹âà. Çîêðåìà íåëîêàëüíà çàäà-
÷à ç äâîòî÷êîâèìè óìîâàìè äëÿ îäíîãî ðiâíÿííÿ çi
çìiííèì êîåôiöi¹íòîì

∂u

∂t
= a

∂u

∂x
− cos t

∂2u

∂x2
, (t, x) ∈ [0, T ]× Ω1,

νu(0, x)− µu(π, x) = ϕ(x), x ∈ Ω1,

äå a, ν, µ � äîâiëüíi äiéñíi ÷èñëà, |ν| 6= |µ|, ìà¹ ¹äèíèé
ðîçâ'ÿçîê

u(t, x) = exp(iaDt + sin t ·D2)
(
ν − µeiaπD

)−1
ϕ(x),

ïðè÷îìó u(π/2, ·) ∈ L2(Ω1) äëÿ äîâiëüíî¨ ôóíêöi¨
ϕ(x) /∈ Hq(Ω1) i äîâiëüíîãî äiéñíîãî ÷èñëà q.

Ó ðîáîòi ïîêàçàíî, ùî äëÿ ñòðîãî ãiïåðáîëi÷íèõ
ðiâíÿíü çi çìiííèìè çà t êîåôiöi¹íòàìè íåëîêàëüíà
çàäà÷à ðîçâ'ÿçíà ó ïðîñòîðàõ Ñîáîë¹âà, ïîäiáíî äî
íåëîêàëüíèõ çàäà÷ äëÿ ðiâíÿíü çi ñòàëèìè êîåôiöi-
¹íòàìè. Ðîçãëÿíóòî íåëîêàëüíó çàäà÷ó äëÿ ðiâíÿííÿ
òèïó êîëèâàíü ñòðóíè

∂2u

∂t2
= a2(t)∆u

iç çàãàëüíèìè íåëîêàëüíèìè äâîòî÷êîâèìè óìîâàìè.
Âñòàíîâëåíî îöiíêè çíèçó äëÿ ìàëèõ çíàìåííè-

êiâ, ÿêi âèíèêëè ïiä ÷àñ äîñëiäæåííÿ çàäà÷i, òà ãëàä-
êiñòü i îöiíêó íîðìè ðîçâ'ÿçêó çàäà÷i ó ïðîñòîðàõ
Ñîáîë¹âà.

Àíàëîãi÷íî ìîæíà äîñëiäèòè íåëîêàëüíi çàäà÷i
äëÿ äîâiëüíîãî ñòðîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ äðó-
ãîãî ïîðÿäêó, à òàêîæ äëÿ ñòðîãî ãiïåðáîëi÷íèõ ðiâ-
íÿíü âèùèõ ïîðÿäêiâ.

Ìàòåìàòèêà c© Â. Iëüêiâ, 2006
Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



Â. Iëüêiâ

I. Ïîñòàíîâêà çàäà÷i
Ïîçíà÷èìî p-âèìiðíèé òîð çìiííî¨ x = (x1, . . . , xp)

÷åðåç Ωp, öèëiíäðè÷íó îáëàñòü çìiííèõ t òà x � ÷åðåç
Dp, à ñàìå Ωp = (R/2πZ)p, Dp = [0, T ]× Ωp.

Â îáëàñòi Dp ðîçãëÿäà¹òüñÿ ñòðîãî ãiïåðáîëi÷íå
(õâèëüîâå) ðiâíÿííÿ

∂2u

∂t2
− a2(t)∆u = 0, ∆ =

∂2

∂x2
1

+ · · ·+ ∂2

∂x2
p

, (1)

i íåëîêàëüíi óìîâè
(

a b
c d

)(
u

∂u/∂t

)∣∣∣∣
t=0

+

+
(

a1 b1

c1 d1

)(
u

∂u/∂t

)∣∣∣∣
t=T

=
(

ϕ1

ϕ2

)
, (2)

äå a(t) > 0 òà íåïåðåðâíî äèôåðåíöiéîâíà íà âiäðiç-
êó [0, T ] ôóíêöiÿ, êîåôiöi¹íòè a, b, c, d òà a1, b1, c1,
d1 � êîìïëåêñíi ÷èñëà, ìîäóëü ÿêèõ íå ïåðåâèùó¹
îäèíèöþ. Ôóíêöi¨ ϕ1 = ϕ1(x), ϕ2 = ϕ2(x) ¹ çàäàíèìè
2π-ïåðiîäè÷íèìè ôóíêöiÿìè, à ôóíêöiÿ u = u(t, x) ¹
øóêàíèì 2π-ïåðiîäè÷íèì ðîçâ'ÿçêîì çàäà÷i (1), (2).

Äëÿ äîâiëüíîãî äiéñíîãî ÷èñëà q ââåäåìî ïðîñòið
2π-ïåðiîäè÷íèõ ôóíêöiéHq(Ωp), ÿêèé ¹ ïîïîâíåííÿì
ìíîæèíè òðèãîíîìåòðè÷íèõ ìíîãî÷ëåíiâ

ϕ(x) =
∑

k

ϕ̂(k)eikx

çà íîðìîþ

‖ϕ‖2Hq(Ωp) =
∑

k∈Zp

k̃2q|ϕ̂(k)|2,

äå k = (k1, . . . , kp) ∈ Zp, kx = k1x1 + · · · + kpxp,
k̃ =

√
1 + k2

1 + · · ·+ k2
p.

Ïðîñòîðè Hq(Ωp), q ∈ R, óòâîðþþòü øêàëó ïðî-
ñòîðiâ H(Ωp) çà çìiííîþ q.

Âèâ÷à¹òüñÿ ïèòàííÿ ðîçâ'ÿçíîñòi çàäà÷i (1), (2) ó
øêàëi ïðîñòîðiâH(Ωp), à ñàìå, âñòàíîâëþþòüñÿ óìî-
âè, çà ÿêèõ çàäà÷à (1), (2) ìà¹ ðîçâ'ÿçîêu, ÿêèé äëÿ
âñiõ çíà÷åíü t ∈ [0, T ] ðàçîì iç ïîõiäíîþ ïî t íàëå-
æèòü äî øêàëè ïðîñòîðiâ H(Ωp) äëÿ äîâiëüíèõ åëå-
ìåíòiâ ϕ1 òà ϕ2 iç öi¹¨ øêàëè.

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1), (2) iç øêà-
ëè ïðîñòîðiâ H(Ωp) íàçèâà¹ìî äâi÷i íåïåðåðâíî äè-
ôåðåíöiéîâíó íà iíòåðâàëi [0, T ] ôóíêöiþ u òàêó, ùî
äëÿ êîæíîãî t ∈ [0, T ] åëåìåíòè u(t, ·), ∂u

∂t
(t, ·) íà-

ëåæàòü äî øêàëè ïðîñòîðiâ H(Ωp), i u çàäîâîëüíÿ¹
ðiâíÿííÿ (1) òà óìîâè (2) ó ñëàáêîìó ñåíñi, òîáòî äëÿ
âñiõ t ∈ [0, T ] òà äëÿ âñiõ òðèãîíîìåòðè÷íèõ ìíîãî-
÷ëåíiâ w = w(x) âèêîíóþòüñÿ ðiâíîñòi

∫

Ωp

(
∂2u

∂t2
− a2(t)∆u

)
w dx = 0,

∫

Ωp

[(
a b
c d

)(
u

∂u/∂t

)∣∣∣∣
t=0

+

+
(

a1 b1

c1 d1

)(
u

∂u/∂t

)∣∣∣∣
t=T

−
(

ϕ1

ϕ2

)]
w dx = 0.

Çàóâàæåííÿ 1. ßêùî u ∈ Hσ(Ωp) � ðîçâ'ÿçîê
çàäà÷i (1), (2), òî

∂2u

∂t2
(t, ·) ∈ Hσ−2(Ωp),

ïðè÷îìó
∥∥∥∂2u

∂t2
(t, ·)

∥∥∥
Hσ−2(Ωp)

= a(t)‖u‖Hσ(Ωp).

