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ÏÎÁÓÄÎÂÀ IÇÎÎÏÒÈ×ÍÈÕ ÊÐÈÂÈÕ ÅËIÏÑÀ
I. Âðóáëåâñüêèé

Íàöiîíàëüíèé óíiâåpñèòåò �Ëüâiâñüêà ïîëiòåõíiêà�
âóë. Ñ.Áàíäåpè 12, 79013, Ëüâiâ, Óêðà¨íà

(Îòðèìàíî 18 âåðåñíÿ 2004 ð.)
Ðîçãëÿíóòî içîîïòè÷íi êðèâi åëiïñà. Âèâåäåíî ðiâíÿííÿ, ÿêi îïèñóþòü içîîïòè÷íi çàäàíî-

ãî åëiïñà â äåêàðòîâié òà ïîëÿðíié ñèñòåìàõ êîîðäèíàò. Ïîêàçàíî, ùî içîîïòè÷íi åëiïñà �
êðèâi Ïåðñåÿ � òàêi æ êðèâi, ÿêi óòâîðþþòüñÿ ïðè ïåðåòèíi òîðà, ÿêèé ñàìîïåðåòèíà¹òüñÿ ç
ïëîùèíàìè, ïàðàëåëüíèìè éîãî îñi. Âèâåäåíî ôîðìóëè, ÿêi, çàëåæíî âiä ðîçìiðiâ çàäàíîãî
åëiïñà òà êóòà ìiæ äîòè÷íèìè, çàäàþòü ðîçìiðè òîðà òà âiäñòàíü ñi÷íî¨ ïëîùèíè âiä éîãî
îñi, ïðè ÿêèõ ó ïåðåðiçi òîðà îòðèìóþòüñÿ içîîïòè÷íi êðèâi. Ðîçðîáëåíà ìåòîäèêà ïîáó-
äîâè içîîïòè÷íèõ êðèâèõ çàäàíîãî åëiïñà ÿê ïåðåðiçiâ òîðà çà äîïîìîãîþ òâåðäîòiëüíîãî
ìîäåëþâàííÿ â ñåðåäîâèùi êîìï'þòåðíî¨ ñèñòåìè AutoCAD.
Êëþ÷îâi ñëîâà: içîîïòè÷íà êðèâà, åëiïñ, òîð, êðèâà Ïåðñåÿ, òâåðäîòiëüíå ìîäåëþâàííÿ.
2000 MSC: 54À04
ÓÄÊ: 514.74

Âñòóï
Içîîïòè÷íà êðèâà (àáî ïðîñòî içîîïòè÷íà) ïëî-

ñêî¨ ãåîìåòðè÷íî¨ ôiãóðè � öå ìíîæèíà òî÷îê, ç
ÿêèõ ôiãóðó âèäíî ïiä îäíèì i òèì æå êóòîì. Âî-
íà ìà¹ âèãëÿä ïëîñêî¨ êðèâî¨ ëiíi¨, ùî ¹ òðà¹êòîði-
¹þ âåðøèíè êóòà α, ÿêèé ïåðåìiùà¹òüñÿ â ïëîùèíi
òàê, ùî éîãî ñòîðîíè ïðè áóäü-ÿêîìó ïîëîæåííi êó-
òà äîòèêàþòüñÿ äî çàäàíî¨ êðèâî¨ [1,2]. Ïðè ïðÿìî-
ìó êóòi α = π/2 içîîïòè÷íà êðèâà íàçèâà¹òüñÿ îð-
òîîïòè÷íîþ. ßêùî ãåîìåòðè÷íà ôiãóðà ïðîñòîðîâà,
òî ìíîæèíà òî÷îê, ç ÿêèõ ¨¨ âèäíî ïiä ïîñòiéíèì
êóòîì, � içîîïòè÷íà ïîâåðõíÿ, ÿêó íàçèâàþòü åêâi-
ãîíàëü [3]. Âîíà óòâîðþ¹òüñÿ ÿê òðà¹êòîðiÿ ïåðåìi-
ùåííÿ âåðøèíè êðóãîâîãî êîíóñà ç êóòîì ïðè éîãî
âåðøèíi, ùî äîðiâíþ¹ α, ÿêèé ïåðåìiùà¹òüñÿ â ïðî-
ñòîði òàê, ùî ïðè áóäü-ÿêîìó ïîëîæåííi êîíóñà õî÷à
á äâi éîãî òâiðíi äîòèêàþòüñÿ äî çàäàíî¨ ôiãóðè.

