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Po3rnsinyTo kpaiioBy ocecuMeTpHYHY 3a71a4y TeNJIONPOBITHOCTI AJd i30TPOIMHOI0 MIApy
3 HACKPIi3HMM YYKOPiIHUM HWIIHAPHYHMM BKJIIOYEHHAM Ha OJHIiil i3 MeKOBMX NMOBEPXOHb
SAKOr0 JIOKATbHO 30cepelskeHo TeruioBuili motik. Ilicia kyckoBo-jiHiliHOT ampoxcumanii
TeMIepaTypd HAa MeKOBili T1OBepXHi BKJIOYEHHS 3 BHKOPHCTAHHSIM IHTErpajJbHOI0
neperBopeHHs ['aHkens 3HalileHO AHAJITHYHO-YMCJIOBHII PO3B’'A30Kk 3anavi. BukoHano Ta
NMPOAHAJTI30BAHO YHCJOBI PO3PaXyHKH TeMNEpPATYpPHOrO IOJIsl, e MaTepiajoM wiapy Ta
BKJIIOYEHHS € KPpeMHiii Ta cpidjio BinmoBinHo.

Kuio4oBi cjioBa: Temneparypa, TemJI0NPOBIAHICTh, 0OceCUMETPUYHA 3a71a4a, i30TPONHU
1Iap, YYKOPiiHe HACKPi3He BKJIIOYEHHS, ileajIbHUI TeNJI0BHH KOHTAKT, TeNJIOBHIH MOTIK.

The paper considers axially-symmetric boundary-value problem of thermal conduction
for isotropic layer with reach-through cylindrical foreign inclusion on the boundary surface of
which the heat flow is concentrated. After piecewise linear approximation of the temperature
on the boundary surface of the inclusion and with the use of Hankel integral transform, the
analytical-numerical solution of the problem has been found. Numerical calculations of
temperature field have been conducted and analyzed for given geometrical and
ther mophysical parameters wheretheinclusion layer material issilicon and silver respectively.

Key words: temperature, axially-symmetric problem, isotropic layer, reach-through
cylindrical foreign inclusion, heat flow.

