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Âñòóï
Ó öié ðîáîòi âñòàíîâëåíî óìîâè îäíîçíà÷íî¨

ðîçâ'ÿçíîñòi îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ çàëåæíîãî
âiä ÷àñó ìîëîäøîãî êîåôiöi¹íòà â îäíîâèìiðíîìó
ïàðàáîëi÷íîìó ðiâíÿííi äðóãîãî ïîðÿäêó â îáëàñòi
ç âiëüíîþ ìåæåþ ç ðiçíèìè íàáîðàìè óìîâ ïåðå-
âèçíà÷åííÿ. Çàçíà÷èìî, ùî â ðîáîòi [1] âñòàíîâëåíî
óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨
çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ ç íåâiäîìèì
çàëåæíèì âiä ÷àñó ñòàðøèì êîåôiöi¹íòîì â îáëàñ-
òi ç äâîìà íåâiäîìèìè äiëÿíêàìè ìåæi ç iíòåãðàëü-
íèìè óìîâàìè ïåðåâèçíà÷åííÿ. Çàäà÷i âèçíà÷åííÿ
çàëåæíîãî âiä ÷àñó êîåôiöi¹íòà ïðè ïåðøié ïîõiäíié
íåâiäîìî¨ ôóíêöi¨ â ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi
ç âiäîìîþ ìåæåþ äîñëiäæåíi â ïðàöÿõ [2, 3, 4].
Îáåðíåíà çàäà÷à ç âiëüíîþ ìåæåþ äëÿ ïàðàáîëi÷íîãî
ðiâíÿííÿ ç ïàì'ÿòòþ ðîçãëÿíóòà â [5].

I. Ôîðìóëþâàííÿ çàäà÷i
Â îáëàñòi ΩT ={(x, t) : h1(t)<x<h2(t), 0 < t < T},

äå h1 = h1(t), h2 = h2(t) � íåâiäîìi ôóíêöi¨, ðîç-
ãëÿíåìî îáåðíåíó çàäà÷ó âèçíà÷åííÿ êîåôiöi¹íòà
b = b(t) â ïàðàáîëi÷íîìó ðiâíÿííi

ut = a(x, t)uxx + b(t)ux + c(x, t)u + f(x, t), (1)
(x, t) ∈ ΩT ,

çà ïî÷àòêîâî¨ óìîâè
u(x, 0) = ϕ(x), x ∈ [h1(0), h2(0)], (2)

êðàéîâèõ óìîâ
u(h1(t), t) = µ1(t), u(h2(t), t) = µ2(t), t ∈ [0, T ], (3)

òà óìîâ ïåðåâèçíà÷åííÿ
h′1(t) = ux(h1(t), t)+µ3(t), h′2(t) = −ux(h2(t), t)+µ4(t),

h2(t)∫

h1(t)

u(x, t)dx = µ5(t), t ∈ [0, T ], (4)

äå h1(0) = h01 � çàäàíå ÷èñëî.
Çàìiíîþ çìiííèõ y =

x− h1(t)
h2(t)− h1(t)

, t = t

çâîäèìî çàäà÷ó (1)-(4) äî îáåðíåíî¨ ç íåâiäîìèìè
(h1(t), h3(t), b(t), v(y, t)), äå h3(t) = h2(t) − h1(t),
v(y, t) = u(yh3(t) + h1(t), t), â îáëàñòi ç ôiêñîâàíèìè
ìåæàìè QT = {(y, t) : 0 < y < 1, 0 < t < T} :

vt =
a(yh3(t) + h1(t), t)

h2
3(t)

vyy +
b(t) + h′1(t) + y h′3(t)

h3(t)
vy+

+c(yh3(t) + h1(t), t) v + f(yh3(t) + h1(t), t), (5)

(y, t) ∈ QT ,

v(y, 0) = ϕ(yh3(0) + h01), y ∈ [0, 1], (6)

v(0, t) = µ1(t), v(1, t) = µ2(t), t ∈ [0, T ], (7)

h′1(t) =
vy(0, t)
h3(t)

+ µ3(t), (8)

h′3(t) = −vy(0, t) + vy(1, t)
h3(t)

+ µ4(t)− µ3(t), (9)

h3(t)

1∫

0

v(y, t)dy = µ5(t), t ∈ [0, T ]. (10)

II. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó
çàäà÷i (5)�(10)

Óìîâè iñíóâàííÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i (5)�
(10) ìiñòÿòüñÿ â òåîðåìi.

Òåîðåìà 1. Ïðè âèêîíàííi óìîâè
1) c, f ∈ C1,0([h01,∞) × [0, T ]), ϕ ∈ C1[h01,∞),
µi ∈ C1[0, T ], i = 1, 2, 5;

2) a(x, t) > 0, c(x, t) ≤ −c0 < 0, 0 < f(x, t) ≤ f0,
(x, t) ∈ [h01,∞) × [0, T ], 0 < ϕ0 ≤ ϕ(x) ≤ ϕ1,
x ∈ [h01,∞), µi(t) > 0, i = 1, 2, 5, t ∈ [0, T ];
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3) a ∈ C1,0([h01,∞) × [0, T ]), ax(x, t) çàäîâîëüíÿ¹
óìîâó Ãåëüäåðà çà çìiííîþ x ç ïîêàçíèêîì α,
0 < α < 1, µj ∈ C[0, T ], j = 3, 4, µ2(t)−µ1(t) 6=0,
t ∈ [0, T ];