Ó ìîíîãðàôi¨ [1] ðîçãëÿíóòi içîîïòè÷íi êðèâi ëîãà-
ðèôìi÷íî¨ ñïiðàëi òà îðòîîïòè÷íi åëiïñà i ãiïåðáîëè.
Çàçíà÷åíî, ùî içîîïòè÷íi êðèâèõ äðóãîãî ïîðÿäêó �
êðèâi ÷åòâåðòîãî ïîðÿäêó, àëå ôîðìóë, ùî ¨õ îïèñó-
þòü, íå íàâåäåíî. Ó ðîáîòàõ [3,4] ðîçãëÿíóòî içîîïòè-
÷íi âiäðiçêà i êîëà òà åêâiãîíàëi ñôåðè.

Ìåòîþ ñòàòòi ¹ âèâåäåííÿ ôîðìóë, ÿêi îïèñóþòü
içîîïòè÷íi åëiïñà çà çàäàíèìè ðîçìiðàìè éîãî ïiâîñåé
a i b òà êóòîì çîðó α ∈ (0, π), à òàêîæ ðîçðîáêà ìå-
òîäèêè ¨õ ïîáóäîâè çà äîïîìîãîþ ñó÷àñíèõ êîìï'þ-
òåðíèõ ñèñòåì. Ïðàêòè÷íå âèêîðèñòàííÿ içîîïòè÷íèõ
êðèâèõ åëiïñà ìîæëèâå â îïòèöi, ãåîäåçi¨, àñòðîíîìi¨.

I. Ïàðàìåòðè÷íi ðiâíÿííÿ
içîîïòè÷íèõ êðèâèõ åëiïñà

Çàïèøåìî ïàðàìåòðè÷íi ðiâíÿííÿ åëiïñà, öåíòð
ÿêîãî çíàõîäèòüñÿ íà ïî÷àòêó äåêàðòîâî¨ ñèñòåìè êî-

îðäèíàò, à îñi ñïðÿìîâàíi âçäîâæ êîîðäèíàòíèõ îñåé,

x = a · cos ϕ, y = b · sinϕ

òà ðiâíÿííÿ äîòè÷íî¨ äî åëiïñà ó âèãëÿäi

y = − b · x
a · tanϕ

+
b

sin ϕ
. (1)

Áóäåìî ïåðåìiùàòè â ïëîùèíi äâi äîòè÷íi òàê,
ùî êóò ìiæ íèìè � ïîñòiéíà âåëè÷èíà α = κ1 − κ2,
äå κ1 i κ2 � êóòè ìiæ âiññþ àáñöèñ òà âiäïîâiäíî
ïåðøîþ òà äðóãîþ äîòè÷íîþ, ïðè÷îìó çãiäíî ç (1)
tan κi = − b

a · tan ϕi
(i = 1, 2).

Ïîðàõóâàâøè tan α ÿê òàíãåíñ ðiçíèöi êóòiâ κi ,
îòðèìà¹ìî ðiâíÿííÿ
tan α · (p2 + tan ϕ1 · tanϕ2) = p · (tan ϕ1− tanϕ2), (2)
äå p = b/a� âiäíîøåííÿ ïiâîñåé åëiïñà. Áóäåìî ââà-
æàòè, ùî âåëèêà âiñü åëiïñà çáiãà¹òüñÿ ç âiññþ àáñöèñ,
òîìó 0 < p < 1.

Ïðèðiâíÿâøè çíà÷åííÿ x òà y ó äâîõ ðiâíÿííÿõ
(1) ïðè ϕ = ϕ1 òà ϕ = ϕ2, îòðèìà¹ìî ðiâíÿííÿ
içîîïòè÷íî¨ êðèâî¨ ÿê ìíîæèíè òî÷îê ïåðåòèíó äâîõ
äîòè÷íèõ

x =
a · (sinϕ2 − sin ϕ1)

sin(ϕ2 − ϕ1)
,

y =
a · (cos ϕ2 − cos ϕ1)

sin(ϕ2 − ϕ1)
.

