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Åëåìåíòè ñó÷àñíèõ êîíñòðóêöié çàçíàþòü äi¨ óäàð-
íèõ òåïëîâèõ i ìåõàíi÷íèõ íàâàíòàæåíü, iíòåíñèâ-
íîãî ðåíòãåíiâñüêîãî âèïðîìiíþâàííÿ i âíóòðiøíiõ
íåñòàöiîíàðíèõ òåïëîâèäiëåíü, çóìîâëåíèõ iìïóëüñ-
íèìè åëåêòðîìàãíiòíèìè äiÿìè [1]. Âíàñëiäîê öüîãî
â íèõ âèíèêàþòü âçà¹ìîçâ'ÿçàíi åëåêòðîìàãíiòíi,
òåïëîâi i ìåõàíi÷íi ïîëÿ, ÿêi ïðèâîäÿòü äî ïîÿâè
íàïðóæåíü, ùî ìîæóòü äîñÿãàòè êðèòè÷íèõ çíà÷åíü,
àæ äî âòðàòè íåñó÷î¨ çäàòíîñòi êîíñòðóêöi¨. Âiäîìi
ðîáîòè [2, 3, 4, 5, 6], â ÿêèõ äîñëiäæóâàâñÿ
âïëèâ óäàðíèõ ìåõàíi÷íèõ i òåïëîâèõ äié íà çâ'ÿ-
çàíiñòü ïîëiâ äåôîðìàöi¨ i òåìïåðàòóðè òà âåëè÷èíó
äèíàìi÷íèõ íàïðóæåíü, ùî âèíèêàþòü ó òiëàõ
êàíîíi÷íî¨ ôîðìè. Ïðîòå âïëèâ iìïóëüñíèõ åëåêòðî-
ìàãíiòíèõ ïîëiâ, çîêðåìà ç ìîäóëÿöi¹þ àìïëiòóäè,
íà ïðîöåñè çâ'ÿçàíîñòi ïîëiâ äåôîðìàöi¨ i òåìïåðà-
òóðè â ëiòåðàòóði íåäîñòàòíüî âèâ÷åíèé. Òîìó ¹
àêòóàëüíèì âèâ÷åííÿ çàêîíîìiðíîñòåé âçà¹ìîçâ'ÿ-
çàíèõ åëåêòðîìàãíiòíèõ, òåïëîâèõ i ìåõàíi÷íèõ ïðî-
öåñiâ â åëåêòðîïðîâiäíîìó øàði, çóìîâëåíèõ äi¹þ
iìïóëüñíèõ åëåêòðîìàãíiòíèõ ïîëiâ.

I. Ôîðìóëþâàííÿ çàäà÷i

Ó ñòàòòi ñôîðìóëüîâàíî i ïîáóäîâàíî ðîçâ'ÿçîê
ïëîñêî¨ çâ'ÿçàíî¨ äèíàìi÷íî¨ çàäà÷i òåðìîïðóæíîñòi
äëÿ åëåêòðîïðîâiäíîãî øàðó ç ïëîñêîïàðàëåëüíèìè
ãðàíèöÿìè çà äi¨ iìïóëüñíîãî åëåêòðîìàãíiòíîãî

ïîëÿ. Øàð ïîñòiéíî¨ òîâùèíè 2h âiäíåñåíèé äî
äåêàðòîâî¨ ñèñòåìè êîîðäèíàò Oxyz, ïëîùèíà xOy
ÿêî¨ çáiãà¹òüñÿ çi ñåðåäèííîþ ïëîùèíîþ øàðó.
Îñíîâè øàðó z = ±h ïåðåáóâàþòü â óìîâàõ
êîíâåêòèâíîãî òåïëîîáìiíó iç çîâíiøíiì ñåðåäîâèùåì
i âiëüíi âiä ñèëîâîãî íàâàíòàæåííÿ. Ìàòåðiàë øà-
ðó içîòðîïíèé íåôåðîìàãíiòíèé, à éîãî ôiçèêî-
ìåõàíi÷íi õàðàêòåðèñòèêè ïðèéìàþòü ñòàëèìè.
Åëåêòðîìàãíiòíå ïîëå çàäàíå çíà÷åííÿìè âiäìiííî¨
âiä íóëÿ äîòè÷íî¨ êîìïîíåíòè Hy (x, z, t) âåêòîðà
íàïðóæåíîñòi ìàãíiòíîãî ïîëÿ ~H = {0; Hy; 0} íà
îñíîâàõ øàðó, òîáòî

H±
y (x, t) = Hy (x,±h, t) (1)

Òóò H±
y (x, t) çàäàíi ôóíêöi¨, t � ÷àñ.

