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Íåõàé w ìåðîìîðôíà ôóíêöiÿ ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â∞, ÿêà ìà¹ ñêií-

÷åííèé ïîðÿäîê. Òîäi äëÿ áóäü-ÿêî¨ îäíîçíà÷íî¨ âiòêèw (z),
z ∈ gα,β = {z : z = reiθ, r0 ≤ r < +∞, α ≤ θ ≤ β} îòðèìàíà îöiíêà ëîãàðèôìi÷íî¨ ïîõiäíî¨
ìåðîìîðôíî¨ ôóíêöi¨.
Êëþ÷îâi ñëîâà: ìåðîìîðôíà ôóíêöiÿ, ëîãàðèôìi÷íà ïîõiäíà, íåâàíëiííiâñüêi õàðàê-
òåðèñòèêè.
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Âèêîðèñòîâóâàòèìåìî ïîçíà÷åííÿ òåîði¨ ìåðî-
ìîðôíèõ ôóíêöié [1]. Äëÿ ìåðîìîðôíî¨ âC ôóíêöi¨
f ñêií÷åííîãî ïîðÿäêó ρ âiäîìà íåðiâíiñòü Æ. Âàëi-
ðîíà [2, ñ.87] |f ′ (z) /f (z)| < |z|2ρ+ε, z ∈ C\E, E �
ìíîæèíà êðóãiâ iç ñêií÷åííîþ ñóìîþ ðàäióñiâ. Áóäå
äîâåäåíà

Òåîðåìà 1.ßêùî w (z) , z∈G={z :r0≤ |z|<+∞} �
ìåðîìîðôíà ôóíêöiÿ ç ëîãàðèôìi÷íîþ îñîáëèâîþ
òî÷êîþ â ∞, ÿêà ìà¹ ñêií÷åííèé ïîðÿäîê ρ, òî
äëÿ áóäü-ÿêî¨ îäíîçíà÷íî¨ âiòêè w (z), z ∈ gα,β =
=

{
z : z = reiθ, r0 ≤ r < +∞, α ≤ θ ≤ β

}
i ∀ε > 0

∃d = d (α, β, ε):

∣∣∣dn ln w(z)
dzn

∣∣∣< |z|(n+1)(ρ+1)+ε,

z ∈ gα,β\E, |z| ≥ d, n ∈ N,

(1)

E � ìíîæèíà êðóãiâ íà ÷àñòèíi ðiìàíîâî¨ ïîâåðõ-
íi gα,β ç öåíòðàìè â íóëÿõ i ïîëîñàõ âiòêè w (z),
z ∈ gα,β , ñóìà ðàäióñiâ ÿêèõ ñêií÷åííà .

Íàãàäà¹ìî îçíà÷åííÿ ìåðîìîðôíî¨ ôóíêöi¨ ç ëî-
ãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â ∞. Íåõàé åëå-
ìåíò w0 (z) =

+∞∑
n=0

an (z − r0)
n, z ∈ {z : |z − r0| < ε},

r0 > 0 ìîæíà àíàëiòè÷íî ïðîäîâæèòè âçäîâæ áóäü-
ÿêî¨ êðèâî¨ z=λ (t), t0 ≤ t ≤ t1, λ (t0) = r0,
ÿêà íàëåæèòü G = {z : r0 ≤ |z| < +∞}, ïðè÷îìó ðå-
çóëüòàòîì ïðîäîâæåííÿ ¹ àáî åëåìåíò w1 (z) =

=
+∞∑
n=0

αn (z − z1)
n, z1 = λ (t1), àáî åëåìåíò âèãëÿäó

w1 (z) =
+∞∑

n=−s
αn (z − z1)

n, s ∈ N . Òàêi åëåìåíòè íà-

çèâàþòüñÿ íåðîçãàëóæåíèìè [3, ò.2, ñ.482]. Iñíó¹ äâi
ìîæëèâîñòi:

1) äëÿ áóäü-ÿêîãî z1∈G iñíó¹ ëèøå k, k∈N åëåìåí-
òiâ ç öåíòðîì z1, ÿêi ¹ àíàëiòè÷íèì ïðîäîâæåííÿì

åëåìåíòà w0 (z) [3, ñ.475]. Ìíîæèíà âñiõ òàêèõ åëå-
ìåíòiâ ∀z1 ∈ G óòâîðþ¹ (ïðè k = 1) îäíîçíà÷íó ìå-
ðîìîðôíó àáî k-çíà÷íó (k ≥ 2) àëãåáðî¨äíó ôóíêöiþ;

2) äëÿ áóäü-ÿêîãî z1 ∈ G iñíó¹ íåñêií÷åííà ìíî-
æèíà ðiçíèõ íåðîçãàëóæåíèõ åëåìåíòiâ ç öåíòðîì
z1, ÿêi ¹ àíàëiòè÷íèì ïðîäîâæåííÿì åëåìåíòàw0 (z)
(öåé âèïàäîê ìè íèæ÷å äîñëiäæó¹ìî). Ìíîæèíó âñiõ
òàêèõ åëåìåíòiâ ∀z1 ∈ G ïîçíà÷èìî ÷åðåçw(z), z ∈ G
i íàçâåìî ìåðîìîðôíîþ ôóíêöi¹þ ç ëîãàðèôìi÷íîþ
îñîáëèâiñòþ â ∞. Çîêðåìà, ÿêùî ïîëîñiâ íåìà¹, òî
w (z), z ∈ G � ôóíêöiÿ ç içîëüîâàíîþ ëîãàðèôìi÷íîþ
îñîáëèâîþ òî÷êîþ â∞.

