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Abstract: The positivity and asymptotic stability of
discrete-time and continuous-time nonlinear systems are
addressed. Sufficient conditions for the positivity and
asymptotic stability of the nonlinear systems are
established. The proposed stability tests are based on an
extension of the Lyapunov method to the positive
nonlinear systems. The effectiveness of the tests are
demonstrated on examples.
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1. Introduction

A dynamica system is caled postive if its
trajectory starting from any nonnegative-initia-condition
state remains forever in the positive orthant for all
nonnegative inputs. An overview of state of the art in the
positive system theory was given in monographs [8, 9]
and in papers [15-18]. Systems having positive behavior
can be found in engineering, economics, social sciences,
biol ogy and medicine, etc.

The Laypunov, Bohl and Perron exponents and
stability of time-varying discrete-time linear systems
were comprehendvely investigated [1-7]. Furthermore,
positive standard and descriptor systems and their
stability were also analyzed [9, 15-19]. Positive linear
systems of different fractional orders [16, 20] and de-
scriptor discrete-time linear systems [17] were addressed
by the author in previous publications. Descriptor
positive discrete-time and continuous-time nonlinear
systems [10, 13] were likewise anayzed as well as the
positivity and linearization of nonlinear discrete-time
systems by state-feedbacks were investigated [15]. The
problem of minimum energy control of positive linear
systems was adequately addressed [11, 12, 14]. The
stability and robust stabilization of discrete-time
switched systems were analyzed [21, 22].

In this paper, the positivity and asymptotic stability
of discrete-time and continuous-time nonlinear systems
will beinvestigated.

The paper is organized as follows. In the section 2,
the definitions and theorems concerning the positivity
and sability of positive discrete-time and continuous-
timelinear systems are recalled. Necessary and sufficient

conditions for the positivity of discrete-time nonlinear
systems are established in the section 3. The asymptotic
stability of positive nonlinear systemsis addressed in the
section 4, with conditions for their stability being pro-
posed. The conditions for the positivity of continuous-
time nonlinear systems are given in the section 5, and
those for the doahility of continuoustime positive
nonlinear systems are presented in the section 6. Con-
cluding remarks are given in the section 7.

The following notations will be used: A denotes the

set of real numbers, A™ ™ represents the set of n” m
real matrices, AT ™ stands for the set of n” m matrices
with nonnegative entriesand A7 =AT 1, Z, isthe st
of nonnegative integers, M, representsthe set of n" n

Metzler matrices (with nonnegative off-diagonal entries),
identity matrix, |, standsfor the n” n identity matrix.

2. Positive discrete-time and continuous-time
linear systems and their stability

Consider adiscrete-time linear system
%4 =A% +Bu, il Z, ={01..}

y; =Cx +Du,

(2.18)

(2.1b)

where x T A", uyT A™, v T AP are the state, input
and output vectors, respectivly, and Al A" ",
BI A"M ci APM DT AP™,

Definition 2.1. [8, 9] A discrete-time linear system
(2.1) iscalled (internally) positiveif x 1 AL, T AP,
i1 z, for any initial conditions x,1 A and al inputs
ul AT il z, .

Theorem 2.1. [8, 9] A discretetime linear system
(2.1) ispositiveif and only if

AT AT BT AT™ cT APM DT AP™ (22

Definition 2.2. [8, 9] A positive discrete-time linear

system (2.1) is called asymptotically stable if

limx =0 forany x1 A7.

_ (2.3)
i® ¥
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Theorem 2.2. A positive discrete-time linear system
(2.1) is asymptotically stable if and only if one of the
following equivalent conditionsis satisfied:

1) All coefficients of the polynomial

Pn(2) = det[1,(z+1) - Al =

1 (2.9)
=2"+a, 2"+ ezt
arepositive, i.e. g >0 for i =0,1,...,n- 1.
2) All  principd minors of the matrix
A=l,- A=[g;] arepositive, i.e
My =[ag4| >0,
3, a _ 25
M, =| 2t 250 M, =deA>0 @3)
1 dp

The proof was given in [9].