Äiÿ iìïóëüñíîãî ÅÌÏ çóìîâëþ¹ âèíèêíåííÿ
â øàði íåñòàöiîíàðíèõ äæîóëåâèõ òåïëîâèäiëåíü
Q = 1

σ

(
rot ~H

)2

òà ïîíäåðîìîòîðíèõ ñèë ~F = µrot ~H×
~H, ÿêi ñòâîðþþòü íåñòàöiîíàðíi òåìïåðàòóðíå
ïîëå T (x, z, t) òà ïîëå íàïðóæåíü σik (x, z, t)
(i, k = x, y, z). Òóò σ êîåôiöi¹íò åëåêòðîïðîâiäíîñòi,
µ ìàãíiòíà ïðîíèêëèâiñòü ìàòåðiàëó øàðó. Ó
çàãàëüíîìó âèïàäêó öi ïîëÿ ¹ âçà¹ìîçâ'ÿçàíèìè.
Îòæå, ðîçðàõóíêîâà ñõåìà çàäà÷i ñêëàäà¹òüñÿ ç äâîõ
åòàïiâ. Íà ïåðøîìó åòàïi íà îñíîâi ñïiââiäíîøåíü
Ìàêñâåëëà ç ðiâíÿííÿ

(
∂2

∂x2
+

∂2

∂z2

)
Hy − σµ

∂Hy

∂t
= 0 (2)
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çà ãðàíè÷íèõ óìîâ (1) òà ïî÷àòêîâî¨ óìîâè
Hy (x, z, 0) = 0, ùî âiäïîâiäà¹ âiäñóòíîñòi ïîëÿ â
ïî÷àòêîâèé ìîìåíò ÷àñót = 0, âèçíà÷à¹ìî êîìïî-
íåíòó Hy (x, z, t) âåêòîðà ~H òà âiäïîâiäíi ¨é ïèòîìi
ãóñòèíè äæîóëåâèõ òåïëîâèäiëåíü

Q =
1
σ

((
∂Hy

∂z

)2

+
(

∂Hy

∂x

)2
)

i ïîíäåðîìîòîðíèõ ñèë

~F =
{

Fx = −µ
∂Hy

∂x
Hy; 0; Fz = −µ

∂Hy

∂z
Hy

}

â øàði. Íà äðóãîìó åòàïi çíàõîäèìî òåìïåðàòóðó
T (x, z, t) òà íàïðóæåííÿ σik (x, z, t) (i, k = x, y, z)
iç ñèñòåìè ðiâíÿíü çâ'ÿçàíî¨ ïëîñêî¨ äèíàìi÷íî¨
çàäà÷i òåðìîïðóæíîñòi â íàïðóæåííÿõ â äåêàðòîâèõ
êîîðäèíàòàõ [7]

(
∂2

∂x2
+

∂2

∂z2

)
T − 1

κ

(
1 + 2ε∗

1− ν − ν2

1 + ν

)
∂T

∂t
=

= − 1
λ

Q +
αT0 (1 + ν)

λ

∂Ψ
∂t

(
∂2

∂x2
+

∂2

∂z2

)
Ψ− 1

c2
1

∂2Ψ
∂t2

= − 1
1− ν

(
∂Fx

∂x
+

∂Fz

∂z

)
−

− αE

1− ν

((
∂2

∂x2
+

∂2

∂z2

)
T − 1

c2
2

∂2T

∂t2

)

(
∂2

∂x2
+

∂2

∂z2

)
σxz − 1

c2
2

∂2σxz

∂t2
= − ∂2Ψ

∂x∂z
− ∂Fx

∂z
− ∂Fz

∂x
,

∂2σxx

∂x2
− 1

c2
3

∂2σxx

∂t2
= αρ (1 + ν)

∂2T

∂t2
−

−∂2σxz

∂x∂z
− ν

c2
3

∂2Ψ
∂t2

− ∂Fx

∂x
,

σzz = Ψ− σxx,

σyy = νΨ− αET. (3)

Òóò: Ψ=σxx+σzz, c1=
√

(1−ν)E/ (ρ (1+ν) (1−2ν)) �
øâèäêiñòü ïðóæíî¨ õâèëi ðîçøèðåííÿ, c2 =
=

√
E/(2ρ (1 + ν)) � øâèäêiñòü ïðóæíî¨ õâèëi

ôîðìîçìiíè, c2
3 = 2c2

2, α, ν �êîåôiöi¹íòè ëiíiéíîãî
ðîçøèðåííÿ i Ïóàññîíà, E � ìîäóëü Þíãà, ρ �

ãóñòèíà, ε∗ � ïàðàìåòð, ùî õàðàêòåðèçó¹ çâ'ÿçàíiñòü
ïîëiâ äåôîðìàöi¨ i òåìïåðàòóðè.