(3)

ßêùî îäèí ç ïîëÿðíèõ êóòiâ ðîçãëÿäàòè ÿê íåçà-
ëåæíèé ïàðàìåòð, íàïðèêëàä 0 < ϕ1 < 2π, äðóãèé
êóò ϕ2 âèçíà÷èòè ÿê íàéáëèæ÷èé áiëüøèéϕ1 êîðiíü
ðiâíÿííÿ (2), òî, ïiäñòàâèâøè ¨õ çíà÷åííÿ â (3), ìîæ-
íà ïîðàõóâàòè çíà÷åííÿx òà y øóêàíî¨ êðèâî¨. Îòæå,
ðiâíÿííÿ (2),(3) � öå ïàðàìåòðè÷íi ðiâíÿííÿ içîîïòè-
÷íî¨ åëiïñà.
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Äëÿ êîëà p = 1, tan α = tan(ϕ1 − ϕ2), à ðiâ-
íÿííÿ (3) ïðèéìàþòü âèãëÿä x =

a · sin(ϕ− α/2)
sinα/2

,

y =
a · cos(ϕ− α/2)

sin(α/2)
i îïèñóþòü içîîïòè÷íó êîëà �

êîëî ðàäióñà a/ sin α/2, ùî çáiãà¹òüñÿ ç ðåçóëü-
òàòàìè [4].

Âèêîðèñòîâóâàòè ðiâíÿííÿ (2),(3) äëÿ ïîáóäîâè
êðèâèõ íå äóæå çðó÷íî, òîìó âèâåäåìî ðiâíÿííÿ
içîîïòè÷íî¨ åëiïñà ÿê àëãåáðà¨÷íî¨ êðèâî¨ â äåêàðòî-
âié ñèñòåìi êîîðäèíàò, âèêëþ÷èâøè ç (2,3) çíà÷åííÿ
ϕ1 òà ϕ2.

II. Ðiâíÿííÿ içîîïòè÷íèõ êðèâèõ åëiï-
ñà â äåêàðòîâié òà ïîëÿðíié ñèñòå-
ìàõ êîîðäèíàò

Äîäàâøè òà âiäíÿâøè êâàäðàòè ðiâíÿíü (3), ïiñëÿ
òðèãîíîìåòðè÷íèõ ïåðåòâîðåíü îòðèìà¹ìî

x2

a2
+

y2

b2
=

2
1 + cos(ϕ2 − ϕ1)

, (4)

x2

a2
− y2

b2
=

2 · cos(ϕ2 + ϕ1)
1 + cos(ϕ2 − ϕ1)

. (5)

Ðiâíÿííÿ (2) çàïèøåìî òàê:

2p·sin(ϕ2−ϕ1)
(1+p2)·tanα

=
1−p2

1+p2
·cos(ϕ2+ϕ1)−cos(ϕ2−ϕ1) (6)

Ïîäiëèâøè (5) íà (4), îòðèìà¹ìî

cos(ϕ1 + ϕ2) =
(bx)2 − (ay)2

(bx)2 + (ay)2
,

òà ïiäñòàâèâøè öå çíà÷åííÿ â (6), ìà¹ìî

2p
√

1− u2

tan α · (1 + p2)
=

1− p2

1 + p2
· (bx)2 − (ay)2

(bx)2 + (ay)2
,

äå u = cos(ϕ1 +ϕ2). Ðîçâ'ÿçàâøè öå êâàäðàòíå ðiâíÿ-
ííÿ âiäíîñíî u, îäåðæèìî

u =
l + c

√
1 + c2 − l2

1 + c
,

äå

c =
2p

(1 + p2) · tan α
, l =

1− p2

1 + p2
· (bx)2 − (ay)2

(bx)2 + (ay)2
.