Âèáåðåìî äåÿêi α, β, −∞ < α < β < +∞; íåõàé,
íàïðèêëàä, α > 0. Âiçüìåìî êðèâó z = r0e

it = µ (t),
0 ≤ t ≤ α. Àíàëiòè÷íî ïðîäîâæèìî åëåìåíò w0 (z),
z ∈ {z : |z − r0| < ε} âçäîâæ êðèâî¨ µ (t), 0 ≤ t ≤ α. Â
ðåçóëüòàòi ïðîäîâæåííÿ îòðèìà¹ìî åëåìåíòwα (z) ç
öåíòðîì ó òî÷öi z1 = r0e

iα. Òåïåð àíàëiòè÷íî ïðîäîâ-
æèìî åëåìåíò wα (z) âçäîâæ âñåìîæëèâèõ êðèâèõ
z=r(t)eiθ(t), t1≤t≤t2, äå r (t), θ (t), t1 ≤ t ≤ t2 � íåïå-
ðåðâíi ôóíêöi¨, òàêi ùî r0 ≤ r (t) < ∞, α ≤ θ (t) ≤ β,
t1 ≤ t ≤ t2, r (t1) eiθ(t1) = r0e

iα. Ìîæëèâî, ùî
β−α ≥ 2π. Ìíîæèíó âñiõ åëåìåíòiâ, îòðèìàíèõ âíà-
ñëiäîê òàêèõ ïðîäîâæåíü, ïîçíà÷èìî ÷åðåç

w(z), z ∈ gα,β =

= {z : z = reiθ, r0 ≤ r < +∞, α ≤ θ ≤ β}
(2)

gα,β � îäíîçâ'ÿçíà îáëàñòü íà âiäïîâiäíié ðiìàíî-
âié ïîâåðõíi. Ó öié îáëàñòi çàñòîñîâíà òåîðåìà ïðî
ìîíîäðîìiþ [3, ñ.488]. Òîìó ôóíêöiÿ w(z), z∈gα,β �
îäíîçíà÷íà ìåðîìîðôíà ôóíêöiÿ íà ÷àñòèíi ði-
ìàíîâî¨ ïîâåðõíi gα,β (îäíîçíà÷íà âiòêà ôóíêöi¨
w (z), z∈G).

Ðîçãëÿíåìî íåâàíëiííiâñüêi õàðàêòåðèñòèêè
ôóíêöi¨ w(z), z ∈ gα,β [1, ñ.40]. Ïîçíà÷èìî ln+ x =
= max (ln x, 0), x ≥ 0; k = π/ (β − α) > 0. Íåõàé
bl = |bl| exp (iθl) � ïîëîñè ôóíêöi¨ w (z), z ∈ gα,β.
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Ïðî ëîãàðèôìi÷íó ïîõiäíó ìåðîìîðôíî¨ ôóíêöi¨

Ïðèéìåìî

Aα,β(r, w)=
k

π

r∫

r0

(
1

tk+1
− tk−1

r2k

) (
ln+

∣∣(w(teiα)
∣∣ +

+ ln+
∣∣w (

teiβ
)∣∣

)
dt,

Bα,β (r, w)=
2k

πrk

β∫

α

ln+
∣∣w (

reiθ
)∣∣ sin k (θ−α)dθ,

Cα,β (r, w)=2k

r∫

r0

cα,β (t, w)
(

1
tk+1

+
tk−1

r2k

)
dt,

(3)
äå cα,β (t, w) = cα,β (t,∞) =

∑
r0 < |bl| ≤ t,
α ≤ θl ≤ β

sin k (θl − α) �

ôóíêöiÿ ïiäðàõóíêó ïîëîñiâ; êîæíèé ïîëþñ âðàõî-
âó¹òüñÿ òàêó êiëüêiñòü ðàçiâ, ÿêà âiäïîâiäà¹ éîãî
êðàòíîñòi,

Sα,β (r, w)=Aα,β (r, w)+Bα,β (r, w)+Cα,β (r, w) ,
r0 ≤ r < ∞

(4)
ßêùî α = 0, β = π, òî k = π/ (β − α) = 1 i

ïèøóòü S0,π (r, w) = S (r, w), A0,π (r, w) = A (r, w),
B0,π (r, w) = B (r, w), C0,π (r, w) = C (r, w),

c0,π (r, w) = c (r, w).
Íåõàé w(z), z ∈ G � ìåðîìîðôíà ôóíêöiÿ ç ëî-

ãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â ∞ i w(z), z ∈
∈ gα,β ¨¨ îäíîçíà÷íà âiòêà. Ðîçãëÿíåìî õàðàêòåðèñòè-
êó Sα,β (r, w) öi¹¨ âiòêè; ïðèéìåìî

ρα,β = lim ln+ Sα,β (r, w) / ln r, r → +∞. (5)

Ïîðÿäêîì ðîñòó ôóíêöi¨w (z), z ∈ G íàçèâà¹òüñÿ
âåëè÷èíà

ρ = sup ρα,β , ∀α, β, −∞ < α < β < +∞.

Íåõàé f (z), z ∈ U = {z : Imz ≥ 0, r0 ≤ |z| ≤ s},
� ìåðîìîðôíà ôóíêöiÿ. Íå ïîðóøóþ÷è çàãàëüíîñòi,
ìîæíà ââàæàòè, ùî f

(
r0e

iθ
) 6= 0, ∞; 0 ≤ θ ≤ π, iíà-

êøå r0 ìîæíà çáiëüøèòè. Íåõàé

F (z, ζ)= ln
∣∣∣
(
s2 − zζ̄

) (
z−ζ̄

)
(z−ζ)−1 (

s2−zζ
)−1

∣∣∣ ,

(6)
z, ζ ∈ U = {z : Imz ≥ 0, r0 ≤ |z| ≤ s} , z 6= ζ.
×åðåç ∂/∂η ïîçíà÷èìî îïåðàòîð äèôåðåíöiþâàí-
íÿ ïî âíóòðiøíié íîðìàëi äî ãðàíèöi U(íà äóçi
{ζ : ζ = r0 exp (iθ) , 0 < θ < π}) âiä ôóíêöié ReF (z, ζ)
i ln |f (ζ)| ïî çìiííié ζ.

