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Opani€ro 3 HaliBasKIMBIIIKMX MP00JieM NPH TAPABIIYHOMY PO3PAXYHKY CHCTEM ONAJIeHHS,
BEHTHJISAILII, BOJONMOCTAYAHHSA € PO3PaXyHOK Koe(ilieHTa TepTH, AKUIi 6epe y4acThb y piBHAHHI
Hapci—Beiicoaxa. KoediuieHT TepTs € pynkiicro unciaa PeiiHosbaca, BITHOCHOT IIOPCTKOCTI i
pexumy Teuii. Kpim rpagiuynoro npeacrapienns B aiarpami Myai, ui 3MiHHiI 00’ €1Hy10TbCH Y
Bitomomy piBHsaHHI Konedpyka—Baiita, sike mmpoko Binome cepen iHxeHepiB i Buenux. Ha
JKajlb, 1le PiBHAHHA HEOJHO3HA4YHe i MOBMHHe OyTH pO3B si3aHe 3a JOMOMOIOI0 YHMCJIOBHX
MetoniB. Lle € ro10BHMM HeFOJIKOM JJs iH)KeHepa, IKUIl 4acTo Xo4Ye IIBUAKHUI pe3y/bTar,
SKIIO Ile MOKJIHUBO, BUKOPHCTOBYIOYH MpocTe, Bigome piBHsAHHA. OTxe, mpu TpaguuiiiHux
rigpaBJiYHUX po3paxyHKax iHXKeHepaM y J0BiTHHKAX 3alPONOHOBAaHO jJiarpamy (Homorpamy),
B fIKiii 0e3mocepelHbO HaBeIEHO Nepenan THCKY Ha oauHuIo aoBxuHu (IMa/M), THM camMuMm
NPUXOBYIOYH CKJAIHICTh 3HAXOMKeHHA KoedinienTta Tteptda. Ili3Himme, koau mepcoHaNbHI
KOMII' IOTEPH CTATM JOCTYINHi, TAKTHKA 3MIiHWJIACS: HeOOXiIHO 3HAWTH NMPOCTHIl PO3B’SI30K
piBHsiHHs KoseOpyka—Baiita. Tak, mpoTaromM ocTaHHiX IBOX AecATHJIITH 0arato aBTOpiB
3alpONOHYBAJIM CBOI BJacHI PIBHAHHA Pi3HOI CKJIAXHOCTI, po6asAa4u BUOIp MOJIOANX iHKeHepiB
e BaK4YuM, HDK panime. Y uiii crarti 3po0ieno cnpody 3po0uTu orjsa Haiiyactime
BUKOPHCTOBYBAaHHMX aJIbTepHATUB piBHAHHA KoseOpyka—Baiita, ananisyiouu ix ckiaagnicTh i
MaTeMATHYHY TOYHICTh AJis1 pi3HuX uncesa Peiinosbaca i BizHocHux mopcerkocteii. Kpim Toro,
JesiKi cyyacHi iIHCTpyMeHTH NPOrpaMHOro 3a0e3nedyeHHs JJI BEHTHJISIUIIHUX KaHATIB Oyau
HOCJIiIZKEH].

KaouoBi cioBa: moBiTponpoBin, koediunieHT TepTsi, piBHAHHA Koaedpyka-Baiita,
BillHOCHA mIOpcTKicTh, yncao PeiiHoabaca.

One of the most important problems in the hydraulic design of various building services
systems is the calculation of the friction factor involved in Darcy-Weisbach equation.
Ventilation duct sizing is a good case study, showing how classic, old-school design tools collide
with modern instruments of the digital era. The friction factor is a function of Reynolds
number, relative roughness and flow regime. Apart from the graphical representation in
Moody’s chart, those variables are packed in the famous Colebrook-White equation, widely
accepted by engineers and scientists. Unfortunately, this equation is an implicit one and must
be solved using numerical methods. This is a major disadvantage for the average engineer,
who often wants a quick result, if possible using a simple, explicit equation. Therefore, the
traditional hydraulic design tool offered to engineers in handbooks was a chart (nomograph),
giving directly the pressure drop per unit length (Pa/m), thus hiding the complexity of finding
the friction factor. Later, when personal computers became available, the tactics have
changed: Colebrook-White equation needed to be replaced by a simpler one. So, during the
last two decades, many authors proposed their own explicit equations, more or less
complicated, making the choice of young engineers even more difficult than before. The
present paper tries to make an overview of the most used alternatives to Colebrook-White
equation, analyzing their complexity and mathematical accuracy for different Reynolds
numbers and relative roughnesses. Also, some modern software instruments for ventilation
duct sizing wer einvestigated.

Key words: duct sizing, friction factor, Colebrook-White, relative roughness, Reynolds.