II. Ïîáóäîâà òà îöiíêà ðîçâ'ÿçêó
Ââåäåìî âåêòîð-ôóíêöi¨

U =
(

u
∂u/∂t

)
, ϕ =

(
ϕ1

ϕ2

)
(3)

i çàïèøåìî çàäà÷ó (1), (2) ó âåêòîðíî-ìàòðè÷íîìó
âèãëÿäi

∂U

∂t
=

(
0 1

a2(t)∆ 0

)
U, (4)

(
a b
c d

)
U(0, x) +

(
a1 b1

c1 d1

)
U(T, x) = ϕ(x). (5)

ßêùî âåêòîð-ôóíêöiÿ

U(t, x) =
∑

k∈Zp

Uk(t)eikx,

à âåêòîð-ôóíêöiÿ

ϕ(x) =
∑

k∈Zp

ϕ̂(k)eikx,

äå

Uk(t) =
(

Uk1(t)
Uk2(t)

)
, ϕ̂(k) =

(
ϕ̂1(k)
ϕ̂2(k)

)
,

òî, çãiäíî ç îçíà÷åííÿì 1, âåêòîð-ôóíêöiÿUk = Uk(t)
¹ ðîçâ'ÿçêîì íåëîêàëüíî¨ çàäà÷i

dUk

dt
=

(
0 1

−a2(t)‖k‖2 0

)
Uk, (6)

(
a b
c d

)
Uk(0) +

(
a1 b1

c1 d1

)
Uk(T ) = ϕ̂(k), (7)

ïðè÷îìó ‖k‖2 = k̃2 − 1 = k2
1 + · · ·+ k2

p, k ∈ Zp.
Ïðè öüîìó âèêîíóþòüñÿ ðiâíîñòi

uk(t) = Uk1(t),
duk

dt
(t) = Uk2(t),

òîìó ðîçâ'ÿçîê çàäà÷i (1), (2) ìàòèìå òàêèé âèãëÿä:

u(t, x) =
∑

k∈Zp

Uk1(t)eikx,
du

dt
(t, x) =

∑

k∈Zp

Uk2(t)eikx.

ßêùî k 6= 0, òî ìàòðèöÿ ñèñòåìè (6)
(

0 1
−a2(t)‖k‖2 0

)
≡

(
0 1

ρ2
k(t) 0

)
,
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Êðàéîâà çàäà÷à ç íåëîêàëüíèìè äâîòî÷êîâèìè óìîâàìè äëÿ ãiïåðáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó

äå
ρk(t) = ia(t)‖k‖,

ìà¹ äâà ïðîñòi óÿâíi âëàñíi çíà÷åííÿ ρk(t) òà −ρk(t).
Ïðè k = 0 âëàñíi çíà÷åííÿ ±ρk(t) çáiãàþòüñÿ i

ìàòðèöÿ ñèñòåìè (6) ìà¹ òàêèé âèãëÿä:
(

0 1
0 0

)
,

òîáòî
dUk1

dt
= Uk2,

dUk2

dt
= 0.

Çàãàëüíèé ðîçâ'ÿçîê îñòàííüî¨ ñèñòåìè äèôåðåíöi-
àëüíèõ ðiâíÿíü

Uk(t) =
(

1 t
0 1

)(
C01

C02

)

ïðè ïiäñòàíîâöi â óìîâó (7) äà¹ ñèñòåìó ëiíiéíèõ àë-
ãåáðè÷íèõ ðiâíÿíü

(
a + a1 b + a1T + b1

c + c1 d + c1T + d1

)(
C01

C02

)
=

(
ϕ̂1(0)
ϕ̂2(0)

)
(8)

äëÿ âèçíà÷åííÿ ñòàëèõ C01 i C02. Ìàòðèöÿ ∆(0) ñè-
ñòåìè (8) ìà¹ âèçíà÷íèê

det∆(0) =
∣∣∣∣
a a1

c c1

∣∣∣∣ T +
∣∣∣∣
a + a1 b + b1

c + c1 d + d1

∣∣∣∣ =

= (ac1 − ca1)T + (a + a1)(d + d1)− (c + c1)(b + b1).

ßêùî
det∆(0) = 0,

òî ñèñòåìà (8) íå ìà¹ ðîçâ'ÿçêó àáî ìà¹ áåçëi÷
ðîçâ'ÿçêiâ, ÿêùî æ

det∆(0) 6= 0,

òî ñèñòåìà (8) ìà¹ ¹äèíèé ðîçâ'ÿçîê
(

C01

C02

)
= ∆−1(0)

(
ϕ̂1(0)
ϕ̂2(0)

)
.

ßêùî k 6= 0, à îòæå ρk(t) 6= 0 íà [0, T ], òî ìà¹ìî
äëÿ ìàòðèöi ñèñòåìè (6) òàêó ôàêòîðèçàöiþ:

(
0 1

ρ2
k(t) 0

)
=

(
1 1

ρk(t) −ρk(t)

)
×

×
(

ρk(t) 0
0 −ρk(t)

)(
1 1

ρk(t) −ρk(t)

)−1

,

ïðè÷îìó

det
(

1 1
ρk(t) −ρk(t)

)
= −2ρk(t),

(
1 1

ρk(t) −ρk(t)

)−1

=
1
2

(
1 ρ−1

k (t)
1 −ρ−1

k (t)

)
.

Çðîáèìî çàìiíó øóêàíèõ âåêòîð-ôóíêöié

Uk(t) =
(

1 1
ρk(t) −ρk(t)

)
Zk(t),

òîäi íîâà øóêàíà âåêòîð-ôóíêöiÿ

Zk(t) =
(

1 ρ−1
k (t)

1 −ρ−1
k (t)

)
Uk(t)

2

¹ ðîçâ'ÿçêîì ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

dZk

dt
+

(
1 1

ρk(t) −ρk(t)

)−1( 0 0
1 −1

)
dρk(t)

dt
Zk =

=
(

ρk(t) 0
0 −ρk(t)

)
Zk.

Âðàõîâóþ÷è, ùî
dρk(t)

dt
= ia′(t)‖k‖,

ìà¹ìî òàêó çàäà÷ó äëÿ çíàõîäæåííÿ ôóíêöi¨Zk:
dZk

dt
=ρk(t)

( 1 0
0 −1

)
Zk +

a′(t)
2a(t)

( −1 1
1 −1

)
Zk, (9)

(
a b
c d

)(
1 1

ρk(0) −ρk(0)

)
Zk(0) +

(
a1 b1

c1 d1

)
×

×
(

1 1
ρk(T ) −ρk(T )

)
Zk(T ) = ϕ̂(k). (10)

Ðîçâ'ÿçîê çàäà÷i iñíó¹, ¹äèíèé i ìà¹ âèãëÿä

Zk(t) = Yk(t)
(

1 1
ρk(0) −ρk(0)

)−1

∆−1(k)ϕ̂(k) (11)

çà âèêîíàííÿ óìîâè

det∆(k) 6= 0, (12)

äå Yk(t) � íîðìàëüíà â òî÷öi t = 0 ôóíäàìåíòàëüíà
ñèñòåìà ðîçâ'ÿçêiâ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
(9), ìàòðèöÿ

∆(k)=
(

a b
c d

)
+

(
a1 b1

c1 d1

)(
1 1

ρk(T ) −ρk(T )

)
×

× Yk(T )
(

1 1
ρk(0) −ρk(0)

)−1

. (13)

Íåõàé ‖A‖ ïîçíà÷à¹ åâêëiäîâó íîðìó ìàòðèöi A,
òîáòî

‖A‖ =
√
tr(A∗A),

äå A∗ � åðìiòîâî ñïðÿæåíà ç ìàòðèöåþ A ìàòðèöÿ,
trB � ñëiä ìàòðèöi B. Îöiíèìî íîðìó ‖Yk‖ ôóíäà-
ìåíòàëüíî¨ ìàòðèöi Yk = Yk(t).

Ëåìà 1. ßêùî íà ïðîìiæêó [τ ′, τ ′′] ⊂ [0, T ]
ôóíêöiÿ a′(t) ¹ íåâiä'¹ìíîþ, òîáòî a′(t) ≥ 0, òî âè-
êîíóþòüñÿ íåðiâíîñòi

a(τ ′)
a(τ ′′)

‖Yk(τ ′)‖ ≤ ‖Yk(τ ′′)‖ ≤ ‖Yk(τ ′)‖, (14)

ÿêùî æ ôóíêöiÿ a′(t) ¹ íåäîäàòíîþ (a′(t) ≤ 0), òî
âèêîíóþòüñÿ íåðiâíîñòi

‖Yk(τ ′)‖ ≤ ‖Yk(τ ′′)‖ ≤ a(τ ′)
a(τ ′′)

‖Yk(τ ′)‖. (15)
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¤ Äîâåäåííÿ. Ïåðøà iç ìàòðèöü

ρk(t)
( 1 0

0 −1

)
,

a′(t)
2a(t)

( −1 1
1 −1

)

¹ êîñîåðìiòîâîþ, à äðóãà � åðìiòîâîþ, òîìó äëÿ ìàò-
ðèöi Y ∗

k , âèêîíó¹òüñÿ ðiâíiñòü

dY ∗
k

dt
= ρk(t)Y ∗

k

( −1 0
0 1

)
+

a′(t)
2a(t)

Y ∗
k

( −1 1
1 −1

)
.

