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Âñòóï

Ëiíiéíi äèôåðåíöiàëüíi îïåðàòîðè, ïîðîäæåíi
äèôåðåíöiàëüíèìè âèðàçàìè ç ãëàäêèìè êîåôiöi¹í-
òàìè, âèâ÷åíî äîñèòü äîáðå (äèâ., íàïðèêëàä,
[1]). Îäíàê, ó çàäà÷àõ ïðèêëàäíîãî õàðàêòåðó
÷àñòî çóñòði÷àþòüñÿ ðîçðèâíi ÷è íàâiòü óçàãàëüíåíi
ôóíêöi¨ â êîåôiöi¹íòàõ. Òàêi çàäà÷i ¹ çíà÷íî ãiðøå
äîñëiäæåíèìè.

Ùå â ñåðåäèíi 50-õ ðîêiâ ìèíóëîãî ñòîëiòòÿ
âèâ÷àëèñü êðàéîâi çàäà÷i äëÿ çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü äðóãîãî é ÷åòâåðòîãî ïîðÿäêiâ,
ùî îïèñóþòü âiëüíi êîëèâàííÿ ñòðóíè i áàëêè, ÿêi
êðiì íåïåðåðâíî ðîçïîäiëåíî¨ ìàñè íåñóòü íà ñîái
ùå é çîñåðåäæåíi òî÷êîâi ìàñè � áóñèíêè [2]. Ó
ìîíîãðàôi¨ [3] äîñëiäæó¹òüñÿ îïåðàòîð Øðåäiíãåðà
íà íåîáìåæåíîìó ïðîìiæêó ó âèïàäêó, êîëè ñèí-
ãóëÿðíèé ïîòåíöiàë ¹, íàïðèêëàä, ñêií÷åííîþ ÷è
íåñêií÷åííîþ ñóìîþ δ-ôóíêöié Äiðàêà. Ó ðîáîòi [4]
ïîáóäîâàíî ôóíêöiþ �ðiíà ñèíãóëÿðíîãî äèôåðåí-
öiàëüíîãî îïåðàòîðà.

Ó ïðèêëàäíèõ çàäà÷àõ ÷àñòî çóñòði÷àþòüñÿ
äèôåðåíöiàëüíi âèðàçè, ùî ìiñòÿòü äîäàíêè âèãëÿ-
äó (p(x)y(m))(n), ÿêi ó ðàçi íåäîñòàòíüî¨ ãëàäêîñ-
òi êîåôiöi¹íòà p(x) íå ìîæíà çâåñòè n-êðàòíèì
äèôåðåíöiþâàííÿì äî çâè÷àéíèõ äèôåðåíöiàëüíèõ.
Òàêi âèðàçè ïðèéíÿòî íàçèâàòè êâàçiäèôåðåíöiàëü-
íèìè. Îäíèì ç íàéåôåêòèâíiøèõ ñïîñîáiâ ¨õ äîñ-
ëiäæåííÿ ¹ ìåòîä ââåäåííÿ êâàçiïîõiäíèõ � êîìïî-
íåíò âåêòîðà, çà äîïîìîãîþ ÿêîãî çäiéñíþ¹òüñÿ
çâåäåííÿ êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ äî ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó, çà-
ïî÷àòêîâàíèé â [5, 6]. Öåé ìåòîä äà¹ çìîãó âiä-
ìîâèòèñü âiä âèìîã ãëàäêîñòi êîåôiöi¹íòiâ ó êâàçi-
äèôåðåíöiàëüíèõ âèðàçàõ.

Ñïî÷àòêó â ðîáîòàõ Ä. Øèíà [5, 6] òà éîãî
ïîñëiäîâíèêiâ âèâ÷àëèñü ïåðåâàæíî êâàçiäèôåðåí-
öiàëüíi âèðàçè ç íåïåðåðâíèìè ÷è ñóìîâíèìè

çà Ëåáåãîì êîåôiöi¹íòàìè. Îäíàê îñòàííiì ÷àñîì
ç'ÿâèëèñü ñïðîáè çàñòîñóâàòè öåé ìåòîä äî äîñ-
ëiäæåííÿ êâàçiäèôåðåíöiàëüíèõ âèðàçiâ ç óçàãàëü-
íåíèìè ôóíêöiÿìè. Çîêðåìà, â ðîáîòi [7] áóäó-
¹òüñÿ ìàòðèöÿ �ðiíà êðàéîâî¨ çàäà÷i äëÿ êâàçiäè-
ôåðåíöiàëüíîãî ðiâíÿííÿ ç ñàìîñïðÿæåíèì êâàçiäè-
ôåðåíöiàëüíèì âèðàçîì.

Öÿ ðîáîòà ïðèñâÿ÷åíà ïîáóäîâi ôóíêöi¨ �ðiíà
êðàéîâî¨ çàäà÷i äëÿ êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ
ç óçàãàëüíåíèìè êîåôiöi¹íòàìè, íåñàìîñïðÿæåíèì
êâàçiäèôåðåíöiàëüíèì âèðàçîì i îäíîðiäíèìè êðàéî-
âèìè óìîâàìè. Ó [8, 9] äîñëiäæåíî àñèìïòîòè÷íó
ïîâåäiíêó âåëèêèõ çà ìîäóëåì âëàñíèõ çíà÷åíü öi¹¨
êðàéîâî¨ çàäà÷i çà ïåâíèõ îáìåæåíü.

I. Ïîñòàíîâêà çàäà÷i
Äiéñíà ÷è êîìïëåêñíîçíà÷íà ñêàëÿðíà ôóíêöiÿ f(x),
ùî âèçíà÷åíà íà ñêií÷åííîìó ïðîìiæêó [a, b] äiéñíî¨
îñi, íàçèâà¹òüñÿ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨ íà [a, b],
ÿêùî âèðàç

v =
n−1∑

k=0

|f(xk+1)− f(xk)|
äîïóñêà¹ ôiêñîâàíó âåðõíþ ìåæó äëÿ âñiõ
íàòóðàëüíèõ n i âñiõ ðîçáèòòiâ iíòåðâàëó [a, b]:
a = x0 < x1 < . . . < xn = b. Íàéìåíøà ñïiëüíà
âåðõíÿ ìåæà âñiõ òàêèõ âèðàçiâ íàçèâà¹òüñÿ ïîâíîþ
âàðiàöi¹þ ôóíêöi¨ f(x) íà [a, b] i ïîçíà÷à¹òüñÿ
ñèìâîëîì V b

a f(x) = sup v. Ïðîñòið ôóíêöié
îáìåæåíî¨ íà ïðîìiæêó [a, b] âàðiàöi¨, íåïåðåðâíèõ
òàì ñïðàâà, ïîçíà÷èìî ÷åðåç BV +[a, b].