Ïî÷àòêîâi ïðè t = 0 óìîâè íà êëþ÷îâi ôóíêöi¨
çàïèøåìî

T = Ψ = σxx = σxz = 0,
∂Ψ
∂t

= −2
αE

1− 2ν

∂T

∂t
,

∂σxz

∂t
= 0,

∂σxx

∂t
= − αE

1− 2ν

∂T

∂t
, (4)

Êðàéîâi óìîâè íà êëþ÷îâi ôóíêöi¨ çà âiëüíèõ âiä
íàâàíòàæåííÿ ïîâåðõîíü z = ±h ( σ±zz = 0, σ±xz = 0)
ìàþòü âèãëÿä

∂T±

∂z
± h±∗

(
T± − Tc

)
= 0,

∂2Ψ±

∂x2
− 1

c2
4

∂2Ψ±

∂t2
= αρ (1 + ν)

∂2T±

∂t2
−

− ∂

∂x

(
∂σxz

∂z

)±
− ∂F±x

∂x
,

σ±xz = 0, σ±xx = Ψ±, (5)
äå T± = T (x,±h, t), σ±ij = σij (x,±h, t), i, j = x, z),
c2
4 = 2/(1− ν)c2

2, h±∗ � êîåôiöi¹íòè òåïëîâiääà÷i ç
ïîâåðõîíü z = ±h.

II. Ïîáóäîâà ðîçâ'ÿçêó
A Çâåäåííÿ äî çàäà÷i ç îäíîðiäíèìè ãðàíè÷-

íèìè óìîâàìè
Äëÿ ðîçãëÿäóâàíîãî øàðó ç ïëîñêîïàðàëåëüíèìè

ãðàíèöÿìè ïîäàìî ôóíêöi¨ Hy (x, z, t) òà Ψ(x, z, t) ó
âèãëÿäi [7]

Hy(x, z, t) = Hy◦(x, z, t)+

+
1
2

(
H+

y (x, t) + H−
y (x, t) +

z

h

(
H+

y (x, t)−H−
y (x, t)

))

Ψ(x, z, t) = Ψ◦(x, z, t)+

+
1
2

(
Ψ+(x, t)+Ψ−(x, t)+

z

h

(
Ψ+(x, t)−Ψ−(x, t)

))
,

(6)
äå ôóíêöiÿì Hy◦ (x, z, t) òà Ψ◦ (x, z, t) âæå âiäïîâi-
äàþòü îäíîðiäíi êðàéîâi óìîâè ïåðøîãî ðîäó
Hy◦ (x,±h, t) = 0 òà Ψ◦ (x,±h, t) = 0. Ïiäñòàâëÿþ÷è
ïîäàííÿ (6) â ðiâíÿííÿ (2) òà ðiâíÿííÿ ñèñòåìè
(3), îòðèìó¹ìî íà ôóíêöi¨ Hy◦ (x, z, t), Ψ◦ (x, z, t),
σxz (x, z, t) òà Ψ± (x, z, t) ðiâíÿííÿ

(
∂2

∂x2
+

∂2

∂z2

)
H◦

y − σµ
∂H◦

y

∂t
= f(x, z, t), (7)

(
∂2

∂x2
+

∂2

∂z2

)
T − 1

κ∗∗

∂T

∂t
− ε∗a∗

∂Ψ◦

∂t
−

−ε∗a∗
2

∂

∂t

(
Ψ+(x, t) + Ψ−(x, t) +

z

h

(
Ψ+(x, t)−Ψ−(x, t)

))
= W1,
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(
∂2

∂x2
+

∂2

∂z2

)
Ψ◦ − 1

c2
1

∂2Ψ◦

∂t2
+

αE

1− ν

((
∂2

∂x2
+

∂2

∂z2

)
T − 1

c2
2

∂2T

∂t2

)
+

+
1
2

(
∂2

∂x2
− 1

c2
1

∂2

∂t2

) (
Ψ+(x, t) + Ψ−(x, t) +

z

h

(
Ψ+(x, t)−Ψ−(x, t)

))
= W2,

(
∂2

∂x2
+

∂2

∂z2

)
σxz − 1

c2
2

∂2σxz

∂t2
+

∂2Ψ◦

∂x∂z
+

1
2h

∂

∂x

(
Ψ+(x, t)−Ψ−(x, t)

)
= W3,

∂2Ψ±

∂x2
− 1

c2
4

∂2Ψ±

∂t2
= αρ (1 + ν)

∂2T±

∂t2
− ∂

∂x

(
∂σxz

∂z

)±
− ∂F±x

∂x
, (8)

äå
f(x, z, t) =

1
2

(
σµ

∂

∂t
− ∂2

∂x2

) (
H+(x, t)

(
1 +

z

h

)
+ H−(x, t)

(
1− z

h

))

W1 = − 1
λ

Q, W2 = − 1
1− ν

(
∂Fx

∂x
+

∂Fz

∂z

)
, W3 = −

(
∂Fx

∂z
+

∂Fz

∂x

)
,

κ∗ =
1
κ

(
1 + 2ε∗

1− ν − ν2

1 + ν

)
, a∗ =

(1− 2ν)2

καE (1 + ν)
.

