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I. Àíàëiç ïóáëiêàöié, â ÿêèõ çàïî÷àò-
êîâàíî ðîçâ'ÿçàííÿ ïðîáëåìè. Íî-
âèçíà îäåðæàíèõ ðåçóëüòàòiâ

Íåõàé En n-âèìiðíèé åâêëiäiâ ïðîñòið, à R(m)
2 �

ðiìàíîâà ïîâåðõíÿ ôóíêöi¨ w = m
√

z (z = x1 + ix2,
i2 = −1). ßêùî ïiä R(∞)

2 ðîçóìiòè ðiìàíîâó ïîâåðõ-
íþ ôóíêöi¨

w = ln z = lim
m→∞

m( m
√

z − 1),

òî äëÿ m ∈ [2,∞] âèçíà÷èìî ðiìàíiâ ìíîãîâèä
R(m)

n = R(m)
2 × En−2. Çìiííà òî÷êà â R(m)

n

ìà¹ êîîðäèíàòè (r, ϕ, x3, x4, . . . , xn), à ôiêñîâàíà
(ρ, ϕ0, ξ3, ξ4, . . . , ξn).

Ãîâîðèòèìåìî, ùî òî÷êà ç ïîëÿðíèìè êîîðäè-
íàòàìè (r, ϕ) ëåæèòü íà ïåðøîìó ëèñòi R(m)

2,1

ðiìàíîâî¨ ïîâåðõíi, ÿêùî |ϕ| < π, i, âçàãàëi, (k+1)-ìó
ëèñòi R(m)

2,(k+1) (k = 1, 2, . . . ,m− 1), ÿêùî (2k − 1)π <

< ϕ < (2k + 1)π.
Ó ðîáîòi [1] À.Ô.Øåñòîïàëîì çàïðîâàäæåíî

ïðÿìå Snm é îáåðíåíå S−1
nm iíòåãðàëüíå ïåðåòâîðåííÿ

ç íåâiäîêðåìëåíèìè çìiííèìè:

Snm[f(ξ)] =
∫

R(m)
n

f(ξ)Φnm(λ, R(x, ξ),

ϕ− ϕ0)dξ ≡ f̃nm(λ, x), (1)

S−1
nm[f̃nm(λ, x)] =

ωn

(2π)n

∞∫

0

f̃nm(λ, x)×

×λn−1dλ ≡ f(x). (2)

Ó ôîðìóëàõ (1), (2) ωn � âåëè÷èíà ïëîùi
îäèíè÷íî¨ ñôåðè â En,

Φnm(λ, R(x, ξ), ϕ− ϕ0) = jn−2
2

(λR)×

×J(ϕ− ϕ0)− 1
2πm

∞∫

0

jn−2
2

(λR1)×

×Km(β, ϕ− ϕ0)dβ,

R(x, ξ) = r2 + ρ2 − 2rρ cos(ϕ− ϕ0)+

+
n∑

k=3

(xk − ξk)2,

R1(x, ξ, β) = r2 + ρ2 + 2rρch β+

+
n∑

k=3

(xk − ξk)2,

Km(β, ϕ) =
sin π+ϕ

m

ch β
m − cos π+ϕ

m

+

+
sin π−ϕ

m

ch β
m − cos π−ϕ

m

,

K∞(β, ϕ) =
π + ϕ

β2 + (π + ϕ)2
+

+
π − ϕ

β2 + (π − ϕ)2
,

jν(x) = 2νΓ(ν + 1)x−νJν(x) � íîðìîâàíà ôóíêöiÿ
Áåññåëÿ 1-ãî ðîäó,

J(ϕ) =

{
1, ÿêùî (r, ϕ) ∈ R(m)

2,1 ,

0, ÿêùî (r, ϕ)∈R(m)
2,1 .
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I. Êîíåò, Ì. Ëåíþê

Â îñíîâi çàñòîñóâàíü çàïðîâàäæåíèõ ôîðìóëàìè
(1), (2) iíòåãðàëüíèõ ïåðåòâîðåíü ç íåâiäîêðåìëåíèìè
çìiííèìè ëåæèòü îñíîâíà òîòîæíiñòü

Snm[∆n[f(ξ)]] ≡ Snm

[
n∑

k=1

∂2f

∂ξ2
k

]
=

= −λ2f̃nm(λ, x). (3)

Ó ðîáîòi [2] çàïðîâàäæåíî íà ïîëÿðíié âiñi
y ≥ 0 iíòåãðàëüíå ïåðåòâîðåííÿ òèïó Ìåëåðà-Ôîêà
1-ãî ðîäó, ïîðîäæåíå óçàãàëüíåíèì äèôåðåíöiàëüíèì
îïåðàòîðîì Ëåæàíäðà.