Ðîçãëÿíåìî êâàçiäèôåðåíöiàëüíèé âèðàç

Lmn(y) ≡
n∑

i=0

m∑

j=0

(−1)m−j(aij(x)y(n−i))(m−j),

äå m, n � íàòóðàëüíi ÷èñëà; ai0(x), a0j(x) � êâàä-
ðàòè÷íî ñóìîâíi íà [a, b] ôóíêöi¨; aij(x) = b′ij(x),
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bij ∈ BV +[a, b], i = 1, n, j = 1,m. Øòðèõ
òóò îçíà÷à¹ óçàãàëüíåíå äèôåðåíöiþâàííÿ, à, îòæå,
aij(x) � ìiðè [10]. Ôóíêöi¨ aij(x), bij(x) ââàæàòèìåìî
êîìïëåêñíîçíà÷íèìè.

Êâàçiïîõiäíèìè ôóíêöi¨ y(x), ùî âiäïîâiäàþòü
âèðàçó Lmn(y), íàçèâàòèìåìî ôóíêöi¨, ÿêi âèçíà-
÷àþòüñÿ ôîðìóëàìè





y[k] = y(k), k = 0, n− 1; y[n] =
n∑

i=0

ai0y
(n−i);

y[n+k] = − (y[n+k−1])′ +
n∑

i=0

aiky(n−i), k = 1,m.

Ðîçãëÿíåìî òàêîæ âiäïîâiäíå êâàçiäèôåðåíöiàëü-
íîìó âèðàçó Lmn(y) ðiâíÿííÿ

Lmn(y) = λσ(x)y, (1)

äå λ � êîìïëåêñíèé ïàðàìåòð, σ(x) = h′(x), h ∈

BV +[a, b], i êðàéîâi óìîâè

Uν(y) ≡
r−1∑

j=0

ανjy
[j](a) +

r−1∑

j=0

βνjy
[j](b) = 0, ν = 1, r,

(2)
ÿêi çàäàþòüñÿ çà äîïîìîãîþ r ëiíiéíî íåçàëåæíèõ
ôîðì Uν(y), r = n + m.

Çà äîïîìîãîþ âåêòîðà

Y = colon
(
y, y[1], . . . , y[r−1]

)

ðiâíÿííÿ (1) çâîäèòüñÿ äî ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü ïåðøîãî ïîðÿäêó

Y ′ = B′(x)Y, (3)

äå ìiðà

B′ (x) =




0 1 · · · 0 0 0 · · · 0

· · · · · · . . . · · · · · · · · · · · · · · ·
0 0 · · · 1 0 0 · · · 0

ãn0 ãn−1,0 · · · ã10 a−1
00 0 · · · 0

ãn1 ãn−1,1 · · · ã11 a01a
−1
00 −1 · · · 0

· · · · · · · · · · · · · · · · · · . . . · · ·
ãn,m−1 ãn−1,m−1 · · · ã1,m−1 a0,m−1a

−1
00 0 · · · −1

ãnm − λσ ãn−1,m · · · ã1m a0ma−1
00 0 · · · 0




,

ãi0 = −a−1
00 ai0, ãij = aij −a0ja

−1
00 ai0, i = 1, n, j = 1,m.

Î÷åâèäíî, ùî ñòðèáîê ìàòðèöi B(x) ìà¹ âèãëÿä

∆B(x) = B(x)−B(x− 0) =

=




0 · · · 0 0 · · · 0
· · · · · · · · · · · · · · · · · ·
0 · · · 0 0 · · · 0

∆bn1 · · · ∆b11 0 · · · 0
· · · · · · · · · · · · · · · · · ·

∆bnm − λ∆h · · · ∆b1m 0 · · · 0




.

Òîäi, âíàñëiäîê ðiâíîñòi [∆B(x)]2 ≡ 0, ñèñòåìà (3) �
êîðåêòíà, [11].

Êðàéîâi óìîâè (2) òåæ ìîæíà ïåðåïèñàòè ó
ìàòðè÷íîìó âèãëÿäi

WaY (a) + WbY (b) = 0, (4)

äå ìàòðèöi Wa = (αν,j−1)
r
ν,j=1, Wb = (βν,j−1)

r
ν,j=1.

Ïiä ðîçâ'ÿçêîì êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ
ðîçóìiòèìåìî ïåðøó êîìïîíåíòó y(x) âåêòîðà
Y (x) ñèñòåìè (3), ùî çàäîâîëüíÿ¹ éîãî â ñåíñi
òåîði¨ óçàãàëüíåíèõ ôóíêöié. Ó ðîáîòàõ [12, 13]
âñòàíîâëåíî, ùî ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i äëÿ
ðiâíÿííÿ (1) iñíó¹ i ¹äèíèé ó êëàñi àáñîëþòíî
íåïåðåðâíèõ íà [a, b] ôóíêöié, éîãî êâàçiïîõiäíi äî
(n − 1)-ãî ïîðÿäêó ¹ àáñîëþòíî íåïåðåðâíèìè íà
[a, b] ôóíêöiÿìè, à ðåøòà êâàçiïîõiäíèõ äî ïîðÿäêó
r − 1 âêëþ÷íî ìàþòü îáìåæåíó íà [a, b] âàðiàöiþ i
íåïåðåðâíi òàì ñïðàâà.

Ñèñòåìà, ñïðÿæåíà äî ñèñòåìè (3), âèçíà÷à¹òüñÿ
ìàòðè÷íîþ ðiâíiñòþ (äèâ. [12, 13])

Z ′ = −(B∗(x))′Z, (5)
äå Z = colon

(
z{r−1}, . . . , z{1}, z

)
, * � åðìiòîâå ñïðÿ-

æåííÿ (òîáòî òðàíñïîíóâàííÿ i êîìïëåêñíå ñïðÿæåí-
íÿ), à ôiãóðíi äóæêè îçíà÷àþòü êâàçiïîõiäíi â ñåíñi
ñïðÿæåíîãî ðiâíÿííÿ. Ç ðiâíîñòi (5) ìîæíà ïîìiòèòè
[12, 13], ùî âîíè âèçíà÷àþòüñÿ çà ôîðìóëàìè




z{k} = z(k), k = 0,m− 1; z{m} = −
m∑

j=0

ā0jz
(m−j);

z{m+k} = − (z{m+k−1})′ −
m∑

j=0

ākjz
(m−j), k = 1, n,

äå ðèñêà íàä a îçíà÷à¹ êîìïëåêñíå ñïðÿæåííÿ. Ç
(5) î÷åâèäíî (äèâ. [12, 13]), ùî ñïðÿæåíå äî (1)
êâàçiäèôåðåíöiàëüíå ðiâíÿííÿ ìà¹ âèãëÿä

L∗mn(z) ≡
m∑

j=0

n∑

i=0

(−1)n−i(āij(x)z(m−j))(n−i) = λ̄σ̄(x)z.

