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I. Ïîñòàíîâêà çàäà÷i
Çàäà÷à ïðî ïåðåíåñåííÿ íåéòðîíiâ ïðèâîäèòü äî

îïåðàòîðà

Lf = −iµ
∂f

∂x
+ c(x)

1∫

−1

f(x, µ′)dµ′ (1)

â ïðîñòîði L2(D), äå ïîçíà÷åíî D = R × [−1, 1]. Ùå
â ðîáîòi [1] ó âèïàäêó

c(x) =
{

c, |x| < a
0, |x| > a, c = const

âñòàíîâëåíî, ùî îïåðàòîð L ìiñòèòü ëèøå ñêií÷åííó
ìíîæèíó âëàñíèõ çíà÷åíü. Ïîòiì âèéøëà äðóêîì
âåëèêà êiëüêiñòü ïðàöü, ïðèñâÿ÷åíèõ ÿâèùó ïåðå-
íåñåííÿ. Âiäçíà÷èìî ëèøå ðîáîòó [2], äå ó âèïàäêó
c ∈ L∞(R), supp c ⊂ [−a, a], c(x) ≥ 0 âèâ÷åíî
òî÷êîâèé òà íåïåðåðâíèé ñïåêòð îïåðàòîðà L, à
òàêîæ ðîáîòó [3], äå âñòàíîâëåíî ïåâíi óìîâè íà
ïîòåíöiàë c(x), ùî çàáåçïå÷óþòü ñêií÷åííiñòü òî÷-
êîâîãî ñïåêòðà îïåðàòîðà (1).

Ìåòîþ ñòàòòi ¹ ïåðåíåñåííÿ ðåçóëüòàòiâ ñòàòòi [3]
íà âèïàäîê çàãàëüíîãî ðiâíÿííÿ

Lf = −iµ
∂f

∂x
+ c(x)

1∫

−1

b(µ′)f(x, µ′)dµ′. (2)

Ôóíêöiÿ c(x), ÿê i â ðîáîòi [3], ¹ åêñïîíåíöiéíî
ñïàäíîþ ïðè x → ∞. Ñòîñîâíî ôóíêöi¨ b(•)
ïðèïóñêà¹òüñÿ iñíóâàííÿ àíàëiòè÷íîãî ïðîäîâæåííÿ
â îêië iíòåðâàëà [-1,1].

II. Ìîäåëü Ôðiäðiõñà
Íåõàé H � äåÿêèé ôóíêöiîíàëüíèé ïðîñòið,

íàïðèêëàä ïðîñòið ôóíêöié ϕ(τ), çàäàíèõ íà âñié
îñi R. Íåõàé S : H → H - îïåðàòîð ìíîæåííÿ
íà íåçàëåæíó çìiííó, (Sϕ)(τ) ≡ τϕ(τ), τ ∈ R

ç ìàêñèìàëüíîþ îáëàñòþ âèçíà÷åííÿ. Îïåðàòîð
âèãëÿäó T = S + V , äå V : H → H äåÿêèé ií-
òåãðàëüíèé îïåðàòîð, íàçèâàþòü ìîäåëëþ Ôðiäðiõñà.
×àñòî âèêîðèñòîâóþòü ôàêòîðèçàöiþ çáóðåííÿ
V = A∗B, A, B : H → G, äå G äåÿêèé äîïîìiæíèé
ïðîñòið. Îòæå, íàøîþ ìåòîþ ¹ ïîáóäîâà îïåðàòîðà
âèãëÿäó

T = S + A∗B, (3)
óíiòàðíî åêâiâàëåíòíîãî îïåðàòîðó L (äèâ.(1)). Âèêî-
ðèñòîâóâàòèìåìî ðåçóëüòàòè òà ìåòîäèêó ðîáîòè [3].
Âèáåðåìî ôàêòîðèçàöiþ ïîòåíöiàëà c(x) = c1(x)c2(x)
òàê, ùî |c1(x)| = |c2(x)|. Íàïðèêëàä c1(x)=c2(x)=0,
ÿêùî c(x)=0 i c1(x)=

√
|c0(x)|, c2(x)=c(x)/

√
|c(x)|,

ÿêùî c(x)6=0. ×åðåç H ïîçíà÷à¹ìî ãiëüáåðòiâ ïðîñòið
ôóíêöié äâîõ çìiííèõ ϕ(s, µ), (s, µ) ∈ D ç íîðìîþ

||ϕ||2H =
∫

R

1∫

−1

|ϕ(s, µ)|2 1
|µ|dsdµ.

Ââåäåìî îïåðàòîð F0 : L2(D) → H, à ñàìå

(F0u)(s, µ) = u

(
s

µ
, µ

)
, u ∈ L2(D). (4)

Ââåäåìî òàêîæ îïåðàòîð Z : L2(R) → H:

(Zc)(s, µ) = c

(
s

µ

)
, c ∈ L2(R).