Ïî¹äíàííÿ öèõ iíòåãðàëüíèõ ïåðåòâîðåíü äîçâî-
ëèëî âèçíà÷èòè íîâèé êëàñ iíòåãðàëüíèõ ïåðåòâî-
ðåíü ç íåâiäîêðåìëåíèìè çìiííèìè. Öå äàëî ìîæëè-
âiñòü ïîáóäóâàòè ôóíäàìåíòàëüíèé ðîçâ'ÿçîê (à,
îòæå, é ðîçâ'ÿçîê) äëÿ ââåäåíîãî â ðîçãëÿä àâòîðàìè
iíâàðiàíòíîãî âiäíîñíî ãðóïè îáåðòàíü åëiïòè÷íîãî
ðiâíÿííÿ ç óçàãàëüíåíèì îïåðàòîðîì Ëåæàíäðà (Λµ-
åëiïòè÷íi ðiâíÿííÿ).

Íàâåäåíèé ïðèêëàä, iëþñòðóþ÷è çàïðîïîíîâàíèé
ìåòîä, ¹ íîâèì ðåçóëüòàòîì â òåîði¨ äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.

II. Îñíîâíèé ìàòåðiàë äîñëiäæåííÿ
Ðîçãëÿíåìî â åâêëiäîâîìó ïðîñòîði E+

n+1 =
= {(x, y) : x ∈ En, y ∈ (0,∞)} iíâàðiàíòíå âiäíîñ-
íî ãðóïè îáåðòàíü O(En) åëiïòè÷íå ðiâíÿííÿ ç
óçàãàëüíåíèì îïåðàòîðîì Ëåæàíäðà

L[u] =
l∑

k=0

Ak(∆n,Λ(µ))u = −f(x, y), (4)

äå Al = I, ∆n � n-âèìiðíèé îïåðàòîð Ëàïëàñà, Λ(µ) �
óçàãàëüíåíèé îïåðàòîð Ëåæàíäðà:

Λ(µ) =
d2

dr2
+ cth r

d

dr
+

1
4

+
1
2

(
µ2

1

1− ch r
+

+
µ2

2

1 + ch r

)
; (µ) = (µ1, µ2); µ1 ≥ µ2 ≥ 0.

Ââàæà¹ìî, ùî Ak(z1, z2) çîáðàæàþòüñÿ âñþäè
çáiæíèìè ðÿäàìè â ïðîñòîði C2 êîìïëåêñíèõ çìiííèõ
(z1, z2).

Çãiäíî ç ðîáîòîþ [2] çàïðîâàäèìî íà ïîëÿðíié îñi
y ≥ 0 ïðÿìå M(µ);10 òà îáåðíåíå M−1

(µ);10 óçàãàëüíåíi
iíòåãðàëüíi ïåðåòâîðåííÿ òèïó Ìåëåðà-Ôîêà 1-ãî
ðîäó:

M(µ);10[g(y)] =

∞∫

0

g(y)Pµ1,µ2
−1/2+iτ (ch y)×

×sh ydy ≡ g̃(τ), (5)

M−1
(µ);10[g̃(τ)] =

∞∫

0

g̃(τ)Pµ1,µ2
−1/2+iτ (ch y)×

×Ω(µ)(τ)dτ ≡ g(y), (6)

M(µ);10[Λ(µ)[g]] = −τ2g̃(τ). (7)

Ó ðiâíîñòÿõ (5), (6) áåðå ó÷àñòü óçàãàëüíåíà
ïðè¹äíàíà ôóíêöiÿ Ëåæàíäðà 1-ãî ðîäó
Pµ1,µ2
−1/2+iτ (ch y) i ñïåêòðàëüíà ãóñòèíà

Ω(µ)(τ) = τ2µ1−µ2
sh 2πτ

2π2
×

×
∣∣∣∣∣Γ

(
1
2
− µ1 + µ2

2
+ iτ

)∣∣∣∣∣

2

×

×
∣∣∣∣∣Γ

(
1
2
− µ1 − µ2

2
+ iτ

)∣∣∣∣∣

2

,

Γ(x) � ãàììà-ôóíêöiÿ Åéëåðà.
Çàñòîñó¹ìî äî ðiâíÿííÿ (4) iíòåãðàëüíi îïåðàòîðè

Snm òà M(µ);10. Âíàñëiäîê òîòîæíîñòåé (3) òà (7)
îäåðæó¹ìî àëãåáðà¨÷íå ðiâíÿííÿ

l∑

k=0

Ak(−λ2,−τ2)
≈
u(λ, τ) = −

≈
fnm(λ, τ).