4) ϕ(h01) = µ1(0), ϕ(h2(0)) = µ2(0)

ìîæíà âêàçàòè òàêå ÷èñëî T0 : 0 < T0 ≤ T , ÿêå
âèçíà÷à¹òüñÿ âèõiäíèìè äàíèìè, ùî iñíó¹ ðîçâ'ÿçîê
(h1, h3, b, v) ∈ (C1[0, T0])2 × C[0, T0] × C2,1(QT0)∩
∩C1,0(QT0

), h3(t) > 0, t ∈ [0, T0] çàäà÷i (5)�(10).
¤ Äîâåäåííÿ. Âèçíà÷èìî ïî÷àòêîâå çíà÷åííÿ

ôóíêöi¨ h2(t), ùî çàäà¹ ÷àñòèíó ìåæi îáëàñòi. Ç óìîâ
(2), (4) òà ïðèïóùåíü òåîðåìè î÷åâèäíî iñíóâàííÿ
¹äèíîãî çíà÷åííÿ h2(0) = h02, ÿêå çàäîâîëüíÿ¹
ðiâíÿííÿ

h2(0)∫

h01

ϕ(x)dx = µ5(0).

Ïîçíà÷èìî h03 = h02 − h01. Âñòàíîâèìî îöiíêè
äëÿ ôóíêöi¨ h3(t). Çãiäíî ç ïðèíöèïîì ìàêñèìóìó [6]
äëÿ ðîçâ'ÿçêó ïðÿìî¨ çàäà÷i (5)�(7) ìà¹ìî

0 < M1 ≤ v(y, t) ≤ M2 < ∞, (y, t) ∈ QT , (11)

äå M1 = min
{

min
[h01,h02]

ϕ(x), min
[0,T ]

µ1(t), min
[0,T ]

µ2(t)
}

,

M2 = max
{

max
[h01,h02]

ϕ(x), max
[0,T ]

µ1(t), max
[0,T ]

µ2(t),
f0

c0

}
.

Òîäi ç (10) îäåðæèìî

0 < H1 ≤ h3(t) ≤ H2 < ∞, t ∈ [0, T ], (12)

äå H1 =
1

M2
min
[0,T ]

µ5(t), H2 =
1

M1
max
[0,T ]

µ5(t).

Çâåäåìî çàäà÷ó (5)�(10) äî ñèñòåìè ðiâíÿíü.
Òèì÷àñîâî ïðèïóñòèìî, ùî ôóíêöi¨ h1(t), h3(t), b(t)
âiäîìi. Ïðÿìà çàäà÷à (5)�(7) åêâiâàëåíòíà ðiâíÿííþ

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)vη(η, τ)×

×b(τ) + h′1(τ) + η h′3(τ)
h3(τ)

dηdτ, (y, t) ∈ QT , (13)

äå G1(y, t, η, τ) � ôóíêöiÿ Ãðiíà ïåðøî¨ êðàéîâî¨
çàäà÷i äëÿ ðiâíÿííÿ

vt =
a(yh3(t) + h1(t), t)

h2
3(t)

vyy + c(yh3(t) + h1(t), t)v,

à v0(y, t) ìà¹ âèãëÿä [7]

v0(y, t) =

1∫

0

G1(y, t, η, 0)ϕ(ηh03 + h01)dη+

+

t∫

0

G1η(y, t, 0, τ)
a(h1(τ), τ)

h2
3(τ)

µ1(τ) dτ−

−
t∫

0

G1η(y, t, 1, τ)
a(h3(τ) + h1(τ), τ)

h2
3(τ)

µ2(τ) dτ+

+

t∫

0

1∫

0

G1(y, t, η, τ) f(ηh3(τ) + h1(τ), τ) dη dτ.

Çàïðîâàäèìî ïîçíà÷åííÿ w(y, t) = vy(y, t). Ç óìîâ
(8), (9) ìà¹ìî

h′1(t) =
w(0, t)
h3(t)

+ µ3(t),

h′3(t) = −w(0, t) + w(1, t)
h3(t)

+ µ4(t)− µ3(t). (14)

Âðàõîâóþ÷è (14), çàïèøåìî (13) ó âèãëÿäi

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)w(η, τ)×

×
(

b(τ) + ηµ4(τ) + (1− η)µ3(τ)
h3(τ)

−

−ηw(1, τ) + (η − 1)w(0, τ)
h2

3(τ)

)
dηdτ, (y, t) ∈ QT . (15)

Ç óìîâè (10) îòðèìà¹ìî

h3(t) =
µ5(t)

1∫
0

v(y, t)dy

, t ∈ [0, T ]. (16)

Äèôåðåíöiþþ÷è (10) çà t i âèêîðèñòîâóþ÷è (5), (14),
îäåðæó¹ìî

b(t) = (µ2(t)−µ1(t))−1

[ 1∫

0

ax(yh3(t)+h1(t), t)w(y, t)dy+

+
µ1(t) + a(h1(t), t)

h3(t)
w(0, t)+

µ2(t)− a(h3(t) + h1(t), t)
h3(t)

×

×w(1, t)− h3(t)

1∫

0

c(yh3(t) + h1(t), t)v(y, t)dy−

−h3(t)

1∫

0

f(yh3(t) + h1(t), t)dy + µ1(t)µ3(t)+

+µ′5(t)− µ2(t)µ4(t)
]
, t ∈ [0, T ]. (17)

