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Îäåðæàíî äåÿêi àïðiîðíi îöiíêè ïîðÿäêó ðîñòó ìåðîìîðôíèõ ðîçâ'ÿçêiâ ç ëîãàðèô-

ìi÷íîþ îñîáëèâîþ òî÷êîþ â ∞ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü òà ñèñòåì ëiíiéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü dyj

dz
=

nP
i=1

ajiyi, 1 ≤ j ≤ n, êîåôiöi¹íòè ÿêèõ aji (z) � ìåðî-
ìîðôíi ôóíêöi¨ ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â ∞.

Êëþ÷îâi ñëîâà: ëîãàðèôìi÷íà îñîáëèâà òî÷êà, ìåðîìîðôíèé ðîçâ'ÿçîê, îöiíêè çðîñòàííÿ,
äèôåðåíöiàëüíi ðiâíÿííÿ.
2000 MSC: 30D30, 34M05
ÓÄÊ: 517.925.6

Íåõàé Al ìíîæèíà àíàëiòè÷íèõ â G =
= {z : r0 ≤ |z| < ∞} ôóíêöié, äëÿ ÿêèõ ∞ ¹ ¹äèíîþ
îñîáëèâîþ òî÷êîþ � ëîãàðèôìi÷íîþ îñîáëèâîþ
òî÷êîþ. Ìíîæèíà Al ¹ êîìóòàòèâíèì êiëüöåì
áåç äiëüíèêiâ íóëÿ (öiëiñíèì êiëüöåì). ×åðåç Ml

ïîçíà÷èìî ïîëå ÷àñòîê êiëüöÿ Al, (êîæíå öiëiñíå
êiëüöå ìîæíà çàíóðèòè ó äåÿêå ïîëå ([1, ñ. 52, 58]))
Al ⊂ Ml. ßêùî f ∈ Ml, òî ôóíêöiÿ f (z) , z ∈ G,
íàçèâà¹òüñÿ ìåðîìîðôíîþ ôóíêöi¹þ ç ëîãàðèôìi÷-
íîþ îñîáëèâîþ òî÷êîþ â ∞.

Ðîçãëÿíåìî ñèñòåìó

dyj

dz
=

n∑

i=1

ajiyi, 1 ≤ j ≤ n, (1)

äå âñi aji (z) ∈ Ml. ßêùî {Cν} � ìíîæèíà ïîëþñiâ
âñiõ êîåôiöi¹íòiâ ñèñòåìè (1), òî áóäü-ÿêèé âåêòîð-
ðîçâ'ÿçîê òàêî¨ ñèñòåìè ìà¹ êîìïîíåíòè, ÿêi ¹,

âçàãàëi êàæó÷è, àíàëiòè÷íèìè áàãàòîçíà÷íèìè
ôóíêöiÿìè â C\ {Cν} ([2, ãë. 12]). Äàëi áåç ïîÿñíåíü
âèêîðèñòîâó¹ìî îñíîâíi ïîíÿòòÿ i ñòàíäàðòíi
ïîçíà÷åííÿ íåâàíëiííiâñüêî¨ òåîði¨ ([3]).

Âiçüìåìî äîâiëüíi α, β, −∞ < α < β < +∞,
i äëÿ ôóíêöi¨ f ∈ Ml ÷åðåç f (z) , z ∈ gα,β =
=

{
z = reiϕ : α ≤ ϕ ≤ β, 0 < r0 ≤ r < +∞} ïîçíà÷è-

ìî îäíîçíà÷íó âiòêó ôóíêöi¨ f (z) , z ∈ G, íà ÷àñòèíi
ðiìàíîâî¨ ïîâåðõíi gα,β , äå gα,β� îäíîçâ'ÿçíà îáëàñòü
íà âiäïîâiäíié ðiìàíîâié ïîâåðõíi (äèâ. [4, ñ. 12]).

Äëÿ îäíîçíà÷íî¨ âiòêè f (z) , z ∈ gα,β , ìåðî-
ìîðôíî¨ ôóíêöi¨ f ∈ Ml ïîçíà÷èìî

mα,β (r, f)
def=

1
β − α

β∫

α

ln+ |f (z)|z=reiϕ∈gα,β
dϕ.