Let us consider a continuous-time linear system
k= Ax+Bu, (2.69)
y=Cx+Du (2.6b)

where x=x@®)T A", u=u@®)T A™, y=y@®)T T AP
are the state, input and output vectors and Al A" ",
BT A"™ ci APM DT APM™,

Definition 2.3. [8, 9] A continuous-time linear
system (2.6) is called (internaly) positive if xi AT,
yl AP, t3 0 for anyinitia conditions x,1 AT and all
inputsul AT, t3 0.

Theorem 2.3. [8, 9] A continuoustime linear
system (2.6) ispositiveif and only if

Al M,,,BT AT ™ cT AP" DT AP™. (27

Definition 2.4. [8, 9] A positive continuous-time

linear system (2.6) is called asymptotically stable if

H — T AN
tI(:Brgx—o forany x5l AL.
Theorem 2.4. A positive continuous-time linear
system (2.6) is asymptotically stableif and only if one of
the following equivalent conditionsis satisfied:
1) All coefficients of the polynomial

pn(s) = da[lns' A] =

=s"+4, ST+ +4s+4

(2.8)

(2.9)

arepositive, i.e. § >0 for k=0,1...,n- 1.
2) All principal minors of the matrix A= - A=[4]

are positive, i.e.

I\7|1:|"5‘11|>0,
. 4 4 . . (2.10)
M, =3t 250 M, =deA>0

1

The proof was given in [9].

3. Positivity of discrete-time nonlinear systems

Following previously set reasoning [18], let us
consider a discrete-time nonlinear system

X4 = A+ E(x,0), i1 2, ={01..}, (319
Yi =90§.4), (3.1b)
where x T A", u T A™, v T AP il Z, arethe dtate,
input and output vectors, respectively; f(x,u)T A",
g(x,u)T AP are continuous vector functions of x; and
u; satisfying the conditions f(0,0) =0, g(0,0) =0 and
AT ATD
Definition 3.1. A discrete-time nonlinear system (3.1) is
caled (internaly) postiveif x 1 AL,y T AP il z, for
any initia conditions x,1 AT anddlinputsy; T AT
Theorem 3.1. A discretetime nonlinear system
(3.1) ispositiveif and only if

AT AT and f(x,u)T AT, g(x,u)T AP for all
xT A} andu 1 AT, i1 Z,. (3.2
Proof. Sufficiency. From (3.1) for i = O we have

X = Axg+ f (%o, Up)T AL

o (3.3
Yo =90%,Up)T AL
since(3.2) holdsand T AT, ugT AT
Similarly, for i = 1 we obtain
X2:Axl+f(j(11U1)T AE,, (3.4)
y1 =90q,u)l AP
since (3.2) and (3.3) holds.
Repeating the procedure for i = 2,3,... we obtain
xT A} and y1 AP for il z,; therefore, by

Definition 3.1 the system is positive.

Necessity. Assuming that the system (3.1) is
positive, we shall show that (3.2) holds. From (3.3) for
f(Xp,Up) =0 we have x = Axy and this implies that

AT AT" since by assumption %1 A7 and,
additionally, x,T A can be arbitrary. In other case, if
Axy =0, then from (3.3) we have x = f(Xy,Ug) and
this implies that f(xp,up)T A since by assumption
%1 Al From (3.3) we aso have that yg = g(Xy,Up)
and xy1 AT, ugT AT since by assumption y,T AP.
Continuing the procedure, we can show that (3.2) holds
if the system is positive.
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From Theorem 3.1 we have the following:
Coralary 3.1. A discrete-time nonlinear system
(3.2) ispositive only if thelinear system

%4 =A%, i1 Z, ={01..} (3.5
is positive.

Example 3.1. Let us consider the following discrete-
timenonlinear system (3.1) with

&qiu 02 010
(§]] —@a s
&I G 33.3 O.4H

i
Xl,i X2,i +e

u
fOq.u)=¢ g, (3:6)

gx%i +1- ¢! cosij
€2 +01e' U
g(%,u)=¢ G
@, +2+cosig
As follows from (3.6), the matrix A has nonnegative
entries and the vector functions f(x,u), g(x,u) are

aso nonnegative for all x 1 Al anduy T AT, il z,.