Iíòåãðóþ÷è óìîâó (8) âiä 0 äî t, äiñòà¹ìî

h1(t) = h01+

t∫

0

µ3(τ)dτ+

t∫

0

w(0, τ)
h3(τ)

dτ, t ∈ [0, T ]. (18)

Çàïèøåìî çàäà÷ó äëÿ çíàõîäæåííÿ w(y, t). Äëÿ
öüîãî ïðîäèôåðåíöiþ¹ìî ðiâíÿííÿ (5) i óìîâó (6) çà
y òà âèêîðèñòà¹ìî (7):

wt =
a(yh3(t) + h1(t), t)

h2
3(t)

wyy +
(

ax(yh3(t) + h1(t), t)
h3(t)

+
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+
b(t) + h′1(t) + y h′3(t)

h3(t)

)
wy +

(
c(yh3(t) + h1(t), t)+

+
h′3(t)
h3(t)

)
w + h3(t)cx(yh3(t) + h1(t), t)v+

+h3(t)fx(yh3(t) + h1(t), t), (y, t) ∈ QT ,

w(y, 0) = h03ϕ
′(yh03 + h01), y ∈ [0, 1],

wy(0, t) =
h2

3(t)
a(h1(t), t)

[
µ′1(t)−f(h1(t), t)−c(h1(t), t)µ1(t)−

−b(t) + h′1(t)
h3(t)

w(0, t)
]
, t ∈ [0, T ],

wy(1, t) =
h2

3(t)
a(h3(t) + h1(t), t)

[
µ′2(t)−f(h3(t)+h1(t), t)−

−b(t) + h′1(t) + h′3(t)
h3(t)

w(1, t)−

−c(h3(t) + h1(t), t)µ2(t)
]
, t ∈ [0, T ]. (19)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G2(y, t, η, τ) äðóãî¨
êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

wt =
a(yh3(t) + h1(t), t)

h2
3(t)

wyy +
ax(yh3(t) + h1(t), t)

h3(t)
wy

çàäà÷ó (19) çâîäèìî äî ðiâíÿííÿ

w(y, t) = h03

1∫

0

G2(y, t, η, 0) ϕ′(ηh03 + h01)dη−

−
t∫

0

G2(y, t, 0, τ)
(

µ′1(τ)− f(h1(τ), τ)− c(h1(τ), τ)×

×µ1(τ)− b(τ) + h′1(τ)
h3(τ)

w(0, τ)
)

dτ +

t∫

0

G2(y, t, 1, τ)×

×
(

µ′2(τ)−f(h3(τ)+h1(τ), τ)−c(h3(τ)+h1(τ), τ)µ2(τ)−

−b(τ) + h′1(τ) + h′3(τ)
h3(τ)

w(1, τ)
)

dτ+

t∫

0

1∫

0

G2(y, t, η, τ)×

×
[
h3(τ)(fx(ηh3(τ) + h1(τ), τ) + cx(ηh3(τ) + h1(τ), τ)×

×v(η, τ)) +
(

c(ηh3(τ) + h1(τ), τ) +
h′3(τ)
h3(τ)

)
w(η, τ)+

+
b(τ) + h′1(τ) + η h′3(τ)

h3(τ)
wη(η, τ)

]
dη dτ, (y, t) ∈ QT .

Iíòåãðóþ÷è ÷àñòèíàìè â îñòàííüîìó iíòåãðàëi ðiâ-
íîñòi òà âèêîðèñòîâóþ÷è (14), îäåðæèìî

w(y, t) = w0(y, t) +

t∫

0

1∫

0

G2(y, t, η, τ)(w(η, τ)×

×c(ηh3(τ) + h1(τ), τ) + cx(ηh3(τ) + h1(τ), τ)×

×h3(τ)v(η, τ))dη dτ −
t∫

0

1∫

0

G2η(y, t, η, τ)w(η, τ)×

×
(

b(τ) + ηµ4(τ) + (1− η)µ3(τ)
h3(τ)

−

−ηw(1, τ) + (η − 1)w(0, τ)
h2

3(τ)

)
dη dτ, (y, t) ∈ QT , (20)

äå w0(y, t) âèçíà÷à¹òüñÿ ôîðìóëîþ

w0(y, t) = h03

1∫

0

G2(y, t, η, 0) ϕ′(ηh03 + h01)dη−

−
t∫

0

G2(y, t, 0, τ)(µ′1(τ)− f(h1(τ), τ)− c(h1(τ), τ)×

×µ1(τ))dτ+

t∫

0

G2(y, t, 1, τ)(µ′2(τ)−f(h3(τ)+h1(τ), τ)−

−c(h3(τ)+h1(τ), τ)µ2(τ))dτ +

t∫

0

1∫

0

G2(y, t, η, τ)h3(τ)×

×fx(ηh3(τ) + h1(τ), τ)dη dτ.

Îòæå, çàäà÷ó (5)�(10) çâåäåíî äî ñèñòåìè iíòåã-
ðàëüíèõ ðiâíÿíü (15)�(18), (20) âiäíîñíî
íåâiäîìèõ (v(y, t), h3(t), b(t), h1(t), w(y, t)). ßêùî
(h1(t), h3(t), b(t), v(y, t)) ¹ ðîçâ'ÿçêîì çàäà÷i (5)�
(10), òî ôóíêöi¨ (v(y, t), h3(t), b(t), h1(t), w(y, t)) ¹
íåïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè (15)�(18), (20).