(6)

II. Ñïðÿæåíi êðàéîâi óìîâè
Ðîçãëÿíåìî âèðàç Z∗Y i ïðîäèôåðåíöiþ¹ìî éîãî,

ñêîðèñòàâøèñü ôîðìóëàìè (3), (5):

(Z∗Y )′ = (Z∗)′ Y +Z∗Y ′ = − (
(B∗)′ Z

)∗
Y +Z∗B′Y =

= −Z∗B′Y + Z∗B′Y = 0.
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Òàêå äèôåðåíöiþâàííÿ äîïóñòèìå, îñêiëüêè
äîáóòêè (Z∗)′ Y i Z∗Y ′ ¹ êîðåêòíèìè íà ïiäñòàâi
âiäîìîãî ôàêòó ïðî òå, ùî y, y[1], . . . , y[n−1], z,
z{1}, . . . , z{m−1} � àáñîëþòíî íåïåðåðâíi ôóíêöi¨,
à y[n], y[n+1], . . . , y[r−1], z{m}, z{m+1}, . . . , z{r−1} ¹
íåïåðåðâíèìè ñïðàâà ôóíêöiÿìè îáìåæåíî¨ âàðiàöi¨
íà ïðîìiæêó [a, b] (äèâ. [12, 13]). Îòæå, Z∗Y ¹ ñòàëîþ
âåëè÷èíîþ i òîìó

(Z∗Y )|ba = 0 (7)

àáî â ðîçãîðíóòîìó âèãëÿäi

z̄{r−1}(b)y(b) + z̄{r−2}(b)y[1](b) + . . . + z̄(b)y[r−1](b)−
−z̄{r−1}(a)y(a)− z̄{r−2}(a)y[1](a)− . . .

. . .− z̄(a)y[r−1](a) = 0. (8)
Çà äîïîìîãîþ îñòàííüî¨ ðiâíîñòi ìîæíà

âèçíà÷èòè ñïðÿæåíi êðàéîâi óìîâè. Äëÿ öüîãî
äîïîâíèìî ëiíiéíi ôîðìè U1(y), U2(y), . . . , Ur(y)
äîâiëüíèìè ôîðìàìè Ur+1(y), Ur+2(y), . . . , U2r(y)
äî ëiíiéíî íåçàëåæíî¨ ñèñòåìè 2r ëiíiéíèõ ôîðì.
Ñèñòåìà ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü ç íåâiäîìèìè

Uν(y) =
r−1∑

j=0

ανjy
[j](a) +

r−1∑

j=0

βνjy
[j](b), ν = 1, 2r,

ìà¹ âiäìiííèé âiä íóëÿ âèçíà÷íèê âíàñëiäîê
ëiíiéíî¨ íåçàëåæíîñòi âñiõ ðiâíÿíü. Òîäi ¨¨ ìîæíà
îäíîçíà÷íî ðîçâ'ÿçàòè âiäíîñíî íåâiäîìèõ y[q](a),
y[q](b), ÿêi âèçíà÷àþòüñÿ ÷åðåç ëiíiéíi êîìáiíàöi¨
ôîðì U1(y), . . . , U2r(y). Ïiäñòàâèâøè çíàéäåíi y[q](a),
y[q](b) (q = 0, r − 1) â áiëiíiéíó ôîðìó â ëiâié ÷àñòèíi
ðiâíîñòi (8), îòðèìà¹ìî, ùî

(Z∗Y )|ba =
2r∑

ν=1

Aν(ξ)Uν(y),

äå ξ =
(
z̄{q}(a), z̄{q}(b)

)
, q = 0, r − 1. Ïîçíà÷èìî

A2r(ξ) = V1(z), . . . , A1(ξ) = V2r(z). Î÷åâèäíî, ùî äëÿ
òîãî, ùîá âèêîíóâàëàñü ðiâíiñòü (7), ïîâèííi iñíóâàòè
ñïiââiäíîøåííÿ

Vν(z) = 0, ν = 1, r, (9)

äå

Vν(z) ≡
r−1∑

j=0

α̂νjz
{j}(a) +

r−1∑

j=0

β̂νjz
{j}(b),

ÿêi íàçâåìî ñïðÿæåíèìè êðàéîâèìè óìîâàìè äî óìîâ
(2).

Çàóâàæåííÿ 1. ßêùî |Wa| 6= 0 i |Wb| 6= 0
îäíî÷àñíî â ðiâíÿííi (4), òî êðàéîâi óìîâè äëÿ
ñïðÿæåíîãî ðiâíÿííÿ ïîäàâàòèìóòüñÿ ó âèãëÿäi

Z∗(a)W−1
a + Z∗(b)W−1

b = 0. (10)

Íàñïðàâäi, ç ðiâíîñòi (4), ÿêùî |Wa| 6= 0, ìà¹ìî

Y (a) = −W−1
a WbY (b).

Ïiäñòàâèâøè îòðèìàíèé âèðàç ó (7), îòðèìà¹ìî
ñïiââiäíîøåííÿ

Z∗(b)Y (b) + Z∗(a)W−1
a WbY (b) = 0,

çâiäêè ïðè |Wb| 6= 0 î÷åâèäíå (10).

III. Ôóíêöiÿ �ðiíà êðàéîâî¨ çàäà÷i

Ðîçãëÿíåìî òåïåð íåîäíîðiäíå êâàçiäèôåðåíöiàëüíå
ðiâíÿííÿ

Lmn(y) = λσy + f, (11)

äå f(x) = g′(x), g ∈ BV +[a, b]. Íåîäíîðiäíå ðiâíÿííÿ
(11) øëÿõîì ââåäåííÿ âåêòîðà Y çâîäèòüñÿ äî
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

Y ′ = B′Y + F ′, (12)

äå F (x) = colon (0, . . . , 0,−g(x)). Öÿ ñèñòåìà ¹
êîðåêòíîþ âíàñëiäîê âèêîíàííÿ óìîâ [∆B(x)]2 ≡ 0
i ∆B(x)∆F (x) ≡ 0 (äèâ. [11]).

Ïiä ôóíêöi¹þ Êîøi ðiâíÿííÿ (1) ðîçóìiþòü
ôóíêöiþ K(x, t, λ), ÿêà çà ïåðøîþ çìiííîþ
çàäîâîëüíÿ¹ ðiâíÿííÿ (1), i, êðiì òîãî, K [i](t, t, λ) = 0,
i = 0, r − 2, K [r−1](t, t, λ) = 1.

ßêùî íå âêàçàíî ïðîòèëåæíå, ââàæàòèìåìî, ùî
äëÿ ôóíêöi¨ êiëüêîõ çìiííèõ êâàçiïîõiäíi â ñåíñi
âèõiäíîãî ðiâíÿííÿ áåðóòü çà ïåðøîþ çìiííîþ (âîíè
ïîçíà÷àþòüñÿ êâàäðàòíèìè äóæêàìè), à êâàçiïîõiäíi
â ñåíñi ñïðÿæåíîãî ðiâíÿííÿ áåðóòü çà äðóãîþ
çìiííîþ (ïîçíà÷àþòüñÿ ôiãóðíèìè äóæêàìè). Êðiì
òîãî, ìiøàíi êâàçiïîõiäíi îá÷èñëþþòü ñïðàâà íàëiâî,
òîáòî ðîçóìiòèìåìî âèðàç K [i]∗{j}(x, t, λ) òàê:
ñïî÷àòêó âiä ôóíêöi¨ K(x, t, λ) áåðåòüñÿ êâàçiïîõiäíà
â ñåíñi ñïðÿæåíîãî ðiâíÿííÿ çà äðóãîþ çìiííîþ,
ïîòiì âèêîíó¹òüñÿ åðìiòîâå ñïðÿæåííÿ i, íàðåøòi,
áåðåòüñÿ êâàçiïîõiäíà â ñåíñi âèõiäíîãî ðiâíÿííÿ
çà ïåðøîþ çìiííîþ. Îäíàê, ÿê öå äîâåäåíî â
[12, 13], ðåçóëüòàò íå çàëåæèòü âiä ïîðÿäêó ìiøàíîãî
êâàçiäèôåðåíöiþâàííÿ.