Ðiâíÿííÿ (8) ðîçâ'ÿçó¹ìî çà îäíîðiäíèõ êðàéîâèõ
Hy◦ (x,±h, t)=0, Ψ◦ (x,±h, t)=0 òà σxz (x,±h, t) = 0
òà çà ïî÷àòêîâèõ (ïðè t = 0) óìîâ

Hy◦ = −1
2

(
H+

y (x, 0)
(
1 +

z

h

)
+ H−

y (x, 0)
(
1 +

z

h

))

∂Ψ◦
∂t

= −2
αE

1− 2ν

∂T

∂t
−

− ∂

∂t

1
2

(
Ψ+(x, 0)

(
1 +

z

h

)
+ Ψ−(x, 0)

(
1− z

h

))
,

T = σxx = σxz = 0,

Ψ◦ = −1
2

(
Ψ+(x, 0)

(
1 +

z

h

)
+ Ψ−(x, 0)

(
1− z

h

))
,

∂σxz

∂t
= 0,

∂σxx

∂t
= − αE

1− 2ν

∂T

∂t
. (9)

B Çâåäåííÿ äî çàäà÷i íà iíòåãðàëüíi õàðàêòå-
ðèñòèêè

Äëÿ ðîçâ'ÿçóâàííÿ ñèñòåìè ðiâíÿíü (7) i (8)
ñòîñîâíî êëþ÷îâèõ ôóíêöié

Φ(x, z, t) =
= {Hy◦ (x, z, t) , T (x, z, t) ,Ψ◦ (x, z, t) , σxz (x, z, t)}

âèêîðèñòà¹ìî êóái÷íó àïðîêñèìàöiþ ¨õ ðîçïîäiëiâ çà
òîâùèííîþ êîîðäèíàòîþ z, òîáòî ïîäà¹ìî öi ôóíêöi¨
ó âèãëÿäi

Φ(x, z, t) =
3∑

i=0

aΦ
i (x, t) zi. (10)

Êîåôiöi¹íòè aΦ
i (x, t) àïðîêñèìàöiéíèõ ïîëiíîìiâ

(10) âèçíà÷àþòüñÿ ÷åðåç iíòåãðàëüíi çà òîâùèííîþ
êîîðäèíàòîþ z õàðàêòåðèñòèêè øóêàíèõ ôóíêöié

Φs (x, t) =

h∫

−h

Φ(x, z, t) zs−1dz, s = 1, 2, (11)

òîáòî ïîäàþòüñÿ ó âèãëÿäi

ai (x, t) = aΦ
i1Φ1 (x, t) + aΦ

i2Φ2 (x, t) . (12)

Äëÿ îòðèìàííÿ ðiâíÿíü íà iíòåãðàëüíi õàðàêòå-
ðèñòèêè Φs (x, t) øóêàíèõ êëþ÷îâèõ ôóíêöié
Φ(x, z, t) âiäïîâiäíî äî ñèñòåìè âèõiäíèõ ðiâíÿíü
(3), òà îäíîðiäíèõ ãðàíè÷íèõ óìîâ íà ïîâåðõíi
z = ±h, çiíòåãðîâó¹ìî ðiâíÿííÿ ñèñòåìè (8) âiäïî-
âiäíî äî ñïiâiäíîøåíü (11), i âèêîðèñòîâó¹ìî ïðè
ïåðåòâîðåííÿõ ñïiââiäíîøåííÿ (10) i (12). Ó
ðåçóëüòàòi äëÿ øóêàíèõ ôóíêöié Hy◦ (z, t), T (z, t),
σxz (z, t), Ψ◦ (z, t), îòðèìó¹ìî ïîäàííÿ

Hy◦ (z, t) =
3
4
Hy◦1 (x, t)

(
1−

( z

h

)2
)

+

+
15
4

Hy◦2 (x, t)
(

z

h
−

( z

h

)3
)

T (x, z, t) = 3
h∗

(
h2 − z2

)− 2h

4h2 (h∗h− 3)
T1 (x, t)+

+15
h2z (h∗h− 3) + z3 (1− h∗h)

4h5 (h∗h− 6)
T2 (x, t) , (13)

Ψ◦ (x, z, t) =
3
4
Ψ◦1 (x, t)

(
1−

( z

h

)2
)

+

+
15
4

Ψ◦2 (x, t)
(

z

h
−

( z

h

)3
)

,
(14)

σxz (x, z, t) =
3
4
σxz1 (x, t)

(
1−

( z

h

)2
)

+

+
15
4

σxz2 (x, t)
(

z

h
−

( z

h

)3
)

,
(15)

äå h+
∗ = h−∗ ≡ h∗.
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Òîäi iíòåãðàëüíi õàðàêòåðèñòèêè Hy◦s (x, t) ôóíêöi¨ Hy◦ (x, z, t) âèçíà÷àþòüñÿ çi ñèñòåìè ðiâíÿíü
(

∂2

∂x2
− σµ

∂

∂t
+

3
h2

)
Hy◦1 = h

(
σµ

∂

∂t
+

∂2

∂x2

) (
H+

y (x, t) + H−
y (x, t)