243



Introduction. Linear friction losses generated by air flow in ventilation ducts are calculated by the
Darcy-Weisbach equation:

L r w2
= x—x—— 1
Dp =l xox— 1)
where Dp — linear friction losses, in terms of pressure, [Pa]; | — Darcy friction factor, dimensionless;

D — hydraulic diameter of the duct, [m]; L— duct length, [m]; V — average air velocity across the duct
section, [nVs]; r —air density, [kg/m’)].

The most complicated issue s the friction factor A, which is a function of Reynolds number, relative
roughness and flow regime:

I =f(Re,k/D) 2
where k/ D — reative roughness of the duct, dimensionless; Re— Reynolds number, dimensionless;
Re= Vo ©)
n

where n — kinematic viscosity of air, [m/s].

The friction factor was historically first presented in the form of diagrams (Moody,
Nikuradse). As those diagrams were not very convenient for quickly obtaining large amounts of A
values, a mathematical link between those variables was needed. The Colebrook-White equation
was widely accepted by engineers and scientists as the most appropriate mathematical illustration of
the hydraulic phenomenon:

1 ak/D 251 16
f—'leoglog?*?exfz 4)

It may be used for the entire domain of turbulent flows, covering the whole range of Reynolds
numbers and relative roughnesses, though in some hydraulics books it is said to be most appropriate for the
semi-rough (transitionally rough) turbulent flow regime. Unfortunately, this equation is an implicit one and
must be solved using numerical methods. This isa major disadvantage for the average engineer, who often
wants a quick result, if possible using a simple, explicit equation.

Traditionally, Romanian hydraulics literature recommended Altshul’ s equation as an explicit, ssimple
way to compute the friction factor:

68 60.25

| =o.114?/D+R—ea (5)

Isit the only alternative? Definitely not.

During the last decades, many authors proposed their own explicit equations, more or less
complicated, trying to obtain good approximations for Colebrook-White equation over the whole range of
Reynolds numbers and relative roughnesses:

Wood (1966) - for 4000<Re<5-10" and 0.00001<k/D<0.04

| =0.53xKk/ D) +0.094xk/ D)°25 +88x(k/ D)4 sRe L62¢k/ D) ©)
Swamee-Jain (1976) - for 5000<Re<10° and 0.000001<k/D<0.05
-2
é ak/D 574 &
| =& 2400y o—— + ——— = 7
8 9108 37 Reo_g a ( )

Chen (1979) - for 4000<Re<4-10°

| 1 20 € k/D 50452 0 &k/D)H10% , 5:8506 0f! @®
i 10837065 Re 0§ 28257 Re0-8981§“,g%
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Zigrang-Sylvester (1982) - for 4000<Re<10° and 0.00004<k/D<0.05

i ék/D 5.02 502 & /D 13oou¥J
2Xo - —Xo k/D +— 9
} 91066—37 Re 10? )- 10837 Re%b 9)
Haaland (1983) - for 4000<Re<10? and 0.000001<k/D<0.05
-2
} A 111 5
| =1 18x0g,, /DO, 6O (10)
i 37 g Re gb

Manadilli (1997) - for 4000<Re<10°® and 0<k/D<0.05

-2
ak/D . 95  96.82%0
" ) 11
V€37 R Re o (1)
Fang (2011) - for 3000<Re<10® and 0<k/D<0.05

60525  56.291 oli
Re-1105  pal0712 %
Papaevangel ou, Evangelides, Tzimopoulos (2010) - for 4000<Re<10® and 0.000001<k/D<0.05

_ 0.2479- 0.0000947 X7 - logy, Re)4

gl ak/ D 7.366 dJ
010 83 615 ReO 9142 %

Apart from these relatively simple equations, there are more complicated approaches (Serghides,
1984; Sonnad and Goudar, 2007), involving more than one equation, thus providing improved accuracy.
It may be very frustrating for a young engineer having such a wealth of formulas to choose just one best
substitute to Colebrook-White equation, as simple as possible and very accurate.

What is the degree of accuracy for those equations ?

Which work best for a building services engineer, in his real-life duct sizing calculations?

é
| =g 2Xog
e

| =1.613>%n§%).234 x(k/ DY-1907 (12)
e

(13)

Methods. In order to answer these questions, we need first to investigate Eq.(5) to Eq.(13) in
comparison to Eq.(4), for a wide range of Reynolds numbers and relative roughnesses. Therefore, the
relative error of all these approximate formulas with respect to Colebrook-White equation will be
calculated as follows:

re _er =d —MXLOO [ %] (14)
c-w

In this paper we will use a number of 140 testing points, generated by 14 reative roughness values
combined with 10 Reynolds numbers. The chosen ventilation duct material was a smooth galvanized steel
sheet, having the absolute roughness k = 0.09 mm, according to [1]. Only round ducts were analysed,
selecting 14 most usual diameters. 10 Reynolds numbers were calculated for each relative roughness, by
choosing appropriate flows in order to respect 2 conditions: the transitionally rough turbulent zone and the
maximum velocity allowed in HVAC ducts. Table 1 shows the range of diameters and the range of flows
used to determine 10 Reynolds numbers for each relative roughness. The kinematic viscosity was chosen
15.1E-6 m?/s, corresponding to air temperature of 20 °C.