Ïiäñòàâèâøè çíà÷åííÿ u â (4), ïiñëÿ ïåðåòâîðåíü
îòðèìà¹ìî ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó

(x2 + y2)2 = 2a2(kxx2 + kyy2)− k0a
4, (7)

äå
kx = 1 + p2 + 2p2 · cot2 α,
ky = 1 + p2 + 2 · cot2 α,
k0 = (1 + p2)2 + (2p · cot α)2.

Öå ðiâíÿííÿ içîîïòè÷íèõ êðèâèõ åëiïñà â äåêàðòî-
âié ñèñòåìi êîîðäèíàò îïèñó¹ êðèâi Ïåðñåÿ � çàìêíåíi
êðèâi ëiíi¨, ñèìåòðè÷íi âiäíîñíî êîîðäèíàòíèõ îñåé.
Âîíè ïåðåòèíàþòü âiñü àáñöèñ â òî÷êàõ

(
±a

√
1 +

(
p · cot

α

2

)2

, 0

)
,

à âiñü îðäèíàò � â òî÷êàõ

0,±

a

√
1 +

(
p · tan

α

2

)2

tan
α

2


 .

Ïðè p = 0 åëiïñ ñïîòâîðþ¹òüñÿ ó âiäðiçîê äîâæè-
íîþ 2a, à (7) íàáèðà¹ âèãëÿäó

(x2 + y2)2 = 2a2(x2 + y2/ sin2 α)− a4

i îïèñó¹ äâi äóãè ðàäióñà a/ sinα, ñèìåòðè÷íi âiäíî-
ñíî âiäðiçêà, ÿêi ïðîõîäÿòü ÷åðåç éîãî êiíöåâi òî÷êè.
Öå âiäïîâiäà¹ ðåçóëüòàòàì [4], äå îïèñàíî içîîïòè÷íó
êðèâó âiäðiçêà.

Äëÿ ïîáóäîâè içîîïòè÷íèõ åëiïñà çà äîïîìîãîþ
êîìï'þòåðíèõ ñèñòåì ðiâíÿííÿ (7) çðó÷íiøå çâåñòè
äî ïîëÿðíî¨ ñèñòåìè êîîðäèíàò, ïî÷àòîê ÿêî¨ çái-
ãà¹òüñÿ ç öåíòðîì åëiïñà, à ïîëÿðíà âiñü � ç âiñ-
ñþ àáñöèñ:

ρ = a cot α(n + 2ψ + 2
√

ψ2 + nψ − (p · tanα)2)
1
2

ïðè α ∈ (0, π/2),

ρ = a cot α(n + 2ψ − 2
√

ψ2 + nψ − (p · tanα)2)
1
2

ïðè α ∈ (π/2, π),

(8)

äå n = (1 + p2) · tan2 α, ψ = p2 · cos2 ϕ + sin2 ϕ.
Ïðè α = π/2 ρ = a

√
1 + p2, à içîîïòè÷íà (îðòî-

îïòè÷íà) êðèâà ïðè áóäü-ÿêèõ çíà÷åííÿõ p ¹ êîëîì,
ùî âiäïîâiäà¹ ðåçóëüòàòàì [1].

Ðèñ. 1. Içîîïòè÷íi êðèâi åëiïñà ïðè ðiçíèõ çíà÷åííÿõ
ð i α=75o,60o,45o,30o

Íà ðèñ.1 ïîêàçàíi içîîïòè÷íi åëiïñà ïðè ðiçíèõ
çíà÷åííÿõ p òà α, ïîáóäîâàíi çà äîïîìîãîþ êîìï'þ-
òåðíî¨ ñèñòåìè MathCAD. Åëiïñè ïîêàçàíî ïîòîâùå-
íîþ ëiíi¹þ, à içîîïòè÷íi çi çìåíøåííÿì êóòà α âiä-
äàëÿþòüñÿ âiä åëiïñà.
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III. Ïîáóäîâà içîîïòè÷íèõ êðèâèõ åëi-
ïñà ÿê ïåðåðiçiâ òîðà

ßê âiäîìî êðèâi Ïåðñåÿ óòâîðþþòüñÿ ïiä ÷àñ ïåðå-
ðiçó òîðà ïëîùèíàìè, ïàðàëåëüíèìè éîãî îñi, i îïè-
ñóþòüñÿ ðiâíÿííÿì [1]

(x2 + y2)2 = 2(R2 − z2 − r2)x2+
+2(R2 − z2 + r2)y2 − (R2 − z2 + r2)2 + 4R2r2 (9)

äå r � ðàäióñ òîðà, R � ðàäióñ òâiðíîãî êîëà, z � âiä-
ñòàíü ñi÷íî¨ ïëîùèíè âiä îñi òîðà.