Therefore, by Theorem 3.1, the system is positive. The

linear part of the system is also asymptotically stable

since the coefficients of the polynomia

z+08 -01]|_
zZ+ 0.6‘ -

delllp(2+D)- Al=|

(3.7)
= 7% +1.42+0.45
arepositive, i.e. ag =045, & =1.4.

The same result follows from the condition 2 of
Theorem 2.2 since

_ 508 -0.1y

A=l,- A=g i and M, =08,
&03 06y

M, =det A=0.45. (3.8)

4. Stability of positive discrete-time nonlinear
systems

Consider a positive discrete-time nonlinear system
%1 =A%+ 1), ol AL, (4.1)
where x 1 AL, Al Ann, f(x)T AY isa continuous
and bounded vector function.
Definition 4.1. A positive discrete-time nonlinear
system (4.1) is called asymptotically stable in the region
DT AT if x1 AL, il z, and

lim % =0 for any finite x,7 DT AL,
i®¥

(4.2)

To test the asymptotic stability of the positive
system (4.1), the Lyapunov method is used. As a
candidate of Lyapunov function we choose

V(x)=c'x >0 for xT A" (4.3)

where ¢l A7 is a vector with drictly postive
components ¢, >0 for k =1,...,n.

Using (4.3) and (4.1), we obtain
DV (%) =V(%41)- V(%) =
=T~ €T =CT{[A- In]% + (%)} <O
for

(4.4)

[1,- A% - f(%)<0, x1 DT AT (45

since cl A" isadrictly positive vector.

Therefore, the following theorem has been proved.

Theorem 4.1. A positive discrete-time nonlinear
system (4.1) is asymptotically stable in the region
DT A" if the condition (4.5) is satisfied.

Example 4.1. Let us consider the following
nonlinear system (4.1) with

0.1 0.20 EXqi X0, U
- “ el '0.(4.6)

i f(4)=6
&%2i g).z 0.3H 8 X%,i g

é

X =é

The nonlinear system is positive since AT AZ 2
and f(x)T A2 forall x; %0 and ;3 0, il Z, .

In this case, the condition (4.5) is satisfied in the
region D defined by

D:={x;, %} =[l2- A% - f(x)=

(’5109)(1‘I - O'2X2,i - Xl,i X2,i l;lT AZ (47)
=e 5 i
é 0.7%p; - 0.2% - X5 g
Theregion D isshown in Fig. 4.1.
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Fig. 4.1. Sability region (inside the curved line).
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By Theorem 4.1, the positive nonlinear system
(4.1) with (4.6) is asymptotically stable in the region
(4.7).

5. Positivity of continuous-time nonlinear system
Consider a continuous-time linear system

= Ax+ f(xU), (5.1)
y=g(x,u) (5.1b)
where x=x(t)T A", u=u@®)T A™, y=yi®)1 T AP

are the state, input and output vectors, respectively;
AT A" f(xu) and g(x.u) ae continuous and
bounded vector functions of x and u,
satisfying f(0,0) =0 and g(0,0) =0.

respectively,

Definition 5.1. [8, 9] A continuous-time linear
system (5.1) is called (internaly) positive if xi AT,
yI AP (for t3 0) for any initia conditions x;T Al
andal inputs ul AT, t3 0.

Theorem 5.1. [8, 9] A continuoustime linear
system (5.1) ispositiveif and only if
Al M, f(xul A}, g(xu) A} for al xI A7,

ul AT, t30. (5.2)
Proof. The solution to the eguation (5.1a) for a
given Aand f(x,u) hastheform

t
X(t) =Fo(t)Xo + oF (t- t) f[x(t),u(t )]dt (5.3)
0

where

F(t)=e™ (5.4)
Using the Picard method, we obtain from (5.3a) the
following:

t
X () =F ()% + oF (- 1) fx (), ut)]dt
0

k=12,.. (5.5)

As follows from (5.4), if the conditions (5.2) are
satisfied, thenx (t)T A} (for t3 0, k=12,...) since
for Al M, the inclusion holds F(t)T A™" (for

t30)[9].