Ïîêàæåìî, ùî ïðàâèëüíèì ¹ i îáåðíåíå òâåð-
äæåííÿ. Íåõàé (v(y, t), h3(t), b(t), h1(t), w(y, t)) ¹
íåïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (15)�(18),
(20). Íà ïiäñòàâi (15) ìîæåìî çðîáèòè âèñíîâîê, ùî
ôóíêöiÿ v(y, t) ∈ C2,1(QT ) ∩ C1,0(QT ) çàäîâîëüíÿ¹
ðiâíÿííÿ

vt =
a(yh3(t) + h1(t), t)

h2
3(t)

vyy + c(yh3(t) + h1(t), t) v+

+w(y, t)
(

b(t) + yµ4(t) + (1− y)µ3(t)
h3(t)

−

−yw(1, t) + (y − 1)w(0, t)
h2

3(t)

)
+ f(yh3(t)+h1(t), t) (21)

òà óìîâè (6), (7). Ïîçíà÷èìî z(y, t) = vy(y, t).
Çàïèøåìî çàäà÷ó äëÿ çíàõîäæåííÿ z(y, t). Çãiäíî ç
óìîâàìè òåîðåìè ìîæåìî ïðîäèôåðåíöiþâàòè (20) çà
y. Äèôåðåíöiþþ÷è ðiâíÿííÿ (21) i óìîâó (6) çà y òà
âèêîðèñòîâóþ÷è (7), îäåðæèìî

zt =
a(yh3(t) + h1(t), t)

h2
3(t)

zyy +
ax(yh3(t) + h1(t), t)

h3(t)
zy+

+c(yh3(t) + h1(t), t)z + h3(t)cx(yh3(t) + h1(t), t)v+

+w(y, t)
(

µ4(t)− µ3(t)
h3(t)

− w(1, t) + w(0, t)
h2

3(t)

)
+
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+wy(y, t)
(

b(t) + yµ4(t) + (1− y)µ3(t)
h3(t)

−

−yw(1, t) + (y − 1)w(0, t)
h2

3(t)

)
+h3(t)fx(yh3(t)+h1(t), t),

(y, t) ∈ QT ,

z(y, 0) = h03ϕ
′(yh03 + h01), y ∈ [0, 1],

zy(0, t) =
h2

3(t)
a(h1(t), t)

[
µ′1(t)−f(h1(t), t)−c(h1(t), t)µ1(t)−

−w(0, t)
(

b(t) + µ3(t)
h3(t)

+
w(0, t)
h2

3(t)

)]
, t ∈ [0, T ],

zy(1, t) =
h2

3(t)
a(h3(t) + h1(t), t)

[
µ′2(t)−f(h3(t)+h1(t), t)−

−c(h3(t) + h1(t), t)µ2(t)− w(1, t)
(

b(t) + µ4(t)
h3(t)

−

−w(1, t)
h2

3(t)

)]
, t ∈ [0, T ]. (22)

Âèêîðèñòîâóþ÷è ôóíêöiþ Ãðiíà G2(y, t, η, τ), çàäà÷ó
(22) çâîäèìî äî ðiâíÿííÿ

z(y, t) = h03

1∫

0

G2(y, t, η, 0)ϕ′(ηh03 + h01)dη−

−
t∫

0

G2(y, t, 0, τ)(µ′1(τ)− f(h1(τ), τ)− c(h1(τ), τ)×

×µ1(τ))dτ+

t∫

0

G2(y, t, 1, τ)(µ′2(τ)−f(h3(τ)+h1(τ), τ)−

−c(h3(τ)+h1(τ), τ)µ2(τ))dτ+

t∫

0

1∫

0

G2(y, t, η, τ)(h3(τ)×

×(cx(ηh3(τ)+h1(τ), τ)v(η, τ)+fx(ηh3(τ)+h1(τ), τ))+

+c(ηh3(τ)+h1(τ), τ)z(η, τ))dη dτ−
t∫

0

1∫

0

G2η(y, t, η, τ)×

×w(η, τ)
(

b(τ) + ηµ4(τ) + (1− η)µ3(τ)
h3(τ)

−

−ηw(1, τ) + (η − 1)w(0, τ)
h2

3(τ)

)
dη dτ.

Âiäíiìàþ÷è âiä îòðèìàíî¨ ðiâíîñòi (20), îäåðæèìî
îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððà äðóãîãî
ðîäó âiäíîñíî z(y, t) − w(y, t), çâiäêè ðîáèìî
âèñíîâîê, ùî vy(y, t) = w(y, t).

Çàëèøèëîñü äîâåñòè âèêîíàííÿ óìîâ (8)�(10).
Ðiâíiñòü (16) çáiãà¹òüñÿ ç óìîâîþ (10). Óìîâè òåîðåìè
äîçâîëÿþòü ïðîäèôåðåíöiþâàòè (18) çà t, çâiäêè
ðîáèìî âèñíîâîê, ùî h1 ∈ C1[0, T ] òà âèêîíó¹òüñÿ
óìîâà (8). Ïðîäèôåðåíöiþ¹ìî (16) çà t, âðàõîâóþ÷è
òå, ùî v(y, t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (21). Çâiäñè

ðîáèìî âèñíîâîê, ùî h3 ∈ C1[0, T ], òà âiä îòðèìàíî¨
ðiâíîñòi âiäíiìàþ÷è (17), îäåðæèìî
(

h′3(t) +
vy(1, t) + vy(0, t)

h3(t)
− µ4(t) + µ3(t)

)
µ5(t)
h3(t)

= 0.