Öþ ðiâíiñòü ðàçîì iç ðiâíiñòþ (9) äëÿ ìàòðèöiYk âè-
êîðèñòîâó¹ìî äëÿ ïåðåòâîðåííÿ ôîðìóëè

d

dt

(
‖Yk‖2

)
= tr

(
dY ∗

k

dt
Yk + Y ∗

k

dYk

dt

)

äî âèãëÿäó

d

dt

(
‖Yk‖2

)
=

a′(t)
a(t)

tr
(
Y ∗

k

( −1 1
1 −1

)
Yk

)
. (16)

Îñêiëüêè âëàñíèìè çíà÷åííÿìè åðìiòîâî¨ ìàòðèöi
( −1 1

1 −1

)

¹ ÷èñëà −2 i 0, òî ñëiä ìàòðèöi

Y ∗
k

( −1 1
1 −1

)
Yk

¹ íåäîäàòíèì, à ñàìå:

−2‖Yk‖2 ≤ tr
(
Y ∗

k

( −1 1
1 −1

)
Yk

)
≤ 0.

Ó òî÷êàõ íåñïàäàííÿ (a′(t) ≥ 0) ôóíêöi¨ a(t) ïðà-
âà ÷àñòèíà ðiâíîñòi (16) íåäîäàòíà i

−2
a′(t)
a(t)

‖Yk‖2 ≤ d

dt

(
‖Yk‖2

)
≤ 0,

òîìó

0 ≤ d

dt

(
ln

(
a(t)‖Yk‖

)) ≤ d

dt

(
ln

(
a(t)

))
; (17)

â òî÷êàõ íåçðîñòàííÿ (a′(t) ≤ 0) ôóíêöi¨ a(t) ïðàâà
÷àñòèíà ðiâíîñòi (16) íåâiä'¹ìíà, òîìó

0 ≤ d

dt

(
‖Yk‖2

)
≤ −2

a′(t)
a(t)

‖Yk‖2

àáî
d

dt

(
ln

(
a(t)

)) ≤ d

dt

(
ln

(
a(t)‖Yk‖

)) ≤ 0. (18)

Íåõàé íà ïðîìiæêó [τ ′, τ ′′] âèêîíóþòüñÿ íåðiâíîñ-
òi (17) àáî (18), òîäi ïiñëÿ iíòåãðóâàííÿ íà öüîìó ïðî-
ìiæêó âiäïîâiäíî îòðèìó¹ìî îöiíêè

0 ≤ ln
(

a(τ ′′)Yk(τ ′′)
a(τ ′)Yk(τ ′)

)
≤ ln

(
a(τ ′′)
a(τ ′)

)

òà
ln

(
a(τ ′′)
a(τ ′)

)
≤ ln

(
a(τ ′′)Yk(τ ′′)
a(τ ′)Yk(τ ′)

)
≤ 0,

iç ÿêèõ îòðèìó¹ìî íåðiâíîñòi (14) i (15) äëÿ íîðìè
ìàòðèöi Yk(t). ¥

Íàñëiäîê 1. ßêùî ôóíêöiÿ a(t) íà ïðîìiæêó
[0, T ] ¹ ñòàëîþ, òî ôóíêöiÿ ‖Yk‖ ¹ òàêîæ ñòàëîþ íà
öüîìó ïðîìiæêó, ïðè÷îìó

‖Yk(t)‖ = ‖Yk(0)‖ =
√

2.

¤ Äîâåäåííÿ. Ñïðàâäi, â öüîìó âèïàäêó îáèäâi
íåðiâíîñòi (14) i (15) ñïðàâäæóþòüñÿ äëÿ äîâiëüíîãî
ïðîìiæêó [τ ′, τ ′′] ⊂ [0, T ] i ïåðåòâîðþþòüñÿ â íåðiâ-
íîñòi

‖Yk(τ ′)‖ ≤ ‖Yk(τ ′′)‖ ≤ ‖Yk(τ ′)‖,
àáî

‖Yk(τ ′)‖ = ‖Yk(τ ′′)‖.
Îá÷èñëèìî çíà÷åííÿ ‖Yk(t)‖ ïðè t = 0; ìà¹ìî ôîð-
ìóëó

‖Yk(0)‖ =
(
tr

(
1 0
0 1

) )1/2

=
√

2

äëÿ âèçíà÷åííÿ ñòàëî¨. ¥
Íåõàé ïîõiäíà a′(t) çìiíþ¹ íà ïðîìiæêó [0, T ] ñâié

çíàê l − 1 ðàç, äå l ∈ N, i t0 = 0, tl = T .
ßêùî l ≥ 2, òî iñíóþòü ÷èñëà t1, t2, . . . , tl−1 òà

÷èñëà τ1, τ2, . . . , τl òàêi, ùî äëÿ j = 1, . . . , l âèêîíóþ-
òüñÿ íåðiâíîñòi tj−1 < τj < tj , íà ïðîìiæêó [tj−1, tj ]
ôóíêöiÿ a′(t) íå çìiíþ¹ çíàê, i äëÿ j = 1, . . . , l − 1
âèêîíóþòüñÿ óìîâè

a′(τj)a′(τj+1) < 0, a′(tj) = 0.

Ïîçíà÷èìî ÷åðåç Aj , j = 0, 1, . . . , l, çíà÷åííÿ a(t)
â òî÷öi tj .

Íàñëiäîê 2. ßêùî ôóíêöiÿ a′(t) íå çìiíþ¹ çíàê
íà ïðîìiæêó [0, T ] = [t0, tl] = [t0, t1], òî íà öüîìó ïðî-
ìiæêó ó âèïàäêó a′(τ1) > 0 âèêîíóþòüñÿ íåðiâíîñòi

A0

a(t)
≤ ||Yk(t)||√

2
≤ 1, (19)

çîêðåìà
A0

A1
≤ ||Yk(t1)||√

2
≤ 1, (20)

i íåðiâíîñòi

1 ≤ ||Yk(t)||√
2

≤ A0

a(t)
, (21)

1 ≤ ||Yk(t1)||√
2

≤ A0

A1
(22)

ó âèïàäêó a′(τ1) < 0.
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Êðàéîâà çàäà÷à ç íåëîêàëüíèìè äâîòî÷êîâèìè óìîâàìè äëÿ ãiïåðáîëi÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó

¤ Äîâåäåííÿ. Ç íåðiâíîñòåé (14) äëÿ ïðîìiæêiâ
[0, t] i [0, t1] iç âðàõóâàííÿì íàñëiäêó 1 îòðèìó¹ìî
ôîðìóëè (19) i (20).

Àíàëîãi÷íî, ôîðìóëè (21) i (22) îòðèìó¹ìî ç íå-
ðiâíîñòåé (15) äëÿ öèõ æå ïðîìiæêiâ.¥

Íàñëiäîê 3. ßêùî ôóíêöiÿ a′(t) îäèí ðàç çìi-
íþ¹ çíàê íà ïðîìiæêó [0, T ], òî ó âèïàäêó a′(τ1) > 0
âèêîíóþòüñÿ íåðiâíîñòi (19) íà ïðîìiæêó [0, t1] i íå-
ðiâíîñòi (20) òà íåðiâíîñòi

A0

A1
≤ ||Yk(t)||√

2
≤ A1

a(t)
(23)

íà ïðîìiæêó [t1, t2] = [t1, tl] = [t1, T ], çîêðåìà

A0

A1
≤ ||Yk(t2)||√

2
≤ A1

A2
, (24)

à ó âèïàäêó a′(τ1) < 0 âèêîíóþòüñÿ íåðiâíîñòi (21)
íà ïðîìiæêó [0, t1] i íåðiâíîñòi (22) òà íåðiâíîñòi

A1

a(t)
≤ ||Yk(t)||√

2
≤ A0

A1
(25)

íà ïðîìiæêó [t1, t2] = [t1, tl] = [t1, T ], çîêðåìà

A1

A2
≤ ||Yk(t2)||√

2
≤ A0

A1
. (26)

¤ Äîâåäåííÿ. Ñïðàâåäëèâiñòü íåðiâíîñòåé
(19), (20) íà ïðîìiæêó [0, t1] i íåðiâíîñòåé (21), (22)
âèïëèâà¹ iç íàñëiäêó 1.