Ïîáóäó¹ìî ôóíêöiþ �ðiíà êðàéîâî¨ çàäà÷i (11),
(2). Íåõàé K(x, t, λ) � ôóíêöiÿ Êîøi îäíîðiäíîãî
ðiâíÿííÿ (1). Âiäîìî [12, 14], ùî K(x, a, λ),
K{1}(x, a, λ), . . . , K{r−1}(x, a, λ) óòâîðþþòü
ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ i ðîçâ'ÿçîê
ðiâíÿííÿ (11) ìîæíà ïîäàòè ó âèãëÿäi

y(x, λ) =
r∑

k=1

ckK{k−1}(x, a, λ) +

x∫

a

K(x, t, λ)dg(t). (13)
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Îñêiëüêè, âíàñëiäîê òîãî, ùî êâàçiïîõiäíi ¹ äîáóòêàìè ôóíêöié íà çâè÷àéíi ïîõiäíi,

y[j](x, λ) =
r∑

k=1

ckK{k−1}[j](x, a, λ) +

x∫

a

K [j](x, t, λ)dg(t), j = 1, r,

çà äîïîìîãîþ ïiäñòàíîâêè ôîðìóëè (13) â êðàéîâi óìîâè (2) îäåðæèìî ðiâíîñòi

Uν(y) =
r∑

k=1

ckUν

(
K{k−1}(x, a, λ)

)
+

r−1∑

j=0

βνj

b∫

a

K [j](b, t, λ)dg(t), ν = 1, r. (14)

Ó ïðèïóùåííi, ùî λ íå ¹ âëàñíèì çíà÷åí-
íÿì êðàéîâî¨ çàäà÷i (1), (2), âèçíà÷íèê
ñèñòåìè (14) âiäðiçíÿ¹òüñÿ âiä íóëÿ ∆(λ) ≡
≡ det

(
Uν

(
K{k−1}(x, a, λ)

))r

ν,k=1
6= 0. Òîäi êîíñòàíòè

ck ìîæóòü áóòè âèçíà÷åíi ç ñèñòåìè (14) ¹äèíèì
÷èíîì:

ck = −
r∑

ν=1

r−1∑

j=0

Aνk

∆(λ)
βνj

b∫

a

K [j](b, t, λ)dg(t), k = 1, r,

äå Aνk � àëãåáðà¨÷íå äîïîâíåííÿ åëåìåíòà
Uν

(
K{k−1}(x, a, λ)

)
ó âèçíà÷íèêó ∆(λ). Ïiäñòàâëÿþ÷è

öi çíà÷åííÿ ck ó ôîðìóëó (13), îòðèìà¹ìî

y(x, λ) =

x∫

a

K(x, t, λ)dg(t)−

−
r∑

ν=1

r∑

k=1

r−1∑

j=0

b∫

a

Aνk

∆(λ)
βνjK

{k−1}(x, a, λ)K [j](b, t, λ)dg(t).

Âèðàç
G(x, t, λ) = P (x, t, λ)−

−
r∑

ν=1

r∑

k=1

r−1∑

j=0

K{k−1}(x, a, λ)
Aνk

∆(λ)
βνjK

[j](b, t, λ), (15)

äå
P (x, t, λ) =

{
K(x, t, λ), x > t,
0, x < t,

(16)

íàçèâàòèìåìî ôóíêöi¹þ �ðiíà êðàéîâî¨ çàäà÷i (11),
(2).

Ç ¹äèíîñòi âèáîðó ñòàëèõ î÷åâèäíà ¹äèíiñòü
ôóíêöi¨ �ðiíà. ßê çðîçóìiëî ç íàñòóïíî¨ òåîðåìè,
öÿ ôóíêöiÿ �ðiíà, ÿêà áóäó¹òüñÿ ëèøå çà äîïîìî-
ãîþ ôóíêöi¨ Êîøi îäíîðiäíîãî ðiâíÿííÿ òà ¨¨ çìi-
øàíèõ êâàçiïîõiäíèõ, ¹ àíàëîãîì ôóíêöi¨ �ðiíà
â êëàñè÷íîìó ðîçóìiííi (äèâ., íàïðèêëàä, [1],
ñ. 115-116).

Òåîðåìà 1. Ðîçâ'ÿçîê çàäà÷i (11), (2), â ïðè-
ïóùåííi, ùî λ íå ¹ ¨¨ âëàñíèì çíà÷åííÿì, ìîæíà
ïîäàòè ó âèãëÿäi

y(x) =

b∫

a

G(x, t, λ)dg(t), (17)

äå ôóíêöiÿ �ðiíà G(x, t, λ) ïîäà¹òüñÿ ôîðìóëîþ
(15) i ìà¹ òàêi âëàñòèâîñòi: 1) êâàçiïîõiäíi
çà ïåðøîþ çìiííîþ G[k](x, t, λ) (k = 0, n− 1)
¹ íåïåðåðâíèìè ôóíêöiÿìè äâîõ çìiííèõ x, t
i àáñîëþòíî íåïåðåðâíèìè çà êîæíîþ çìiííîþ
ïðè ôiêñîâàíié iíøié; 2) êâàçiïîõiäíi G[k](x, t, λ)
(k = n, r − 1) ìàþòü îáìåæåíó íà ïðîìiæêó
[a, b] âàðiàöiþ çà ïåðøîþ çìiííîþ i ¹ àáñîëþòíî
íåïåðåðâíèìè ïî t; 3) G(x, t, λ) íà êîæíîìó ç
iíòåðâàëiâ [a, t), (t, b] ïî x çàäîâîëüíÿ¹ ðiâíÿííÿ (1);
4) G(x, t, λ) çà çìiííîþ x çàäîâîëüíÿ¹ êðàéîâi óìîâè
(2); 5) äëÿ x = t ôóíêöiÿ G(x, t, λ) çàäîâîëüíÿ¹ óìîâè
ñòðèáêà

G[k](t + 0, t, λ)−G[k](t− 0, t, λ) = 0, k = 0, n− 1;

G[n+s](t + 0, t, λ)−G[n+s](t− 0, t, λ) =

= −
r∑

ν=1

r∑

k=1

r−1∑

j=0

n−1∑

i=0

Aνk

∆(λ)
βνj∆bn−i,s+1(t)×

×K(i){k−1}(t, a, λ)K [j](b, t, λ), s = 0,m− 2;

G[r−1](t + 0, t, λ)−G[r−1](t− 0, t, λ) =

= 1−
r∑

ν=1

r∑

k=1

r−1∑

j=0

n−1∑

i=0

Aνk

∆(λ)
βνj∆bn−i,m(t)×

×K(i){k−1}(t, a, λ)K [j](b, t, λ).