Beryn

OcobnuBoro 3HaueHHs Ui BUPOOHUIITBA MIKPOEIEKTPOHHUX IMPUCTPOIB HAOYBAIOTh KOMITO3UTHI
Mmarepiai, cepel SIKMX BaKIUBE MicCIle 3aiiMalOTh KyCKOBO-OJHOPIIHI CTPYKTYpH (IIapyBaTi CTPYKTYpH,
OMIHOPiMHI 1 mIApyBaTi CTPYKTYpH 3 4UY)KOPITHMMH BKJIFOYCHHSMH), SIKI HIMPOKO 3aCTOCOBYIOTHCS B
IHTErpaNlbHUX CEHcopax JUIsi MOHITOPUHTY TEMIIEpaTypd 1 BOJOrOCTi, CBITJIOBHIIPOMIHIOBAIbHIX
elieMeHTax Ul JUHAMIYHUX CBITJIOMIOMHUX IIICBITOK, TEMIIEPATYPHUX IIepeTBOpIOBaYax Tomo. OCKiIbKU
HaBEJIEH1 CTPYKTYpHW SIK Yy TpoIlleci BHPOOHHWIITBA, TaK i MPH eKcIuTyartalii rmepe0yBaloTh Yy peKuMax
HIMPOKOTO JIialla3oHy TeMIIepaTyp, IO MPU3BOANUTH 10 YTBOPEHHS CTPYKTYPHUX Je(EKTiB, TO 3 METOIO
MPOTHO3YBAHHSI MOJANBIIOI HAIIHHOT pOOOTH HaBEJEHUX MPUCTPOIB BAXKIMBOIO IPOOJIEMOIO € BU3HAYCHHS
TEeMIIepaTypHHUX TIOJNIB Ta X TpalieHTiB. Y 3B’SA3Ky 3 IIMM BUHHKIA HEOOXIJHICTH CTBOPEHHS HOBHX
TMHIMHUX MaTeMaTHYHUX MOJEIeld Mpolecy TEIUIONPOBITHOCTI IS MIapyBaTHX Tl 3 YYKOPIAHUMH
HACKPI3HUMU BKJIFOUEHHSMH 1 pO3pO0JIeHHS e()eKTHBHUX METOMIIB PO3B’ I3yBaHHS BUHUKAIOUUX MPH [OMY
JTHIAHUX KpaloBHX 3a]a4 TEIJIONPOBiaHOCTI. B poborti [1] HaBeaeHO AesKi METOI1 PO3B’ sI3aHHS JIIHIHHUX
KpafoBHX 3a1ad TEIJIOMPOBIMHOCTI I OoAHOpigHMX TiT. B pobGori [2] chopmynboBaHO 3amauy
CTalliOHAPHOI TEIJIONPOBIMHOCTI YIS IApyBaTUX IUIACTHH CTajol i 3MIiHHOI TOBIIMHH B TPOCTOPOBIii
MOCTaHOBII. MeToI0oM MovYaTKoBUX (DYHKIIIH TPUBUMIPHY 3a7a4y 3BEICHO 0 ABOBUMIpHOI. J[Jsl miuacTuHu
3 MapamMH 3MiHHOi TOBIIMHU OTPUMAaHO CHCTEMY PiBHSHB 31 3MiHHMMHU Koedinieatamu. [IpoanamizoBaHo
OTpYMaHi JBOBUMIpHI KpaiioBi 3amadi. s miacTuH 3 OMHOPIMHUMHE HIapaMH CTalloi TOBIIMHU OTPUMAaHO
pO3B’' 130K B aHanmiTH4HIA (opmi. [TokaszaHo, 110 1el pO3B SA30K 30ira€Tbes 3 PO3B’A3KOM, OTPUMAHUM
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METOJIOM PO3MLUIECHHS 3MiHHUX. Y po0oTi [3] moOyaoBaHO 30BHIIIHIA aCHMITOTHYHUI PO3KIIAI PO3B’ SI3KY
3aja4i HECTAIllOHApHOI TEIUIONPOBIMHOCTI JUIS IMIapyBaTUX aHI30TPONMHHMX HEOJHOPITHUX IUIACTHH 3
KpaHOBMMHM YMOBaMH JPYIOoro pojy Ha JIMIBOBUX MOBEpXHsX. [IpoaHaai3oBaHO OTpUMaHi JABOBHUMIpPHI
PO3B’ sI3aJIbHI PIBHSAHHS 1 JOCTIPKEHO aCHMMOTOTHYHI BJIACTHBOCTI PO3B's3KiB 3a/1ayi TEIUIONPOBIAHOCTI.
OTpuMaHO OI[IHKM TOYHOCTI, 3 KOO TEeMIIepaTypa B IUIACTHHI 32 MEXOBUM IIAPOM BBAXKAETHCS KYCKOBO-
JMHIKHO a00 KYCKOBO-KBAJIPAaTUYHO PO3MOIINIEHO 32 TOBIIMHOI IIapyBaToi KOHCTPYKIii. DizudHO
OOIPYHTOBAHO JIesIKi OCOOJIIMBOCTI aCHMIITOTUYHOIO PO3KIaay Temrepatypu. Podoru [4-11] npucesiueHi
PO3BUTKY METO/IB PO3B’ A3yBaHHs CTAI[IOHAPHUX JIHIMHKUX 3a/1a4 TEIJIONPOBIIHOCTI 3 TEIJIOBIAIa4EIO IS
KOHCTPYKI[if TBOBUMIPHOT KYCKOBO-OJHOPIAHOI cTpykTypH. Y poborax [12, 13] HaBemeHO 3araiibHi
PIBHSHHS TETUIOPOBITHOCTI [Tl KyCKOBO-O{HOP1THHX Til.