ßêùî f ∈ Ml i ìà¹ ïîðÿäîê çðîñòàííÿ ρ[f ] < +∞,
òî ([5])

mα,β

(
r,

f
′

f

)
< 2 (ρ + 1 + ε) ln r, r 6∈ ∆, ∆ ⊂ [0, +∞) , mes∆ < ∞, ε > 0. (2)

Òåîðåìà 1. Íåõàé äàíî äèôåðåíöiàëüíå
ðiâíÿííÿ

y(n) + an−1 (z) y(n−1) + . . . + a0 (z) y = 0, (3)

äå aj ∈ Ml, j = 0, 1, . . . , n− 1, i

lim
r→∞

mα,β (r, an−1)
ln r

> q ≥ 0.

ßêùî y1, . . . , yn � ôóíäàìåíòàëüíà ñèñòåìà
ðîçâ'ÿçêiâ ðiâíÿííÿ (3), òàêà, ùî y1, . . . , yn ∈ Ml,

òî õî÷à á îäèí iç öèõ ðîçâ'ÿçêiâ yi, i = 1, . . . , n, ìà¹
ïîðÿäîê çðîñòàííÿ ρ[yi] > 1

2q − 1.

¤ Äîâåäåííÿ. Íàñïðàâäi, âiäîìî, ùî an−1 =
= −W ′ (z)/W (z), äå W = W [y1, . . . , yn] � âðîíñêiàí
ôóíêöié y1, . . . , yn. ßêùî ρ[yi] ≤ q/2 − 1 äëÿ
1 ≤ i ≤ n, òî ρ[y(k)

i ] ≤ q/2 − 1 äëÿ âñiõ
k = 1, 2, . . . , 1 ≤ i ≤ n. Îòæå, ρ[W ] ≤ q/2 − 1.
Òîäi çãiäíî ç (2), mα,β (r, an−1) = mα,β (r,W ′/W ) ≤
≤ 2 (q/2− 1 + 1 + ε) ln r = (q + 2ε) ln r, òîáòî

lim
r→∞

mα,β (r, an−1)
ln r

≤ q,
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ùî ñóïåðå÷èòü ïðèïóùåííþ òåîðåìè. Îòæå, òâåð-
äæåííÿ òåîðåìè ïðàâèëüíå. ¥

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü
(1). Ïîçíà÷èìî SpA =

n∑
j=1

ajj . Íàñ öiêàâèòèìóòü

âåêòîð-ðîçâ'ÿçêè Y = (y1, . . . , yn) , êîìïîíåíòè ÿêèõ
yj ∈ Ml, j = 1, . . . , n. Ó òàêîìó ðàçi êàçàòèìåìî,
ùî âåêòîð-ðîçâ'ÿçîê Y = (y1, . . . , yn) ∈ Ml. Ïiä
ïîðÿäêîì âåêòîð-ðîçâ'ÿçêó Y = (y1, . . . , yn) ∈ Ml

ðîçóìi¹ìî ìàêñèìàëüíèé ç ïîðÿäêiâ éîãî êîìïîíåíò.
Òåîðåìà 2. Íåõàé äàíî ñèñòåìó äèôåðåíöiàëü-

íèõ ðiâíÿíü (1). ßêùî

lim
r→∞

mα,β (r,SpA)
ln r

> q ≥ 0,

òî ñèñòåìà (1) ìà¹ íå áiëüøå n − 1 ëiíiéíî
íåçàëåæíèõ ìåðîìîðôíèõ ç ëîãàðèôìi÷íîþ îñîá-
ëèâîþ òî÷êîþ â ∞ âåêòîð-ðîçâ'ÿçêiâ ïîðÿäêó
ρ ≤ 1

2q − 1.
Ó âèïàäêó îäíîçíà÷íèõ ìåðîìîðôíèõ ôóíêöié

òâåðäæåííÿ òåîðåì 1, 2 äîâåäåíi â [6], à òâåðäæåííÿ,
ïîäiáíi äî òåîðåìè 3, äîñëiäæóâàëè â [7]. Íîâèì
åòàïîì ¹ âèêîðèñòàííÿ ðåçóëüòàòiâ ç [5].