Íåõàé t ∈ [t1, t2], òîäi ó âèïàäêó a′(τ1) > 0 ìà¹-
ìî íåðiâíîñòi (20) òà äëÿ τ2 íåðiâíiñòü a′(τ2) < 0. Öå
îçíà÷à¹ âèêîíàííÿ íà âiäðiçêó [t1, t] íåðiâíîñòi (15),
òîáòî

‖Yk(t1)‖ ≤ ‖Yk(t)‖ ≤ A1

a(t)
‖Yk(t1)‖.

Ïîäiëèâøè îñòàííi íåðiâíîñòi íà ‖Yk(t1)‖ i ïîìíî-
æèâøè ïî÷ëåííî íà íåðiâíiñòü (20), îòðèìà¹ìî íå-
ðiâíiñòü (23), à ïðè t = t2 íåðiâíiñòü (24).

Ó âèïàäêó a′(τ1) < 0 ìà¹ìî íåðiâíîñòi (22) òà äëÿ
τ2 íåðiâíiñòü a′(τ2) > 0. Öå îçíà÷à¹ âèêîíàííÿ íà âiä-
ðiçêó [t1, t] íåðiâíîñòi (14), òîáòî

A1

a(t)
‖Yk(t1)‖ ≤ ‖Yk(t)‖ ≤ ‖Yk(t1)‖.

Iç öèõ íåðiâíîñòåé òà íåðiâíîñòåé (22) îòðèìó¹ìî íå-
ðiâíîñòi (25) i (26). ¥

Ó çàãàëüíîìó âèïàäêó îöiíêè ôóíäàìåíòàëüíî¨
ìàòðèöi ïîäàíî â ëåìi.

Ëåìà 2. Íåõàé ïîõiäíà a′(t) ôóíêöi¨ a(t) íà ïðî-
ìiæêó [0, T ] çìiíþ¹ ñâié çíàê l−1 ðàç, ïðè÷îìó l ≥ 3,
i ÷èñëà t1, . . . , tl−1 òà τ1, . . . , τl ¹ âèáðàíèìè, òîäi
íà ïðîìiæêàõ [tj−1, tj ] ⊂ [0, T ] ñïðàâäæóþòüñÿ òàêi
îöiíêè äëÿ ôóíäàìåíòàëüíî¨ ìàòðèöi ñèñòåìè äè-
ôåðåíöiàëüíèõ ðiâíÿíü (9).

ßêùî t ∈ [t2s−2, t2s−1], òî ó âèïàäêó a′(τ1) > 0 âèêî-
íóþòüñÿ íåðiâíîñòi

A0A2 · · ·A2s−4A2s−2

A1A3 · · ·A2s−3a(t)
≤ ||Yk(t)||√

2
≤ A1A3 · · ·A2s−3

A2A4 · · ·A2s−2
,

(27)
ó âèïàäêó a′(τ1) < 0 � íåðiâíîñòi

A1A3 · · ·A2s−3

A2A4 · · ·A2s−2
. ≤ ||Yk(t)||√

2
≤ A0A2 · · ·A2s−4A2s−2

A1A3 · · ·A2s−3a(t)
;

(28)
ÿêùî t ∈ [t2s−1, t2s], òî ó âèïàäêó a′(τ1) > 0 âèêîíó-
þòüñÿ íåðiâíîñòi

A0A2 · · ·A2s−2

A1A3 · · ·A2s−1
≤ ||Yk(t)||√

2
≤ A1A3 · · ·A2s−3A2s−1

A2A4 · · ·A2s−2a(t)
,

(29)
ó âèïàäêó a′(τ1) < 0 � íåðiâíîñòi

A1A3 · · ·A2s−3A2s−1

A2A4 · · ·A2s−2a(t)
≤ ||Yk(t)||√

2
≤ A0A2 · · ·A2s−2

A1A3 · · ·A2s−1
.

(30)
Ïðè s = 1 íåðiâíîñòi (27)�(30) ðîçóìi¹ìî ÿê íåðiâ-
íîñòi (19), (21), (23) i (25) âiäïîâiäíî.

¤ Äîâåäåííÿ. Äëÿ äîâåäåííÿ ëåìè âèêîðè-
ñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨, ïðèïóñòèâøè
âèêîíàííÿ âiäïîâiäíèõ íåðiâíîñòåé (27)�(30) äëÿ
âñiõ ïðîìiæêiâ [t0, t1], [t1, t2], . . . , [t2s−1, t2s]. Äîâåäå-
ìî öi íåðiâíîñòi äëÿ òàêèõ ïðîìiæêiâ: [t2s, t2s+1] i
[t2s+1, t2s+2].

Íåõàé t íàëåæèòü ïðîìiæêó [t2s, t2s+1].
Ó âèïàäêó a′(τ1) > 0 ìà¹ìî, ùî é a′(τ2s+1) > 0.

Öå îçíà÷à¹, ùî íà ïðîìiæêó [t2s, t2s+1] âèêîíóþòüñÿ
íåðiâíîñòi (14), ÿêi çàïèøåìî ó âèãëÿäi

A2s

a(t)
≤ ‖Yk(t)‖
‖Yk(t2s)‖ ≤ 1,

à íà ïðîìiæêó [t2s−1, t2s] âèêîíóþòüñÿ íåðiâíîñòi
(29), à ñàìå:

A0A2 · · ·A2s−2

A1A3 · · ·A2s−1
≤ ||Yk(t2s)||√

2
≤ A1A3 · · ·A2s−3A2s−1

A2A4 · · ·A2s−2A2s
.

Ïåðåìíîæèâøè íåðiâíîñòi îòðèìà¹ìî ôîðìóëó (27)
äëÿ ïðîìiæêó [t2s, t2s+1].

Ó âèïàäêó a′(τ1) < 0 îòðèìó¹ìî äëÿ ïðîìiæêó
[t2s, t2s+1] ôîðìóëó (28) âiäïîâiäíî ïåðåìíîæèâøè
íåðiâíîñòi (15) äëÿ ïðîìiæêó [t2s, t2s+1] i íåðiâíîñòi
(30) äëÿ ïðîìiæêó [t2s−1, t2s].

Àíàëîãi÷íî îòðèìóþòüñÿ ôîðìóëè (29) i (30) äëÿ
ïðîìiæêó [t2s+1, t2s+2] íà ïiäñòàâi ôîðìóë (27) i (28)
äëÿ ïðîìiæêó [t2s, t2s+1] i ôîðìóë ôîðìóë (14) i (15)
äëÿ ïðîìiæêó [t2s+1, t2s+2]. ¥

Iç ëåìè 2 îòðèìó¹ìî íåçàëåæíi âiä k îöiíêè ôóí-
äàìåíòàëüíî¨ ìàòðèöi Yk(t).
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Ââåäåìî ÷èñëî

A = max
t∈[0,T ]

a(t)/ min
t∈[0,T ]

a(t) = Amax/Amin,

ÿêå âèçíà÷à¹ ðîçìàõ êîëèâàíü ôóíêöi¨ a(t). Î÷åâè-
äíî, ùî A > 1.

Íàñëiäîê 4. Íà ïðîìiæêó [0, t2j ] ⊂ [0, T ] ñïðàâ-
äæóþòüñÿ îöiíêè

A−j ≤ ‖Yk(t)‖a(t)√
2A0

≤ Aj , (31)

à íà ïðîìiæêó [0, T ] � îöiíêè

A−J ≤ ‖Yk(t)‖a(t)√
2A0

≤ AJ , (32)

äå J ¹ öiëîþ ÷àñòèíîþ ÷èñëà (l + 1)/2.

III. Òåîðåìà iñíóâàííÿ òà ¹äèíîñòi
ðîçâ'ÿçêó

Çà äîïîìîãîþ îöiíîê (31) òà (32) âñòàíîâèìî äî-
ñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i
(1), (2) ó øêàëi ïðîñòîðiâ Ñîáîë¹âà.