ßêùî çà ðîçìiðàìè çàäàíîãî åëiïñà òà êóòàα ïî-
ðàõóâàòè ðîçìiðè âiäïîâiäíîãî òîðà òà âiäñòàíü ñi-
÷íî¨ ïëîùèíè, içîîïòè÷íi åëiïñà ìîæíà ïîáóäóâà-
òè çà äîïîìîãîþ òâåðäîòiëüíîãî ìîäåëþâàííÿ êîì-
ï'þòåðíî¨ ñèñòåìè AutoCAD àáî ¨é ïîäiáíèì. Àäæå
â ñèñòåìi AutoCAD ìîæíà ëåãêî ïîáóäóâàòè äîòè÷íi
äî êðèâî¨ òà ïîìiðÿòè êóò ìiæ íèìè. Ïðèðiâíÿâøè
êîåôiöi¹íòè ïðè x2 òà y2 ðiâíÿíü (7) i (9), îòðèìà¹ìî

R2 − z2 − r2 = a2(1 + p2 + 2p2 · cot2 α), (10)

R2 − z2 + r2 = a2(1 + p2 + 2 · cot2 α). (11)
Äîäàâøè ðiâíÿííÿ (10) i (11), îäåðæèìî

R2 − z2 = a2(1 + p2)/ sin2 α, (12)
à âiäíÿâøè âiä (11) ðiâíÿííÿ (10),

r =
a
√

1− p2

tanα
. (13)

Ïðèðiâíÿâøè âiëüíi ÷ëåíè ðiâíÿíü (7) i (9), ç óðà-
õóâàííÿì (12) ïiñëÿ ïåðåòâîðåíü îäåðæèìî

R =
a

sinα ·
√

1− p2
, (14)

z =
ap2

sin α ·
√

1− p2
. (15)

Òàê ÿê R > r, ïîòðiáíèé äëÿ ïîáóäîâè içîîïòè-
÷íèõ êðèâèõ òîð � ñàìîïåðåòèíàþ÷èé (áåç ïîðîæíè-
íè âñåðåäèíi). Âèãëÿä êðèâèõ çàëåæèòü âiä ñïiââiä-
íîøåííÿ r i z. Óìîâi r = z âiäïîâiäà¹ p =

√
cosα

1 + cos α
,

ïðè ÿêié êðèâà â òî÷êàõ ïåðåòèíó ç âiññþ àá-
ñöèñ ìà¹ íóëüîâó êðèâèçíó. Ïðè p >

√
cosα

1 + cos α
(àáî

cos α <
p2

1− p2
) içîîïòè÷íi êðèâi åëiïñîïîäiáíi, òîáòî

âñi ¨õ òî÷êè � çâè÷àéíi. Ïðè p <

√
cosα

1 + cos α
içîîïòè-

÷íà åëiïñà ìà¹ äâi óãíóòîñòi òà ÷îòèðè òî÷êè ïåðå-
ãèíó. Ïðè p >

√
2/2 ïðè áóäü-ÿêîìó êóòi α êðèâi

åëiïñîïîäiáíi. Ïðè α > π/2 çíà÷åííÿ r < 0, òîáòî
âiäñòàíü âiä îñi òîðà äî éîãî åêâàòîðà ìåíøà âiä ðà-
äióñà òâiðíîãî êîëà. Êðèâi ïåðåðiçó òàêîãî òîðà ïðè
áóäü-ÿêîìó p åëiïñîïîäiáíi.