Çâiäñè çíàõîäèìî:

≈
unm(λ, τ) = −

≈
fnm(λ, τ)
Pl(λ2, τ2)

,

Pl(λ2, τ2) =
l∑

k=0

Ak(−λ2,−τ2) 6= 0 (8)

â ñèëó åëiïòè÷íîñòi ðiâíÿííÿ.
Ó ðåçóëüòàòi çàñòîñóâàííÿ äî ôóíêöi¨ ≈unm(λ, τ),

âèçíà÷åíî¨ ôîðìóëîþ (8), îïåðàòîðiâ S−1
nm òà M−1

(µ);10

çãiäíî ç ïðàâèëàìè (2) òà (6) ìà¹ìî ¹äèíèé ðîçâ'ÿçîê
ðiâíÿííÿ (4)

u(x, y) =
∫

R(m)
n

∞∫

0

Enm,(µ)(x, ξ; y, η)×

×f(ξ, η)sh ηdηdξ. (9)

Òóò áåðå ó÷àñòü ôóíäàìåíòàëüíà ôóíêöiÿ

Enm;(µ)(x, ξ; y, η) =

= − ωn

(2π)n

∞∫

0

∞∫

0

Φnm(λ,R(x, ξ), ϕ− ϕ0)×

×Pµ1,µ2
−1/2+iτ (ch y)Pµ1,µ2

−1/2+iτ (ch η)Ω(µ)(τ)×
×P−1

l (λ2, τ2)λn−1dλdτ (10)

äèôåðåíöiàëüíîãî îïåðàòîðà L íà ðiìàíîâîìó
ìíîãîâèäi

+

R (m)
n+1 = R(m)

2 × En−2 × E+
1 ,

En−2 = {(x3, x4, . . . , xn);

xj ∈ (−∞,+∞); j = 3, n},
E+

1 = {y : y ∈ (0,∞)}.
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Ïðèêëàä. Äëÿ ñòàöiîíàðíîãî ðiâíÿííÿ òåïëî-
ïðîâiäíîñòi

(∆n + Λ(µ))u = −f(x, y), (11)

ìíîãî÷ëåí
Pl(λ2, τ2) = −(λ2 + τ2),

à ôóíäàìåíòàëüíà ôóíêöiÿ

Enm,(µ)(x, ξ; y, η) =
ωn

(2π)n
×

×
∞∫

0

∞∫

0

Φnm(λ, R(x, ξ), ϕ− ϕ0)× (12)

×Pµ1,µ2
−1/2+iτ (ch y)Pµ1,µ2

−1/2+iτ (ch η)Ω(µ)(τ)× λn−1dλdτ

λ2 + τ2
.

Âiäîìî [2], ùî
∞∫

0

Pµ1,µ2
−1/2+iτ (ch y)Pµ1,µ2

−1/2+iτ (ch η)×

×Ω(µ)(τ)dτ

λ2 + τ2
= G(µ)(y, η, λ) ≡ B(µ)(λ)×

×
{

Pµ1,µ2
−1/2+λ(ch y)Lµ1,µ2

−1/2+λ(ch η),
Pµ1,µ2
−1/2+λ(ch η)Lµ1,µ2

−1/2+λ(ch y),

0 < y < η < ∞,
0 < η < y < ∞.

(13)

Óôîðìóëi (13) Lµ1,µ2
−1/2+λ(ch y) =

2
π

e−iµ1πθµ1,µ2
−1/2+λ(ch y),

θµ1,µ2
−1/2+λ(ch y) � óçàãàëüíåíà ïðè¹äíàíà ôóíêöiÿ
Ëåæàíäðà 2-ãî ðîäó [2],

B(µ)(λ) =
π

2
2µ1−µ2

Γ(1/2 + λ− ν+)
Γ(1/2 + λ + ν+)

×

×Γ(1/2 + λ− ν−)
Γ(1/2 + λ + ν−)

, ν± =
1
2
(µ1 ± µ2).