Ïiä ÷àñ äîâåäåííÿ òåîðåìè 2 i íàäàëi âèêîðèñ-
òîâó¹ìî òàêó îöiíêó.
Òåîðåìà À. Íåõàé R (f1, . . . , fn) � ìíîãî÷ëåí âiä
f1, . . . , fn, degfj

R = kj , 1 ≤ j ≤ n. Òîäi

mα,β (r,R (f1, . . . , fn)) ≤
∑

j

kjmα,β (r, fj) + O (1) .

Äîâåäåííÿ öi¹¨ òåîðåìè åêâiâàëåíòíå âiäïîâiäíîìó
äîâåäåííþ ó ðîáîòi [8].

Äîâåäåìî òåîðåìó 2.
¤ Äîâåäåííÿ. Âiäîìî ([9]), ùî äåòåðìiíàíò

D (z) ôóíäàìåíòàëüíî¨ ìàòðèöi-ðîçâ'ÿçêó ñèñòåìè
(1) çàäîâîëüíÿ¹ ðiâíiñòü

D
′
(z)

D (z)
= SpA.

Ïðèïóñòèìî, ùî ìà¹ìî n ëiíiéíî íåçàëåæíèõ
âåêòîð-ðîçâ'ÿçêiâ ñèñòåìè (1), Yj = (y1j , y2j , . . . , ynj) ∈
∈ Ml, ÿêi ìàþòü ïîðÿäîê ρ ≤ 1

2q − 1. Òîäi

ρ[D (z)] ≤ max
1≤i≤n

1≤j≤n

ρ[yij ] ≤ 1
2
q − 1.

Çâiäñè â ñèëó (2) ìà¹ìî

mα,β

(
r,

D
′
(z)

D (z)

)
= mα,β (r,SpA) ≤ (q + 2ε) ln r,

r 6∈ ∆, mes∆ < ∞,

òîáòî lim
r→∞

mα,β(r,SpA)
ln r ≤ q, ùî ñóïåðå÷èòü ïðèïóùåí-

íþ òåîðåìè. Îòæå, òâåðäæåííÿ òåîðåìè äîâåäåíå. ¥
Íåõàé ìàòðèöÿ êîåôiöi¹íòiâ ñèñòåìè (1) ìà¹

âèãëÿä

A = B0 (z) =

wwwwwwwwww

s1 p1 0 . . . 0
a2,1 s2 p2 . . . 0
. . . . . . . . . . . . . . .

an−1,1 . . . . . . . . . pn−1

an,1 . . . . . . . . . sn

wwwwwwwwww

. (4)

Ââåäåìî ïîçíà÷åííÿ (1 ≤ j ≤ n, 1 ≤ k ≤ n− j + 1):

djk (A) =

∣∣∣∣∣∣∣∣

sk pk 0 . . . 0
ak+1,k sk+1 pk+1 . . . 0

. . . . . . . . . . . . . . .
ak+j−1,k . . . . . . . . . sk+j−1

∣∣∣∣∣∣∣∣
,

(5)

d−jk (A) ≡ 0, d0k ≡ 1, Hj (A) =
n+1−j∑

k=1

djk (A) .

Íåõàé h (z) = (h1, h2, . . . , hn) , äå hj ∈ Ml,
j = 1, . . . , n, ñêií÷åííîãî ïîðÿäêó. Òîäi

Q0 (A, h) ≡ 1, Qk (A, h) =

∣∣∣∣∣∣∣∣∣∣

s1 − h1 p1 0 . . . 0 0
a2,1 s2 − h2 p2 . . . 0 0
. . . . . . . . . . . . . . . . . .

ak−1,1 . . . . . . . . . sk−1 − hk−1 pk−1

ak,1 . . . . . . . . . . . . sk − hk

∣∣∣∣∣∣∣∣∣∣

. (6)

Äëÿ ôiêñîâàíîãî öiëîãî ÷èñëà m, 0 ≤ m ≤ n− 1, ïîçíà÷èìî:

γ = γm = lim
r→∞

mα,β (r,Hn−m (A))/ ln r;

χ = χm = max
1≤j≤n−m−1

1≤k≤n−j+1

lim
r→∞

mα,β (r, djk (A))/ ln r, 0 ≤ m ≤ n− 2,

χn−1 = 0, K = Km = 1
2 (n + m + 2) (n− 1) , N = Nm = (m + 1) (n−m) .
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Ïðî ìåðîìîðôíi ðîçâ'ÿçêè ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â ∞ ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

Òåîðåìà 3. ßêùî γ > Kχ, òî ñèñòåìà (1) ìà¹
íå áiëüøå m ëiíiéíî íåçàëåæíèõ âåêòîð-ðîçâ'ÿçêiâ
Y = (y1, . . . , yn) ∈ Ml ïîðÿäêó

ρ[Y ] <
1
2

(γ −Kχ) N−1 − 1 =
1
2
q − 1.