)
,

(
∂2

∂x2
− σµ

∂

∂t
+

15
h2

)
Hy◦2 =

h2

3

(
σµ

∂

∂t
+

∂2

∂x2

) (
H+

y (x, t)−H−
y (x, t)

)
, (16)

à iíòåãðàëüíi õàðàêòåðèñòèêè Ts (x, t), Ψ◦s (x, t) i σxz s (x, t) òà ãðàíè÷íi çíà÷åííÿ Ψ± (x, t) ôóíêöi¨ Ψ(x, z, t)
âèçíà÷àþòüñÿ çi ñèñòåìè âçà¹ìîçâ'ÿçàíèõ ðiâíÿíü

(
∂2

∂x2
− γ1 − 1

κ∗

∂

∂t

)
T1 − ε∗a∗

∂Ψ◦1
∂t

− ε∗a∗h
∂

∂t

(
Ψ+(x, t) + Ψ−(x, t)

)
= W11,

(
∂2

∂x2
− γ2 − 1

κ∗

∂

∂t

)
T2 − ε∗a∗

∂Ψ◦2
∂t

− ε∗a∗
h2

3
∂

∂t

(
Ψ+(x, t)−Ψ−(x, t)

)
= W12,

(
∂2

∂x2
− 3

h2
− 1

c2
1

∂2

∂t2

)
Ψ◦1 +

αE

1− ν

(
∂2

∂x2
− γ1 − 1

c2
2

∂2

∂t2

)
T1+

+h

(
∂2

∂x2
− 1

c2
1

∂2

∂t2

) (
Ψ+(x, t) + Ψ−(x, t)

)
= W21,

(
∂2

∂x2
− 15

h2
− 1

c2
1

∂2

∂t2

)
Ψ◦2 +

αE

1− ν

(
∂2

∂x2
− γ2 − 1

c2
2

∂2

∂t2

)
T2+

+
h2

3

(
∂2

∂x2
− 1

c2
1

∂2

∂t2

) (
Ψ+(x, t)−Ψ−(x, t)

)
= W22,

(
∂2

∂x2
− 3

h2
− 1

c2
2

∂2

∂t2

)
σxz1 +

∂

∂x

(
Ψ+(x, t)−Ψ−(x, t)

)
= W31

(
∂2

∂x2
− 15

h2
− 1

c2
2

∂2

∂t2

)
σxz2 +

∂Ψ◦1
∂x

= W32

(
∂2

∂x2
− 1

c2
4

∂2

∂t2

)
Ψ+ − αρ (1 + ν)

2h2

∂2

∂t2
(γ3T1 + γ4T2)− 3

2h

∂

∂x
(σxz1 − 5σxz2) = W41,

(
∂2

∂x2
− 1

c2
4

∂2

∂t2

)
Ψ− − αρ (1 + ν)

2h2

∂2

∂t2
(γ5T1 + γ6T2)− 3

2h

∂

∂x
(σxz1 + 5σxz2) = W42. (17)

Òóò

f1 (x, t) = h

(
σµ

∂

∂t
+

∂2

∂x2

) (
H+

y (x, t) + H−
y (x, t)

)

f2 (x, t) =
h2

3

(
σµ

∂

∂t
+

∂2

∂x2

) (
H+

y (x, t)−H−
y (x, t)

)

Wjs =

h∫

−h

Wjz
s−1dz, j = 1, 3, s = 1, 2,

W41 = − ∂Fx

∂x

∣∣∣∣
z=h

, W42 = − ∂Fx

∂x

∣∣∣∣
z=−h

γ1 =
3h∗

h (h∗h− 3)
, γ2 =

15 (h∗h− 1)
h (h∗h− 3)

γ3 = − 18
h (h∗h− 18)

, γ4 =
15k

h (h∗h− 18)

γ5 =
3

h∗h− 18
, γ6 = − 45

h2 (h∗h− 18)
.

Ñèñòåìè ðiâíÿíü (16) òà (17), à òàêîæ ðiâíÿííÿ
íà íàïðóæåííÿ σxx ñèñòåìè (3) ðîçâ'ÿçó¹ìî çà
ïî÷àòêîâèõ (ïðè t = 0) óìîâ

Hy◦1 = −h
(
H+

y (x, 0) + H−
y (x, 0)

)

Hy◦2 = −h3

3
(
H+

y (x, 0)−H−
y (x, 0)

)

T = σxx = σxz = 0,

Ψ◦1 = −h
(
Ψ+
◦ (x, 0) + Ψ−◦ (x, 0)

)

Ψ◦2 = −h3

3
(
Ψ+
◦ (x, 0)−Ψ−◦ (x, 0)

)
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Ïëîñêà çâ'ÿçàíà äèíàìi÷íà çàäà÷à òåðìîìåõàíiêè äëÿ åëåêòðîïðîâiäíîãî øàðó ç ïëîñêîïàðàëåëüíèìè ãðàíèöÿìè...