00’ exT pocaimxenuss. MaTeMaTHYHA MOJEIb

PosrisiHeMo i30TponHUMI BiTHOCHO TeIUIO(I3MYHUX TapaMeTpiB Iap, SKHH MICTUTh UYXKOpiqHE
HACKpi3He IMIIHAPHYHE BKIIOYEHHS 3 pamiycom R, BigHeceHwii 10 MMITIHAPHYHOI CHCTEMH KOOPAWHAT

(Orj z) i3 MOYAaTKOM B LEHTPi BKIIOYEHHA. B obmacti ={(r,j - |): rEROE] £ 2p} MEKOBOT
noBepxHi L. :{(r,j -1):0E£Er<¥ 0£) £ 2p} Iapy CUCTEMa HArpiBa€ThCs JIOKAIBHO 30CEPEIKEHUM
TEIUIOBUM IIOTOKOM, TIOBEPXHEBAa TYCTHHA SIKOTO JIOPIBHIOE g, =const, a iHIIA TIOBEpXHS
mapy L, :{(r,j 1):0Er<¥,0£] £ Zp} € TeIIoi30/IbBOBaHO. Ha MEKOBil MOBEPXHi BKIIIOUEHHS

Kr={(R] ,2):0£)] £2p ,|Z| £1} icuye ineansHuit TemoBuUit KOHTAKT (pHC. 1).

Puc. 1. Isomponnuti wap 3 4yrcopiOHUM HACKPIZHUM
BKIIOUEHHAM YULTHOPUYHOL (hopmu

KpaiioBa 3aga4a. Posnozin TeMnepaTypu t(r,z) y HaBeleHil cucTeMi OTPUMAEMO, O3B’ A3aBIIN

piBHsIHHSI TerutonpoBignocti [13,14]

19e fitu Tt _
e er(r)ﬂrH+x(r)€—0 (1)
3 KpallOBUMM YMOBaMU
_ it _ ity _ fit -~ %
tloy=t., — =0, —| =0, — =—=S (R-r), 2
|® ﬂr r®¥ ﬂZ z=l ﬂZ z=-1 I 0 ( ) ( )
ne
)\'(r):)‘l-"(;\'o' )\‘l)S—(R- I‘)- (©)]

KO€(IIIEHT TEMIONPOBIAHOCTI HEOAHOPIAHOTO 1ApY; A;,A, — KOe(illieHTH TEIIONPOBIIHOCTI MaTepiaiB

IJIACTHHHU Ta BKIIOUEHHS,; I, —TeMIepaTypa cepeloBHIIa,
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i1 (>0,
S (C) = % 0,5m0,5, { =0, — acumerpuuni oguanuni Gpyukmii [14].
¥Q (<0
Beenemo dyHkiriro
T =2(r)g (4)
i mpoaudepenmioemMo i 3a 3MIHHOIO [, BPaxoByIOUM ONHUC KoedillieHTa TemnonpoBimHOCTI | (r) (3).

VY pe3ynbTaTi OTPUMAEMO:
g _ 1T
AMr)—=—+(A,- A d,(r- R). S
(1) gp= g * G0~ 10, 9.1 - R ®
Tyrq =t- t, - nammukosa Temneparypa; d, (¢) = dséc(C) — acuMeTpuuHi enbTa-¢pyHkiii Hipaka [14].

[TincraBuBim Bupa3 (5) y cniBBigHomeHHs (1), npuxoaumo 10 Au(epeHIiabHOr0 PIBHIHHS 3
YaCTUHHUMH MOXITHUMH 13 CHHTYJSIPHUMH KoeQillieHTaMu

DT+TR(7"0' )"1)q |r-Rd+¢(r' R):O’ (6)

11,0
rqr  qr

Orxe, IIyKaHe TeMIIEpaTypHE MoJie B HaBECHI CHCTEMI IITKOM BU3HA4Ya€ThCs 3 piBHsHHSA (6) Ta
KpaioBUX yMOB (2).

2
Ie D= ) + ﬂ_z - omneparop Jlamiaca B HUIIHAPUYHIN cUCTEMI KOOpJUHAT.
9z

3Haxo/sKeHHs] AHATITHYHO-YHCIOBOT0 PO3B'A3KY. ANPOKCUMYEMO (YHKIIIIO q(R, Z) (puc. 2)

BHpa3oM

9(R2)=0,+8 (@ 9)S (z- 2), )
6(R.z)

o

|
R S

=8

1
1 —
| »
L=

Puc. 2. Anpoxcumayis @yuxyii q (R, Z)

e Z ] ]- |;|[ ZzEzZ £..£2 ;9 (i :l_n) - HEBIIOMi aIPOKCUMALLiIHI 3HAYEHHS HA UIMLIKOBOI TEMITEPATYPH.