Ëåãêî ïåðåâiðèòè, ùî ||F0u||H = ||u||L2(D)i îïåðàòîð
F0 ¹ óíiòàðíèì i ùî îïåðàòîð Z ¹ îáìåæåíèì, ||Z|| ≤
≤ √

2. Ïåðåòâîðåííÿ Ôóð'¹ â ïðîñòîði L2(R), òîáòî

(Ff)(s) =
1√
2π

∫

R

e−isτf(τ)dτ, s ∈ R (5)

âèçíà÷à¹, î÷åâèäíî, óíiòàðíå ïåðåòâîðåííÿ â L2(D),
ÿêå ïåðåòâîðþ¹ ôóíêöiþ ϕ(τ, µ) ç ïðîñòîðó L2(D)
ÿê ôóíêöiþ çìiííî¨ τ ∈ R. Çáåðiãà¹ìî îäíå i òå ñàìå
ïîçíà÷åííÿ F äëÿ îáîõ âiäîáðàæåíü - ÿê L2(R) →
→ L2(R) òàê i L2(D) → L2(D). Íàñòóïíå òâåðäæåííÿ
äîâîäèòüñÿ òàê ñàìî, ÿê i â ðîáîòi [3].
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Ìîäåëü Ôðiäðiõñà äëÿ òðàíñïîðòíîãî îïåðàòîðà

Òåîðåìà 1. Íåõàé L : L2(D) → L2(D) � îïå-
ðàòîð ç ìàêñèìàëüíîþ îáëàñòþ âèçíà÷åííÿ, çàäà-
íèé âèðàçîì (1). Òîäi

ULU−1 = S + V : H → H, (6)

äå óíiòàðíèé îïåðàòîð U : L2(D) → H ìà¹ âèãëÿä
U = F0F (äèâ.(4), (5)) i çáóðåííÿ V ¹ iíòåãðàëüíèì
îïåðàòîðîì

V ϕ(s, µ) =

=
1√
2π

∫

R

1∫

−1

c(x)b(µ′)




∫

R

ϕ(s′, µ′)eix s′
µ′ ds′


dµ′

|µ′|e
−ix s

µ dx,

(7)
äå s ∈ R, µ ∈ [−1, 1].

¤ Äîâåäåííÿ. Çàñòîñó¹ìî äî ðiâíîñòi (2)
ïåðåòâîðåííÿ Ôóð'¹ F ïî çìiííié x:

(FLf)(τ, µ) = τµu(τ, µ)+

+
1√
2π

∫

R




1∫

−1

c(x)b(µ′)f(x, µ′)dµ′


 e−iτxdx,

äå u = Ff , àáî òî÷íiøå u(τ, µ) = (Ff(•, µ))(τ). Äiÿ
îïåðàòîðà F0 (äèâ.(4)) ôàêòè÷íî îçíà÷à¹ ïiäñòàíîâêó
τ = s

µ i ïåðåõiä äî çìiííèõ (s, µ),òîìó

(F0FLf)(s, µ) = sϕ(s, µ)+

=
1√
2π

∫

R




1∫

−1

c(x)b(µ′)f(x, µ′)dµ′


 e−ix s

µ dx,
(8)

äå ïîçíà÷åíî

ϕ(s, µ) = (F0u)(s, µ) = u

(
s

µ
, µ

)
.

Ïiäñòàâëÿþ÷è â îñòàííþ ðiâíiñòü u = Ff ìà¹ìî

ϕ(s, µ) = (F0Ff)(s, µ). (9)

ßêùî F0u = ϕ, àáî (äèâ. (5)) u( s
µ , µ) = ϕ(s, µ), òî

u(τ, µ) = ϕ(τµ, µ) = (F−1
0 ϕ)(τ, µ). Çãiäíî ç (9) ìà¹ìî

f(x, µ) = (F−1F−1
0 ϕ)(x, µ) =

1√
2π

∫

R

ϕ(τµ, µ)eiτxdτ.

Çàìiíà çìiííî¨ iíòåãðóâàííÿ s′ = µτ äà¹

f(x, µ) =





1√
2π

∞∫
−∞

ϕ(s′, µ)ei s′
µ x ds′

µ , µ > 0

1√
2π

−∞∫
∞

ϕ(s′, µ)ei s′
µ x ds′

µ , µ < 0.

Ïiäñòàâëÿþ÷è âèðàç

f(x, µ′) =
1√
2π

∫

R

ϕ(s′, µ′)ei s′
µ′ x

ds′

|µ′|

â ðiâíiñòü (8), îäåðæó¹ìî ðiâíiñòü (6) i ïðåäñòàâëåííÿ
(7), ùî i òðåáà áóëî äîâåñòè. ¥

Ç òåîðåìè 1 î÷åâèäíèé íàñëiäîê.

Íàñëiäîê 1. Ñïåêòðè îïåðàòîðiâ L i T (äèâ.
(3), (10)�(11)) çáiãàþòüñÿ.

Ïîáóäó¹ìî ôàêòîðèçàöiþ çáóðåííÿ V.

Òâåðäæåííÿ 1. Ïîçíà÷èìî G = L2(R).
Òîäi îïåðàòîð V (äèâ.(7)) äîïóñêà¹ ôàêòîðèçàöiþ
V = A∗B, äå

Bϕ(x) = c2(x)
∫

R

eixτ




1∫

−1

b(µ′)ϕ(τµ′, µ′)dµ′


 dτ

(10)

A∗c(s, µ) =
1
2π

∫

R

c1(x)c(x)e−ix s
µ dx, (11)

i îïåðàòîðè A∗ : G → H, B : H → G ¹ îáìåæåíèìè.
¤ Äîâåäåííÿ. Çàìiíà â (10) s′

µ′ = τ , ds′ = µ′dτ ,
s ∈ R, τ ∈ ±R äà¹

∫

R

ϕ(s′, µ′)ei s′
µ′ xds′ =

∫

±R

ϕ(τµ′, µ′)eixτµ′dτ =

= |µ′|
∫

R

ϕ(τµ′, µ′)eixτdτ.