¤ Äîâåäåííÿ. Ôîðìóëó (17) áóëî âæå äîâåäåíî
âèùå. Âíàñëiäîê òîãî, ùî ôóíêöi¨ K{k−1}(x, t, λ)
(k = 1, r) ¹ ðîçâ'ÿçêàìè ðiâíÿííÿ (1) çà çìiííîþ
x, äëÿ íèõ iñíóþòü âèùåçãàäàíi (äèâ. ðîçäiëè 1,
2 ñòàòòi) âëàñòèâîñòi ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ,
òîáòî ôóíêöi¨ K [s]{k−1}(x, t, λ) (k = 1, r) ¹
àáñîëþòíî íåïåðåðâíèìè ïî x íà ïðîìiæêó [a, b]
äëÿ s = 0, n− 1 i ¹ íåïåðåðâíèìè ñïðàâà
ôóíêöiÿìè îáìåæåíî¨ íà ïðîìiæêó [a, b] âàðiàöi¨
äëÿ s = n, r − 1. Çãiäíî ç íàñëiäêîì [14] ôóíêöi¨
K∗[i](x, t, λ) (i = 0, r − 1) ¹ ðîçâ'ÿçêàìè ñïðÿæåíîãî
êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ (6) çà çìiííîþ t.
Îòæå, äëÿ íèõ iñíóþòü âèùåçãàäàíi (äèâ. ðîçäië
2 ñòàòòi) âëàñòèâîñòi ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ,
çîêðåìà ôóíêöi¨ K∗[i](x, t, λ) (i = 0, r − 1) áóäóòü
àáñîëþòíî íåïåðåðâíèìè çà çìiííîþ t íà ïðîìiæêó
[a, b]. Çãiäíî ç ôîðìóëîþ (15) êâàçiïîõiäíi ôóíêöi¨
�ðiíà ìàþòü âèãëÿä

G[s](x, t, λ) = P [s](x, t, λ)−
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−
r∑

ν=1

r∑

k=1

r−1∑

j=0

K [s]{k−1}(x, a, λ)
Aνk

∆(λ)
βνjK

[j](b, t, λ),

çâiäêè î÷åâèäíå âèêîíàííÿ ïóíêòiâ 1) i 2) òåîðåìè.
Âëàñòèâîñòi 3) i 4) òåîðåìè iñíóþòü çà ñàìîþ

ïîáóäîâîþ ôóíêöi¨ G(x, t, λ). Äëÿ äîâåäåííÿ ïóíêòó
5) âèêîðèñòîâóþòüñÿ ñïiââiäíîøåííÿ

K{k−1}(x, t, λ) =
r∑

q=1

ckq(t, λ)yq(x, λ), k = 1, r,

ÿêi î÷åâèäíi ç òîãî ôàêòó, ùî âñi K{k−1}(x, t, λ)
¹ ðîçâ'ÿçêàìè ðiâíÿííÿ (1); yq(x), q = 1, r, �
ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (1).
Òîäi, âíàñëiäîê ðiâíîñòåé ç [12, 13]

∆y[n+s](x) =
n−1∑

i=0

∆bn−i,s+1(x)y[i](x), s = 0,m− 1,

ìà¹ìî

K [n+s]{k−1}(t + 0, a, λ)−K [n+s]{k−1}(t− 0, a, λ) =

=
r∑

q=1

ckq(a, λ)
(
y[n+s]

q (t + 0, λ)− y[n+s]
q (t− 0, λ)

)
=

=
r∑

q=1

ckq(a, λ)
n−1∑

i=0

∆bn−i,s+1(t)y[i]
q (t, λ) =

=
n−1∑

i=0

∆bn−i,s+1(t)K(i){k−1}(t, a, λ),

k = 1, r, s = 0,m− 1,

çâiäêè, âðàõóâàâøè ïóíêò 1) i âëàñòèâîñòi ôóíêöi¨
Êîøi K(x, t, λ), ìîæíà îäåðæàòè 5), ùî é äîâîäèòü
òåîðåìó. ¥

Çàóâàæåííÿ 1. Çàçíà÷èìî, ùî êîëè ∆bij(x) =
0, i = 1, n, j = 1,m, âëàñòèâiñòü 5) íàáóâà¹
�êëàñè÷íîãî� âèãëÿäó

G[k](t + 0, t, λ)−G[k](t− 0, t, λ) = 0, k = 0, r − 2;

G[r−1](t + 0, t, λ)−G[r−1](t− 0, t, λ) = 1.

Çàóâàæåííÿ 2. Ôóíêöiþ G(x, t, λ) ìîæíà
çàïèñàòè òàêîæ ó âèãëÿäi

G(x, t, λ) = (−1)r Q(x, t, λ)
∆(λ)

, (18)

äå

Q(x, t, λ) =

∣∣∣∣∣∣∣∣

K(x, a, λ) K{1}(x, a, λ) · · · K{r−1}(x, a, λ) P (x, t, λ)
U1 (K(x, a, λ)) U1

(
K{1}(x, a, λ)

) · · · U1

(
K{r−1}(x, a, λ)

)
U1 (P (x, t, λ))

· · · · · · · · · · · · · · ·
Ur (K(x, a, λ)) Ur

(
K{1}(x, a, λ)

) · · · Ur

(
K{r−1}(x, a, λ)

)
Ur (P (x, t, λ))

∣∣∣∣∣∣∣∣
. (19)

Äëÿ òîãî, ùîá ïåðåêîíàòèñü â åêâiâàëåíòíîñòi
ôîðìóë (15) i (18), äîñòàòíüî ðîçïèñàòè âèçíà÷íèê
(19) çà åëåìåíòàìè ïåðøîãî ðÿäêà i îñòàííüîãî
ñòîâïöÿ:

Q(x, t, λ) = (−1)r+2P (x, t, λ)∆(λ)+

+
r∑

ν=1

r∑

k=1

(−1)r+3Uν(P (x, t, λ))K{k−1}(x, a, λ)Aνk,

äå Aνk � àëãåáðà¨÷íå äîïîâíåííÿ åëåìåíòà
Uν

(
K{k−1}(x, a, λ)

)
ó âèçíà÷íèêó ∆(λ). Îñêiëüêè,

âíàñëiäîê (16),

Uν(P (x, t, λ)) =
r−1∑

j=0

βνjK
[j](b, t, λ),

âiä (18) ìè çðàçó ïðèõîäèìî äî ôîðìóëè (15).

IV. Ðîçâ'ÿçóâàëüíå ÿäðî çàäà÷i
(12), (4)

Ðîçâ'ÿçîê çàäà÷i (12), (4), ÿêùî λ íå ¹ ¨¨ âëàñíèì
çíà÷åííÿì, ìîæíà ïîäàòè ó âèãëÿäi iíòåãðàëà

âiä ðîçâ'ÿçóâàëüíîãî ÿäðà (ìàòðè÷íîãî àíàëîãó
ñêàëÿðíî¨ ôóíêöi¨ �ðiíà çàäà÷i (12), (4)) i âåêòîðà
F . Öåé ðåçóëüòàò áóäå ïîòðiáíèì äëÿ ïîäàëüøèõ
äîñëiäæåíü âëàñòèâîñòåé ôóíêöi¨ �ðiíà çàäà÷i (11),
(2).