Óìîâà (9) âèêîíó¹òüñÿ.
Îòæå, åêâiâàëåíòíiñòü çàäà÷i (5)�(10) òà ñèñòåìè

ðiâíÿíü (15)�(18), (20) äîâåäåíî.
Äëÿ äîñëiäæåííÿ ñèñòåìè ðiâíÿíü (15)�(18),

(20) âèêîðèñòà¹ìî òåîðåìó Øàóäåðà ïðî íåðóõîìó
òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà. Äëÿ öüîãî
âñòàíîâèìî àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè.
Ïîçíà÷èìî W (t) = max

y∈[0,1]
|w(y, t)|. Âðàõîâóþ÷è

îöiíêè (11), (12), ç (17), (18) îäåðæèìî

|b(t)| ≤ C1 + C2W (t), t ∈ [0, T ], (23)

|h1(t)| ≤ C3 + C4

t∫

0

W (τ)dτ, t ∈ [0, T ]. (24)

Çãiäíî ç (11), (12) òà îöiíêàìè äëÿ ôóíêöi¨ Ãðiíà [6]
ç (20) îòðèìà¹ìî òàêó íåðiâíiñòü:

W (t) ≤ C5 + C6

t∫

0

W (τ)dτ + C7

t∫

0

(W (τ) + |b(τ)|)×

× W (τ)√
θ(t)− θ(τ)

dτ, t ∈ [0, T ],

äå θ(t) =

t∫

0

dσ

h2(σ)
.

Âðàõîâóþ÷è âèãëÿä ôóíêöi¨ θ(t), îöiíêè (12), (23)
òà ââiâøè ïîçíà÷åííÿ W1(t) = W (t) + 1, ïîïåðåäíþ
íåðiâíiñòü ïåðåïèøåìî â òàêîìó âèãëÿäi:

W1(t) ≤ C8 + C9

t∫

0

W 2
1 (τ)√
t− τ

dτ, t ∈ [0, T ]. (25)

Ìåòîä ðîçâ'ÿçóâàííÿ íåðiâíîñòi (25) ïîäàíî â [7].
Îòæå, îòðèìà¹ìî îöiíêó

W (t) ≤ M3 < ∞, t ∈ [0, t1],

äå t1, 0 < t1 < T, âèçíà÷à¹òüñÿ ñòàëèìè C8, C9.
Âèêîðèñòîâóþ÷è öå â (23), (24), îäåðæèìî

|b(t)| ≤ C1 + C2M3 ≡ B1 < ∞,

|h1(t)| ≤ C3 + C4TM3 ≡ H3 < ∞, t ∈ [0, t1].

Îòæå, àïðiîðíi îöiíêè äëÿ ðîçâ'ÿçêiâ ñèñòåìè
(15)�(18), (20) çíàéäåíî.

Ïîäàìî ñèñòåìó (15)�(18), (20) ó âèãëÿäi îïåðà-
òîðíîãî ðiâíÿííÿ

ω = Pω,

äå ω = (v(y, t), h3(t), b(t), h1(t), w(y, t)), à îïåðàòîð
P = (P1, ..., P5) âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòèíàìè
ðiâíÿíü (15)�(18), (20). Ïîáóäó¹ìî ìíîæèíó N òàê,
ùîá îïåðàòîð P ïåðåâîäèâ N â ñåáå.
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Îáåðíåíà çàäà÷à âèçíà÷åííÿ ìîëîäøîãî êîåôiöi¹íòà â ïàðàáîëi÷íîìó ðiâíÿííi â îáëàñòi ç âiëüíîþ ìåæåþ

Âiçüìåìî äîâiëüíi (v, h3, b, h1, w), äëÿ ÿêèõ ñïðà-
âåäëèâi âèùå âñòàíîâëåíi îöiíêè. Îöiíèìî ïðàâó
÷àñòèíó (20):

|P5w| ≤ C5 + C10t + C11

√
t.

Âèáèðàþ÷è ÷èñëî t2, 0 < t2 ≤ T, òàê, ùîá
âèêîíóâàëàñü íåðiâíiñòü C5 + C10t2 + C11

√
t2 ≤ M3,

îòðèìà¹ìî

|P5w| ≤ M3, (y, t) ∈ [0, 1]× [0, t2].

Ïîçíà÷èìî N = {(v, h3, b, h1, w) ∈ C(QT0
)×

×(C[0, T0])3 × C(QT0
) : M1 ≤ v(y, t) ≤ M2,

H1 ≤ h3(t) ≤ H2, |b(t)| ≤ B1, |h1(t)| ≤ H3,
|w(y, t)| ≤ M3}, äå T0 = min{t1, t2}. Î÷åâèäíî, ùî
ìíîæèíà N çàäîâîëüíÿ¹ óìîâè òåîðåìè Øàóäåðà,
à îïåðàòîð P ïåðåâîäèòü N â ñåáå. Êîìïàêòíiñòü
îïåðàòîðiâ, ùî óòâîðþþòü P, âñòàíîâëåíî ó [8].
Òîäi çà òåîðåìîþ Øàóäåðà iñíó¹ ðîçâ'ÿçîê
(v(y, t), h3(t), b(t), h1(t), w(y, t)) ñèñòåìè ðiâíÿíü (15)�
(18), (20) ç êëàñó C(QT0

) × (C[0, T0])3 × C(QT0
), à,

îòæå, i ðîçâ'ÿçîê (h1(t), h3(t), b(t), v(y, t)) ç êëàñó
(C1[0, T0])2 × C[0, T0] × C2,1(QT0) ∩ C1,0(QT0

) çàäà÷i
(5)�(10). ¥

Âñòàíîâèìî óìîâè ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i
(5)�(10).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:

a ∈ C2,0([h01,∞)× [0, T ]), a(x, t) > 0, x ∈ [h01,∞),

t ∈ [0, T ], c, f ∈ C1,0([h01,∞)× [0, T ]), ϕ(x) ≥ ϕ0 > 0,

x ∈ [h01,∞), µ5(t) > 0, µ2(t)− µ1(t) 6= 0, t ∈ [0, T ].