Íàì áóäóòü íåîáõiäíi òàêi ëåìè.

Ëåìà 1. ßêùî â ñèñòåìi (1) âñi pj 6≡ 0, 1 ≤
j ≤ n − 1, à (w1, . . . , wn) ∈ Ml� íåòðèâiàëüíèé
âåêòîð-ðîçâ'ÿçîê, òî w1 6≡ 0.

Ëåìà 2. ßêùî (u1, . . . , un) ∈ Ml � íåòðè-
âiàëüíèé âåêòîð-ðîçâ'ÿçîê ñèñòåìè (1), â ÿêié âñi
pj 6≡ 0, 1 ≤ j ≤ n− 1, òî

(−1)m

(
um+1

u1

) m∏

j=1

pj = Qm (A, h) ,

äå 1 ≤ m ≤ n− 1, h =
(
u
′
1/u1, . . . , u

′
m/um

)
.

Äîâåäåííÿ öèõ ëåì íà Ml ïîäiáíi äî äîâåäåíü ëåì
3.1 i 3.2 ó ðîáîòi [7].

Ëåìà 3. Êîæíèé âèçíà÷íèê Qk (A, h) ìîæíà
ïðåäñòàâèòè ó âèãëÿäi

Qk = dk1 +
k−2∑

j=0

dj,1Pj,k − dk−1,1hk, 1 ≤ k ≤ n, (7)

äå Pj,k� äåÿêèé ìíîãî÷ëåí âiä ôóíêöié ht i dν,s,
j + 1 ≤ t ≤ k, j + 2 ≤ s ≤ k, ν < k, ñòåïåíÿ,
íå áiëüøîãî çà îäèíèöþ ïî êîæíié ç ht, dν,s.

¤ Äîâåäåííÿ. Äëÿ k = 1 ëåìà î÷åâèäíà. Íàñï-
ðàâäi, Q1 = d1,1 − d0,1h1 = d1,1 − h1 = s1 − h1.
Ïðèïóñòèìî, ùî òâåðäæåííÿ ëåìè äîâåäåíî äëÿ
âñiõ Qi, 1 ≤ i ≤ k − 1, i äîâåäåìî éîãî äëÿ Qk.
Âèêîðèñòîâóþ÷è (6), çàïèøåìî

Qk = −hkQk−1+

+

∣∣∣∣∣∣∣∣∣∣

s1 − h1 p1 0 . . . 0 0
a2,1 s2 − h2 p2 . . . 0 0
. . . . . . . . . . . . . . . . . .

ak−1,1 . . . . . . . . . sk−1 − hk−1 pk−1

ak,1 . . . . . . . . . . . . sk

∣∣∣∣∣∣∣∣∣∣

=

= −hkQk−1 −Qk−2hk−1d1,k+

+

∣∣∣∣∣∣∣∣∣∣

s1 − h1 p1 0 . . . 0 0
a2,1 s2 − h2 p2 . . . 0 0
. . . . . . . . . . . . . . . . . .

ak−1,1 . . . . . . . . . sk−1 pk−1

ak,1 . . . . . . . . . . . . sk

∣∣∣∣∣∣∣∣∣∣

=

= . . . = dk,1 − hkQk−1 −
k−2∑
i=0

Qihi+1dk−i−1,i+2.