Îòæå, âèêîðèñòîâóþ÷è ôàêòîðèçàöiþ ïîòåíöiàëà
c(x) ìà¹ìî

V ϕ(s, µ) =

=
1
2π

∫

R

1∫

−1

c1(x)c2(x)b(µ′)




∫

R

ϕ(τµ′, µ′)eixτdτ


dµ′e−ix s

µ dx,

çâiäêè î÷åâèäíå ïðåäñòàâëåííÿ (10)�(11) äëÿ ôàêòî-
ðèçàöi¨ V = A∗B.

Äîâåäåìî ñïî÷àòêó îáìåæåíiñòü îïåðàòîðà B,
òîáòî íåðiâíiñòü ||Bϕ||G ≤ C||ϕ||H , c = const.

Ïîçíà÷èìî äëÿ çðó÷íîñòi

f(x) =
∫

R

eixτ




1∫

−1

b(µ′)ϕ(τµ′, µ′)dµ′


 dτ

òîäi çãiäíî ç (10)

||Bϕ||2G =
∫

R

|Bϕ|2dx =
∫

R

|c2(x)|2|f(x)|2dx. (12)

Ôóíêöiÿ f(x) ¹ ïåðåòâîðåííÿì Ôóð'¹ ôóíêöi¨

g(τ) =

1∫

−1

b(µ′)ϕ(τµ′, µ′)dµ′. (13)

Îòæå, ∫

R

|f(x)|2dx = 2π

∫

R

|g(τ)|2dτ.
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Âèêîðèñòîâóþ÷è îöiíêó |c2(x)|2 ≤ M , M = const,
îäåðæó¹ìî òîäi ç (12)

||Bϕ||2G ≤ M

∫

R

|f(x)|2dx = 2πM

∫

R

|g(τ)|2dτ.

Ôóíêöiÿ b(µ′) îáìåæåíà i çà íåðiâíiñòþ Êîøi äëÿ
iíòåãðàëà (13) ìà¹ìî

g(τ) ≤
1∫

−1

|b(µ′)|2dµ′
1∫

−1

|ϕ(τµ′, µ′)|2dµ′ ≤

≤ M1

1∫

−1

|ϕ(τµ′, µ′)|2dµ′.

Îòæå,

||Bϕ||2G ≤ M2

∫

R

1∫

−1

|ϕ(τµ′, µ′)|2dµ′dτ.

Çàìiíà τµ′ = x çìiííî¨ τ äà¹

||Bϕ||2G ≤ C

∫

R

1∫

−1

|ϕ(x, µ′)|2 1
|µ′|dµ′dx = C||ϕ||H .

Ðîçãëÿíåìî òåïåð îïåðàòîð A∗ i äîâåäåìî, ùî
||A∗c||H ≤ M ||c||G. Âðàõîâóþ÷è âèãëÿä ëiâî¨ ÷àñòèíè
(11), çðîáèìî çàìiíó çìiííî¨ s

µ = τ ó òàêîìó
iíòåãðàëi:

∫

R

|A∗c(s, µ)|2ds =
∫

±R

|A∗c(µτ, µ)|2µdτ =

= |µ|
∫

R

|A∗c(µτ, µ)|2dτ =

=
|µ|
4π2

∫

R

∣∣∣∣∣∣

∫

R

c1(x)c(x)e−ixτdx

∣∣∣∣∣∣

2

dx =

=
|µ|
2π

∫

R

∣∣∣c1(x)c(x)
∣∣∣
2

dx.

Òóò çíîâó âèêîðèñòà¹ìî âëàñòèâîñòi ïåðåòâîðåííÿ
Ôóð'¹. Îñêiëüêè ôóíêöiÿ c1(x) îáìåæåíà, òî

||A∗c||2H =

1∫

−1

1
|µ|

∫

R

|A∗c(s, µ)|2dsdµ =

=
1
2π

1∫

−1

∫

R

∣∣∣c1(x)c(x)
∣∣∣
2

dxdµ ≤

≤ M

∫

R

|c(x)|2dx

1∫

−1

dµ = 2M ||c||2G.

Îòæå, îïåðàòîðè B, A∗ - îáìåæåíi, ùî i òðåáà áóëî
äîâåñòè. ¥

Ðîçãëÿíåìî ðåçîëüâåíòó îïåðàòîðà T . Ðiâíÿííÿ
(T − ζ)ϕ = ψ, ζ ∈ C ìà¹ âèãëÿä (äèâ. (3))

(S − ζ)ϕ + A∗Bϕ = ψ.