Äëÿ ïîáóäîâè içîîïòè÷íî¨ êðèâî¨ çà çàäàíèìè ïà-
ðàìåòðàìè åëiïñà a, p òà êóòà α íåîáõiäíî çà ôîð-
ìóëàìè (13)�(15) ïîðàõóâàòè çíà÷åííÿ r, R, z. Ó ñå-
ðåäîâèùi ñèñòåìè AutoCAD êîìàíäîþ Ellipse áóäó-
¹òüñÿ åëiïñ çà ðîçìiðàìè a i b, êîìàíäîþ Torus �
òîð çà ðîçìiðàìè R i r . Ïðè÷îìó òîð òðåáà ïî-
áóäóâàòè òàê, ùîá éîãî âiñü áóëà ïàðàëåëüíà îñi y.
Ïîòiì êîìàíäîþ Move ïîòðiáíî ïiäíÿòè òîð íàä ãî-
ðèçîíòàëüíîþ ïëîùèíîþ xy íà âåëè÷èíó z, à êî-
ìàíäîþ Section ïåðåðiçàòè éîãî ïëîùèíîþxy. Îòðè-
ìàíèé ïåðåðiç � êðèâà Ïåðñåÿ � içîîïòè÷íà çàäà-
íîãî åëiïñà. �¨ öåíòð äîöiëüíî êîìàíäîþ Move àáî
Copy ñóìiñòèòè ç öåíòðîì åëiïñà. Òåïåð, ÿêùî ç áóäü-
ÿêî¨ òî÷êè içîîïòè÷íî¨ ïðîâåñòè äâi äîòè÷íi äî åëi-
ïñà (êîìàäîþ Line àáî Pline ç îá'¹êòíîþ ïðèâ'ÿçêîþ
tangent) i ïîìiðÿòè êóò ìiæ íèìè (êîìàíäîþ Dist),
éîãî çíà÷åííÿ ïîâèííî äîðiâíþâàòèα.

Ðèñ. 2. Ïîáóäîâà içîîïòè÷íèõ åëiïñà òâåðäîòiëüíèì
ìîäåëþâàííÿì ñèñòåìè AutoCAD

Íà ðèñ.2 ïîêàçàíî ïîáóäîâó åëiïñà òà éîãî içîî-
ïòè÷íî¨ ïåðåðiçîì òîðà, âèêîíàíó òâåðäîòiëüíèì ìî-
äåëþâàííÿì AutoCAD. Ïîðiâíÿííÿ âèìiðÿíîãî çíà-
÷åííÿ êóòà α ç çàäàíèì äàëî ïîõèáêó, ÿêà íå ïåðåâè-
ùó¹ òî÷íiñòü ðîçðàõóíêiâ ïàðàìåòðiâ òîðà.

Âèñíîâêè
Âèâåäåíî ðiâíÿííÿ, ùî îïèñóþòü içîîïòè÷íi êðèâi

åëiïñà. Öå ðiâíÿííÿ êðèâèõ Ïåðñåÿ, ÿêi ìîæíà îòðè-
ìàòè ïåðåðiçîì òîðà ïëîùèíàìè, ïàðàëåëüíèìè éîãî
îñi. Äëÿ çàäàíîãî åëiïñà òà êóòà çîðó ðîçðàõîâóþ-
òüñÿ ðîçìiðè òîðà òà ïîëîæåííÿ ñi÷íî¨ ïëîùèíè, âíà-
ñëiäîê ïåðåòèíó ÿêèõ îòðèìó¹òüñÿ içîîïòè÷íà åëiïñà.
Ðîçðîáëåíà äåòàëüíà ìåòîäèêà ïîáóäîâè içîîïòè÷íèõ
åëiïñà çà äîïîìîãîþ êîìï'þòåðíîãî òâåðäîòiëüíîãî
ìîäåëþâàííÿ.

Içîîïòè÷íi êðèâi åëiïñà ìîæóòü áóòè âèêîðèñòàíi,
íàïðèêëàä, â îïòèöi, àñòðîíîìi¨, çîêðåìà, â àñòðî-
ìåòði¨. Âiäîìî, ùî ïëàíåòè Ñîíÿ÷íî¨ ñèñòåìè îáåð-
òàþòüñÿ íàâêîëî Ñîíöÿ ïî åëiïòè÷íèõ òðà¹êòîðiÿõ.
Âiäïîâiäíî ðîçðàõîâàíà içîîïòè÷íà êðèâà âèçíà÷èòü
òðà¹êòîðiþ ðóõó êîñìi÷íîãî îá'¹êòà, ç ÿêîãî îðáiòó
ïëàíåòè âèäíî ïiä ïîñòiéíèì êóòîì.