Òåîðåìà 1. ßêùî êîåôiöi¹íòè Ôóð'¹ ϕ̂k, k ∈
Zp, âåêòîð-ôóíêöi¨ ϕ çàäîâîëüíÿþòü óìîâó

∥∥∥∥
(

ρk(0) 0
0 1

)
∆−1(k)ϕ̂(k)

∥∥∥∥ ≤ Ck̃σ, (33)

äå C > 0, σ ∈ R � äåÿêi ñòàëi, ÿêi íå çàëåæàòü
âiä âåêòîðà k, òî ó øêàëi ïðîñòîðiâ Ñîáîë¹âà iñíó¹
¹äèíèé ðîçâ'ÿçîê u = u(t, x) çàäà÷i (1), (2) òàêèé,
ùî äëÿ âñiõ t ∈ [0, T ]

u(t, ·) ∈ Hσ1(Ωp),
∂u

∂t
(t, ·) ∈ Hσ1−1(Ωp), (34)

äå σ1 < 1− σ − p/2.
¤ Äîâåäåííÿ. Iç ôîðìóëè (11) îòðèìó¹ìî ðiâíiñòü
(

ρk(t) 0
0 1

)
Uk(t) =

(
ρk(t) 0

0 1

)
×

×
(

1 1
ρk(t) −ρk(t)

)
Yk(t)×

×
(

1 1
ρk(0) −ρk(0)

)−1

∆−1(k)ϕ̂(k) =

=
a(t)
A0

(
1 1
1 −1

)
Yk(t)

(
1 1
1 −1

)−1

×

×
(

ρk(0) 0
0 1

)
∆−1(k)ϕ̂(k),

ç ÿêî¨, ïåðåõîäÿ÷è äî íîðì, ìà¹ìî ñêàëÿðíó ðiâíiñòü

(
a2(t)‖k‖2|Uk1(t)|2 + |Uk2(t)|2

)1/2

=
√

2a(t)
A0

×

×
∥∥∥∥Yk(t)

(
1 1
1 −1

)−1(
ρk(0) 0

0 1

)
∆−1(k)ϕ̂(k)

∥∥∥∥.

Îöiíþþ÷è íîðìó ñïðàâà, îòðèìó¹ìî íåðiâíiñòü

(
a2(t)‖k‖2|Uk1(t)|2 + |Uk2(t)|2

)1/2

≤

≤ a(t)
A0

‖Yk(t)‖
∥∥∥∥
(

ρk(0) 0
0 1

)
∆−1(k)ϕ̂(k)

∥∥∥∥.

Âèêîðèñòîâóþ÷è ôîðìóëó (32), îòðèìó¹ìî äëÿ âñiõ
t ∈ [0, T ] òàêó íåðiâíiñòü:

(
a2(t)‖k‖2|Uk1(t)|2 + |Uk2(t)|2

)1/2

≤

≤
√

2AJ

∥∥∥∥
(

ρk(0) 0
0 1

)
∆−1(k)ϕ̂(k)

∥∥∥∥, (35)

àáî, âðàõîâóþ÷è ôîðìóëó (33), íåðiâíiñòü
(
a2(t)‖k‖2|Uk1(t)|2 + |Uk2(t)|2

)1/2

≤
√

2CAJ k̃σ. (36)

Îñêiëüêè äëÿ âñiõ âåêòîðiâ k 6= 0 âèêîíóþòüñÿ íå-
ðiâíîñòi k̃2 ≤ 2‖k‖2 i

k̃2|uk(t)|2 ≤
≤ 2A−2

min

(
a2(t)‖k‖2|Uk1(t)|2 + |Uk2(t)|2

)
, (37)

∣∣∣duk(t)
dt

∣∣∣
2

≤ a2(t)‖k‖2|Uk1(t)|2 + |Uk2(t)|2, (38)

òî ç íåðiâíîñòåé (36)�(38) âèïëèâàþòü íåðiâíîñòi

k̃2σ1 |uk(t)|2 ≤ 4C2A2J k̃2σ1−2+2σ

A2
min

=
4C2A2J

A2
min

k̃σ2 ,

k̃2σ1−2
∣∣∣duk(t)

dt

∣∣∣
2

≤ 2C2A2J k̃2σ1−2+2σ = 2C2A2J k̃σ2 ,

äå σ2 < −p. Îá÷èñëþþ÷è íîðìè ðîçâ'ÿçêó u òà éîãî
ïîõiäíî¨ ∂u/∂t, îòðèìó¹ìî íåçàëåæíi âiä t îöiíêè

‖u‖2Hσ1 (Ωp) ≤ |u0(t)|2 +
4C2A2J

A2
min

∑

k∈Zp\{0}
k̃σ2 ,

∥∥∥∂u

∂t

∥∥∥
2

Hσ1−1(Ωp)
≤

∣∣∣du0(t)
dt

∣∣∣
2

+ 2C2A2J
∑

k∈Zp\{0}
k̃σ2 .

Iç çáiæíîñòi ðÿäó
∑

k∈Zp\{0}
k̃σ2

âèïëèâàþòü âêëþ÷åííÿ (34).¥
Óìîâè (33) òåîðåìè 1 ïîâ'ÿçàíi ç ïðàâèìè ÷àñòè-

íàìè ϕ1 i ϕ2 íåëîêàëüíèõ óìîâ (2). Äëÿ îäíèõ ïðàâèõ
÷àñòèí âîíè âèêîíóþòüñÿ, à äëÿ iíøèõ íå âèêîíó-
þòüñÿ, êðiì òîãî íåìà çàëåæíîñòi ÷èñëà σ âiä ãëàä-
êîñòi öèõ ïðàâèõ ÷àñòèí. Äëÿ âñòàíîâëåííÿ ðîçâ'ÿ-
çíîñòi çàäà÷i (1), (2) ó øêàëi ïðîñòîðiâH(Ωp) äîñëi-
äæó¹ìî, êîëè âèêîíóþòüñÿ íåðiâíîñòi (33) çðàçó äëÿ
âñiõ ôóíêöié iç ïåâíîãî ïðîñòîðó øêàëèH(Ωp).
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Ïîçíà÷èìî ÷åðåçΨj(k), j = 1, 2, 3, 4, åëåìåíòè ìà-
òðèöi ∆(k), k ∈ Zp, òàê, ùî

∆(k) =
(

Ψ1(k) Ψ2(k)
Ψ3(k) Ψ4(k)

)
,

det∆(k) = Ψ1(k)Ψ4(k)−Ψ2(k)Ψ3(k), (39)
i íåõàé

(
Φ1(k) Φ2(k)
Φ3(k) Φ4(k)

)
=

(
1 1

ρ(T ) −ρ(T )

)
×

× Yk(T )
(

1 1
ρ(0) −ρ(0)

)−1

,

òîäi âèêîíóþòüñÿ ðiâíîñòi

∆(k) =
(

a b
c d

)
+

(
a1 b1

c1 d1

)(
Φ1(k) Φ2(k)
Φ3(k) Φ4(k)

)
,

òîáòî

Ψ1(k) = a + a1Φ1(k) + b1Φ3(k),
Ψ2(k) = b + a1Φ2(k) + b1Φ4(k),
Ψ3(k) = c + c1Φ1(k) + d1Φ3(k),
Ψ4(k) = d + c1Φ2(k) + d1Φ4(k).

ßêùî âèêîíó¹òüñÿ óìîâà

Φ(k) = max
(
1, |Φ1(k)|, |Φ2(k)|, |Φ3(k)|, |Φ4(k)|), (40)

òî äëÿ êîæíîãî j = 1, 2, 3, 4 ñïðàâäæóþòüñÿ íåðiâíî-
ñòi

|Ψj(k)| ≤ 3Φ(k).

Íà îñíîâi öèõ íåðiâíîñòåé âñòàíîâëþ¹ìî, ùî ìîäóëü
êîæíîãî åëåìåíòà âåêòîðà

∆−1(k)ϕ̂(k) =




Ψ4(k)ϕ̂1(k)−Ψ2(k)ϕ̂2(k)
det∆(k)

Ψ1(k)ϕ̂2(k)−Ψ3(k)ϕ̂1(k)
det∆(k)




îöiíî¹òüñÿ çâåðõó ÷èñëîì

3Φ(k)
(|ϕ̂1(k)|+ |ϕ̂2(k)|)

|det ∆(k)| ≤ 3
√

2Φ(k)‖ϕ̂(k)‖
| det∆(k)| .