Ïîçíà÷èìî Sζ = (S − ζ)−1, Tζ = (T − ζ)−1. Îñêiëüêè
ζ /∈ R, òî îáåðíåíèé îïåðàòîð Sζ iñíó¹ i ¹ îáìåæåíèì,
ðiâíÿííÿ íàáóâà¹ âèãëÿäó

ϕ + SζA
∗Bϕ = Sζψ. (14)

Äîìíîæóþ÷è òàêîæ çëiâà íà îïåðàòîð B, îòðèìó¹ìî

(1 + BSζA
∗)Bϕ = BSζψ. (15)

Ïîçíà÷èâøè

K(ζ) = 1 + BSζA
∗, ζ /∈ R, (16)

îòðèìà¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 2. ßêùî îïåðàòîð K(ζ), ζ /∈ R
ìà¹ îáìåæåíèé îáåðíåíèé îïåðàòîð K(ζ)−1, òî ζ
íàëåæèòü ðåçîëüâåíòíié ìíîæèíi îïåðàòîðà T i

Tζ = Sζ − SζA
∗K(ζ)−1BSζ . (17)

¤ Äîâåäåííÿ. Âèçíà÷àþ÷è Bϕ ç ðiâíîñòi (15)
i ïiäñòàâëÿþ÷è â (14), îäåðæó¹ìî äëÿ ϕ = Tζψ
ïðåäñòàâëåííÿ (17). Îïåðàòîð Tζ ¹ âèçíà÷åíèì íà
âñüîìó ïðîñòîði H i ¹ îáìåæåíèì (äèâ. òâ. 1 ñòîñîâíî
îáìåæåíîñòi îïåðàòîðiâ A∗ i B). Îòæå, ζ íàëåæèòü
ðåçîëüâåíòíié ìíîæèíi îïåðàòîðà T , ùî i òðåáà áóëî
äîâåñòè. ¥

III. Îöiíêà îïåðàòîðà K(ζ)− 1, Imζ 6= 0

Çãiäíî ç (16) äîñòàòíüî îöiíèòè îïåðàòîð BSζA
∗.

Âèêîðèñòîâóþ÷è âèðàç A∗c (äèâ (11)) i ïiäñòàâëÿþ÷è
ϕ(s, µ) = SζA

∗c(s, µ) â (10), îäåðæó¹ìî

BSζA
∗c(x) =

=
1
2π

c2(x)
∫

R




1∫

−1

b(µ′)dµ′

τµ′ − ζ







∫

R

c1(y)ei(x−y)τ c(y)dy


 dτ.

Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ ïî y i τ , îäåðæó¹ìî
ëåìó.

Ëåìà 1. Iñíó¹ ïðåäñòàâëåííÿ

((K(ζ)− 1)c)(x) =
∫

R

k(x, y, ζ)c(y)dy, (18)

äå
k(x, y, ζ) =

1
2π

c2(x)c1(y)I(x− y, ζ) (19)
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i
I(u, ζ) =

∫

R

l(τ, ζ)eiuτdτ, u = x− y, äå (20)

l(τ, ζ) =

1∫

−1

b(µ′)
τµ′ − ζ

dµ′, Im(ζ) 6= 0. (21)

Çàóâàæèìî, ùî çìiíà ïîðÿäêó iíòåãðóâàííÿ ¹
ìîæëèâîþ, çàâäÿ÷óþ÷è î÷åâèäíié àñèìïòîòèöi

l(τ, ζ) = O

(
1
τ

)
, |τ | → ∞, ζ = const.

Äàëi äëÿ ñêîðî÷åííÿ çíàê u ïîçíà÷à¹ìî ÷åðåç
s(u) = sign u.

Ëåìà 2. Iñíó¹ ïðåäñòàâëåííÿ

I(u, ζ) =

∞∫

0

1
t− ζ

f−s(u)(t |u|)dt−
∞∫

0

1
t + ζ

fs(u)(t |u|)dt,

(22)
äå

fω(θ) =

∞∫

θ

1
y

[
b

(
θ

y

)
e−iωy + b

(
−θ

y

)
eiωy

]
dy, ω = ±1.

(23)
¤ Äîâåäåííÿ. Çàìiíà çìiííî¨ t = τµ′ â

iíòåãðàëi (21) äà¹

l(τ, ζ) =
1
τ

τ∫

−τ

b( t
τ )

t− ζ
dt.

Ïiäñòàâèìî â iíòåãðàë (20) i iíòåãðóâàííÿ ïî τ
çâåäåìî äî iíòåðâàëà (0,∞), à ñàìå:

I(u, ζ) =




0∫

−∞
+

∞∫

0


 1

τ

τ∫

−τ

b( t
τ )

t− ζ
dt eiuτdτ =

=

∞∫

0

1
τ

τ∫

−τ

1
t− ζ

[
b

(
− t

τ

)
e−iuτ + b

(
t

τ

)
eiuτ

]
dtdτ.

Çìiíþ¹ìî ïîðÿäîê iíòåãðóâàííÿ, òîäi

I(u, ζ) =




∞∫

0

dt

t− ζ

∞∫

t

+

0∫

−∞

dt

t− ζ

∞∫

−t


×

×1
τ

[
b

(
− t

τ

)
e−iuτ + b

(
t

τ

)
eiuτ

]
dτ,

àáî

I(u, ζ) =

∞∫

0

dt

t− ζ

∞∫

t

1
τ

[
b

(
− t

τ

)
e−iuτ+b

(
t

τ

)
eiuτ

]
dτ−

−
∞∫

0

dt

t + ζ

∞∫

t

1
τ

[
b

(
t

τ

)
e−iuτ + b

(
− t

τ

)
eiuτ

]
dτ.

