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Íåõàé H(Λ) � êëàñ àáñîëþòíî çáiæíèõ âC (öiëèõ)
ðÿäiâ Äiðiõëå

F (z) =
+∞∑
n=0

anezλn , z ∈ C,

äå Λ = (λn) � äåÿêà ôiêñîâàíà ïîñëiäîâíiñòü òàêà, ùî
0 = λ0 < λn ↑ +∞ (1 < n ↑ +∞).

Äëÿ F ∈ H(Λ) i σ ∈ R ïîçíà÷èìî µ(σ, F ) =
= max{|an|eσλn : n > 0}, ν(σ) = ν(σ, F ) =
= max{n : |an|eσλn = µ(σ, F )}, M(σ, F ) =
= sup{|F (σ + iy)| : y ∈ R}.

Â [1] âñòàíîâëåíî òàêèé àíàëîã òåîðåìè Áîðåëÿ.
Òåîpåìà À[1]. Äëÿ òîãî, ùîá äëÿ êîæíî¨ ôóíê-

öi¨ F ∈ H(Λ) ñïiââiäíîøåííÿ

ln M(σ, F ) = (1 + o(1)) ln µ(σ, F ) (1)

ñïðàâäæóâàëîñü ïðè σ → +∞ ççîâíi äåÿêî¨ ìíîæè-
íè E ñêií÷åííî¨ ìiðè, íåîáõiäíî i äîñèòü, ùîá

+∞∑
n=1

1
nλn

< +∞.

Âèÿâëÿ¹òüñÿ, ùî òâåðäæåííÿ òåîðåìè À äîïóñêà¹
óòî÷íåííÿ â ÷àñòèíi îïèñàííÿ âèíÿòêîâî¨ ìíîæèíè.

Íåõàé L � êëàñ äîäàòíèõ íåïåðåðâíèõ çðîñòàþ-
÷èõ äî +∞ íà [0,+∞) ôóíêöié. Äëÿ ôóíêöi¨ Φ ∈ L
âèçíà÷èìî òàêi êëàñè ôóíêöié:

H(Λ, Φ) = {F ∈ H(Λ) : lim inf
σ→+∞

ln µ(σ, F )
σΦ(σ)

> 0},

H(Λ,Φ) = {F ∈ H(Λ) : lim sup
σ→+∞

ln µ(σ, F )
σΦ(σ)

> 0}.

Äëÿ âèìiðíî¨ çà Ëåáåãîì ìíîæèíè E ⊂ [0, +∞)
ñêií÷åííî¨ ìiðè measE < +∞ i ôóíêöi¨ h ∈ L âåëè-
÷èíè

DhE = lim sup
R→+∞

h(R)meas(E ∩ [R, +∞)),

dhE = lim inf
R→+∞

h(R)meas(E ∩ [R, +∞))

íàçâåìî âiäïîâiäíî ¨¨ âåðõíüîþ i íèæíüîþ h-ùiëü-
íîñòÿìè ó íåñêií÷åííîñòi.

Ó ïðàöi [2] äîâåäåíî, ùî â ïiäêëàñi H(Λ, Φ), çà
óìîâè

(∀b > 0) : lim
σ→+∞

h(σ)
∑

λn>bΦ(σ)

1
nλn

= 0, (2)

äå h ∈ L, âèíÿòêîâà ìíîæèíà ó ñïiââiäíîøåííi (1)
ìà¹ íóëüîâó âåðõíþ h-ùiëüíiñòü ó íåñêií÷åííîñòi.

Ó ñòàòòi óòî÷íåíî îïèñàííÿ âèíÿòêîâî¨ ìíîæèíè
ó ñïiââiäíîøåííi (1) â ïiäêëàñiH(Λ, Φ).

Íåõàé L1 = {h ∈ L : h(x + O(1)) = O(h(x))
(x → +∞)}.

Ñïðàâåäëèâà òåîðåìà.
Òåîpåìà. Íåõàé h ∈ L1, Φ ∈ L. ßêùî äëÿ

ôóíêöi¨ F ∈ H(Λ, Φ) âèêîíó¹òüñÿ óìîâà (2), òî
ñïiââiäíîøåííÿ (1) ñïðàâäæó¹òüñÿ ïðè σ → +∞
(σ /∈ E, dh(E) = 0).

Âàðòî çàóâàæèòè, ùî äîâåäåííÿ öi¹¨ òåîðåìè â ÷à-
ñòèíi âñòàíîâëåííÿ àñèìïòîòè÷íî¨ ðiâíîñòi (1) çàãà-
ëîì ïîâòîðþ¹ äîâåäåííÿ âiäïîâiäíèõ òåîðåì ç [1�3], à
â ÷àñòèíi îöiíþâàííÿ âåëè÷èíè ìiðè âèíÿòêîâî¨ ìíî-
æèíè � ó ïåâíîìó ñåíñi ïîâòîðþ¹ ìiðêóâàííÿ, çàñòî-
ñîâàíi â [4] äëÿ äîâåäåííÿ òåîðåìè 2.