Äëÿ çàäà÷i (12), (4) iñíó¹ ôîðìóëà (äèâ. [12, 13])

Y (x) = Φ(x, a)Y (a) +

x∫

a

Φ(x, t)dF (t), (20)

äå Φ(x, t) = Φ(x, t, λ) � ôóíäàìåíòàëüíà ìàòðèöÿ
ñèñòåìè (3); âîíà ïîäà¹òüñÿ ó âèãëÿäi Φ(x, t, λ) =
R(x, λ)R−1(t, λ), òóò R(x, λ) � iíòåãðàëüíà ìàòðèöÿ
ñèñòåìè (3). Ìè ìîæåìî çàïèñàòè ðiâíiñòü (20) òàê:

Y (x) = R(x, λ)C +

x∫

a

Φ(x, t, λ)dF (t), (21)

äå C = colon (c1, c2, . . . , cr), C = R−1(a, λ)Y (a).
Ïiäñòàâèâøè (21) â óìîâè (4), âíàñëiäîê òîãî, ùî
|WaR(a, λ) + WbR(b, λ)| 6= 0 (áî λ íå ¹ âëàñíèì
çíà÷åííÿì êðàéîâî¨ çàäà÷i), ìîæíà îòðèìàòè âèðàç
äëÿ ñòîâïöÿ C
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C = −{WaR (a, λ) + WbR (b, λ)}−1

b∫

a

WbΦ(b, t, λ) dF (t).

Òîìó

Y (x) = −R(x, λ) {WaR(a, λ) + WbR(b, λ)}−1

b∫

a

WbB(b, t, λ)dF (t) +

x∫

a

Φ(x, t, λ)dF (t).

Îñêiëüêè

R(x, λ) {WaR(a, λ) + WbR(b, λ)}−1 =
{
WaR(a, λ)R−1(x, λ) + WbR(b, λ)R−1(x, λ)

}−1
,

ìè îäåðæèìî ôîðìóëó

Y (x) =

b∫

a

M(x, t, λ)dF (t), (22)

äå ðîçâ'ÿçóâàëüíå ÿäðî

M(x, t, λ) =
{

Φ(x, t, λ)− {WaΦ(a, x, λ) + WbΦ(b, x, λ)}−1
WbΦ(b, t, λ), x ≥ t,

−{WaΦ(a, x, λ) + WbΦ(b, x, λ)}−1
WbΦ(b, t, λ), x < t.

V. Çâ'ÿçîê ìiæ ôóíêöiÿìè �ðiíà
ñïðÿæåíèõ êðàéîâèõ çàäà÷

Íåõàé H(x, t, λ) � ôóíêöiÿ �ðiíà ñïðÿæåíî¨
êðàéîâî¨ çàäà÷i

L∗mn(z) = λ̄σ̄z + f̂ (23)

ç êðàéîâèìè óìîâàìè (9), f̂ = ĝ′, ĝ ∈ BV +[a, b].
Ïiä ôóíêöi¹þ Êîøi ñïðÿæåíîãî îäíîðiäíîãî

ðiâíÿííÿ (6) ðîçóìiþòü ôóíêöiþ K̂(x, t, λ), ÿêà çà
ïåðøîþ çìiííîþ çàäîâîëüíÿ¹ ðiâíÿííÿ (6) i, êðiì
òîãî, K̂

{i}
x (t, t, λ) = 0, i = 0, r − 2, K̂

{r−1}
x (t, t, λ) =

1 (òóò iíäåêñ �x� îçíà÷à¹, ùî êâàçiïîõiäíà ôóíêöi¨
K̂(x, t, λ) áåðåòüñÿ ñàìå çà çìiííîþ x).

Òåîðåìà 1. Ðîçâ'ÿçîê çàäà÷i (23), (9), â
ïðèïóùåííi, ùî λ íå ¹ ¨¨ âëàñíèì çíà÷åííÿì, ìîæíà
çîáðàçèòè ó âèãëÿäi

z(x) =

b∫

a

H(x, t, λ)dĝ(t), (24)

äå ôóíêöiÿ �ðiíà H(x, t, λ) ïîäà¹òüñÿ ôîðìóëîþ

H(x, t, λ) =
{

Ω̂(x, t, λ) + K̂(x, t, λ), x > t,

Ω̂(x, t, λ), x < t,
(25)

Ω̂(x, t, λ) =

= −
r∑

ν=1

r∑

k=1

r−1∑

j=0

Âνk

∆̂(λ)
β̂νjK̂

[k−1]
t (x, a, λ)K̂{j}

x (b, t, λ),

ôiãóðíèìè äóæêàìè òóò ïîçíà÷àþòüñÿ
êâàçiïîõiäíi â ñåíñi ðiâíÿííÿ (6) çà ïåðøîþ çìiííîþ,
à êâàäðàòíèìè � â ñåíñi ñïðÿæåíîãî äî (6) ðiâíÿííÿ

(1) çà äðóãîþ çìiííîþ, Âνk � àëãåáðà¨÷íå äîïîâíåííÿ
åëåìåíòà Vν

(
K̂

[k−1]
t (x, a, λ)

)
ó âèçíà÷íèêó

∆̂(λ) ≡ det
(
Vν

(
K̂

[k−1]
t (x, a, λ)

))r

ν,k=1
.

Ôóíêöiÿ �ðiíà H(x, t, λ) ìà¹ òàêi âëàñòèâîñòi: 1)
êâàçiïîõiäíi çà ïåðøîþ çìiííîþ H

{k}
x (x, t, λ) (k =

0,m− 1) ¹ íåïåðåðâíèìè ôóíêöiÿìè äâîõ çìiííèõ
x, t i àáñîëþòíî íåïåðåðâíèìè çà êîæíîþ çìiííîþ
ïðè ôiêñîâàíié iíøié; 2) êâàçiïîõiäíi H

{k}
x (x, t, λ)

(k = m, r − 1) ìàþòü îáìåæåíó íà ïðîìiæêó
[a, b] âàðiàöiþ çà ïåðøîþ çìiííîþ i ¹ àáñîëþòíî
íåïåðåðâíèìè ïî t; 3) H(x, t, λ) íà êîæíîìó ç
iíòåðâàëiâ [a, t), (t, b] ïî x çàäîâîëüíÿ¹ îäíîðiäíå
ðiâíÿííÿ (6); 4) H(x, t, λ) çà çìiííîþ x çàäîâîëüíÿ¹
êðàéîâi óìîâè (9); 5) äëÿ x = t ôóíêöiÿ H(x, t, λ)
çàäîâîëüíÿ¹ óìîâè ñòðèáêà
H{k}

x (t + 0, t, λ)−H{k}
x (t− 0, t, λ) = 0, k = 0,m− 1;

H{m+s}
x (t + 0, t, λ)−H{m+s}

x (t− 0, t, λ) =

=
r∑

ν=1

r∑

k=1

r−1∑

j=0

m−1∑

i=0

Âνk

∆̂(λ)
β̂νj∆b̄s+1,m−i(t)×

×K̂
(i)[k−1]
xt (t, a, λ)K̂{j}

x (b, t, λ), s = 0, n− 2;

H{r−1}
x (t + 0, t, λ)−H{r−1}

x (t− 0, t, λ) =

= 1 +
r∑

ν=1

r∑

k=1

r−1∑

j=0

m−1∑

i=0

Âνk

∆̂(λ)
β̂νj∆b̄n,m−i(t)×

×K̂
(i)[k−1]
xt (t, a, λ)K̂{j}

x (b, t, λ).