Ïiäñòàíîâêà y = |u| τ (äëÿ ÿêî¨ ìà¹ìî uτ = s(u)y)
ïðèâîäèòü äî ïðåäñòàâëåííÿ (22)�(23), ùî i òðåáà
áóëî äîâåñòè.
¥

Ëåìà 3. Iñíóþòü ñòàëi a, a1, a2 òàêi, ùî

|fω(θ)| < a1|lnθ|+ a2, 0 < θ < 1 (24)

i
|fω(θ)| < a

θ
, θ > 1. (25)

¤ Äîâåäåííÿ. Ôóíêöiÿ b(z) àíàëiòè÷íà â êðóçi
|z| < 1 + ε, ε > 0 òîìó iñíó¹ ñòàëà M , òàêà, ùî

∣∣∣∣
b(z)− b(0)

z

∣∣∣∣ ≤ M, |z| < 1,

çâiäêè î÷åâèäíà îöiíêà

|b
(

θ

y

)
− b(0)| ≤ M

θ

y
, 0 < θ < y. (26)

Äîñòàòíüî îöiíèòè ïåðøèé äîäàíîê â ïðàâié ÷àñ-
òèíi(23), à ñàìå:

f(θ) ≡
∞∫

θ

1
y
b

(
θ

y

)
e−iωydy =

=

∞∫

θ

1
y

[
b

(
θ

y

)
− b(0)

]
e−iωydy + b(0)

∞∫

θ

e−iωy

y
dy.

Âèêîðèñòîâóþ÷è îöiíêó (26)(à òàêîæ iíòåãðóþ÷è ïî
÷àñòèíàõ), çíàõîäèìî, ùî ôóíêöiÿ f(θ) çàäîâîëüíÿ¹
îöiíêó (25). Ó âèïàäêó 0 < θ < 1 ìà¹ìî

f(θ) =




1∫

θ

+

∞∫

1


 1

y
b

(
θ

y

)
e−iωydy,

äå
∣∣∣∣∣∣

1∫

θ

1
y
b

(
θ

y

)
e−iωydy

∣∣∣∣∣∣
≤ M

∣∣∣∣∣∣

1∫

θ

dy

y

∣∣∣∣∣∣
= M |lnθ|,

ùî i äîâîäèòü îöiíêó (24) äëÿ ôóíêöi¨ f(θ).
¥

Òåîðåìà 1. Îïåðàòîð K(ζ)−1 : L2(R)→L2(R)
¹ öiëêîì íåïåðåðâíèì i ‖K(ζ)− 1‖ → 0, |ζ| → ∞
ðiâíîìiðíî â îáëàñòi |Imζ| > ν0 äëÿ êîæíîãî ν0 > 0.

Äîâåäåííÿ íå íàâîäèìî, îñêiëüêè âîíî ïîâòîðþ¹
äîâåäåííÿ ðîáîòè [3]. Äîñòàòíi äëÿ öüîãî îöiíêà
(3.16) i ïðåäñòàâëåííÿ (3.18) ðîáîòè [3] çáiãàþòüñÿ ç
îöiíêàìè (24)�(25) i ïðåäñòàâëåííÿì (22).

Çãiäíî ç ïðåäñòàâëåííÿì (22) ôóíêöiÿ I(u, ζ) (à
îòæå, i îïåðàòîð K(ζ))ìàþòü òî÷êó ζ = 0 òî÷êîþ
ðîçãàëóæåííÿ.
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Òåîðåìà 2. Îïåðàòîð K(ζ) − 1 äîïóñêà¹
àíàëiòè÷íå ïðîäîâæåííÿ ÷åðåç ïiâîñi (−∞; 0) i
(0;∞) i ‖K+(ζ)− 1 ‖ → 0, ‖K−(ζ)− 1 ‖ → 0,|ζ| → ∞
ðiâíîìiðíî â îáëàñòi |Imζ| < ε1, äëÿ êîæíîãî ε1 < ε

2
.

¤ Äîâåäåííÿ. Ñåðåä ÷îòèðüîõ âàðiàíòiâ
ïðîäîâæåíü çãîðè K+(ζ) ÷è çíèçó K−(ζ) ÷åðåç
ïiâîñi (−∞; 0) , (0;∞) äîñòàòíüî îáìåæèòèñü îäíèì
âàðiàíòîì, íàïðèêëàä, ïðîäîâæåííÿì çíèçó K−(ζ)
÷åðåç ïiââiñü (0;∞).

Çàôiêñó¹ìî òî÷êó z0 = σ0 + iε0 òàêó, ùî σ0 > 0,
ε1 < ε0 < ε

2 . Ïîçíà÷èìî ÷åðåç Γ1 = {sz0, 0 < s < 1}
âiäðiçîê ïðÿìî¨, ùî ç'¹äíó¹ ïî÷àòîê êîîðäèíàò z=0
ç òî÷êîþ z0 i ÷åðåç Γ2 = {σ + iε0, σ0 < σ < ∞}
ãîðèçîíòàëüíó ïðÿìó ç òî÷êè z0 äî íåñêií÷åííîñòi.
×åðåç Ω ïîçíà÷à¹ìî îáëàñòü, ðîçòàøîâàíó íèæ÷å âiä
êîíòóðó Γ = Γ1 ∪ Γ2.

Çãiäíî ç (18)�(19)äîñòàòíüî ïåðåâiðèòè óìîâó
∫

R

∫

R

|c1(y)|2 |c2(x)|2 |I−(y−x, θ+iτ0)|2 dxdy→0,

|τ0| < ε, θ →∞.