¤ Äîâåäåííÿ. Íåõàé n(t) =
∑

λn≤t

1 � ëi-

÷èëüíà ôóíêöiÿ ïîñëiäîâíîñòi (λn). Îñêiëüêè
1
n ∼ ln(n + 1) − ln n (n → +∞), òî óìîâó (2) ìîæíà
çàïèñàòè ó âèãëÿäi

lim
σ→+∞

h(σ)
∫ +∞

bΦ(σ)

d ln n(t)
t

= 0.

Çâiäñè âèïëèâà¹ iñíóâàííÿ íåïåðåðâíî¨ ôóíêöi¨
C(t) ↑ +∞ (t → +∞) òàêî¨, ùî äëÿ b > 0

lim
n→+∞

h(ϕ(bλn))
∫ +∞

λn

C(t)
d ln n(2t)

t
= 0, (3)

äå ϕ(x) � ôóíêöiÿ, îáåðíåíà äî Φ(t).
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Íîâi îöiíêè âèíÿòêîâî¨ ìíîæèíè â òåîðåìàõ òèïó Áîðåëÿ

Íåõàé α(t) =
∫ t

0
C(x)d ln n(2x)

x , τn = α(λn), αn =
exp{− ∫ λn

0
α(t)dt}. Ðîçãëÿíåìî ðÿä Äiðiõëå

f(z) =
+∞∑
n=0

|an|
αn

ezλn .

Çàóâàæèìî, ùî |an|
αn

eσλn≤|an|e(σ+α(λn))λn≤|an|e(σ+A)λn ,
äå A =

∫ +∞
0

C(t)d ln n(2t)
t . Òîìó f ∈ H(Λ).

Íåõàé (κj) � ïîñëiäîâíiñòü òî÷îê ñòðèáêà ν(σ, f),
òîáòî ν(σ, f) = j ïðè σ ∈ [κj , κj+1) i, ÿêùî
ν(κj+1, f) = j + p, òî κj+1 = · · · = κj+p < κj+p+1.

ßêùî (σ − τj) ∈ [κj , κj+1), òî çà îçíà÷åííÿì ìà-
êñèìàëüíîãî ÷ëåíà µ(σ, f) äëÿ âñiõ n ≥ 0

|an|
αn

e(σ−τj)λn ≤ |aj |
αj

e(σ−τj)λj .

Çâiäñè ïðè σ ∈ [κj + τj , κj+1 + τj) òà n 6= j

|an|eσλn

|aj |eσλj
≤ αn

αj
eτj(λn−λj) =

= exp

{
−

∫ λn

λj

(α(t)− α(λj))dt

}
< 1.

(4)

Òîìó, äëÿ öåíòðàëüíîãî iíäåêñó ν(σ, F ) = j ïðè
σ ∈ [κj + τj , κj+1 + τj). Îòæå, ç (4) îòðèìó¹ìî ïðè
n ≥ 0 i σ /∈

+∞⋃
j=1

[κj + τj−1, κj + τj ] = E

|an|eσλn

µ(σ, F )
≤ exp

{
−

∫ λn

λν

(α(t)− α(λν))dt

}
=

= exp

{
−

∫ λn

λν

(λn − t)dα(t)

}
=

= exp

{
−

∫ λn

λν

λn − t

t
C(t)d ln n(2t)

}
,

(5)

äå ν = ν(σ, F ).
Îñêiëüêè, íå çìåíøóþ÷è çàãàëüíîñòi, ìîæíà ââà-

æàòè a0 = 1, òî ç (5) ïðè n = 0 äëÿ σ /∈ E ìà¹ìî
ln µ(σ, F ) ≥ ∫ λν

0
C(t)d ln n(2t), òîìó

ln n(2λν) = o (lnµ(σ, F )) (6)
ïðè σ → +∞ (σ /∈ E). Íåõàé m = min{n : λn ≥ 2λν}.
Òîäi ïðè σ /∈ E ç (5) îòðèìó¹ìî

∑
(σ)=

1
µ(σ, F )

∑

λn≥2λν

|an|eσλn≤

≤
∑

λn≥2λν

exp

{
−

∫ λn

λν

λn − t

t
C(t)d ln n(2t)

}
≤

≤
∑

λn≥2λν

exp

{
−

∫ λn
2

λν

C(λν)
λn − t

t
d ln n(2t)

}
≤

≤
∑

λn≥2λν

exp {−C(λν) (ln n(λn)− ln n(2λν))} .