Òîäi ðîçâ'ÿçîê (h1, h3, b, v) ∈ (C1[0, T ])2 × C[0, T ] ×
C2,1(QT ) ∩ C1,0(QT ), h3(t) > 0, t ∈ [0, T ], çàäà÷i (5)�
(10) ¹äèíèé.

¤ Äîâåäåííÿ. Íåõàé (h1i(t), h3i(t), bi(t), vi(y, t)),
i = 1, 2, � äâà ðîçâ'ÿçêè çàäà÷i (5)�(10). Ïîçíà÷èìî

bi(t)
h3i(t)

= pi(t),
h′1i(t)
h3i(t)

= qi(t),
h′3i(t)
h3i(t)

= si(t), i = 1, 2,

p(t) = p1(t)− p2(t), q(t) = q1(t)− q2(t),

s(t) = s1(t)− s2(t), v(y, t) = v1(y, t)− v2(y, t).

Ôóíêöi¨ p(t), q(t), s(t), v(y, t) çàäîâîëüíÿþòü ðiâíÿííÿ

vt =
a(yh31(t) + h11(t), t)

h2
31(t)

vyy+(p1(t)+q1(t)+ys1(t))vy+

+c(yh31(t) + h11(t), t)v+
(

a(yh31(t) + h11(t), t)
h2

31(t)
−

−a(yh32(t) + h12(t), t)
h2

32(t)

)
v2yy +(p(t)+ q(t)+ ys(t))v2y+

+(c(yh31(t) + h11(t), t)− c(yh32(t) + h12(t), t))v2+

+f(yh31(t) + h11(t), t)− f(yh32(t) + h12(t), t), (26)
(y, t) ∈ QT ,

òà óìîâè
v(y, 0) = 0, y ∈ [0, 1], (27)

v(0, t) = v(1, t) = 0, t ∈ [0, T ], (28)

h′11(t)− h′12(t) =
vy(0, t)
h31(t)

+
(

1
h31(t)

− 1
h32(t)

)
v2y(0, t),

h′31(t)− h′32(t) = −vy(0, t) + vy(1, t)
h31(t)

− (v2y(0, t)+

+v2y(1, t))
(

1
h31(t)

− 1
h32(t)

)
,

1∫

0

v(y, t)dy = µ5(t)
(

1
h31(t)

− 1
h32(t)

)
, t ∈ [0, T ]. (29)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗1(y, t, η, τ) äëÿ
ðiâíÿííÿ

vt =
a(yh31(t) + h11(t), t)

h2
31(t)

vyy+(p1(t)+q1(t)+ys1(t))vy+

+c(yh31(t) + h11(t), t)v

ç âðàõóâàííÿì óìîâ (27), (28) ôóíêöiþ v(y, t) ïîäàìî
â òàêîìó âèãëÿäi:

v(y, t) =

t∫

0

1∫

0

G∗1(y, t, η, τ)
[(

a(ηh31(τ) + h11(τ), τ)
h2

31(τ)
−

−a(ηh32(τ) + h12(τ), τ)
h2

32(τ)

)
v2ηη(η, τ) + (p(τ) + q(τ)+

+ηs(τ))v2η(η, τ) + v2(η, τ)(c(ηh31(τ) + h11(τ), τ)−
−c(ηh32(τ) + h12(τ), τ)) + f(ηh31(τ) + h11(τ), τ)−

−f(ηh32(τ) + h12(τ), τ)
]
dηdτ, (y, t) ∈ QT . (30)

Îñêiëüêè äëÿ h′1i(t), h
′
3i(t), bi(t), i = 1, 2,

ñïðàâäæóþòüñÿ ðiâíîñòi, àíàëîãi÷íi (14), (17), òî
çâiäñè îòðèìà¹ìî

q(t) =
vy(0, t)
h2

31(t)
+

(
1

h2
31(t)

− 1
h2

32(t)

)
v2y(0, t) + µ3(t)×

×
(

1
h31(t)

− 1
h32(t)

)
, t ∈ [0, T ], (31)

s(t) = −vy(0, t) + vy(1, t)
h2

31(t)
− (v2y(0, t) + v2y(1, t))×

×
(

1
h2

31(t)
− 1

h2
32(t)

)
+ (µ4(t)− µ3(t))×

×
(

1
h31(t)

− 1
h32(t)

)
, t ∈ [0, T ], (32)

p(t) = (µ2(t)− µ1(t))−1

[ 1∫

0

ax(yh31(t) + h11(t), t)
h31(t)

×

×vy(y, t)dy +

1∫

0

(
1

h32(t)
(ax(yh31(t) + h11(t), t)−

−ax(yh32(t) + h12(t), t)) + ax(yh31(t) + h11(t), t)×
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×
(

1
h31(t)

− 1
h32(t)

))
v2y(y, t)dy+

µ1(t) + a(h11(t), t)
h2

31(t)
×

×vy(0, t) +
(

(µ1(t) + a(h11(t), t))
(

1
h2

31(t)
− 1

h2
32(t)