(27)

Íàäàëi, ðîçáèâàþ÷è ôóíêöiþ I−(u, ζ), ζ=θ+iτ0

íà îêðåìi äîäàíêè, êàçàòèìåìî, ùî öi äîäàíêè
çàäîâîëüíÿþòü óìîâó (27), ÿêùî âiäïîâiäíèé iíòåã-
ðàë òèïó (27) ïðÿìó¹ äî íóëÿ ïðè θ → ∞. Ïðîäîâ-
æåííÿ I−(u, ζ) ôóíêöi¨ I(u, ζ) çíèçó ÷åðåç ïiââiñü
(0,∞) â îáëàñòü Ω ìà¹ âèãëÿä (äèâ. (22)�(23))

I−(u, ζ)=
∫

Γ

f−ω(z |u|)
z − ζ

dz−
∞∫

0

fω(σ |u|)
σ + ζ

dσ, ζ ∈ Ω, (28)

äå f−ω(w) äëÿ êîìïëåêñíèõ çíà÷åíü w = ξ + iη
îçíà÷à¹ àíàëiòè÷íå ïðîäîâæåííÿ ôóíêöi¨

f−ω(ξ) =

∞∫

ξ

1
y
[b

(
ξ

y

)
e−iωy+b

(
− ξ

y

)
eiωy]dy, ξ ∈ (0,∞)

(29)
â îáëàñòü çíà÷åíü Im w > 0.

Íàì ïîòðiáíà îöiíêà äëÿ âèðàçó (28) òàêà, ùî
¨¨ çàëåæíiñòü âiä u = x − y çàáåçïå÷ó¹ çáiæíiñòü
iíòåãðàëà (27), à ¨¨ çàëåæíiñòü âiä ζ = θ + iτ0

çàáåçïå÷ó¹ ïðÿìóâàííÿ iíòåãðàëà äî íóëÿ ïðè θ →∞.
Òàêó îöiíêó äëÿ äðóãîãî iíòåãðàëà â (28)

îäåðæó¹ìî âiäðàçó
∣∣∣∣∣∣

∞∫

0

fω(σ |u|)
σ + ζ

dσ

∣∣∣∣∣∣

2

=

∣∣∣∣∣∣

∞∫

0

1
4
√

σ
fω(σ |u|)

4
√

σ

σ + ζ
dσ

∣∣∣∣∣∣

2

≤

≤
∞∫

0

1√
σ
|fω(σ |u|)|2 dσ

∞∫

0

√
σ

|σ + ζ|2 dσ =

=
1√
|u|

∞∫

0

1√
t
|fω(t)|2 dt

∞∫

0

√
σ

|σ + ζ|2 dσ → 0, Reζ → +∞

òóò âèêîðèñòàíà ïiäñòàíîâêà t = σ |u|.

Ðîçãëÿíåìî ïåðøèé iíòåãðàë ó ïðàâié ÷àñòèíi
ðiâíîñòi (28). Ïîçíà÷èâøè b1(z) ≡ b(z) − b(0),
ïåðåïèøåìî ôóíêöiþ (29)ó âèãëÿäi

f−ω(ξ) =

∞∫

ξ

1
y
b1

(
ξ

y

)
e−iωydy+

+

∞∫

ξ

1
y
b1

(−ξ

y

)
)eiωydy + 2b(0)

∞∫

ξ

cosy

y
dy.

(30)

Âíåñîê çà ðàõóíîê ôóíêöi¨ f(ξ) =
∞∫
ξ

cosy
y dy ÿê

äîâåäåíî â ñòàòòi [3] çàäîâîëüíÿ¹ óìîâó(27). Îòæå,
çãiäíî ç ðîçêëàäîì (30) äîñòàòíüî ïîáóäóâàòè
àíàëiòè÷íå ïðîäîâæåííÿ h(w) äëÿ ïåðøîãî iíòåã-
ðàëà, òîáòî ôóíêöi¨

h(ξ) =

∞∫

ξ

1
y
b1

(
ξ

y

)
e−iydy (31)

i äîâåñòè, ùî âiäïîâiäíà ñêëàäîâà ôóíêöi¨ I−(u, ζ), à
ñàìå:

∫

Γ

h(z |u|)
z − ζ

dz =




∫

Γ1

+
∫

Γ2


 h(z |u|)

z − ζ
dz (32)

òàêîæ çàäîâîëüíÿ¹ îöiíêó (27). Äðóãèé iíòåãðàë
ðîçãëÿäà¹ìî àíàëîãi÷íî. Âèêîðèñòîâóþ÷è ðîçêëàä
â ñòåïåíåâèé ðÿä b1(z) = b1z + b2z

2 + ..., |z|<1+ε,
îäåðæó¹ìî, ùî àíàëiòè÷íå ïðîäîâæåííÿ ôóíêöi¨
(äèâ. (31))

h(ξ) =
∞∑

k=1

bkξk

∞∫

ξ

1
yk+1

e−iydy

iñíó¹ i ìà¹ âèãëÿä

h(w) =
∞∑

k=1

bkwk

∫

C(w)

1
yk+1

e−iydy =
∫

C(w)

1
y
b1

(
w

y

)
eiydy,

äå iíòåãðóâàííÿ âåäåòüñÿ ïî îði¹íòîâàíîìó êîíòóðó,
ùî ïî÷èíà¹òüñÿ â òî÷öi w = ξ + iη
C(w) =