∂Ψ◦1
∂t

= −2
αE

1− 2ν

∂Ts

∂t
− ∂

∂t
h

(
Ψ+(x, 0) + Ψ−(x, 0)

)
,

∂Ψ◦2
∂t

= −2
αE

1− 2ν

∂Ts

∂t
− ∂

∂t

h3

3
(
Ψ+(x, 0)−Ψ−(x, 0)

)
,

∂σxz s

∂t
= 0,

∂σxx s

∂t
= − αE

1− 2ν

∂Ts

∂t
. (18)

C Çàñòîñóâàííÿ iíòåãðàëüíèõ ïåðåòâîðåíü
Äëÿ áåçìåæíîãî øàðó ôóíêöi¨ H◦s (x, t), Ts (x, t),

Ψ◦s (x, t) σxz s (x, t), σxx s (x, t) òà Ψ±s (x, t) ¹ îáìå-
æåíèìè ïðè t → ∞, òîáòî çàäîâîëüíÿþòü óìîâàì
ïåðåòâîðåííÿ Ôóð'¹-Ëàïëàñà. Äëÿ çíàõîäæåííÿ ðîç-
â'ÿçêiâ ñèñòåì ðiâíÿíü íà iíòåãðàëüíi õàðàêòåðèñ-
òèêè êëþ÷îâèõ ôóíêöié çàñòîñîâó¹ìî äî êîæíîãî
ðiâíÿííÿ öèõ ñèñòåì iíòåãðàëüíi ïåðåòâîðåííÿ
Ôóð'¹ f̃ (ξ, t) = 1

2π

∫∞
−∞ f (x, t) eiξxdx çà ïðîñòîðîâîþ

çìiííîþ x òà ïåðåòâîðåííÿ Ëàïëàñà ¯̃
f (ξ, p) =

=
∫∞
0

f̃ (ξ, t) e−p tdt çà ÷àñîâîþ çìiííîþ t.
Â ðåçóëüòàòi äëÿ âèçíà÷åííÿ òðàíñôîðìàíò

iíòåãðàëüíèõ õàðàêòåðèñòèê Hy◦s (z, t) êîìïîíåíòè
Hy (x, z, t) îòðèìó¹ìî ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü
íà òðàíñôîðìàíòè ïåðåòâîðåííÿ

(
ξ2 + σµp +

3
h2

)
¯̃Hy◦1 = − ¯̃

f1 (ξ, p) ,

(
ξ2 + σµp +

15
h2

)
¯̃Hy◦2 = − ¯̃

f2 (ξ, p) , (19)

Äëÿ âèçíà÷åííÿ òðàíñôîðìàíò Ôóð'¹-Ëàïëàñà
iíòåãðàëüíèõ õàðàêòåðèñòèê Ts (x, t), Ψ◦s (x, t),
σxzs (x, t) òåìïåðàòóðè T (x, z, t), êîìïîíåíòè
σxz (x, z, t) òà ôóíêöi¨ Ψ◦ (x, z, t) òåíçîðà äèíàìi÷íèõ
íàïðóæåíü òà ãðàíè÷íèõ çíà÷åíü Ψ± (x, t) ôóíêöi¨
Ψ(x, z, t) îòðèìó¹ìî òàêó ñèñòåìó àëãåáðà¨÷íèõ
ðiâíÿíü:

(
ξ2 + γ1 +

p

κ∗

)
¯̃T1 + ε∗a∗

¯̃Ψ◦1p+

+ε∗a∗hp
(

¯̃Ψ+(x, t) + ¯̃Ψ−(x, t)
)

= − ¯̃W11,

(
ξ2 +

p

κ∗
+ γ2

)
¯̃T2 + ε∗a∗

¯̃Ψ◦2p+

+ε∗a∗
h2

3
p

(
¯̃Ψ+(x, t)− ¯̃Ψ−(x, t)

)
= − ¯̃W12,

αE

1− ν

(
ξ2 + γ1 +

p2

c2
2

)
¯̃T1 +

(
ξ2 +

3
h2

+
p2

c2
1

)
¯̃Ψ◦1+

+h

(
ξ2 +

p2

c2
1

) (
¯̃Ψ+(x, t) + ¯̃Ψ−(x, t)

)
= − ¯̃W21,

αE

1− ν

(
ξ2 + γ2 +

p2

c2
2

)
¯̃T2 +

(
ξ2 +

15
h2

+
p2

c2
1

)
¯̃Ψ◦2+

+
h2

3

(
ξ2 +

p2

c2
1

) (
¯̃Ψ+(x, t)− ¯̃Ψ−(x, t)

)
= − ¯̃W22,

(
ξ2 +

3
h2

+
p2

c2
2

)
¯̃σxz1−iξ

(
¯̃Ψ+(x, t)−Ψ−(x, t)