Ïåðñïåêòèâîþ ïîäàëüøèõ äîñëiäæåíü ó öüîìó íà-
ïðÿìêó ââàæà¹ìî âèçíà÷åííÿ içîîïòè÷íèõ êðèâèõ ií-
øèõ öiêàâèõ êðèâèõ òðåòüîãî òà âèùèõ ïîðÿäêiâ, äå-
ÿêèõ òðàíñöåíäåíòíèõ êðèâèõ. Içîîïòè÷íi êðèâi íå-
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îáõiäíi òàêîæ ïðè ïîáóäîâi åêâiãîíàëåé � içîîïòè-
÷íèõ ïîâåðõîíü ïðîñòîðîâèõ ôîðì. Òàê, içîîïòè÷íi
åëiïñà íåîáõiäíi ïiä ÷àñ ïîáóäîâè åêâiãîíàëåé åëiïñî-
¨äà, åëiïòè÷íîãî ïàðàáîëî¨äà, içîîïòè÷íi êðèâi ãiïåð-
áîëè � ïiä ÷àñ ïîáóäîâè åêâiãîíàëåé îäíî- òà äâîïîðî-

æíèííîãî ãiïåðáîëî¨äiâ, ãiïåðáîëi÷íîãî ïàðàáîëî¨äà
òîùî. Ïåðñïåêòèâíèì íàïðÿìêîì ¹ òàêîæ âèâåäåí-
íÿ àíàëiòè÷íèõ çàëåæíîñòåé, ÿêi îïèñóþòü åêâiãîíà-
ëi ðiçíîìàíiòíèõ êðèâèõ ïîâåðõîíü.

Ëiòåðàòóðà

[1] Ñàâåëîâ À.À. Ïëîñêèå êðèâûå. Ñèñòåìàòèêà,
ñâîéñòâà, ïðèìåíåíèÿ. (Ñïðàâî÷íîå ðóêîâîä-
ñòâî). � Ì.:Ôèçìàòãèç, 1960.

[2] Ìàòåìàòè÷åñêàÿ ýíöèêëîïåäèÿ. Ãë. ðåä. È.È. Âè-
íîãðàäîâ, ò. 2. � Ì.:Ñîâ. Ýíöèêëîïåäèÿ. � 1979.

[3] Ãëîãîâñüêèé Â., Âðóáëåâñüêèé I. Åêâi- òà içî-

ãîíàëi îïóêëèõ ôiãóð // Ìàòåðiàëè Ìiæíàð. íà-
óê. ñåìiíàðó ½Íàðèñíà ãåîìåòðiÿ, iíæåíåðíà òà
êîìï'þòåðíà ãðàôiêà� � Ëüâiâ: ËÏI. 1996, � ñ.26.

[4] Wrublewsky I., Pulkevich I. Isogonals of convex
�gures // Proc. Of the 10th International Confer-
ence on Geometry and Graphics. � Vol. 2. � Kyiv,
2002, � p. 49�52.

ISOPTIC CURVES OF ELLIPSE CONSTRUCTION
I.Y. Wrublewsky

Lviv Polytechnic National University
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Isoptic curves of ellipse are investigated. The equations describing the isoptics of ellipse in
Cartesian and polar coordinate systems are obtained. It is shown that isoptics of ellipse are
the spirics of Perseus, the same curves are the sections of torus by planes parallel to its axis.
The formulae are obtained for calculation the dimensions of torus and parallel plane distance
depending on the ellipse semiaxes dimensions and the angle between tangents. Methodology of
the isoptics of ellipse construction as the section of torus is elaborated by means of the solid
modeling of AutoCAD system.
Keywords: isoptic curve, ellipse, torus, spiric of Perseus, solid modeling.
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