)
+

+(a(h11(t), t)− a(h12(t), t))
1

h2
32(t)

)
v2y(0, t) + vy(1, t)×

×µ2(t)− a(h31(t) + h11(t), t)
h2

31(t)
+ v2y(1, t)

((
1

h2
31(t)

−

− 1
h2

32(t)

)
(µ2(t)− a(h31(t) + h11(t), t))− 1

h2
32(t)

×

×(a(h31(t) + h11(t), t)− a(h32(t) + h12(t), t))
)
−

−
1∫

0

(c(yh31(t)+h11(t), t)v(y, t)+(c(yh31(t)+h11(t), t)−

−c(yh32(t) + h12(t), t))v2(y, t) + f(yh31(t) + h11(t), t)−
−f(yh32(t) + h12(t), t))dy + (µ1(t)µ3(t)− µ2(t)µ4(t)+

+µ′5(t))
(

1
h31(t)

− 1
h32(t)

)]
, t ∈ [0, T ]. (33)

Ïðèïóùåííÿ òåîðåìè çàáåçïå÷óþòü ïðàâèëüíiñòü
ðiâíîñòi

f(yh31(t)+h11(t), t)−f(yh32(t)+h12(t), t) = (y(h31(t)−

−h32(t)) + h11(t)− h12(t))

1∫

0

fx(yh32(t) + h12(t)+

+σ(y(h31(t)− h32(t)) + h11(t)− h12(t)), t)dσ, (34)
ùî ñïðàâåäëèâà i äëÿ a(yh3i(t)+h1i(t), t), ax(yh3i(t)+
h1i(t), t) òà c(yh3i(t) + h1i(t), t), i = 1, 2.

Âèðàçèìî h3i(t) ÷åðåç si(t):

h3i(t) = h3i(0) exp




t∫

0

si(τ)dτ


 , i = 1, 2,

äå h31(0) = h32(0) = h03. Âðàõîâóþ÷è ðiâíiñòü

ex − ey = (x− y)

1∫

0

ey+τ(x−y)dτ,

îäåðæèìî

1
h31(t)

− 1
h32(t)

= − 1
h03

t∫

0

s(τ)dτ

1∫

0

exp
(
−

t∫

0

(σs(τ)+

+s2(τ))dτ

)
dσ. (35)

Àíàëîãi÷íî (35) âèêîðèñòà¹ìî äëÿ çîáðàæåííÿ
ðiçíèöi 1

h2
31(t)

− 1
h2

32(t)
.

Âðàõîâóþ÷è (34), (35) i ïiäñòàâëÿþ÷è (30) â (31)�
(33), îäåðæèìî ñèñòåìó îäíîðiäíèõ iíòåãðàëüíèõ

ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó âiäíîñíî íåâiäîìèõ
q(t), s(t), p(t). Ç ¹äèíîñòi ðîçâ'ÿçêiâ òàêèõ ñèñòåì
î÷åâèäíî, ùî q(t) = 0, s(t)=0, p(t)=0, t ∈ [0, T ].
Çâiäñè îòðèìà¹ìî q1(t) = q2(t), s1(t) = s2(t), p1(t) =
= p2(t), t ∈ [0, T ], à, îòæå, h11(t) = h12(t), h31(t) =
= h32(t), b1(t) = b2(t), t ∈ [0, T ]. Âèêîðèñòîâóþ÷è
öå â çàäà÷i (26)�(28), çíàõîäèìî, ùî v1(y, t) =
= v2(y, t), (y, t) ∈ QT , ùî i çàâåðøó¹ äîâåäåííÿ
òåîðåìè. ¥

III. Âèïàäîê iíòåãðàëüíèõ óìîâ ïåðå-
âèçíà÷åííÿ

Çàìiíèìî óìîâè (8), (9) òàêèìè óìîâàìè:

h2
3(t)

1∫

0

y v(y, t)dy+h1(t)µ5(t) = µ6(t), t ∈ [0, T ], (36)

h3
3(t)

1∫

0

y2 v(y, t)dy + 2h1(t)µ6(t)− h2
1(t)µ5(t) =

= µ7(t), t ∈ [0, T ]. (37)
Âñòàíîâèìî óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷-

íîãî ðîçâ'ÿçêó çàäà÷i (5)�(7), (10), (36), (37).
Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ

óìîâè 1), 2), 4) òåîðåìè 1 òà

a ∈ C2,0([h01,∞)× [0, T ]), µj ∈ C1[0, T ], j = 6, 7,

µ5(t)−H2M2 > 0, t ∈ [0, T ],

äå H2, M2 âèçíà÷àþòüñÿ ç (11), (12).
Òîäi ìîæíà âêàçàòè òàêå ÷èñëî T1 : 0 < T1 ≤ T ,
ùî iñíó¹ ¹äèíèé ðîçâ'ÿçîê (h1, h3, b, v) ∈ (C1[0, T1])2×
C[0, T1] × C2,1(QT1) ∩ C1,0(QT1

), h3(t) > 0, t ∈ [0, T1]
çàäà÷i (5)�(7), (10), (36), (37).