)
= − ¯̃W31

(
ξ2 +

15
h2

+
p2

c2
2

)
¯̃σxz2 − iξ ¯̃Ψ◦1 = − ¯̃W32

(
ξ2 +

p2

c2
4

)
¯̃Ψ+ +

αρ (1 + ν)
2h2

p2
(
γ3

¯̃T1 + γ4
¯̃T2

)
+

+iξ

(
3
2h

¯̃σxz1 − 15
2h

¯̃σxz2

)
= − ¯̃W41,

(
ξ2 +

p2

c2
4

)
¯̃Ψ− +

αρ (1 + ν)
2h2

p2
(
γ5

¯̃T1 + γ6
¯̃T2

)
+

+iξ

(
3
2h

¯̃σxz1 +
15
2h

¯̃σxz2

)
= − ¯̃W42, (20)

Äëÿ âèçíà÷åííÿ íàïðóæåíü σxx çàñòîñó¹ìî ïåðå-
òâîðåííÿ Ôóð'¹-Ëàïëàñà äî ÷åòâåðòîãî ðiâíÿííÿ
ñèñòåìè (3)

(
ξ2 +

p2

c2
3

)
¯̃σxx = −αρ (1 + ν) p2 ¯̃T+

+iξ
∂ ¯̃σxz

∂z
+ p2 ν

c2
3

¯̃Ψ + iξ ¯̃Fx,
(21)

Ðîçâ'ÿçîê ñèñòåìè (20) ïîäà¹ìî çà ïðàâèëîì
Êðàìåðà i, çàñòîñîâóþ÷è òåîðåìó ðîçêëàäó i òåîðåìó
ïðî äîáóòîê çîáðàæåíü Ëàïëàñà, à òàêîæ îáåðíåíå
ïåðåòâîðåííÿ Ôóð'¹ äî îòðèìàíèõ ðîçâ'ÿçêiâ òà
ðiâíÿíü (19) i (21), çàïèñó¹ìî âèðàçè øóêàíèõ iíòåã-
ðàëüíèõ õàðàêòåðèñòèê

Hy◦s (x, t) = − 1
σµ

1
2π

∞∫

−∞

t∫

0

f̃s (ξ, τ)eps(t−τ)e−iξxdτdξ,

(s = 1, 2)
ôóíêöi¨ Hy (x, z, t), äå

p1 = −h2ξ2 + 3
h2σµ

, p2 = −h2ξ2 + 15
h2σµ

;

òà âèðàçè iíòåãðàëüíèõ õàðàêòåðèñòèê
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Ts (x, t) = − 1
2π

8∑

i=3

1
∆′(pi)

∞∫

−∞

t∫

0

4∑

j=1

2∑

k=1

¯̃Wjk(ξ, pi)∆s 2(j−1)+k epi(t−τ)e−iξxdτdξ,

Ψ◦s (x, t) = − 1
2π

8∑

i=3

1
∆′(pi)

∞∫

−∞

t∫

0

4∑

j=1

2∑

k=1

¯̃Wjk(ξ, pi)∆s+2 2(j−1)+k epi(t−τ)e−iξxdτdξ,

σxzs (x, t) = − 1
2π

8∑

i=3

1
∆′(pi)

∞∫

−∞

t∫

0

4∑

j=1

2∑

k=1

¯̃Wjk(ξ, pi)∆s+4 2(j−1)+k epi(t−τ)e−iξxdτdξ,

Ψ+ (x, t) = − 1
2π

8∑

i=3

1
∆′(pi)

∞∫

−∞

t∫

0

4∑

j=1

2∑

k=1

¯̃Wjk(ξ, pi)∆7 2(j−1)+k epi(t−τ)e−iξxdτdξ,

Ψ− (x, t) = − 1
2π

8∑

i=3

1
∆′(pi)

∞∫

−∞

t∫

0

4∑

j=1

2∑

k=1

¯̃Wjk(ξ, pi)∆8 2(j−1)+k epi(t−τ)e−iξxdτdξ,

äå ∆ = detL, ∆ij � àëãåáðà¨÷íi äîïîâíåííÿ åëåìåíòiâ ìàòðèöi L = ‖lij‖, l11 = ξ2 + γ1 +
p

κ∗
l13 = ε∗a∗p,

l17 = l18 = ε∗a∗hp, l22 = ξ2 +
p

κ∗
+ γ2, l24 = ε∗a∗p, l27 = ε∗a∗

h2

3
p, l28 = −ε∗a∗

h2

3
p, l31 =

αE

1− ν

(
ξ2 + γ1 +

p2

c2
2

)
,

l33 = ξ2 +
3
h2

+
p2

c2
1

, l37 = l38 = h

(
ξ2 +

p2

c2
1

)
, l42 =

αE

1− ν

(
ξ2 + γ2 +

p2

c2
2

)
, l44=ξ2+

15
h2

+
p2

c2
1

, l47=
h2

3

(
ξ2+

p2

c2
1

)
,

l48=
h2

3

(
ξ2+

p2

c2
1

)
, l55 = ξ2 +

3
h2

+
p2

c2
2

, l57 = −iξ, l58 = iξ, l63 = −iξ, l66 = ξ2 +
15
h2

+
p2

c2
2

, l71 =
αρ (1 + ν)