(8)

Ïiäñòàâëÿþ÷è â (8) ðîçêëàä Qi äëÿ 1 ≤ i ≤ k − 1
âèãëÿäó (7), îòðèìà¹ìî

Qk = dk,1 − hk

(
dk−1,1 +

k−3∑
j=0

dj,1Pj,k−1 − dk−2,1hk−1

)
−

−
k−2∑
i=0

(
di,1 +

i−2∑
j=0

dj,1Pj,i − di−1,1hi

)
hi+1dk−i−1,i+2 =

= dk,1 − hkdk−1,1 −
{

k−3∑
j=0

dj,1Pj,k−1hk − dk−2,1hk−1hk

}
−

−
k−2∑
i=0

[di,1hi+1dk−i−1,i+2 +
i−2∑
j=0

dj,1Pj,ihi+1dk−i−1,i+2−

−di−1,1hihi+1dk−i−1,i+2] = dk,1 − hkdk−1,1 −
k−2∑
j=0

dj,1P
1
j,k−

−
k−2∑
i=0

di,1P
2
i,k −

k−2∑
i=0

i−2∑
j=0

dj,1Pj,ihi+1dk−i−1,i+2−

−
k−2∑
i=1

di−1,1P
3
i,k = dk,1 − hkdk−1,1 −

k−2∑
i=1

dj,1P
4
j,k−

−
k−4∑
j=0

k−2∑
i=j+2

dj,1Pj,ihi+1dk−i−1,i+2 = dk,1 − hkdk−1,1−

−
k−2∑
i=1

di,1P
4
i,k −

k−4∑
j=0

dj,1

{
k−2∑

i=j+2

Pj,ihi+1dk−i−1,i+2

}
=

= dk,1 − hkdk−1,1 −
k−2∑
j=0

dj,1Pj,k.

Òóò ÷åðåç P s
j,k ïîçíà÷àëèñü ðiçíi ìíîãî÷ëåíè, ÿêi

ìàþòü òi ñàìi âëàñòèâîñòi, ùî i ìíîãî÷ëåíè Pj,k, ÿêi
ôiãóðóþòü ó ôîðìóëþâàííi ëåìè. ¥

Íàäàëi âåðõíi iíäåêñè â ðiçíèõ P s
j,k îïóñêàòèìåìî.

Äîâåäåìî òåîðåìó 3.
¤Äîâåäåííÿ. 1) Âèïàäîê m = n − 1 äîâåäåíèé ó

òåîðåìi 2 â çàãàëüíié ôîðìi.
Ïðèïóñòèìî òåïåð, ùî âñi pj 6≡ 0, 1 ≤ j ≤ n− 1.

2) Íåõàé m = 0. Òîäi N = n. Ïðèïóñòèìî, ùî
W = (w1, . . . , wn) ∈ Ml � íåòðèâiàëüíèé âåêòîð-
ðîçâ'ÿçîê ñèñòåìè (1), ρ[W ] < q/2 − 1. Ïåðåïèøåìî
ñèñòåìó (1) òàê:

w1

(
s1 − w

′
1

w1

)
+ p1w2 = 0,

w1a2,1 + w2

(
s2 − w

′
2

w2

)
+ w3p2 = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

w1an,1 + . . . + wn

(
sn − w

′
n

wn

)
= 0.

Öÿ ñèñòåìà ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê. Òîìó
Qn (A, h0) ≡ 0, äå h0 = (h0,1, . . . , h0,n) , h0,j = w

′
j/wj .

Òîäi Hn (A) = dn,1 (A) = −Qn (A, h0) + dn,1 (A) . Iç
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ëåìè 3, îöiíêè (2), òåîðåìè À î÷åâèäíî (ρ = ρ[W ]):

mα,β (r,Hn (A)) ≤
n∑

j=1

mα,β

(
r, w

′
j/wj

)
+

+
∑

1≤j≤n

1≤t≤n−j+1

mα,β (r, dj,t) + O (1) =

=
n∑

j=1

mα,β

(
r, w

′
j/wj

)
+ (mα,β (r, d1,1) + . . . +

+mα,β (r, d1,n)) + (mα,β (r, d2,1) + . . . +

+mα,β (r, d2,n−1)) + . . . + (mα,β (r, dn−1,1)+

+mα,β (r, dn−1,2)) ≤ n2 (ρ + 1 + ε) ln r+

+ 1
2 (n + 2) (n− 1)χ ln r + o (ln r) ,

r 6∈ ∆, mes∆ < +∞.

Ðîçäiëèìî îáèäâi ÷àñòèíè íåðiâíîñòi íà ln r i
ïåðåéäåìî äî âåðõíüî¨ ãðàíèöi, îòðèìà¹ìî

γ ≤ n2 (ρ + 1) + Kχ.