Ëåìà 1. Íåõàé ôóíêöiÿ f (z) 6≡ 0 ìåðîìîðôíà â U = {z : Imz ≥ 0, r0 ≤ |z| ≤ s}.

ln f (z) =
i

2π

∫

[−s,−r0]∪[r0,s]

ln |f (t)|
[
t+z

t−z
−s2+tz

s2−tz

]
dt

t
+

1
2π

π∫

0

ln |f (ζ)|
[
ζ + z

ζ − z
− ζ̄ + z

ζ̄ − z

]

ζ=seiθ

dθ−

−
∑

r0<|am|<s

F (z, am) +
∑

r0<|bl|<s

F (z, bl) + Q (z, s),

(7)

Q (z, s) =
r0

2π

π∫

0

[
ln |f (ζ)| ∂F (z, ζ)

∂η
− F (z, ζ)

∂ ln |f (ζ)|
∂η

]

ζ=r0eiθ

dθ + iC, (8)

am � íóëi ôóíêöi¨ f (z) , bl � ¨¨ ïîëþñè, C = const. Äîäàíêè, ÿêi âiäïîâiäàþòü êðàòíèì íóëÿì àáî ïîëþñàì,
ïîâòîðþþòüñÿ â ïðàâié ÷àñòèíi (7)âiäïîâiäíó êiëüêiñòü ðàçiâ.

¤ Äîâåäåííÿ. ßêùî t ∈ R i z = r exp(iϕ), òîäi

1
2t

Re

[
i

(
t + z

t− z
− s2 + tz

s2 − tz

)]
=

r sin ϕ

|t− z|2 −
s2r sin ϕ

|s2 − tz|2 ,

Re

[
seiθ + z

seiθ − z
− se−iθ + z

se−iθ − z

]
=

s2 − r2

|seiθ − z|2
− s2 − r2

|se−iθ − z|2
;

ReF (z, am) = ln

∣∣∣∣∣

(
s2 − zām

)
(z − ām)

(z − am) (s2 − zam)

∣∣∣∣∣ . (9)
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À. Ìîõîíüêî, Ë. Êóçåìêî

Òîìó ôîðìóëó Íåâàíëiííè [1, ñ. 15, òåîð. 2.1 i 2.3] ìîæíà ïîäàòè ó âèãëÿäi

ln |f (z)|= 1
2π

∫

[−s,−r0]∪[r0,s]

ln |f (t)|Re

(
i

(
t+z

t−z
− s2+tz

s2 − tz

))
dt

t
+

1
2π

π∫

0

ln
∣∣f (

seiθ
)∣∣ Re

[
seiθ+z

seiθ−z
−se−iθ+z

se−iθ−z

]
dθ−

−
∑

r0<|am|<s

ReF (z, am) +
∑

r0<|bl|<s

ReF (z, bl)+
r0

2π

π∫

0

[
ln |f (ζ)| ∂ReF (z, ζ)

∂η
−ReF (z, ζ)

∂ ln |f (ζ)|
∂η

]

ζ=r0eiθ

dθ.

(10)

Ïðàâà i ëiâà ÷àñòèíè (7) ìiñòÿòü àíàëiòè÷íi ôóíê-
öi¨ âiä z. Âðàõîâóþ÷è (10), äiéñíi ÷àñòèíè öèõ ôóíê-
öié çáiãàþòüñÿ; ç óìîâ Êîøi-Ðiìàíà âèïëèâà¹, ùî
ôóíêöi¨ ðiâíi ç òî÷íiñòþ äî êîíñòàíòè.¥

Íåõàé {am} � ìíîæèíà íóëiâ, {bl} � ìíîæè-
íà ïîëþñiâ ìåðîìîðôíî¨ ôóíêöi¨ f (z), z ∈ D =
= {z : Imz ≥ 0, r0 ≤ |z| < ∞}. Ïîçíà÷èìî ÷åðåç {cq}
òåîðåòèêî-ìíîæèííó ñóìó ïîñëiäîâíîñòåé{am}, {bl};
cq = |cq| eiθq ∈ {cq}, à ÷åðåç (äèâ. (3))

c (t, 0,∞)=c (t, f)+c (t, 1/f)=
∑

r0<|cq|<t

sin θq − (11)

ôóíêöiþ ïiäðàõóíêó íóëiâ i ïîëþñiâ ôóíêöi¨f .
Ëåìà 2. Íåõàé R > r > r0. Òîäi

c (r, 0,∞) ≤ R2rC (R, 0,∞)
2 (R− r) (R + r)

. (12)

¤ Äîâåäåííÿ. Ç âèçíà÷åííÿ õàðàêòåðèñòèêè
C (r, f) âèïëèâà¹

C (R, 0,∞) = C (R, f) + C
(
R, f−1

) ≥

≥ 2

R∫

r

c (t, 0,∞)
(

1
t2

+
1

R2

)
dt ≥

≥ 2c (r, 0,∞)

R∫

r

(
1
t2

+
1

R2

)
dt =

=
2 (R− r) (R + r)

R2r
c (r, 0,∞) .