2h2
p2γ3,

l72 =
αρ (1 + ν)

2h2
p2γ4, l75 = iξ

3
2h

, l76 = −iξ
15
2h

, l77=ξ2+
p2

c2
4

, l81=
αρ (1+ν)

2h2
p2γ5, l82=

αρ (1+ν)
2h2

p2γ6, l85 = iξ
3
2h

,

l86 = iξ
15
2h

, l88 = ξ2 +
p2

c2
4

, pi, (i = 3, 10)� êîðåíi ðiâíÿííÿ detL = 0,

σxx =
1

2πc2
3

12∑

i=11

∞∫

−∞

t∫

0

(
iξ

pi

(
∂ ¯̃σxz

∂z
+ ¯̃Fx

)
− αρ (1 + ν) pi

¯̃T +
ν

c2
3

pi
¯̃Ψ
)

epi(t−τ)eiξxdτdξ,

äå p11, 12 = ±iξc3.

III. Âèñíîâêè

Çàïðîïîíîâàíî ìåòîäèêó ïîáóäîâè ðîçâ'ÿçêiâ
ñôîðìóëüîâàíèõ äëÿ åëåêòðîïðîâiäíîãî øàðó ç ïëîñ-
êîïàðàëåëüíèìè ãðàíèöÿìè âçà¹ìîçâ'ÿçàíèõ çàäà÷
Äiðiõëå íà êëþ÷îâi ôóíêöi¨, çà ÿêi âèáðàíî äîòè÷-
íó êîìïîíåíòó âåêòîðà íàïðóæåíîñòi ìàãíiòíîãî
ïîëÿ, òåìïåðàòóðó i êîìïîíåíòè òåíçîðà äèíàìi÷íèõ
íàïðóæåíü. Ìåòîäèêà  ðóíòó¹òüñÿ íà çâåäåííi êëþ-
÷îâèõ ôóíêöié ç äîñòàòíüîþ ãëàäêiñòþ íåîäíîðiäíèõ
êðàéîâèõ ôóíêöié äî îäíîðiäíèõ êðàéîâèõ óìîâ
i âèêîðèñòàííi êóái÷íî¨ àïðîêñèìàöi¨ çà òîâùèí-

íîþ êîîðäèíàòîþ. Ó ðåçóëüòàòi âèçíà÷åííÿ êëþ÷î-
âèõ ôóíêöié çâåäåíî äî çíàõîäæåííÿ ¨õ iíòåãðàëü-
íèõ õàðàêòåðèñòèê, íà ÿêi îòðèìàíî âiäïîâiäíi
êðàéîâi çàäà÷i ìåíøî¨ ðîçìiðíîñòi. Ç âèêîðèñòàííÿì
iíòåãðàëüíèõ ïåðåòâîðåíü Ôóð'¹ i Ëàïëàñà çàïèñàíî
âèðàçè iíòåãðàëüíèõ õàðàêòåðèñòèê êëþ÷îâèõ ôóíê-
öié çà äîâiëüíî¨ íåîäíîðiäíî¨ íåñòàöiîíàðíî¨ åëåêò-
ðîìàãíiòíî¨ äi¨. Îòðèìàíi âèðàçè ¹ îñíîâîþ äëÿ
ïîáóäîâè ðîçâ'ÿçêiâ ðîçãëÿäóâàíî¨ çàäà÷i òåðìîìåõà-
íiêè çà äi¨ íåñòàöiîíàðíèõ ÅÌÏ êîíêðåòíèõ òèïiâ,
çîêðåìà iìïóëüñíèõ òà çà êîíêðåòíîãî çàêîíó íåîä-
íîðiäíî¨ çìiíè ÅÌÏ íà îñíîâàõ øàðó.
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PLANE COUPLED DYNAMICAL THERMOMECHANICAL PROBLEM
FOR ELECTROCONDUCTIVE PLATE UNDER NONHOMOGENEOUS

NON-STATIONARY ELECTROMAGNETIC ACTION
O. Hachkevycha, R. Musijb, G. Stasiukb

aPidstryhach IAPMM
bNational University �Lvivska Politechnika�
12 S. Banderà Str., 79013, Lviv, Ukraine

The solution of key functions � the tangent component of magnetic �eld strength vector, tem-
perature and dynamical stresses tensor components of plane coupled thermomechanical prob-
lem for electroconductive plate under nonhomogeneous non-stationary electromagnetic action is
obtained. The cubic approximation for thickness variant, Fourier and Laplace integral transfor-
mations are used.
Keywords: plate, plane coupled thermomechanical problem, nonhomogeneous non-stationary elec-
tromagnetic action, cubic approximation
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