[MinctaBuBim Bupas (7) y piBHsHHS (6), OTpUMAaEMO:
R n-1
DT =- (%o~ 2)[6y+ @ @a- QS (2- 2)1d8(r - R)- )
i=1

3acTocyBaBIIM IHTErpaibHE TEpETBOpeHHs ['aHKens 3a KoopauHaToro I 1o piBHsaHHsS (8) Ta
KpaiioBUX YMOB (2) i3 ypaxyBaHHSM CIIBBiHOIICHHS (4), MIPUXOAUMO 10 3BHUYAHOrO An(epeHIiaTbHOTO
PIBHSIHHS 31 CTAJIMMHU Koe(illi€EHTaMK

- ET =R (R) (o M)A+ A @) 2] ©
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1 KpalOBUX YMOB
dT
i) ﬂz

a7 - 4R 10
P4 - & %(Re). (0

=0

z=|
¥

ne TZdJO(ré)Tdr — tpancopmanta QyHkuii T; & — mapamerp iHTErpaJbHOrO MEPETBOPEHHS
0

Iankens; J, (E;) — ¢yukuis beccens nepuioro poay n -ro mopsaky.

3arasbpHuUi po3B’ 130K piBHAHH (9) OTPUMYEMO 32 METOIOM Bapiallii CTaIMX y BUTIISI
T Xz - Xz R .
T= Cle + Cze + E()"o - )"1) ‘Jl(Ré)[ql + é. (qi+1 - q; )(l' Ch?::.(Z - Zi))s- (Z - Zi)]'
i=1

Tyr C,,C, - crani iHTerpyBaHHS.
Bukopucrasim kpaitoi ymoBu (10), orpumaemo gacTkoBuii po3s’ 30k 3amadi (9), (10) y Bursi

fz?Jl(R&){(ko- kl)[q1+_:éj (Aa- @) @- chg(z- z))S (z- z)+

chx (I + 2) ) g,ché(z- 1)
* sh2¢| shedl - 2)1+ Esh2¢| I

3acTocyBaBIlK 00EepHEHE iHTerpaibHe neperBoperts ['ankens no chiBBinHomenHs (11), ogepxumo

(11)

Y 'S chg(l + 2)
T(r,2) = R, (r&) I, (REX (A - 1[0y ) (1 - 2
(r,2) 93 (r&) I, (REX( ) +<i';=11(q a;)( 2zl shé(l - z) + 12
q,ché(z- 1)
+(1- ché(z- z))S (z- z))]+ Zsh2e] }dE.

Hesinomi amnpokcumauiitni 3nadeHHs ¢ (I =1,N) HagIMIIKOBOI TEMIIEPaTypu 3HAXOAMMO,

PO3B’ sI3aBIIM CHCTEMY N JIIHIKHUX anreOpalyHuX piBHSIHB, OTpUMaHy 3 Bupasy (12).

OTmxe, mUIyKkaHe TeMIlepaTypHE TOJE B MIapi 3 HACKPI3HUM IMIIIHAPHYHUM BKJIFOUCHHSM, IO
HarpiBa€ThCs JIOKAJIbHO 30CEPE/PKEHUM Ha MEXKOBIM TMOBEPXHI TEIUIOBUM IOTOKOM, OIKCAHO (hOPMYIIOIO
(12), 3a sikorO BU3HAYAEMO 3HAYCHHS TEMIIEPATYPH B JOBUTHHUIN HOTO TOYIII.