¤ Äîâåäåííÿ. Äëÿ äîâåäåííÿ öi¹¨ òåîðåìè
çàñòîñîâóþòüñÿ ìiðêóâàííÿ, àíàëîãi÷íi âèêîðèñòàíèì
ïiä ÷àñ äîâåäåííÿ ïîïåðåäíüî¨ òåîðåìè. Âiäîìî
[12, 14], ùî ôóíêöi¨ K̂(x, a, λ), K̂

[1]
t (x, a, λ), . . . ,

K̂
[r−1]
t (x, a, λ) óòâîðþþòü ôóíäàìåíòàëüíó ñèñòåìó
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ðîçâ'ÿçêiâ ðiâíÿííÿ (6) i ðîçâ'ÿçîê ðiâíÿííÿ (23)
ìîæíà ïîäàòè ó âèãëÿäi

z(x, λ) =
r∑

k=1

ckK̂
[k−1]
t (x, a, λ) +

x∫

a

K̂(x, t, λ)dĝ(t).

(26)
Îñêiëüêè

z{j}(x, λ) =
r∑

k=1

ckK̂
[k−1]{j}
tx (x, a, λ)+

+

x∫

a

K̂{j}
x (x, t, λ)dĝ(t), j = 1, r,

ïiäñòàíîâêà (26) â êðàéîâi óìîâè (9) äàñòü ðiâíîñòi

Vν(z) =
r∑

k=1

ckVν

(
K̂

[k−1]
t (x, a, λ)

)
+

+
r−1∑

j=0

β̂νj

b∫

a

K̂{j}
x (b, t, λ)dĝ(t), ν = 1, r. (27)

Ó ïðèïóùåííi, ùî λ íå ¹ âëàñíèì çíà÷åííÿì
êðàéîâî¨ çàäà÷i (6), (9), âèçíà÷íèê ñèñòåìè (27)
âiäðiçíÿ¹òüñÿ âiä íóëÿ ∆̂(λ) 6= 0. Òîäi êîíñòàíòè ck

ìîæóòü áóòè âèçíà÷åíi ç ñèñòåìè (27) ¹äèíèì ÷èíîì:

ck = −
r∑

ν=1

r−1∑

j=0

Âνk

∆̂(λ)
β̂νj

b∫

a

K̂{j}
x (b, t, λ)dĝ(t), k = 1, r.

Ïiäñòàâèâøè öi çíà÷åííÿ ck ó ôîðìóëó (26),
îòðèìà¹ìî

z(x, λ) =

x∫

a

K̂(x, t, λ)dĝ(t)−

−
r∑

ν=1

r∑

k=1

r−1∑

j=0

b∫

a

Âνk

∆̂(λ)
β̂νjK̂

[k−1]
t (x, a, λ)K̂{j}(b, t, λ)dĝ(t).

Ïîçíà÷èâøè ôóíêöiþ �ðiíà H(x, t, λ) ôîðìóëîþ
(25), äiéäåìî ôîðìóëè (24).

Âíàñëiäîê òîãî, ùî ôóíêöi¨ K̂
[k−1]
t (x, t, λ) (k =

1, r) ¹ ðîçâ'ÿçêàìè ðiâíÿííÿ (6) çà çìiííîþ x, äëÿ
íèõ iñíóþòü âèùåçãàäàíi (äèâ. ðîçäië 2 ñòàòòi)
âëàñòèâîñòi ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ, òîáòî ôóíêöi¨
K̂
{s}[k−1]
tx (x, t, λ) ¹ àáñîëþòíî íåïåðåðâíèìè ïî x íà

ïðîìiæêó [a, b] äëÿ s = 0,m− 1 i ¹ íåïåðåðâíèìè
ñïðàâà ôóíêöiÿìè îáìåæåíî¨ íà ïðîìiæêó [a, b]
âàðiàöi¨ äëÿ s = m, r − 1. Çãiäíî ç íàñëiäêîì [14]
ôóíêöi¨ K̂

∗{i}
x (x, t, λ) (i = 0, r − 1) ¹ ðîçâ'ÿçêàìè

êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ (1) çà çìiííîþ t.
Îòæå, äëÿ íèõ iñíóþòü âèùåçãàäàíi (äèâ. ðîçäiëè
1, 2) âëàñòèâîñòi ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ, çîêðåìà
ôóíêöi¨ K̂

∗{i}
x (x, t, λ) (i = 0, r − 1) áóäóòü àáñîëþòíî

íåïåðåðâíèìè çà çìiííîþ t íà ïðîìiæêó [a, b]. Çãiäíî

ç ôîðìóëîþ (25) êâàçiïîõiäíi ôóíêöi¨ �ðiíà ìàþòü
âèãëÿä

H{s}
x (x, t, λ) =

{
Ω̂{s}x (x, t, λ) + K̂

{s}
x (x, t, λ), x > t,

Ω̂{s}x (x, t, λ), x < t,

ïðè÷îìó
Ω̂{s}x (x, t, λ) =

= −
r∑

ν=1

r∑

k=1

r−1∑

j=0

Âνk

∆̂(λ)
β̂νjK̂

{s}[k−1]
xt (x, a, λ)K̂{j}

x (b, t, λ),

çâiäêè î÷åâèäíå âèêîíàííÿ ïóíêòiâ 1) i 2) òåîðåìè.
Âëàñòèâîñòi 3) i 4) òåîðåìè iñíóþòü çà ñàìîþ

ïîáóäîâîþ ôóíêöi¨ H(x, t, λ). Çàëèøèëîñü äîâåñòè
ïóíêò 5). Äëÿ öüîãî ðîçãëÿíåìî ñïiââiäíîøåííÿ

K̂
[k−1]
t (x, t, λ) =

r∑
q=1

ckq(t, λ)zq(x, λ), k = 1, r,

ÿêi çðîçóìiëi ç òîãî ôàêòó, ùî âñi K̂
[k−1]
t (x, t, λ)

¹ ðîçâ'ÿçêàìè ðiâíÿííÿ (6); zq(x, λ), q = 1, r, �
ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ (6).
Òîäi, âíàñëiäîê ðiâíîñòåé ç [12, 13]

∆z{m+s}(x) = −
m−1∑

j=0

∆b̄s+1,m−j(x)z{j}(x),

s = 0, n− 1, ìè ìà¹ìî

K̂
{m+s}[k−1]
xt (t + 0, a, λ)− K̂

{m+s}[k−1]
xt (t− 0, a, λ) =

=
r∑

q=1

ckq(a, λ)
(
z{m+s}
q (t + 0, λ)− z{m+s}

q (t− 0, λ)
)

=

= −
r∑

q=1

ckq(a, λ)
m−1∑

i=0

∆b̄s+1,m−i(t)z{i}q (t, λ) =

= −
m−1∑

i=0

∆b̄s+1,m−i(t)K̂
{i}[k−1]
xt (t, a, λ),

k = 1, r, s = 0, n− 1,

çâiäêè, âðàõóâàâøè 1) i âëàñòèâîñòi ôóíêöi¨ Êîøi
K̂(x, t, λ) ìîæíà îäåðæàòè ïóíêò 5), ùî é äîâîäèòü
òåîðåìó. ¥

Òåîðåìà 2. Äëÿ x 6= t, ÿêùî λ íå ¹ âëàñíèì
çíà÷åííÿì êðàéîâî¨ çàäà÷i (11), (2), ôóíêöi¨ �ðiíà
ñïðÿæåíèõ êðàéîâèõ çàäà÷ ïîâ'ÿçàíi ìiæ ñîáîþ
ñïiââiäíîøåííÿì

G(x, t, λ) = H(t, x, λ).