For each of these 140 testing points, a A value was calculated by each of the 9 equations in
discussion, and then the relative error to Colebrook-White formula was determined, using Eq.(14).

The whole computing process was developed in a MS Excd spreadsheet (Fig. 1), allowing us to
quickly manage this important volume of data and draw the conclusions. A VBA (Visual Basic for
Applications) macro was written in order to solve the implicit Colebrook-White equation, using the
Newton-Raphson numerical method.
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Tablel
Input data for testing the 9 explicit equations
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Flow range for calculating Reynolds
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[I/9]
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Fig. 1. MSExcel spreadsheet used to compare 9 explicit equationswith the implicit Colebrook-White

Results and discussion. The obtained results are very interesting and are subject to raise more
guestions and investigation. Table 2 shows the results in a concise form, based on maximum (positive and
negative) relative error of 9 approximations for Colebrook-White equation. It can be seen that Altshul and
Wood equations have obtained poor results and can be eliminated from competition.
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Chen, Manadilli and Papaevangelou formulas are constantly overestimating Colebrook-White (the
relative error is never positive), whereas Zigrang-Sylvester, Haaland and Fang are constantly
underestimating Colebrook-White (the relative error is never negative). Chen has surprisingly good results
for such an old equation, Fang is performing well too, Haaland is not too bad for such a simple equation.
Engineers prefer a little bit of overestimation for safety reasons, so the “winner” seems to be Eq.(8),
closely followed by Eq.(13) and Eq.(7), at least based on our 140 testing points. If simplicity is paramount,
the best choiceis Eq.(7).

Table 2
Maximum (+/-) relative error for 9 explicit equationsin comparison
to Colebrook-White formula, in 140 points

Number/name Max. positive Max. negative
of the explicit equation relative error relative error
[ %] [ %]

Eq.(5) Altshul 7.138 -1.519
Eq.(6) Wood 1.327 -4.045
Eq.(7) Swamee-Jain 0.062 -0.879
Eq.(8) Chen - -0.325
Eq.(9) Zigrang-Sylvester 1.923 -

Eq.(10) Haaland 1.422 -

Eq.(11) Manadilli - -1.149
Eq.(12) Fang 0.425 -

Eq.(13) Papaevangelou et al. - -0.478

Why is this result arguable ?

Because it seems that each equation has a * soft spot” where things can go wrong, locally the relative
error can increase rapidly (present a spike), but for the rest of the range the results remain good. Reative
error analysis shows that the “ soft spot” is found for some equations at high Re numbers and small k/D, for
othersin the middlerange, so thereis no general rule.

However, the good news is that overall, the majority of explicit equations have an absolute relative
error under 2 % for the duct sizing friction factor. Therefore, building services engineers may use them
instead of implicit Colebrook-White equation, for spreadsheet-based simple design calculations.

i

B ok

FRICTION LOGS, Paim

Fig. 2. ASHRAE chart for determining ventilation ducts friction losses
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Conclusions. The traditional hydraulic design tool offered to engineers in handbooks was a chart
(nomograph), giving directly the pressure drop per unit length (Pa/m), thus hiding the complexity of
finding the friction factor (Fig. 2). Sometimes, instead of a chart, a big table full of numbers was given,
inviting the engineer to repeteadly interpolate in order to obtain his design solution. Obviously, that was a
slow and tedious work.

Another traditional instrument found in firms was the “ Air Duct Calculator”, in the form of a wheel-
chart or dliding-scale calculator (Fig. 3). No maths, just fitting/adjusting the device and reading.

Fig. 3. Traditional wheel-chart and dliding-scale cal cul ator

Recently, the digital revolution provided modern tools for duct sizing. This maobile softwareis often

called “Ductulator” and is found on Windows, Android and 1OS platforms. As an example, we used
“HVAC Calculator” (www.softhvac.com) on Android and the results were comparable to those abtained
by reading the charts (Fig. 2) or making calculations via Col ebrook-White equation in spreadsheet.
For those engineers who prefer complex professional HVAC software instead of a DIY customized
spreadsheet, one answer may be (for example) Lindab CADvent. CADvent is an AutoCAD®© application
with a complete toolbox for drafting, dimensioning, calculation, quantification and presentation of
complete HVAC installations.

And for those engineers wanting to see what's running “ behind the scenes’, the present paper tries to
make an overview of the most used alternatives to Colebrook-White equation, analyzing their complexity
and mathematical accuracy along a wide range of Reynolds humbers and relative roughnesses. While the
discussed scenarios are by no means exhaustive, these results may be used by building services engineers
as guidance if they want to avoid iterative calculations.
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