çâiäñè âèïëèâà¹ îöiíêà äëÿ ëiâî¨ ÷àñòèíè íåðiâíîñòi
(33) ÷åðåç íîðìó ïðàâî¨ ÷àñòèíè ϕ̂(k) óìîâ (7)

∥∥∥∥
(

ρk(0) 0
0 1

)
∆−1(k)ϕ̂(k)

∥∥∥∥ ≤

≤ 3
√

2max(A0, 1)
k̃

|det∆(k)|/Φ(k)
‖ϕ̂(k)‖. (41)

IV. Äîñëiäæåííÿ ìàëèõ çíàìåííèêiâ
Íàñòóïíèì êðîêîì ¹ âñòàíîâëåííÿ îöiíîê çíèçó

äðîáiâ
| det∆(k)|/Φ(k), k ∈ Zp,

ÿêi ¹ ôóíêöiÿìè ïàðàìåòðiâ a, b, c, d, a1, b1, c1 i d1.
Äëÿ äîâiëüíîãî âåêòîðà ïàðàìåòðiâ âèõiäíî¨ çà-

äà÷i α = (a, b, c, d, a1, b1, c1, d1) ∈ O8, äå O � îäèíè-
÷íèé êðóã ç öåíòðîì ó ïî÷àòêó êîîðäèíàò êîìïëå-
êñíî¨ ïëîùèíè, òàêî¨ îöiíêè , âçàãàëi, íå iñíó¹. ßêîþ
á ìàëîþ íå áóëà (íàïåðåä çàäàíà) ôóíêöiÿχ(k), çíà-
éäåòüñÿ òàêèé âåêòîð α ∈ O8, ùî áåçëi÷ ðàçiâ âèêî-
íó¹òüñÿ íåðiâíiñòü

|det∆(k)|/Φ(k) < χ(k).

Òàêi çíàìåííèêè íàçèâàþòüñÿ ìàëèìè çíàìåííè-
êàìè. Âèðiøåííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ, òîá-
òî âñòàíîâëåííÿ äëÿ íèõ îöiíêè çíèçó, ¹ çàäà÷åþ ìå-
òðè÷íî¨ òåîði¨ äiîôàíòîâèõ íàáëèæåíü, â îñíîâi ÿêî¨
¹ ìåòðè÷íèé ïiäõiä äî ðîçãëÿäóâàíèõ çàäà÷.

Ìàëi çíàìåííèêè âèíèêàþòü ïiä ÷àñ äîñëi-
äæåííÿ ðiçíèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ òà
äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü, à òàêîæ çàäà÷
â iíøèõ ãàëóçÿõ ìàòåìàòèêè. Öi çàäà÷i, ÿê ïðàâèëî,
¹ íåêîðåêòíèìè (óìîâíî êîðåêòíèìè).

Äëÿ âñòàíîâëåííÿ îöiíîê çíèçó çíàìåííèêiâ ó
ôîðìóëi (41), òàêîæ âèêîðèñòà¹ìî ìåòðè÷íèé ïiäõiä;
íà ïiäìíîæèíi Λ ìíîæèíi O8 çàäà¹ìî ìiðó mes Λ,
ÿêà iíäóêó¹òüñÿ ìiðîþ Ëåáåãà ó ïðîñòîðiR16.

Òåîðåìà 1. Íåõàé âèðàçè det∆(k) i Φ(k) âèçíà-
÷àþòüñÿ ôîðìóëàìè (39) i (40) âiäïîâiäíî, òîäi äëÿ
äîâiëüíèõ ÷èñåë r > p òà 0 < ε < 1 äëÿ âñiõ âåêòîðiâ
α ∈ O8 \Bε âèêîíó¹òüñÿ íåðiâíiñòü

| det∆(0)| ≥ ε
max

(√
2, (2 + T )Amin

)

6πAJC1 max
(
A0, 1

) ,

i äëÿ âñiõ âåêòîðiâ k ∈ Zp \ {0} � íåðiâíiñòü

|det ∆(k)|
Φ(k)

≥ ε

C1
k̃−r, (42)

äå Bε � äåÿêà ìíîæèíà ç ìiðîþ Ëåáåãà mesBε ≤ ε,
ñòàëà C1, ùî çàëåæèòü âiä r, âèçíà÷à¹òüñÿ ôîðìó-
ëîþ

C1 = 2π8

(
max

(√
2, (2 + T )Amin

)

6πAJ max
(
A0, 1

) +
∑

k∈Zp\{0}
k̃−r

)
.

¤ Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåçB(k) ìíîæèíó òèõ
âåêòîðiâ α ∈ O8, ÿêi ïðè ôiêñîâàíîìó k ∈ Zp \{0} çà-
äîâîëüíÿþòü îöiíêó, ïðîòèëåæíó äî îöiíêè (42), à
ñàìå:

| det∆(k)|
Φ(k)

< d2(k), (43)

äå
d(k) =

√
ε

C1
k̃−r.

Ðîçãëÿíåìî ñïî÷àòêó òàêi âåêòîðè k ∈ Zp \ {0},
äëÿ ÿêèõ âèêîíó¹òüñÿ ðiâíiñòüΦ(k) = 1. Òîäi, çãiäíî
ç ôîðìóëîþ (39), îòðèìà¹ìî òàêó ôàêòîðèçàöiþ:

|det ∆(k)|
Φ(k)

=
∣∣Ψ4(k)

∣∣
∣∣∣Ψ1(k) − Ψ2(k)Ψ3(k)

Ψ4(k)

∣∣∣, (44)

Mathematics 47
Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



Â. Iëüêiâ

Ðîçãëÿíåìî ìíîæèíó òèõ ÷èñåë d ∈ O, äëÿ ÿêèõ
âèêîíó¹òüñÿ íåðiâíiñòü

|d + c1Φ2(k) + d1Φ4(k)| < d(k) (45)

ïðè iíøèõ ôiêñîâàíèõ åëåìåíòàõ âåêòîðàα ∈ O8. Öÿ
ìíîæèíà ¹ ÷àñòèíîþ êðóãà ðàäióñà d(k), òîìó ¨¨ ìi-
ðà ìåíøà, íiæ ïëîùà πd2(k) öüîãî êðóãà. Iíòåãðóþ÷è
ïî âñiõ iíøèõ çìiííèõ α′ íà ìíîæèíi O7, îòðèìó¹ìî
îöiíêó

mesB′
0(k) < π8d2(k),

äå B′
0(k) � ìíîæèíà âåêòîðiâ α ∈ O8, äëÿ ÿêèõ âèêî-

íó¹òüñÿ íåðiâíiñòü (45).
Ðîçãëÿíåìî ìíîæèíó òèõ ÷èñåë a, äëÿ ÿêèõ, ïðè

iíøèõ ôiêñîâàíèõ åëåìåíòàõ âåêòîðàα ∈ O8 \B′
0(k),

âèêîíó¹òüñÿ íåðiâíiñòü
∣∣∣a + a1Φ1(k) + b1Φ3(k)− Ψ2(k)Ψ3(k)

Ψ4(k)

∣∣∣ < d(k). (46)

Öÿ ìíîæèíà òàêîæ ìà¹ ìiðó, ìåíøó, íiæ ÷èñëî
πd2(k), òîìó ìíîæèíà B′′

0 (k) òèõ α ∈ O8 \B′
0(k), äëÿ

ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü (46), ìà¹ ìiðó

mesB′′
0 (k) < π8d2(k).

ßêùî α /∈ B′
0(k) ∪ B′′

0 (k), òî âèêîíóþòüñÿ ïðîòè-
ëåæíi äî íåðiâíîñòåé (45) i (46) íåðiâíîñòi, à îòæå,
çãiäíî ç ôîðìóëîþ (44), íå âèêîíó¹òüñÿ îöiíêà (43),
òîìó

B0(k) ⊂ B′
0(k) ∪B′′

0 (k)

i ñïðàâäæó¹òüñÿ íåðiâíiñòü

mesB(k) < 2π8d2(k) =
2π8ε

C1
k̃−r. (47)

ßêùî Φ(k) = |Φj(k)|, òî çàìiñòü (44) âèêîðèñòîâó-
¹ìî òàêi ôàêòîðèçàöi¨ ìàòðèöi | det∆(k)/Φj(k)| ïðè
j = 1, 2, 3, 4 âiäïîâiäíî:

∣∣∣∣d + det
(

1 Φ2(k)/Φ1(k)
Ψ3(k) c1Φ2(k) + d1Φ4(k)

) ∣∣∣∣×

×
∣∣∣∣a1 + Ω1(k)/ det

(
Φ1(k) Φ2(k)
Ψ3(k) Ψ4(k)

) ∣∣∣∣,
∣∣∣∣a + det

(
a1Φ1(k) + b1Φ3(k) Ψ2(k)