Çâiäñè îòðèìó¹ìî (12). ¥

Ëåìà 3. Íåõàé f (z) , z ∈ D � ìåðîìîðôíà ôóíê-
öiÿ ñêií÷åííîãî ïîðÿäêó ρ . ßêùî z = r exp(iϕ),
r0 < |z| , Imz > 0, òî ∀n ∈ N ∀ε > 0

∣∣∣∣
dn ln f (z)

dzn

∣∣∣∣ <
|z|(n+1)(ρ+1)+ε

sin2n ϕ
, z /∈ E, (13)

E � ìíîæèíà êðóãiâ iç ñêií÷åííîþ ñóìîþ ðàäióñiâ ,
n ∈ N.

¤ Äîâåäåííÿ. Ïðîäèôåðåíöiþ¹ìî (7) n ðàçiâ ïî z, îòðèìà¹ìî:

dn

dzn
ln f (z)=

i

2π

∫

[−s,−r0]∪[r0,s]

ln |f (t)|
(

t+z

t−z
−s2+tz

s2−tz

)(n)

z

dt

t
+

1
2π

π∫

0

ln |f (ζ)|
([

ζ+z

ζ−z
− ζ̄+z

ζ̄−z

]

ζ=seiθ

)(n)

z

dθ−

−
∑

r0<|am|<s

F (n)
z (z, am) +

∑

r0<|bl|<s

F (n)
z (z, bl) + Q(n)

z (z, s)

(14)

Âèêîíóþòüñÿ ðiâíîñòi

(
t+z

t−z
−s2+tz

s2−tz

)(n)

z

=
2tn!

(t−z)n+1−
2s2tnn!

(s2−zt)n+1 , (15)

(
ζ + z

ζ − z
− ζ̄ + z

ζ̄ − z

)(n)

z

=
2ζn!

(ζ − z)n+1 −
2ζ̄n!(

ζ̄ − z
)n+1 , (16)

(F (z, ζ))(n)
z = −

(
ζ̄
)n (n− 1)!(
s2 − zζ̄

)n − (n− 1)!(
ζ̄ − z

)n +

+
(n− 1)!
(ζ − z)n +

ζn (n− 1)!
(s2 − zζ)n .

(17)

Íà äóçi
{
ζ : ζ = r0e

iθ, 0 < θ < π
}
ïîõiäíà ïî âíóò-

ðiøíié íîðìàëi ïî çìiííié ζ = ρeiθ ìà¹ âèãëÿä
∂F (z, ζ) /∂η = ∂F (z, ρ exp(iθ)) /∂ρ. Òîìó
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Ïðî ëîãàðèôìi÷íó ïîõiäíó ìåðîìîðôíî¨ ôóíêöi¨

∂F

∂η

∣∣∣∣
ζ=r0eiθ

=
−z

s2eiθ − zr0
+

1
ze−iθ − r0

+

+
z

s2e−iθ − zr0
− 1

zeiθ − r0
.

(18)

Ïðîäèôåðåíöiþ¹ìî (18) n ðàçiâ ïî z, îòðèìà¹ìî

1
n!

(
∂F

(
z, r0e

iθ
)

∂η

)(n)

z

= − s2eiθrn−1
0

(s2eiθ − zr0)
n+1−

− e−inθ

(r0−ze−iθ)n+1 +
s2e−iθrn−1

0

(s2e−iθ−zr0)
n+1 +

einθ

(r0−zeiθ)n+1 .

(19)
Íåõàé

r0 + 1 < |z| < s, s > max (2r0, r0 + 1) , (20)

òîäi
∣∣s2eiθ − zr0

∣∣ > s2 − sr0,
∣∣s2e−iθ − zr0

∣∣ > s2 − sr0;∣∣r0 − ze−iθ
∣∣ > 1,

∣∣r0 − zeiθ
∣∣ > 1.

Òîìó ç (19) âèïëèâà¹
∣∣∣∣∣∣

(
∂F

(
z, r0e

iθ
)

∂η

)(n)

z

∣∣∣∣∣∣
< 4n!. (21)

Íåõàé âèêîíó¹òüñÿ (20) i |ζ| = r0. Òîäi
∣∣z − ζ̄

∣∣ > 1,
|z − ζ| > 1;

∣∣s2 − zζ̄
∣∣ > s (s− r0) > sr0,

∣∣s2 − zζ
∣∣ >

s2 − sr0 > sr0, i (17) ìîæíà îöiíèòè òàê:
∣∣∣(F (z, ζ))(n)

z

∣∣∣
|ζ|=r0

< 4 (n− 1) !. (22)

Îñêiëüêè f
(
r0e

iθ
) 6= 0, ∞, òî

∣∣ln
∣∣f (

r0e
iθ

)∣∣∣∣ < K,
|∂ ln |f (ζ)| /∂η|ζ=r0eiθ < K, 0 ≤ θ ≤ π, K = const,
òîìó, âðàõîâóþ÷è (8), (21), (22), îòðèìó¹ìî

∣∣∣(Q (z, s))(n)
z

∣∣∣ < 4r0Kn!, K = const, (23)

K íå çàëåæèòü âiä z i s.
Âèêîðèñòîâóþ÷è ôîðìóëó áiíîìà Íüþòîíà i íåñê-

ëàäíi ïåðåòâîðåííÿ, (16) ìîæíà çàïèñàòè òàê:

1
2n!

(
ζ + z

ζ − z
− ζ̄ + z

ζ̄ − z

)(n)

z

=

=

n+1∑
j=0

Cj
n+1 (−z)n+1−j (

ζζ̄j − ζ̄ζj
)

(ζ − z)n+1 (
ζ̄ − z

)n+1 .