{
ξ + it : t = η, 0

} ∪ (ξ,∞). Îñêiëüêè |b1(z)| ≤
≤ M |z|, òî ôóíêöiÿ

h(w) = −
η∫

0

1
ξ + it

b1

(
w

ξ + it

)
e−i(ξ+it)idt+

+

∞∫

ξ

1
y
b1

(
w

y

)
e−iydy ≡ h1(w) + h2(w)

(33)

äëÿ äîâiëüíîãî çíà÷åííÿ w = ξ + iη ìà¹ îöiíêó

|h(w)| ≤ M

η∫

0

1
|ξ + it|

|w|
|ξ + it|e

tdt+

+M

∞∫

ξ

1
y

|w|
y

dy = M |w|
[
eη

ξ
arctg

η

ξ
+

1
ξ

] (34)
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Ìîäåëü Ôðiäðiõñà äëÿ òðàíñïîðòíîãî îïåðàòîðà

1) íà êîíòóði Γ1 : z = tz0, t ∈ (0; 1) ìà¹ìî w = z |u| =
= tσ0 |u| + itε0 |u| ≡ ξ + iη, îòæå |w|

ξ =
√

1 + (η
ξ )2 =

=
√

1 + ( ε0
σ0

)2 i eη = etε0|u| ≤ eε0|u|, òîìó, çãiäíî ç (34):
|h(z |u|)| ≤ Meε0|u| i (äèâ. (32))

∣∣∣∣∣
∫
Γ1

h(z|u|)
z−ζ dz

∣∣∣∣∣ ≤
M
|ζ|e

ε0|u|.

Çðîçóìiëî, ùî âiïîâiäíèé âíåñîê â (32) çàäî-
âîëüíÿ¹ óìîâó (27).
2) íà êîíòóði Γ2 : z = σ + iε0, σ > σ0 ìà¹ìî w =
= z |u| = σ |u| + iε0 |u| ≡ ξ + iη, ξ = σ |u|, η =
ε0 |u| . Âèêîðèñòà¹ìî ðîçêëàä h(w) = h1(w) + h2(w)
(äèâ. (33)).

Ðîçãëÿíåìî ñïî÷àòêó ôóíêöiþ

h1(w) = −
ε0|u|∫

0

1
σ |u|+ it

b1

(
σ |u|+ iε0 |u|

σ |u|+ it

)
e−iσ|u|+tidt.

Çàìiíà t = |u| p äà¹

h1(w) = −i

ε0∫

0

1
σ + ip

b1(
σ + iε0
σ + ip

)e|u|pdpe−iσu,

çâiäêè |h1(w)| ≤ M
σ eε0|u|, σ > σ0.

Iíòåãðàë ïî êîíòóðó Γ2 ìà¹ îöiíêó(ζ = θ + iτ0)
∣∣∣∣∣∣

∫

Γ2

h1(w)
z − ζ

dz

∣∣∣∣∣∣
≤ Meε0|u|

∞∫

σ0

dσ

σ
√

(σ − θ)2 + (ε0 − τ0)2
.

Äëÿ äîñòàòíüî âåëèêèõ çíà÷åíü θ ðîçáèâà¹ìî îáëàñòü
iíòåãðóâàííÿ (σ0,∞) íà äâi ÷àñòèíè
a)

θ+
√

θ∫

θ−
√

θ

dσ

σ
√

(σ − θ)2 + (ε0 − τ0)2
≤ 1

ε0 − τ0
ln |σ|

∣∣∣∣
θ+
√

θ

θ−
√

θ

=

=
1

ε0 − τ0
ln

θ +
√

θ

θ −
√

θ
= O

(
1√
θ

)
, θ →∞.

(35)
á)

∫

|σ−θ|>
√

θ

dσ

σ
√

(σ − θ)2 + (ε0 − τ0)2
≤

≤ 1
θ




θ−
√

θ∫

σ0

+

∞∫

θ+
√

θ




(
1

σ − θ
− 1

σ

)
dσ =

=
1
θ

[
ln

∣∣∣∣
σ0 − θ

σ0

∣∣∣∣− ln

√
θ

θ +
√

θ
+ ln

√
θ

θ −
√

θ

]
=

= O

(
lnθ

θ

)
, θ →∞.

(36)

Îòæå, âiïîâiäíèé âíåñîê â (36) çàäîâîëüíÿ¹ óìîâó
(27).

Òåïåð â ðîçêëàäi (33) ðîçãëÿäà¹ìî ôóíêöiþ

h2(w) =

∞∫

ξ

1
y
b1

(
w

y

)
e−iydy

íà êîíòóði Γ2. Ïiäñòàâèìî w = σ |u|+ iε0 |u| , ξ = σ |u|
òà ðîçêëàäåìî ôóíêöiþ íà äâà äîäàíêè

h2(w) =

∞∫

σ|u|

1
y

[
b1

(
σ |u|+ iε0 |u|

y

)
− b1

(
σ |u|
y

)]
e−iydy+

+

∞∫

σ|u|

1
y
b1

(
σ |u|

y

)
e−iydy ≡ h21(σ, u) + h22(σ, u).