(7)

Çàóâàæèìî òåïåð, ùî ïðè ν → +∞

∑

λn≥2λν

exp {−C(λν) ln n(λn)} =
+∞∑

k=m+1

1
kC(λν)

≤

≤
+∞∑

k=m+1

∫ k

k−1

dt

tC(λν)
=

∫ +∞

m

dt

tC(λν)
=

=
1

C(λν)− 1
1

mC(λν)−1
= o

(
1

(n(2λν)− 1)C(λν)−1

)
.

Çâiäñè i ç (7) ïðè σ → +∞ (σ /∈ E) ìà¹ìî
∑

(σ) =
o(n(2λν)), òîìó, çàñòîñîâóþ÷è (6), ïðè σ → +∞
(σ /∈ E) ïîñëiäîâíî îòðèìó¹ìî

M(σ, F ) ≤
∑

λn≤2λν

|an|eσλn + µ(σ, F )
∑

(σ) ≤

≤ (1 + o(1))n(2λν)µ(σ, F )

òà

ln M(σ, F )
ln µ(σ, F )

≤ 1 +
ln((1 + o(1))n(2λν))

ln µ(σ, F )
= 1 + o(1).

Çàëèøèëîñü ïîêàçàòè, ùî dh(E) = 0.
Ó âèïàäêó, êîëè κj<κj+1 äëÿ σ∈[κj +τj , κj+1+τj)

ìà¹ìî

meas(E ∩ [σ, +∞)) = meas(E ∩ [κj+1 + τj , +∞)) ≤

≤
+∞∑

k=j

(τk+1 − τk) =
∫ +∞

λj

C(t)
d ln n(2t)

t
. (8)

Çà óìîâîþ F ∈ H(Λ, Φ), òîìó iñíóþòü ÷èñëî
K = KF > 0 i ïîñëiäîâíiñòü (σj)+∞j=0, çðîñòàþ÷à äî
+∞ ïðè j → +∞ òàêi, ùî

KσjΦ(σj) ≤ ln µ(σj , F ) (j ≥ 1).

Çàóâàæèìî, ùî äëÿ âñiõ σ ∈ R

ln µ(σ, f) = max{ln |an|+
∫ λn

0

α(t)dt + σλn} ≥

≥ max{ln |an|+ σλn} = ln µ(σ, F ),

îòæå f ∈ H(Λ,Φ) i âèêîíó¹òüñÿ

KσjΦ(σj) ≤ ln µ(σj , f) (j ≥ 1).

Îñêiëüêè

ln µ(σ, f) = ln µ(0, f) +
∫ σ

0

λν(t,f)dt ≤ 2σλν(σ−0,f),

òî
σj ≤ ϕ(

2
K

λν(σj−0,f)) (9)

ïðè j ≥ 0, äå ϕ(t) � îáåðíåíà ôóíêöiÿ äî Φ(t).
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Ò. Ñàëî

Íåõàé ïîñëiäîâíiñòü (σ∗j )+∞j=0 îçíà÷åíî çà äîïîìî-
ãîþ ðiâíîñòi

σ∗j = σj + τnj ,

äå nj � íîìåð ïðîìiæêó [κn, κn+1) äî ÿêîãî íàëåæèòü
σj . Òîäi κnj <κnj+1 i σ∗j∈[κnj +τnj , κnj+1+τnj ).
Áåðó÷è äî óâàãè íåðiâíiñòü (9) îòðèìó¹ìî

h(σ∗j ) = h(σj + τnj ) ≤

≤ h

(
ϕ(

2
K

λν(σj−0,f)) +
∫ λnj

0

C(t)
d ln n(2t)

t

)
≤

≤ h

(
ϕ(

2λnj

K
) + A

)
,

ïîçàÿê ν(σ − 0, f) ≤ j ïðè σ ∈ [κj , κj+1).
Âðàõîâóþ÷è (8) òà óìîâè òåîðåìè h ∈ L1 i (3),

îòðèìó¹ìî

h(σ∗j )meas(E ∩ [σ∗j , +∞)) = o(1) (j → +∞),

òîáòî dhE = 0 i òåîðåìó äîâåäåíî. ¥
Çàóâàæåííÿ. Ç äîâåäåííÿ òåîðåìè âèïëèâà¹, ùî

äîñèòü âèìàãàòè âèêîíàííÿ óìîâè (2) çà äåÿêîãî
b ≥ 2

KF
.
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In this paper the new estimates of exceptional sets in asymptotic relation between the loga-
rithm of maximum modulus and the logarithm of maximal term of entire Dirichlet series which
have boundaries for the growth is obtain.
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