(24)

Îñêiëüêè

xn−yn = (x− y)
(
xn−1 + xn−2y + ... + xyn−2 + yn−1

)
,

(25)
òî ÷èñåëüíèê â ïðàâié ÷àñòèíi (24) ìîæíà çîáðàçèòè
ó âèãëÿäi

(−z)n+1 (
ζ − ζ̄

)
+

n+1∑

j=2

Cj
n+1 (−z)n+1−j |ζ|2 (

ζ̄j−1 − ζj−1
)

=

=
(
ζ − ζ̄

)

(−z)n+1 −

n+1∑

j=2

Cj
n+1 (−z)n+1−j |ζ|2

j−2∑
p=0

ζ̄pζj−2−p


 .

(26)

ßêùî ζ = seiθ, òîäi ζ− ζ̄ = 2i |ζ| sin θ . Òîìó ç (26)
i ôîðìóë

n∑

j=0

jCj
n = n2n−1,

n∑

j=0

Cj
n = 2n (27)

âèïëèâà¹ îöiíêà ÷èñåëüíèêà äðîáó â ïðàâié ÷àñòèíi
(24) (|z| < |ζ| = s)

∣∣∣∣∣∣

n+1∑

j=0

Cj
n+1 (−z)k+1−j |ζ|2 (

ζ̄j−1 − ζj−1
)
∣∣∣∣∣∣
<

< 2 sin θsn+2


1 +

n+1∑

j=2

Cj
n+1 (j − 1)


 <

< 2 sin θ sn+2 (n2n + 2) .

Çâiäñè i ç (24) îòðèìó¹ìî

∣∣∣∣∣
(

ζ + z

ζ − z
− ζ̄ + z

ζ̄ − z

)(n)

z

∣∣∣∣∣
ζ=s

<
Ksn+2 sin θ

(s− r)2n+2 , (28)

K = 4n! (n2n + 2) � íå çàëåæèòü âiä s. Àíàëîãi÷íî
ïåðåòâîðèìî i îöiíèìî (15).

1
2n!

(
t + z

t− z
− s2 + tz

s2 − tz

)(n)

z

=

=
t
(
s2 − zt

)n+1 − s2tn (t− z)n+1

(t− z)n+1 (s2 − zt)n+1 .

(29)

×èñåëüíèê äðîáó â ïðàâié ÷àñòèíi (29) ìîæíà çà-
ïèñàòè ó âèãëÿäi
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t
n+1∑

j=0

Cj
n+1 (−zt)n+1−j

s2j − s2tn
n+1∑

j=0

Cj
n+1 (−z)n+1−j

tj =

=
n+1∑

j=0

Cj
n+1 (−z)n+1−j (

tn+2−js2j − s2tn+j
)

=

= ts2




n+1∑

j=2

Cj
n+1 (−zt)n+1−j

((
s2

)j−1 − (
t2

)j−1
)

− (−z)n+1

tn
(
s2 − t2

)
=

=
(
s2 − t2

)

ts2

n+1∑

j=2

Cj
n+1 (−zt)n+1−j

j−2∑

k=0

(
s2

)j−2−k (
t2

)k − (−z)n+1
tn


 .

(30)

Îñêiëüêè |z| ≤ s, |t| ≤ s, òî âðàõîâóþ÷è (30), (27),
÷èñåëüíèê äðîáó â ïðàâié ÷àñòèíi (29) ìîæíà îöiíèòè
òàê:

∣∣∣t
(
s2 − zt

)n+1 − s2tn (t− z)n+1
∣∣∣ <

<
(
s2 − t2

) |t| s2n (n2n + 2) .

(31)

Îñêiëüêè z = reiϕ, t ∈ R, | t| ≤ s, òî

∣∣s2 − zt
∣∣ ≥ s (s− r) , |z − t| ≥ r sin ϕ,

|z − t| ≥ | t| sinϕ.
(32)

Òîìó ç (29), (31), (32) âèïëèâà¹

∣∣∣∣∣
(

t + z

t− z
− s2 + tz

s2 − tz

)(n)

z

∣∣∣∣∣ ≤

≤ |t| sn+22n! (n2n + 2)
rn (s− r)n+1 sinn+1 ϕ

(
1
t2
− 1

s2

)
.

(33)

Çàïèøåìî ñïiââiäíîøåííÿ (17) ó âèãëÿäi

(F (z, ζ))(n)
z

(n− 1)!
=

(
ζn

(s2 − zζ)n −
ζ̄n

(
s2 − zζ̄

)n

)
+

+

(
1

(ζ − z)n −
1(

ζ̄ − z
)n

)
.

(34)

Âèðàçè â äóæêàõ ó ïðàâié ÷àñòèíi (34) çâåäåìî
äî ñïiëüíèõ çíàìåííèêiâ. Ó ñïiââiäíîøåííi, ÿêå ìè
ðîçãëÿäà¹ìî ζ = |ζ| eiθ; z = reiϕ; |ζ|, |z| < s, òîìó

∣∣s2 − zζ
∣∣ ,

∣∣s2 − zζ̄
∣∣ > s (s− r) ,

∣∣ζ̄ − z
∣∣ > r sin ϕ. (35)

Âðàõîâóþ÷è (25), (35) i òîòîæíiñòü ζ − ζ̄ =
= 2i |ζ| sin θ, îòðèìó¹ìî îöiíêó äëÿ (34)

∣∣∣(F (z, ζ))(n)
z

∣∣∣ <

<2nn!sn sin θ

(
1

(s−r)2n +
1

|ζ−z|n rn sinn ϕ

)
.