Φ1(k)/Φ2(k) 1

) ∣∣∣∣×

×
∣∣∣∣c1 + Ω2(k)/ det

(
Ψ1(k) Ψ2(k)
Φ1(k) Φ2(k)

) ∣∣∣∣,
∣∣∣∣d + det

(
1 Φ4(k)/Φ3(k)

Ψ3(k) c1Φ2(k) + d1Φ4(k)

) ∣∣∣∣×

×
∣∣∣∣b1 + Ω3(k)/ det

(
Φ3(k) Φ4(k)
Ψ3(k) Ψ4(k)

) ∣∣∣∣,
∣∣∣∣a + det

(
a1Φ(k) + b1Φ3(k) Ψ2(k)

Φ3(k)/Φ4(k) 1

) ∣∣∣∣×

×
∣∣∣∣d1 + Ω4(k)/ det

(
Ψ1(k) Ψ2(k)
Φ3(k) Φ4(k)

) ∣∣∣∣,

(48)

äå

Ω1(k) = det
(

a + b1Φ3(k) b + b1Φ4(k)
Ψ3(k) Ψ4(k)

)
,

Ω2(k) = det
(

Ψ1(k) Ψ2(k)
c + d1Φ3(k) d + d1Φ4(k)

)
,

Ω3(k) = det
(

a + a1Φ1(k) b + a1Φ2(k)
Ψ3(k) Ψ4(k)

)
,

Ω4(k) = det
(

Ψ1(k) Ψ2(k)
c + c1Φ1(k) d + c1Φ2(k)

)
.

(49)

Âèðàçè ïiä çíàêîì ìîäóëÿ ó ôîðìóëàõ (48) ¹ ëiíié-
íèìè ôóíêöiÿìè ñâî¨õ ïåðøèõ äîäàíêiâ; âèçíà÷íèêè
ó ôîðìóëàõ (49) ¹ ëiíiéíèìè ôóíêöiÿìè êîåôiöi¹íòiâ
óìîâ (2).

Ìiðà ìíîæèí, äëÿ åëåìåíòiâ ÿêèõ âêàçàíi ëiíié-
íi ôóíêöi¨ ó ôîðìóëàõ (48) i (49) ìåíøi, íiæ d(k), ¹
òàêèìè æ, ÿê i ó âèïàäêó Φ(k) = 1, òîáòî äëÿ âñiõ
âåêòîðiâ k ∈ Zp \ {0} âèêîíó¹òüñÿ íåðiâíiñòü (47).

ßêùî k = 0, òî

det∆(0) = (d+d1)
(
a+a1+

ac1 − ca1 − (c + c1)(b + b1)
(d + d1)

)
;

íåðiâíiñòü |d + d1| < d(0), äå

d(0) =
(
ε
max

(√
2, (2 + T )Amin

)

6πAJC1 max
(
A0, 1

)
)1/2

,

âèêîíó¹òüñÿ íà ïiäìíîæèíi B′(0) ìíîæèíè O8, ìiðà
ÿêî¨ mes B′(0) < π8d2(0), à íåðiâíiñòü

∣∣∣
(
a + a1 +

ac1 − ca1 − (c + c1)(b + b1)
(d + d1)

)∣∣∣ < d(0)

âèêîíó¹òüñÿ íà ïiäìíîæèíiB′′(0) ìíîæèíè O8, ìiðà
ÿêî¨ mes B′′(0) < π8d2(0), òîáòî íà ìíîæèíi

O8 \B(0) = O8 \ (B′(0) ∪B′′(0)),

äå
mes B(0) < 2π8d2(0),

âèêîíó¹òüñÿ íåðiâíiñòü

| det∆(0)| ≥ d2(0).

Íà ìíîæèíiO8 \B(k) ôóíêöiÿ |∆(k)|/Φ(k) âåêòî-
ðà α çàäîâîëüíÿ¹ óìîâó (33) äëÿ ôiêñîâàíîãî íåíó-
ëüîâîãî öiëî÷èñëîâîãî âåêòîðà k, à íà ìíîæèíi

⋃

k∈Zp

(O8 \B(k)
)

= O8 \Bε, Bε =
⋂

k∈Zp

B(k),

äå

mes Bε ≤
∑

k∈Zp

mes B(k) <

< 2π8d2(0) + 2π8 ε

C1

∑

k∈Zp\{0}
k̃−r = ε,
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îöiíêà (33) âèêîíó¹òüñÿ äëÿ âñiõ íåíóëüîâèõ öiëî÷èñ-
ëîâèõ âåêòîðiâ k. ¥

Òåïåð iç îòðèìàíî¨ íåðiâíîñòi (42) òà ôîðìóëè
(41) ìà¹ìî íåðiâíiñòü

∥∥∥∥
(

ρk(0) 0
0 1

)
∆−1(k)ϕ̂(k)

∥∥∥∥ ≤

≤ ε−16π
√

2C1 max(A0, 1)k̃1+r‖ϕ̂(k)‖, (50)

ÿêó çàñòîñó¹ìî ïiä ÷àñ äîâåäåííÿ òåîðåìè.

Òåîðåìà 2. Äëÿ äîâiëüíî¨ ïàðè ÷èñåë r > p i
ε > 0 iñíó¹ òàêà ìíîæèíà Bε, ìiðà ÿêî¨ Bε < ε, ùî
äëÿ âñiõ ôóíêöié

ϕ1 ∈ Hr+1(Ωp), ϕ2 ∈ Hr+1(Ωp)

iñíó¹ ¹äèíèé ðîçâ'ÿçîêu = u(t, x) çàäà÷i (1), (2), ïðè-
÷îìó

u(t, ·) ∈ H1(Ωp),
∂u

∂t
(t, ·) ∈ H0(Ωp)

äëÿ âñiõ âåêòîðiâ ìíîæèíè O8 \ Bε i âèêîíóþòüñÿ
íåðiâíîñòi

‖u(t, ·)‖H1(Ωp) ≤
1
ε
C2‖ϕ‖Hr+1(Ωp), (51)

∥∥∥∂u

∂t
(t, ·)

∥∥∥
H0(Ωp)

≤ 1
ε
C3‖ϕ‖Hr+1(Ωp), (52)

äå

C2 =
√

2C3/Amin, C3 = 12πAJC1 max(A0, 1),

J � öiëà ÷àñòèíà ÷èñëà (l + 1)/2, l − 1 � ÷èñëî çìií
çíàêó ôóíêöi¨ a′(t) íà ïðîìiæêó [0, T ],

A =
Amax

Amin
, Amax = max

t∈[0,T ]
a(t),

Amin = min
t∈[0,T ]

a(t).

¤ Äîâåäåííÿ. Iç íåðiâíîñòi (35) i íåðiâíîñòi (50),
ÿêà âèêîíó¹òüñÿ äëÿ âñiõ âåêòîðiâ ìíîæèíèO8 \Bε,
âèïëèâà¹ äëÿ êîæíîãî âåêòîðàk ∈ Zp\{0} íåðiâíiñòü

(
a2(t)‖k‖2|Uk1(t)|2 + |Uk2(t)|2

)1/2

≤
≤ ε−112πAJC1 max(A0, 1)k̃1+r‖ϕ̂(k)‖.

Òàêó íåðiâíiñòü ðàçîì iç íåðiâíîñòÿìè (37) i (38) âè-
êîðèñòîâó¹ìî äëÿ îòðèìàííÿ íåðiâíîñòåé

k̃2|uk(t)|2 ≤ 288π2A2JC2
1

(
max(A0, 1)

)2

ε2A2
min

k̃2+2r‖ϕ̂(k)‖2,

∣∣∣duk(t)
dt

∣∣∣
2

≤ 144π2A2JC2
1

(
max(A0, 1)

)2

ε2
k̃2+2r‖ϕ̂(k)‖2.

Öi íåðiâíîñòi âèêîíóþòüñÿ òàêîæ ïðè k = 0. Äié-
ñíî, iç ñèñòåìè ðiâíÿíü (8) îòðèìó¹ìî âåêòîð

∆−1(0)ϕ̂(0) =

=




(d + d1 + c1T )ϕ̂1(0)− (b + b1 + a1T )ϕ̂2(0)
det ∆(0)

(a + a1)ϕ̂2(0)− (c + c1)ϕ̂1(0)
det ∆(0)


 ,

êîìïîíåíòè ÿêîãî îöiíþþòüñÿ çâåðõó ÷èñëîì
√

2(2 + T )|det∆(0)|−1‖ϕ̂(0)‖,

òîáòî

‖∆−1(0)ϕ̂(0)‖ ≤ 2(2 + T )|det ∆(0)|−1‖ϕ̂(0)‖ =

= 2(2 + T )|d(0)|−1‖ϕ̂(0)‖,

à òàêîæ äëÿ âñiõ t ∈ [0, T ] âèêîíó¹òüñÿ îöiíêà

max
(
|u0(t)|2,

∣∣∣du0(t)
dt

∣∣∣
2)
≤

≤ (
2(2 + T )d(0)

)2(2 + T 2)‖ϕ̂(0)‖2.