Äîâåäåííÿ òåîðåìè àíàëîãi÷íå äîâåäåííþ òåî-
ðåìè 1. Ââiâøè ïîçíà÷åííÿ p(t)=h′1(t), r(t)=h′3(t),
w(y, t)=vy(y, t), çâîäèìî çàäà÷ó (5)�(7), (10), (36),
(37) äî ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü:

h3(t) =
µ5(t)

1∫
0

v(y, t)dy

, t ∈ [0, T ], (38)

h1(t) =
µ6(t)
µ5(t)

− h2
3(t)

µ5(t)

1∫

0

yv(y, t)dy, t ∈ [0, T ], (39)

r(t) + (p(t) + b(t))
µ2(t)− µ1(t)

µ2(t)
=

µ′5(t)
µ2(t)

− 1
h3(t) µ2(t)

×

×
(

a(h1(t)+h3(t), t)w(1, t)−a(h1(t), t)w(0, t)
)

+
1

µ2(t)
×

×
1∫

0

(
ax(h1(t) + yh3(t), t)w(y, t)−h3(t)(v(y, t)c(h1(t)+

+yh3(t), t) + f(h1(t) + yh3(t), t))
)

dy, t ∈ [0, T ], (40)
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p(t) + b(t)
(

1− µ5(t)
h3(t)µ1(t)

)
=

µ′6(t)
h3(t)µ1(t)

− µ′5(t)
µ1(t)

×

×
(

h1(t)
h3(t)

+ 1
)
− a(h1(t), t)

h3(t)µ1(t)
w(0, t)− 1

h3(t)µ1(t)
×

×
1∫

0

(
(h3(t)(y − 1)ax(h1(t) + yh3(t), t) + a(yh3(t)+

+h1(t), t))w(y, t)− h2
3(t)(y − 1)(c(h1(t) + yh3(t), t)×

×v(y, t) + f(h1(t) + yh3(t), t))
)

dy, t ∈ [0, T ], (41)

b(t) = (µ5(t)(h3(t)+2h1(t))−2µ6(t))−1

[
µ′7(t)−µ′6(t)×

×(2h1(t) + h3(t)) + h1(t)µ′5(t)(h1(t) + h3(t)) + h3(t)×

×
1∫

0

(
(h3(t)y(y − 1)ax(h1(t) + yh3(t), t) + (2y − 1)×

×a(h1(t) + yh3(t), t))w(y, t)− h2
3(t)y(y − 1)(v(y, t)×

×c(h1(t) + yh3(t), t) + f(h1(t) + yh3(t), t))
)

dy

]
, (42)

t ∈ [0, T ],

v(y, t) = v0(y, t) +

t∫

0

1∫

0

G1(y, t, η, τ)w(η, τ)×

×b(τ) + p(τ) + η r(τ)
h3(τ)

dηdτ, (y, t) ∈ QT , (43)

w(y, t) = w0(y, t) +

t∫

0

1∫

0

G2(y, t, η, τ)(w(η, τ)×

×c(ηh3(τ) + h1(τ), τ) + cx(ηh3(τ) + h1(τ), τ)×

×h3(τ)v(η, τ))dη dτ −
t∫

0

1∫

0

G2η(y, t, η, τ)w(η, τ)×

×b(τ) + p(τ) + ηr(τ)
h3(τ)

dη dτ, (y, t) ∈ QT . (44)

Ïîäàìî çíàìåííèê â (42) ó âèãëÿäi

µ5(t)(h3(t) + 2h1(t))− 2µ6(t) =

= h3(t)
(

µ5(t)− 2h3(t)

1∫

0

yv(y, t)dy

)
.

Îñêiëüêè äëÿ ôóíêöié v(y, t), h3(t) ñïðàâåäëèâi
îöiíêè (11), (12), òî

µ5(t)(h3(t) + 2h1(t))− 2µ6(t) ≥

≥ h3(t)(µ5(t)− 2H2M2) > 0, t ∈ [0, T ].

Äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü
(38)�(44)  ðóíòó¹òüñÿ íà çàñòîñóâàííi òåîðåìè
Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî
îïåðàòîðà. �äèíiñòü ðîçâ'ÿçêó çàäà÷i çâîäèòüñÿ äî
¹äèíîñòi ðîçâ'ÿçêó ñèñòåìè îäíîðiäíèõ iíòåãðàëüíèõ
ðiâíÿíü Âîëüòåððà äðóãîãî ðîäó.

Âèñíîâêè
Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåð-

íåíî¨ çàäà÷i äëÿ îäíîâèìiðíîãî ïàðàáîëi÷íîãî ðiâ-
íÿííÿ äðóãîãî ïîðÿäêó ç íåâiäîìèì çàëåæíèì âiä
÷àñó êîåôiöi¹íòîì ïðè ïåðøié ïîõiäíié â îáëàñòi
ç äâîìà íåâiäîìèìè äiëÿíêàìè ìåæi ç ðiçíèìè íàáî-
ðàìè óìîâ ïåðåâèçíà÷åííÿ. Çà äîïîìîãîþ òåîðåìè
Øàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíî-
ãî îïåðàòîðà âñòàíîâëåíî óìîâè ëîêàëüíîãî iñíó-
âàííÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i. �äèíiñòü
ðîçâ'ÿçêó çàäà÷i î÷åâèäíà ç âëàñòèâîñòåé ðîçâ'ÿçêiâ
îäíîðiäíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððà äðó-
ãîãî ðîäó.
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INVERSE PROBLEM OF THE DETERMINATION
OF A MINOR COEFFICIENT IN A PARABOLIC EQUATION

IN A FREE BOUNDARY DOMAIN
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3b Naukova Str., 79060, Lviv, Ukraine

We establish conditions of uniqueness and local existence of the classical solution to the inverse
problem for a parabolic equation with unknown time-dependent coe�cient at the �rst derivative
of unknown function in a free boundary domain.
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