(36)

Âðàõîâóþ÷è (14), (23), (28), (33), (36), çíàõîäèìî

1
K

∣∣∣∣
dn ln f (z)

dzn

∣∣∣∣ <
sn+2

πrn (s− r)n+1 sinn+1 ϕ

∫

[−s,−r0]∪[r0,s]

|ln |f (t)||
(

1
t2
− 1

s2

)
dt+

+
sn+3

(s− r)2n+2

1
πs

π∫

0

∣∣ln ∣∣f (
seiθ

)∣∣∣∣ sin θ dθ +
sn

(s− r)2n

∑

r0<|cq|<s

sin θq+

+
sn

rn sinn ϕ

∑

r0<|cq|<s

sin θq

|z − cq|n + 1, K = const > 0.

(37)

Âiäîìî [1, ñ.39-41], ùî

|ln |f || = ln+ |f |+ ln+ |1/f | ; ln+ x = max (ln x, 0) , x ≥ 0;
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Ïðî ëîãàðèôìi÷íó ïîõiäíó ìåðîìîðôíî¨ ôóíêöi¨

B (r, f) + B

(
r,

1
f

)
, A (r, f) + A

(
r,

1
f

)
,

C (r, f) + C

(
r,

1
f

)
< 2S (r, f) + const.

(38)

Iñíó¹ íåñïàäíà íåïåðåðâíà ôóíêöiÿ
◦
S (r, f), òàêà

ùî S (r, f) =
◦
S (r, f) + O (1), r → +∞, [1, ñ. 43, òåîð.

5.4]. Òîìó, âðàõîâóþ÷è îçíà÷åííÿ íåâàíëiííiâñüêèõ
õàðàêòåðèñòèê (3) (α = 0, β = π, k = π/ (β − α) = 1),
à òàêîæ (11), (12), (38), îòðèìó¹ìî

∣∣∣∣
dn ln f (z)

dzn

∣∣∣∣ <
Ksn+2

(s− r)n+1

(
1

rn sinn+1 ϕ
+

+
s

(s− r)n+1

)
(S (s, f) + 1) +

+K
sn

rn sinn ϕ

∑

r0<|cq|<s

sin θq

|z − cq|n + K,

K = const > 0.

(39)

Íåõàé â (39) s = 2r, òîäi íåðiâíiñòü íàáóäå òàêîãî
âèãëÿäó:

∣∣∣∣
dn ln f (z)

dzn

∣∣∣∣ <
K (S (2r, f) + 1)

rn−1 sinn+1 ϕ
+

+
K

sinn ϕ

∑

r0<|cq|<2r

sin θq

|z − cq|n + K.

(40)

Ïðèïóñòèìî, ùî f ìà¹ ñêií÷åííèé ïîðÿäîê ρ1.
Òîäi

S (r, f) < Krρ2 , r > r0, ρ2 > ρ1,K = const > 0. (41)

Áåðó÷è äî óâàãè (12), (38), (41), îòðèìó¹ìî

c (t, 0,∞) =
∑

r0<|cq|<t

sin θq < Ktρ2+1. (42)

Ç êîæíî¨ òî÷êè cq ∈ D, ÿê ç öåíòðà, ïðîâåäåìî
êîëî ðàäióñà |cq|−ρ−1 sin θq, ρ > ρ2. ×åðåç E ïîçíà-
÷èìî ìíîæèíó òî÷îê, ÿêi ëåæàòü âñåðåäèíi âñiõ öèõ
êië. Ïîêàæåìî, ùî ñóìà äîâæèí ðàäióñiâ êðóãiâ çE
ñêií÷åííà. Äiéñíî, âðàõîâóþ÷è âëàñòèâîñòi iíòåãðàëà
Ñòiëüòü¹ñà i íåðiâíiñòü (42), îòðèìó¹ìî (ρ > ρ2):

∑

r0<|cq|<∞
|cq|−ρ−1 sin θq =

∞∫

r0

t−ρ−1dc (t, 0,∞) =

=c (t, 0,∞) t−ρ−1
∣∣∞
r0

+(ρ + 1)

∞∫

r0

c (t, 0,∞) t−ρ−2dt<

(ρ + 1) K

∞∫

r0

tρ2−ρ−1dt < const.

(43)
Âèçíà÷èìî ϕ1 = min (ϕ, π − ϕ), z = reiϕ,

0 ≤ ϕ ≤ π. Òîäi 0 ≤ ϕ1 ≤ π/2, sin ϕ = sin ϕ1 >
> sin (ϕ1/2) > (sinϕ) /π. Ïîçíà÷èìî G ={
teiθ : r0 < t < 2r, 0 < θ < π

}
,

G1 =
{

teiθ : r0 < t < 2r,
ϕ1

2
< θ < π − ϕ1

2

}
,

G2 = G\G1.

(44)

ßêùî cq = |cq| eiθq ∈ G1 i z ∈ G\E, òî |z − cq| >

> |cq|−ρ−1 sin θq ≥ |cq|−ρ−1 sin (ϕ1/2). Òîìó
|z − cq|−n

< (2r)n(ρ+1)
/ sinn (ϕ1/2) < Krn(ρ+1)/ sinn ϕ,

K = const, i

∑

cq∈G1

sin θq

|z − cq|n <
Krn(ρ+1)

sinn ϕ

∑

cq∈G1

sin θq. (45)

ßêùî cq ∈ G2, òî |z − cq| > r sin (ϕ1/2), i

∑

cq∈G2

sin θq

|z − cq|n <
1

rn sinn (ϕ1/2)

∑

cq∈G2

sin θq <

<
K

rn sinn ϕ

∑

cq∈G2

sin θq.

Çâiäñè i ç (42), (45) îòðèìó¹ìî

∑

cq∈G

sin θq

|z − cq|n <
Krn(ρ+1)

sinn ϕ

∑

cq∈G

sin θq <

<
Kr(n+1)(ρ+1)

sinn ϕ
.