(37)
Ïîçíà÷èìî äëÿ ñêîðî÷åííÿ i âèêîðèñòà¹ìî íåðiâíiñòü

∣∣∣∣b1

(
θ + iε0 |u|

y

)
− b1

(
θ

y

)∣∣∣∣ ≤ Mε0
|u|
y

,

òîäi

|h21(σ, u)| ≤ Mε0 |u|
∞∫

σ|u|

dy

y2
=

Mε0 |u|
σ |u| =

Mε0
σ

.

Ïîâòîðþþ÷è ïåðåòâîðåííÿ (35)�(36) ïåðåêîíó¹ìîñü,
ùî ñêëàäîâà

∫
Γ2

h21(σ,u)
z−ζ dz çàäîâîëüíÿ¹ óìîâó (27).

Äëÿ äðóãîãî äîäàíêó â ðîçêëàäi (37)

h22(σ, u) =

∞∫

ξ

1
y
b1

(
ξ

y

)
e−iydy (38)

ó âèïàäêó 0 < ξ < 1 îáìåæó¹ìîñü îöiíêîþ

|h22(σ, u)| ≤ M

∞∫

ξ

1
y
· ξ

y
dy = M, 0 < ξ < 1. (39)

Ó âèïàäêó θ > 1 ïðîiíòåãðó¹ìî ñïî÷àòêó ïî ÷àñòèíàõ
â (38), òîäi

h22(σ, u) = − i

θ
· b1+

+i

∞∫

ξ

[
1
y2
· b1

(
ξ

y

)
+

ξ

y3
· b′1

(
ξ

y

)]
e−iydy

(40)

i îöiíêà ìà¹ âèãëÿä

|h22(σ, u)| ≤ M

ξ
, ξ > 1. (41)

Îöiíêè(39),(41) äîçâîëÿþòü ïîâòîðèòè îá÷èñëåííÿ
(3.19)�(3.22) ðîáîòè [3] i ïåðåêîíàòèñü, ùî ñêëàäîâà∫
Γ2

h22(σ,u)
z−ζ dz òàêîæ çàäîâîëüíÿ¹ óìîâó (27), ùî i òðåáà

áóëî äîâåñòè. ¥
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IV. Âèñíîâêè

Çãiäíî ç ïðåäñòàâëåííÿì (17) êîæíà îñîáëèâà
òî÷êà ðåçîëüâåíòè ζ → Tζ ¹ îñîáëèâîþ òî÷êîþ
ôóíêöi¨ K(ζ)−1. Ç âèãëÿäó ôóíêöi¨ K(ζ) (äèâ. (16))
î÷åâèäíî, ùî îïåðàòîð-ôóíêöiÿ K(ζ) ¹ ãîëîìîðôíîþ
â ïiâïëîùèíàõ Imζ > 0 i Imζ < 0. Ç òåîðåìè 1
çðîçóìiëî, ùî â öèõ ïiâïëîùèíàõ iñíóþòü çíà÷åííÿ
ζ0 òàêi, ùî ‖K(ζ0)− 1‖ < 1, îòæå îáåðíåíèé îïåðàòîð
K(ζ0)−1 iñíó¹. Îñêiëüêè îïåðàòîð K(ζ) − 1 ¹ öiëêîì
íåïåðåðâíèì, òî çãiäíî ç âiäîìîþ òåîðåìîþ ïðî
ãîëîìîðôíó îïåðàòîð-ôóíêöiþ (äèâ. [4]) îïåðàòîð
K(ζ)−1 ¹ îáìåæåíèì i çàäàíèì íà âñüîìó ïðîñòîði
G, à òî÷êè ζ, äëÿ ÿêèõ îáåðíåíèé îïåðàòîð K(ζ)−1

íå iñíó¹, ¹ içîëüîâàíèìè i ìîæóòü ìàòè òî÷êè

ñêóï÷åííÿ ëèøå íà ãðàíèöi îáëàñòi, â öüîìó âèïàäêó
íà äiéñíié îñi Imζ = 0. Ç òåîðåìè 2 ïðî àíàëiòè÷íå
ïðîäîâæåííÿ î÷åâèäíî, ùî òî÷êè σ < 0 òà σ > 0
òàêîæ íå ìîæóòü áóòè òî÷êàìè ñêóï÷åííÿ äëÿ òèõ
òî÷îê, äëÿ ÿêèõ K(ζ)−1 íå iñíó¹. Âèêîðèñòîâóþ÷è
íàñëiäîê 1, îäåðæó¹ìî òåîðåìó.

Òåîðåìà 1. Âëàñíi çíà÷åííÿ òà ñïåêòðàëüíi
îñîáëèâîñòi îïåðàòîðà L (äèâ. (2)) ìîæóòü ìàòè
òî÷êîþ ñêóï÷åííÿ òiëüêè çíà÷åííÿ ζ = 0.

Íàãàäà¹ìî, ùî ñïåêòðàëüíèìè îñîáëèâîñòÿìè
íàçèâàþòüñÿ ïîëþñè àíàëiòè÷íîãî ïðîäîâæåííÿ
áiëiíiéíî¨ ôîðìè ðåçîëüâåíòè íà ãëàäêèõ åëåìåíòàõ,
ðîçòàøîâàíi íà íåïåðåðâíîìó ñïåêòði îïåðàòîðà.
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It is proved that eigen-values and spectral singularities of transport operator under certain
conditions on the potential can have zero only as a point of accumulation.
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