¤ Äîâåäåííÿ. Ïðèïóñòèìî áåç âòðàòè çàãàëü-
íîñòi, ùî G(x, t, λ) i H(x, t, λ) ¹ ôóíêöiÿìè �ðiíà
ñïðÿæåíèõ êðàéîâèõ çàäà÷

Lmn(y)− λσ(x)y = −f1(x), (28)

Uν (y) =
r−1∑

j=0

ανjy
[j](a) +

r−1∑

j=0

βνjy
[j](b) = 0, ν = 1, r,

(29)

70 Ìàòåìàòèêà



Ôóíêöiÿ �ðiíà êðàéîâî¨ çàäà÷i äëÿ ñèíãóëÿðíîãî êâàçiäèôåðåíöiàëüíîãî ðiâíÿííÿ

L∗mn(y)− λ̄σ̄(x)z = f2(x), (30)

Vν (z) =
r−1∑

j=0

α̂νjz
{j}(a) +

r−1∑

j=0

β̂νjz
{j}(b) = 0, ν = 1, r,

(31)
âiäïîâiäíî, äå f1(x), f2(x) � äiéñíîçíà÷íi
íåïåðåðâíi íà [a, b] ôóíêöi¨. Öi çàäà÷i âíàñëiäîê
ââåäåííÿ âåêòîðiâ Y = colon

(
y, y[1], . . . , y[r−1]

)
i

Z = colon
(
z{r−1}, . . . , z{1}, z

)
çâîäÿòüñÿ äî çàäà÷

{
Y ′ = B′Y + F1,
WaY (a) + WbY (b) = 0

i {
Z ′ = − (B∗)′ Z + F2,

W̃aZ(a) + W̃bZ(b) = 0

âiäïîâiäíî, äå F1(x) = colon (0, . . . , 0, f1(x)),
F2(x) = colon (f2(x), 0, . . . , 0), à Wa, Wb, W̃a, W̃b �
êâàäðàòíi ìàòðèöi ïîðÿäêó r.

Îñêiëüêè äîáóòêè (Z∗)′ Y i Z∗Y ′ êîðåêòíi, òî

(Z∗Y )′ = (Z∗)′ Y + Z∗Y ′ =

= −Z∗B′Y + F ∗2 Y + Z∗B′Y + Z∗F1 = Z∗F1 + F ∗2 Y.

Ç iíøîãî áîêó, âðàõóâàâøè øëÿõ ïîáóäîâè
êðàéîâèõ óìîâ ñïðÿæåíî¨ çàäà÷i (9), ìîæíà
ïîáà÷èòè, ùî iñíó¹ ðiâíiñòü (7) äëÿ íåîäíîðiäíèõ
ñïðÿæåíèõ êðàéîâèõ çàäà÷ (28)�(31). Òîäi

b∫

a

(Z∗(x)F1(x) + F ∗2 (x)Y (x)) dx = 0.

Çãiäíî ç ôîðìóëîþ (22)

Y (x) =

b∫

a

M(x, t, λ)F1(t)dt,

Z(t) =

b∫

a

N(t, x, λ)F2(x)dx.

Âðàõóâàâøè (17) òà (24), ìîæíà çðîáèòè âèñíîâîê,
ùî îñòàííié åëåìåíò ïåðøîãî ðÿäêà ìàòðèöi
M(x, t, λ) äîðiâíþ¹ −G(x, t, λ), à ïåðøèé åëåìåíò
îñòàííüîãî ðÿäêà ìàòðèöi N(t, x, λ) çáiãà¹òüñÿ ç
H(t, x, λ). Êðiì òîãî,

b∫

a




b∫

a

N(t, x, λ)F2(x)dx



∗

F1(t)dt+

+

b∫

a

F ∗2 (x)

b∫

a

M(x, t, λ)F1(t)dtdx = 0,

òîáòî

b∫

a

b∫

a

F ∗2 (x) {N∗(t, x, λ) + M(x, t, λ)}F1(t)dxdt =

=

b∫

a

b∫

a

{
−G(x, t, λ) + H(t, x, λ)

}
f1(t)f2(x)dxdt = 0.

Îñêiëüêè â ôiãóðíèõ äóæêàõ ñïðàâà ñòî¨òü
íåïåðåðâíà ôóíêöiÿ çìiííèõ x i t, à f1(x), f2(x) �
òàêîæ (äîâiëüíi) äiéñíîçíà÷íi íåïåðåðâíi ôóíêöi¨,
òî çãiäíî ç îñíîâíîþ ëåìîþ âàðiàöiéíîãî ÷èñëåííÿ
(äèâ., íàïðèêëàä, [15, ñ. 295�296]) âèðàç ó ôiãóðíèõ
äóæêàõ äîðiâíþ¹ íóëþ, ùî é çàâåðøó¹ äîâåäåííÿ. ¥

Âèñíîâêè

Ïîáóäîâàíà â ñòàòòi ôóíêöiÿ �ðiíà òà ¨¨ âëàñòè-
âîñòi äîçâîëÿþòü âèâ÷àòè é iíøi çàäà÷i, çîêðåìà
çàäà÷i íà ðîçâèíåííÿ çà âëàñíèìè ôóíêöiÿìè.
Àíàëîãi÷íi ðåçóëüòàòè ìîæíà îòðèìàòè i ó âèïàäêó
âåêòîðíîãî ñèíãóëÿðíîãî äèôåðåíöiàëüíîãî òà
êâàçiäèôåðåíöiàëüíîãî îïåðàòîðiâ.
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GREEN FUNCTION OF A BOUNDARY PROBLEM FOR A SINGULAR
QUASIDIFFERENTIAL EQUATION

O.V. Makhnei
Precarpathian National University named after Vasyl Stefanyk

57, Shevchenko Str., 76025, Ivano-Frankivsk, Ukraine

In this paper, a Green function of boundary problem of quasidi�erential equation with dis-
tributions in coe�cients and homogeneous boundary conditions is constructed. With the aid
of the method of introduction quasiderivatives and obtained expressions for adjoint boundary
conditions properties of Green functions of adjoint boundary problems are investigated.
Keywords: Green function, quasidi�erential equation, distributions, quasiderivatives
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