(46)

Íåðiâíiñòü (13) âèïëèâà¹ ç (40), (41), (44), (46),
(ρ > ρ2 > ρ1). ¥

Äîâåäåííÿ òåîðåìè 1. Âèáåðåìî α, −∞<α<+∞,
i ðîçãëÿíåìî âiòêó w (z), z ∈ gα,α+π ={
z = reiθ : r0≤r<+∞, α≤θ≤α + π

}
ôóíêöi¨ w (z),

z ∈ G. Ôóíêöiÿ z = ζ eiα ¹ âçà¹ìíî îäíîçíà÷íèì
âiäîáðàæåííÿì îáëàñòiD1 = {ζ = reiϕ : r0 ≤ r < +∞,
0 ≤ ϕ ≤ π} íà gα,α+π. Íåõàé f (ζ)

def
= w

(
ζ eiα

)
,
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ζ ∈ D1. Íåâàíëiííiâñüêà õàðàêòåðèñòèêàS0,π (r, f) =
= Sα,α+π (r, w) [1, ñ.41]. Òîìó, ÿêùî ρ0 � ïîðÿäîê
ðîñòó ôóíêöi¨ f (ζ) = w

(
ζeiα

)
, ζ ∈ D1, (äèâ.(5)),

òî ρ0 ≤ ρ = sup
−∞<α<β<+∞

ρα,β , (ρα,β � ïîðÿäîê ðîñ-

òó õàðàêòåðèñòèêè Sα,β (r, w), ρ � ïîðÿäîê ôóíêöi¨
w (z), z ∈ G). Îñêiëüêè ρ < +∞, òî ρ0 < +∞.
Íåõàé {ck} � ìíîæèíà íóëiâ i ïîëþñiâ âiòêè w (z),
z ∈ gα,α+π, cq = |cq| eiθk . Ïðè âçà¹ìíî îäíîçíà÷íîìó
âiäîáðàæåííi z = ζ eiα îáëàñòi D1 íà gα,α+π êîæíî-
ìó íóëþ (ïîëþñó) cq ∈ { cq} âiòêè w (z), z ∈ gα,α+π

âiäïîâiäà¹ íóëü (ïîëþñ) ζq = cqe
−iα = |cq| ei(θq−α)

ôóíêöi¨ f (ζ), ζ ∈ D1. Ðîçãëÿíåìî êðóãè ðàäióñiâ
δq = |ζq|−ρ−1− ε

3 sin ϕq, ε > 0, ϕq = θq − α, ç öåí-
òðàìè, âiäïîâiäíî, â òî÷êàõ ζq = |ζq| eiϕq . ×åðåç E0

ïîçíà÷èìî ìíîæèíó òî÷îê îáëàñòi D1, ÿêi ëåæàòü
âñåðåäèíi âñiõ öèõ êðóãiâ. Êðóã ðàäióñà δq ç öåíòðîì
â òî÷öi ζq ïðè âiäîáðàæåííi z = ζ eiα îáëàñòi D1 íà
gα,α+π ïåðåõîäèòü â êðóã ðàäióñà δq ç öåíòðîì â òî÷öi
cq; ìíîæèíà êðóãiâ E0 ïåðåõîäèòü â äåÿêó ìíîæèíó
êðóãiâ E∗ îáëàñòi gα,α+π.

Çãiäíî ç (13) äëÿ ìåðîìîðôíî¨ ôóíêöi¨ f (ζ),
ζ ∈ D1 ïîðÿäêó ρ0 < +∞ iñíó¹ d = d (ε) ≥ r0:

∣∣∣∣
dn ln f (ζ)

dζn

∣∣∣∣ <
|ζ|(n+1)(ρ0+1)+nε

sin2n ϕ
,

ζ = reiϕ ∈ D1\E0, |ζ| > d, n ∈ N ;

∑

r0<|ζq|<+∞
|ζq|−ρ0−1−ε sin ϕq < c, c = const. (47)

Òîìó, ùî f (ζ) = w
(
ζeiα

)
, ζ ∈ D1, òî

∣∣∣w(n)(z)
w(z)

∣∣∣ =

=
∣∣∣ f(n)(ζ)

f(ζ)

∣∣∣,
∣∣∣dn ln w(z)

dzn

∣∣∣ =
∣∣∣dn ln f(ζ)

dζn

∣∣∣, reiθ = z = ζ eiα =

= rei(ϕ+α), ϕ = θ − α, ϕq = θq − α, i ç (47) âèïëèâà¹
∣∣∣∣
dn ln w (z)

dzn

∣∣∣∣ <
|z|(n+1)(ρ0+1)+nε

sin2n (θ − α)
,

z = reiθ ∈ gα,α+π\E∗, |z| > d, n ∈ N ;

∑

r0 < |cq| < +∞
α ≤ θq ≤ α + π

|cq|−ρ0−1−ε sin (θq − α) < c, (48)

c = const, ρ0 ≤ ρ,äå E∗ � ìíîæèíà êðóãiâ ç öåíò-
ðàìè â òî÷êàõ cq ∈ {cq} , cq ∈ gα,α+π i ðàäióñàìè
δq = |cq|−ρ0−1−ε sin(θq − α), ñóìà ÿêèõ ñêií÷åííà.