Â ñèëó ñïiââiäíîøåííÿ (13) ðiâíiñòü (12) íàáóâà¹
âèãëÿäó

Enm,(µ)(x, ξ; y, η) =
ωn

(2π)n
×

×
∞∫

0

Φnm(λ, R(x, ξ), ϕ− ϕ0)×

×G(µ)(y, η, λ)λn−1dλ. (14)
Ðiâíîñòi (10), (14) âèçíà÷àþòü ñòðóêòóðó m-

ðîçãàëóæåíèõ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ. Äëÿ
m = ∞ òðåáà â ðiâíîñòÿõ (10), (14) ÿäðî Φnm(λ,R, ϕ−
ϕ0) çàìiíèòè íà ÿäðî

Φn,(∞) = jn−2
2

(λR)J(ϕ− ϕ0)−

− 1
π

∞∫

0

jn−2
2

(λR1)K∞(β, ϕ− ϕ0)dβ. (15)

Òîäi ìàòèìåìî
En,(∞)(x, ξ; y, η) =

=
ωn

(2π)n

∞∫

0

∞∫

0

Φn,(∞)(λ,R(x, ξ), ϕ− ϕ0)×

×Pµ1,µ2
−1/2+iτ (ch y)Pµ1,µ2

−1/2+iτ (ch η)Ω(µ)(τ)×

×λn−1dλdτ

λ2 + τ2
.

Òî÷êó, ÿêà ëåæèòü â k-ìó åêçåìïëÿði
+

R (m)
n+1,(k)

ðiìàíîâîãî ìíîãîâèäó
+

R (m)
n+1 ïîçíà÷èìî ÷åðåç (xk; y),

ïðè÷îìó ïåðøèé åêçåìïëÿð ðiìàíîâîãî ìíîãîâèäó
+

R (m)
n+1 îòîòîæíþâàòèìåìî ç åâêëiäîâèì ïðîñòîðîì

E+
n+1 = En × E+

1 .
Íåõàé òî÷êà (ξ, y0) ≡ (ξ1, y0) ∈ +

R (m)
n+1,(1)

i ìà¹ êîîðäèíàòè (ρ;ϕ0, ξ3, . . . , ξn, y0). Òîäi òî÷êè
(ξk, y0) ∈ +

R (m)
2,(k)

× E+
n−1 (k = 1,m) i ìàòèìóòü

êîîðäèíàòè (ρ, 2(k − 1)π + ϕ0, ξ3, . . . , ξn, y0). Ó
ðåçóëüòàòi îäåðæèìî

m∑

k=1

Enm;(µ)(x, ξk; y, η) = En;(µ)(x, ξ; y, η),

+∞∑

k=−∞
En(∞);(µ)(x, ξk; y, η) =

= En;(µ)(x, ξ; y, η).
Òóò En,(µ)(x, ξ; y, η) � çâè÷àéíèé (íå ðîçãàëóæåíèé)
ôóíäàìåíòàëüíèé ðîçâ'ÿçîê:

En;(µ)(x, ξ; y, η) = − ωn

(2π)n
×

×
∞∫

0

jn−2
2

(λ, R(x, ξ))Pµ1,µ2
−1/2+iτ (ch y)×

×Pµ1,µ2
−1/2+iτ (ch η)Ω(µ)(τ)[Pl(λ2, τ2)]−1×

×λn−1dλ, (16)

En;(µ)(x, ξ; y, η) =
ωn

(2π)n
×

×
∞∫

0

jn−2
2

(λ,R(x, ξ))G(µ)(y, η, λ)λn−1dλ. (17)

Ïðè m = 2 ìà¹ìî ñòðóêòóðó äâi÷i ðîçãàëóæåíîãî
ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó

En,2;(µ)(x, ξ; y, η) =
ωn+1

(2π)n+1
×

×
∞∫

0

∞∫

0

q∫

−∞
jn−2

2
(λ

√
R2 + s2)Pµ1,µ2

−1/2+iτ (ch y)×

×Pµ1,µ2
−1/2+iτ (ch η)[Pl(λ2, τ2)]−1Ω(µ)(τ)×

×λndsdλdη, (18)

En,2;(µ)(x, ξ; y, η) =
ωn+1

(2π)n+1
×

×
∞∫

0

q∫

−∞
jn−2

2
(λ

√
R2 + s2)G(µ)(y, η, λ)×

×λndsdλ, (19)

q = 2
√

rρ cos
1
2
(ϕ − ϕ0); (r, ϕ) i (r, ϕ0) ïîëÿðíi

êîîðäèíàòè òî÷îê (x1, x2) i (ξ1, ξ2) âiäïîâiäíî.
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