Îñêiëüêè çà óìîâîþ γ > Kχ, òî îòðèìó¹ìî
0, 5n−1 (γ −Kχ)−1 ≤ ρ, ùî ñóïåðå÷èòü ïðèïóùåííþ.

3) Íåõàé òåïåð 0 < m < n − 1. Ïðèïóñòèìî, ùî
ñèñòåìà ìà¹ m + 1 ìåðîìîðôíèé âåêòîð-ðîçâ'ÿçîê
ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ ó ∞ ïîðÿäêó
ρ < q/2 − 1. Îïèøåìî ïåðåõiä âiä ñèñòåìè (1)
iç ìàòðèöåþ êîåôiöi¹íòiâ âèãëÿäó (4) ðîçìiðó n
äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç ìàòðèöåþ
êîåôiöi¹íòiâ âèãëÿäó (4) i ðîçìiðó n − 1. Íåõàé U =
= (u1, . . . , un) ∈ Ml i W = (w1, . . . , wn) ∈ Ml �
âåêòîð-ðîçâ'ÿçêè ñèñòåìè (1). Òîäi çà ëåìîþ 1
u1 (z) 6≡ 0. Íåõàé

V = (v1, . . . , vn) =
(

w1

u1
, w2 − w1u2

u1
, . . . , wn − w1un

u1

)
.

(9)
Ç (1), (4) i (9) çðîçóìiëî, ùî V çàäîâîëüíÿ¹ ñèñòåìó
äèôåðåíöiàëüíèõ ðiâíÿíü

v
′
1 = v2p1/u1,

v
′
2 = v2 (s2 − p1u2/u1) + p2v3,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

v
′
n = v2 (an,2 − p1un/u1) +

n−1∑
k=3

an,kvk + snvn.

(10)

Ñèñòåìà (10) ìà¹ ìàòðèöþ êîåôiöi¹íòiâ âèãëÿäó

B =

wwwwwwwww

0 p1/u1 0 . . . 0
0 ∗ ∗ ∗
... ∗ B1

0 ∗

wwwwwwwww
, (11)

äå

B1 =

wwwwwwww

s2 − p1u2/u1 p2 0 . . . 0
a3,2 − p1u3/u1 s3 p3 . . . 0

. . . . . . . . . . . . . . .
an,2 − p1un/u1 an,3 . . . . . . sn

wwwwwwww
, (12)

òîáòî ìàòðèöÿ B1 ìà¹ âèãëÿä (4). Ç (10) î÷åâèäíî, ùî
âåêòîð Y1 = (v2, . . . , vn) = (v1,2, . . . , v1,n) çàäîâîëüíÿ¹
ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

Y
′
1 = B1Y1. (13)

Ïîêàæåìî, ÿê ïîâ'ÿçàíi dj,k−1 (B1) , 1 ≤ j ≤ n− 1,
2 ≤ k ≤ n− j, i dj,k (A) , 1 ≤ j ≤ n, 1 ≤ k ≤ n− j + 1.
Ç (13) îòðèìó¹ìî äëÿ k > 2, 1 ≤ j ≤ n− 2 :

dj,k−1 (B1) = dj,k (A) . (14)

ßêùî k = 2, òî, ðîçêðèâàþ÷è dj,1 (B1) ïî ïåðøîìó
ðÿäêó, îòðèìó¹ìî (1 ≤ j ≤ n− 1)

dj,1 (B1) = (s2 − p1u2/u1) dj−1,3 (A)−

−p2

∣∣∣∣∣∣∣∣

a3,2 − p1u3/u1 p3 0 . . . 0
a4,2 − p1u4/u1 s4 p4 . . . 0

. . . . . . . . . . . . . . .
aj+1,2 − p1uj+1/u1 aj+1,3 . . . . . . sj+1

∣∣∣∣∣∣∣∣
=

= s2dj−1,3 (A)− p1u2/u1dj−1,3 (A)−

−p2 (a3,2 − p1u3/u1) dj−2,4 (A)+

+p2p3

∣∣∣∣∣∣∣∣

a4,2 − p1u4/u1 p4 0 . . . 0
a5,2 − p1u5/u1 s5 p5 . . . 0

. . . . . . . . . . . . . . .
aj+1,2 − p1uj+1/u1 aj+1,3 . . . . . . sj+1

∣∣∣∣∣∣∣∣
=

= . . . = dj,2 (A) +
j∑

k=1

p1p2 . . . pk
uk+1
u1

(−1)k
dj−k,k+2 (A) .