Ðîçãëÿíåìî äîâiëüíó âiòêó w (z), z ∈ gαβ ,
−∞ < α < β < +∞, ôóíêöi¨ w (z), z ∈ G. Äëÿ
äåÿêèõ m, l ∈ Z âèêîíó¹òüñÿ π (m + 1) /2 < α <
< β < π (m + l − 1) /2. Íåõàé αj = πj/2, j = m,
m+1, ..., m+l. Ðîçãëÿíåìî êóòîâó îáëàñòügαj ,αj+π =
=

{
z = reiθ : r0 ≤ r < +∞, αj ≤ θ ≤ αj + π

}
i âiäïî-

âiäíó ¨é îäíîçíà÷íó âiòêó w (z), z ∈ gαj ,αj+π,
j = m, m+1, ..., m+ l ôóíêöi¨ w (z), z ∈ G. Äëÿ öi¹¨
âiòêè âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (48), äåα = αj , ρ0

ïðèéìà¹ äåÿêi çíà÷åííÿ ρ0 = ρj ; çíà÷åííÿ ρj ìîæóòü

áóòè ðiçíèìè äëÿ ðiçíèõ j = m, m + 1, ..., m + l;
ρj ≤ ρ. Çàìiñòü ìíîæèíè êðóãiâ E∗ íåîáõiäíî ïè-
ñàòè ìíîæèíó Ej , ÿêó âèçíà÷èìî òàê: ÷åðåç { cqj}
ïîçíà÷èìî ìíîæèíó íóëiâ i ïîëþñiâ w (z), z ∈
∈ gαj ,αj+π i ç êîæíî¨ òî÷êè cqj = |cqj | exp (iθqj) ∈
∈ { cqj}, ÿê iç öåíòðà, ïðîâåäåìî êîëî ðàäióñà
δqj = |cqj |−ρj−1−ε sin (θqj − α). ×åðåç Ej ïîçíà÷èìî
ìíîæèíó òî÷îê ÷àñòèíè gαj ,αj+π ðiìàíîâî¨ ïîâåðõíi
ôóíêöi¨ w (z), z ∈ G, ÿêi ëåæàòü âñåðåäèíi âñiõ öèõ
êië. Êðiì òîãî, çàìiñòü cq, θq â (48) â öüîìó âèïàäêó
íåîáõiäíî ïèñàòè cqj , θqj .

Âèáåðåìî äåÿêå δ, 0 < δ < π/4. ßêùî αj +δ ≤ θ ≤
≤ αj + π− δ, αj + δ ≤ θqj ≤ αj + π− δ, òî sin (θ − αj),
sin (θqj − αj) ≥ sin δ > 0. Òîìó, ç âðàõóâàííÿì (48),
îòðèìà¹ìî

∣∣∣∣
dn ln w (z)

dzn

∣∣∣∣ <
|z|(n+1)(ρj+1)+nε

sin2n (θ − αj)
<
|z|(n+1)(ρj+1)+nε

sin2n δ
<

< |z|(n+1)(ρj+1)+(n+1)ε
,

|z| ≥dj , z∈g (j)=
{
z=reiθ : αj+δ≤θ≤αj+π−δ, r0 ≤ r

}
,

z /∈ Ej , n ∈ N,

sin δ
∑

αj + δ ≤ θqj ≤ αj + π − δ
r0 ≤ |cqj | < +∞

|z|−ρj−1−ε ≤

≤
∑

αj ≤ θqj ≤ αj + π,
r0 ≤ |cqj | < +∞

|z|−ρj−1−ε sin (θqj − αj) < cj ,

cj = const, j = m, m + 1, ..., m + l. (49)
Ç êîæíî¨ òî÷êè cqj ∈ g (j) ïðîâåäåìî êîëî ðàäióñà

σqj = |cqj |−ρj−1−ε
> δqj . ×åðåç Ej ïîçíà÷èìî ìíîæè-

íó òî÷îê ÷àñòèíè g (j) ðiìàíîâî¨ ïîâåðõíi ôóíêöié
w (z), z ∈ G, ÿêi ëåæàòü âñåðåäèíi âñiõ öèõ êië. Áå-
ðó÷è äî óâàãè (49), îòðèìà¹ìî

m+l∑

j=m

∑

αj + δ ≤ θqj ≤ αj + π − δ
r0 ≤ |cqj | < +∞

σqj <

< c = const, σqj = |cqj |−ρj−1−ε
.

(50)

Ç âèçíà÷åííÿ ÷èñåë αj , j = m, m + 1, ..., m + l,
âèïëèâà¹, ùî ñåãìåíò [α, β] ⊂ ⋃m+l

j=m [αj , αj + π], i ÷à-
ñòèíà ðiìàíîâî¨ ïîâåðõíi gα,β ⊂

⋃m+l
j=m g (j) (îñòàííþ

ñóìó ìè ðîçãëÿäà¹ìî ÿê îá'¹äíàííÿ ÷àñòèí ðiìàíî-
âî¨ ïîâåðõíi ôóíêöié w (z), z ∈ G). Íåõàé E � ñóìà
ìíîæèí Ej , j = m, ..., m + l, ÿêi ðîçãëÿäàþòüñÿ íà
âiäïîâiäíié ðiìàíîâié ïîâåðõíi. Çãiäíî ç (50), ñóìà
ðàäióñiâ êðóãiâ, ÿêi óòâîðþþòü ìíîæèíóE, ñêií÷åí-
íà. Îñêiëüêè gα,β ⊂

⋃m+l
j=m g (j), E =

⋃m+l
j=m g (j)E (j),

ρj ≤ ρ, òî ç (49), (50) âèïëèâà¹ íåðiâíiñòü (1).
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Let w be meromorphic function with logarithmic singularity in∞ and the order of w is �nite.
Then for any univalent branch w (z),
z ∈ gα,β = {z : z = reiθ, r0 ≤ r < +∞, α ≤ θ ≤ β} estimate for logarithmic derivative of mero-
morphic functions is proved.
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