From (5.1b) we haveyT AP (for t3 0) sinceby the

assumption (5.2) g(x,u)T A} for xI AL, ul AT,
t30.

6. Stability of continuous-time nonlinear systems
Condgder apogtive continuous-time nonlinear system

k= Ax+ (), (6.1)

where x=xt)1T A", Al M,, f()T A}l is a
continuous and bounded vector function and f (0) =0.

Definition 6.1. A positive continuous-time nonlinear
system (6.1) is called asymptotically stable in the region

DT AL if x@)T AT, t3 0 and

lim x(t) =0 for any finite x,1 DT A. (6.2
t® ¥

To test the asymptotic stability of the positive
system (6.1), the Lyapunov method is used. As a
candidate of Lyapunov function we choose

V(X)=c'x>0 for x=x(t)T A7, t30 (6.3

where ¢l AT isa vector with strictly positive compo-
nents ¢, >0 for k=1,...,n

Using (6.3) and (6.1), we obtain

V(x)=cTk=c'[Ax+ f(x)] <0 (6.4)

for

Ax+f(x)<0 for xI DT A}, t30 (6.5

since cl A isthe strictly positive vector.

Therefore, the following theorem has been proved.
Theorem 6.1. A positive continuous-time nonlinear
system (6.1) is asymptotically stable in the region

DT A" if the condition (6.5) is satisfied.

Example 6.1. Let us consider the following
nonlinear system (6.1) with

éx U &2 10 &% U
X=a @ A= , f¥)=e", G (6.6)
&l g1 -3f 6% g

The nonlinear system (6.1) with (6.6) is positive
since AT M, and f(x)T A2 fordl xi A2, t30.

In this case, the condition (6.4) is satisfied in the
region D defined by

e-2x1+x2+x1x2u e0u

D: X 6.7
=% %} = € -3+ 4 80” (6.7)
From (6.7) we have
X (2- %) >% >0 and O£ xq <(3- X)%. (6.8)
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Theregion D isshown in Fig. 6.1.
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Fig. 6.1. Sability region (inside the curved line).

By Theorem 6.1, the positive nonlinear system (6.1)
with (6.6) isasymptotically stablein theregion (6.7).

7. Concluding remarks

The positivity and asymptotic ability of the discrete-
time and continuous-time nonlinear systems have been
addressed. The necessary and sufficient conditions for the
positivity of the discrete-time nonlinear systems have been
established (Theorem 3.1). Using the Lyapunov direct
method, the sufficient conditions for asymptotic stahility of
the discrete-time nonlinear systems have been proposed
(Theorem 4.1). The effectiveness of the conditions has been
demongrated on Example 4.1. The sufficient conditions for
the podgtivity of continuoustime nonlinear systems have
been established in section 5 (Theorem 5.1) and for the
asymptotic gability in section 6 (Theorem 6.1). The
gahility conditions for continuous-time nonlinear systems
are illugrated on Example 6.1. The considerations can be
extended to fractiona discrete-time nonlinear sysems. An
open problem is an extendon of the conditions to the
descriptor  fractional discrete-time and  continuous-time
nonlinear sysems.
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AHAJII3 TIO3UTUBHOCTI
TA CTIHKOCTI JUCKPETHHUX
TA HEIIEPEPBHUX
B YACI HEJIIHIHHUX CUCTEM

Taneym Kauopex

JlociIpKEHO MO3UTHBHICTh Ta ACUMITOTHYHA CTiHKICTh
HeJNiHIHUX CHUCTEeM, YacoBl 3aJIe)KHOCTI SKHX € JHUCKPEeT-
HUMH abo0 HenmepepBHUMH. BCTaHOBIEHO IOCTaTHI YMOBH
IO3UTUBHOCTI Ta ACHMIITOTHYHOI CTIMKOCTI HEIiHIHHMX
cucreM. 3alpONOHOBAHI TECTH HA CTiiiKicTh 6a3yroTbhcsa Ha
posmupenHi meroxy O. JlsmyHOBa U1l NMO3UTHBHHX He-
niHiiiHux cucreMm. EdexruBHicTh
CTPYETHCS HA IPUKIA/AX.
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