Ç öi¹¨ îöiíêè ìà¹ìî øóêàíi íåðiâíîñòi.
Çà óìîâàìè òåîðåìè ôóíêöi¨

ϕ1 ∈ Hr+1(Ωp), ϕ2 ∈ Hr+1(Ωp),

òîìó âiäïîâiäíi ðÿäè äëÿ ðîçâ'ÿçêó
∑

k∈Zp

k̃2|uk(t)|2

òà éîãî ïîõiäíî¨
∑

k∈Zp

|duk(t)/dt|2

¹ çáiæíèìè äëÿ âñiõ ÷èñåë t ∈ [0, T ] ðàçîì iç ðÿäîì
∑

k∈Zp

k̃2r+2‖ϕ̂(k)‖2.

Öå îçíà÷à¹, ùî ðîçâ'ÿçîê çàäà÷i (1), (2) äëÿ âñiõ
t ∈ [0, T ] ïðèéìà¹ çíà÷åííÿ ó ïðîñòîði H1(Ωp), à éî-
ãî ïîõiäíà çà t � ó ïðîñòîði H0(Ωp), òà âèêîíóþòüñÿ
îöiíêè

‖u(t, ·)‖2H1(Ωp) ≤
288π2C2

1

(
max(A0, 1)

)2

ε2A−2JA2
min

‖ϕ‖2Hr+1(Ωp),

∥∥∥∂u(t, ·)
∂t

∥∥∥
2

H0(Ωp)
≤ 144π2C2

1

(
max(A0, 1)

)2

ε2A−2J
‖ϕ‖2Hr+1(Ωp),

ÿêi åêâiâàëåíòíi øóêàíèì îöiíêàì (51), (52).¥

Íàñëiäîê 1. Íåõàé ôóíêöi¨

ϕ1 ∈ Hr+q(Ωp), ϕ2 ∈ Hr+q(Ωp), q ∈ R,
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Â. Iëüêiâ

òà âèêîíóþòüñÿ âñi iíøi óìîâè òåîðåìè 2, òîäi iñíó¹
¹äèíèé ðîçâ'ÿçîê u = u(t, x) çàäà÷i (1), (2), ïðè÷îìó

u(t, ·) ∈ Hq(Ωp),
∂u

∂t
(t, ·) ∈ Hq−1(Ωp)

äëÿ âñiõ âåêòîðiâ ìíîæèíèO8 \Bε i âèêîíóþòüñÿ íå-
ðiâíîñòi

‖u(t, ·)‖Hq(Ωp) ≤
1
ε
C2‖ϕ‖Hr+q(Ωp),

∥∥∥∂u

∂t
(t, ·)

∥∥∥
Hq−1(Ωp)

≤ 1
ε
C3‖ϕ‖Hr+q(Ωp).

Íàñëiäîê 2. Äëÿ ðîçâ'ÿçêó u = u(t, x) çàäà÷i
(1), (2) ñïðàâäæó¹òüñÿ òàêîæ îöiíêà

a2(t)‖
√

∆u(t, ·)‖Hq−1(Ωp) +
∥∥∥∂u

∂t
(t, ·)

∥∥∥
Hq−1(Ωp)

≤

≤ 1
ε
C3‖ϕ‖Hr+q(Ωp),

äå îïåðàòîð
√

∆ íà ôóíêöi¨

η =
∑

k∈Zp

η̂(k)eikx

âèçíà÷à¹òüñÿ ôîðìóëîþ
√

∆η = i
∑

k∈Zp

‖k‖η̂(k)eikx.

Çàóâàæåííÿ 1. Â óìîâàõ òåîðåìè 2 ðîçâ'ÿçîê
çàäà÷i (1), (2) iñíó¹ íå ëèøå â îáëàñòiO8 \ Bε, àëå i
â øèðøié îáëàñòi O8 \ B, äå mes B = 0, ïðîòå äëÿ
âåêòîðà α ∈ Bε \ B, âçàãàëi, íå âèêîíóþòüñÿ îöiíêè
(51), (52), à âèêîíóþòüñÿ ñëàáøi îöiíêè

‖u(t, ·)‖H1(Ωp) ≤ C4‖ϕ‖Hr+1(Ωp),

∥∥∥∂u

∂t
(t, ·)

∥∥∥
H0(Ωp)

≤ C5‖ϕ‖Hr+1(Ωp),

äå ñòàëi C4 i C5 íå çàëåæàòü âiä âåêòîðà k, àëå çà-
ëåæàòü âiä âåêòîðà α i ¹ íåîáìåæåíèìè íà ìíîæèíi
Bε \B.

Âèñíîâêè

Íåëîêàëüíà çàäà÷à (1), (2) äëÿ ðiâíÿííÿ êîëèâàí-
íÿ ñòðóíè çi çìiííèì êîåôiöi¹íòîì ðîçâ'ÿçíà ó ïðî-
ñòîðàõ Ñîáîë¹âà ñêií÷åííîãî ïîðÿäêó, ÿê i ó âèïàäêó
ñòàëîãî êîåôiöi¹íòà. Öå ïîÿñíþ¹òüñÿ ñòðîãîþ ãiïåð-
áîëi÷íiñòþ ðiâíÿííÿ (âëàñíi çíà÷åííÿ ρk òà −ρk, äå
ρk = i‖k‖a(t) 6= 0 ïðè k 6= 0), à îòæå, iñíóâàííÿì
çàìiíè ç âèêîðèñòàííÿì ìàòðèöü

(
1 1

ρk −ρk

)
, k 6= 0,

âëàñíèõ âåêòîðiâ, ÿêi ¹ íåâèðîäæåíèìè òà íåïåðåðâ-
íî äèôåðåíöiéîâíèìè çà çìiííîþt ìàòðèöÿìè. Çà äî-
ïîìîãîþ òàêî¨ çàìiíè ñèñòåìà äèôåðåíöiàëüíèõ ðiâ-
íÿíü (6) çâîäèòüñÿ äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü (9). Öÿ çàìiíà íå çàñòîñîâíà ó âèïàäêó íå ñòðîãî
ãiïåðáîëi÷íèõ ðiâíÿíü ó çâ'ÿçêó iç âèðîäæåííÿì âiä-
ïîâiäíèõ ìàòðèöü.

Ó âèïàäêó íåãiïåðáîëi÷íîñòi ðiâíÿííÿ, îöiíêè âiä-
ïîâiäíèõ ôóíäàìåíòàëüíèõ ìàòðèöü ìîæóòü áóòè
åêñïîíåíöiàëüíîãî òèïó, òàêîæ ìîæå íå iñíóâàòè çãà-
äàíî¨ âèùå çàìiíè øóêàíèõ ôóíêöié, òîìó ðîçâ'ÿçêè
íåëîêàëüíèõ çàäà÷ äëÿ òàêèõ ðiâíÿíü, âçàãàëi, íå íà-
ëåæàòü øêàëi ïðîñòîðiâ Ñîáîë¹âà.
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BOUNDARY VALUE PROBLEM WITH NONLOCAL TWOPOINT
CONDITIONS FOR SECOND ORDER HYPERBOLIC EQUATION

V. Il'kiv
National University �Lvivska Politechnika�
12 S. Banderà Str., 79013, Lviv, Ukraine

A nonlocal problem with general linear twopoint conditions for a strongly hyperbolic (wave)
equation utt + a2∆u, where a = a(t) > 0 is a continuously di�erentiable on [0, T ] function,
∆ =

pP
j=1

∂2/∂x2
j is the Laplace operator, is investigated in the domain, which is the Cartesian

product of the closed interval [0, T ] and the p-dimensional torus Ωp.
This problem is in general Hadamard ill-posed and connected with the small denominators

problem. By the metric approach the theorem touching lower bounds of small denominators
has been proved. On the base of such bounds the existence and uniqueness conditions of the
problem solution in Sobolev spaces of periodical functions with respect to variablesx1, . . . , xp

were obtained.
Keywords: hyperbolic equation, Sobolev spaces, small denominators.
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