AHaJi3 YMCA0BHUX Pe3yabTaTiB
BukoHaHO 4KCIOBUI aHATI3 Oe3pO3MIPHOI HAUTMIIKOBOI Temmepatypu | =i / (quz) JUTA TAaKUX
. i . .o _ 0 . .
BUXIJHUX JaHUX: Marepial Iapy — KpeMHii (7‘1 =676m /| (m>xC )) , Marepiaq BKIKOYEHHS — Cpibio

(7‘0 =419 em/ (m >C0)), n =10 — KUIbKICTb po30uTTiB iHTepBany |- I;1[;L =1/ R =1.

Puc. 3. 3anesicnicmo 6e3po3mipnoi memnepamypu T

610 besposmipnux koopounam ¥ ma Z

ITo6ynoBano (puc. 3) 3alMeKHICTH TeMIepaTypu T  Bif OE3pO3MIpHHMX pamianbHOl r =r /R Ta

akcialbHOI Z = z/ R KOOpAWHAT. 3a3HaYMMO, 10 MaKCHMajibHa TeMIIepaTypa JIOCATAEThCS B 00acTi Jii
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JIOKAJIbBHO 30CCPEIKCHOI0 TCIIJIOBOI'O ITOTOKY, a Ha Kparo KRBKII}O‘IGHHH CHOCTepiFaeTBCH BUKOHAaHHs

YMOB 1/1€aJIbHOTO TEIJIOBOr0 KOHTAKTY (BiACYTHIH cTpUOOK TeMIepaTypH), 10 BiJAMOBigae po3risiyBaHii
MaTeMaTHYHIN MOJEI.

KinbkicTh pO3OMTTIB n =10 IiHTepBaly ]- |;|[ W11 HaBeaeHUX TemIodisuIHUX (KoedimieHTH
TEIUTONPOBIAHOCTI [Tl MaTepialliB Mapy Ta BKIOYEHHS) Ta TeOMETPUYHUX (pajiyc Ta BUCOTa BKIFOUCHHS,
TOBIIIMHA [Iapy) MAPaMETPiB CTPYKTYPH Ja€ 3MOTY BUKOHATH OOYMCIICHHS 3 TOYHICTIO ¢ =10 °.

BucHoBku

I3 BUKOpHCTaHHSIM METOJy, SIKMA TPYHTYEThCS Ha 3aCTOCYBaHHI y3araJibHeHHWX (yHKIIH, micis
KyCKOBO-JTIHIHHOI anmpoKCcHMAIlil TeMIepaTypyd Ha MEXOBiil MOBEpXHi BKIIOYEHHS Ta 3 BUKOPUCTAHHSM
IHTErpaNIbHOTO  TEPETBOPEHHSI [aHKens OTPUMAaHO AaHANITUYHO-YHMCIOBUI  PO3B’SI30K  KPaoBOi
OCECHMETPUYHOI 3aJayi TEMJIOMPOBIMHOCTI Uil mapy 3 4YYKOPITHHUM HAcKpi3HUM BKIIOUEHHSM
HATIHAPUYHOI (POPMH, IO HArpiBa€ThCsA JIOKAJIBHO 30CEPEIKEHMM Ha MEXKOBIM IOBEPXHI TEIJIOBHM
MOTOKOM. BcraHOBiEHO, IO 1O TOBMIMHI i30TPOMHOrO Imiapy TeMmIeparypa 3MIHIOEThCS 3a JIIHIMHUM
3aKOHOM I HaBEACHUX KpaioBux yMoB. OTpUMaHO YHCIIOBI pe3yNbTaTH HAa OCHOBI pPO3pOOJIEHHX
QITOPUTMIB Ta MPOTPAMHUX 3aco0iB, SIKi JaIOTh 3MOTY aHATI3yBaTH TeMIIEpaTYpHi PEKUMHU B OKPEMHX
eNIeMEeHTaX MIKPOEIEKTPOHHUX MPHCTPOiB, SIKI OMUCYIOThCS 130TPOIHUM IHAPOM i3 YYKOPiJHUM
HACKPI3HUM IMIIHAPHUYHUM BKJIIOYCHHSM, 10 HATPIBA€THCS JIOKAJIBHO 30CEPEHKEHUM TEILIOBHUM ITOTOKOM
Ha OJIHIH 13 IOro MEKOBHUX ITOBEPXOHb.
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