(15)
Çàñòîñó¹ìî ëåìó 2, îòðèìà¹ìî (1 ≤ j ≤ n− 1)

dj,1 (B1) = dj,2 (A) +
j∑

k=1

Qk (A, h) dj−k,k+2 (A) . (16)

Ïiä ÷àñ ïåðåòâîðåííÿ (9) íåòðèâiàëüíi âåêòîð-
ðîçâ'ÿçêè W ∈ Ml ïåðåõîäÿòü â íåòðèâiàëüíi âåêòîð-
ðîçâ'ÿçêè Y ∈ Ml ñèñòåìè (13), ïðè÷îìó ÿêùî
ρ[W ] < q/2 − 1, òî ρ[Y ] < q/2 − 1, à ìàòðèöÿ B1

ìà¹ âèãëÿä (4). Âèêîðèñòîâóþ÷è ðîçâ'ÿçîê ïîðÿäêó
ρ < q/2− 1, çìåíøèìî ðîçìiðíiñòü ìàòðèöi ùå m− 1
ðàçiâ.

Îòðèìà¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

Y
′
k = BkYk, 1 ≤ k ≤ m, (17)

äå Yk = (vk,k+1, vk,k+2, . . . , vk,n) i
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Ïðî ìåðîìîðôíi ðîçâ'ÿçêè ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â ∞ ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

Bk =

wwwwwwww

sk+1 − pkvk−1,k+1/vk−1,k pk+1 0 . . . 0
ak+2,k+1 − pkvk−1,k+2/vk−1,k sk+2 pk+2 . . . 0

. . . . . . . . . . . . . . .
an,k+1 − pkvk−1,n/vk−1,k an,k+2 . . . . . . sn

wwwwwwww
.

Íåõàé hk = (hk,k+1, . . . , hk,n) , äå hk,k+i =
v
′
k,k+i/vk,k+i, 1 ≤ i ≤ n − k, 1 ≤ k ≤ m. Òàê, ÿê i
â (16), âèðàçèìî dj,1 (Bm) ÷åðåç âèçíà÷íèêè ìàòðèöi
Bm−1. Âèêîðèñòîâóþ÷è (8) i (16), îòðèìà¹ìî

dj,1 (Bm) = dj,2 (Bm−1)+

+
j−1∑
i=1

Qi (Bm−1, hm−1) dj−i,i+2 (Bm−1)+

+Qj = dj,2 (Bm−1)+

+
j−1∑
i=1

Qi (Bm−1, hm−1) dj−i,i+2 (Bm−1) + dj,1−

−
j−1∑
i=0

Qi (Bm−1, hm−1)hm−1,m+idj−i−1,i+2 (Bm−1) .

(18)
Çàñòîñó¹ìî äî (18) ëåìó 3, îòðèìà¹ìî

dj,1 (Bm) = dj,1 (Bm−1) + dj,2 (Bm−1) +
j−1∑
i=1

{
di,1+

+
i−2∑
t=0

dt,1Pt,i − di−1,1hm−1,m−1+i

}
dj−i,i+2 (Bm−1)−

−
j−1∑
i=0

{
di,1 +

i−2∑
t=0

dt,1Pt,i−

−di−1,1hm−1,m−1+i

}
hm−1,m+idj−i−1,i+2 (Bm−1) =

= dj,1 (Bm−1) + dj,2 (Bm−1)+

+
j−1∑
i=1

di,1dj−i,i+2 (Bm−1)+

+
j−1∑
i=1

i−2∑
t=0

dt,1Pt,idj−i,i+2 (Bm−1)−

−
j−1∑
i=1

di−1,1hm−1,m−1+idj−i,i+2 (Bm−1)−

−
j−1∑
i=0

di,1hm−1,m+idj−i−1,i+2 (Bm−1)−

−
j−1∑
i=0

i−2∑
t=0

dt,1Pt,ihm−1,m+idj−i−1,i+2 (Bm−1)+

+
j−1∑
i=0

di−1,1hm−1,m−1+ihm−1,m+idj−i−1,i+2 (Bm−1) .

(19)
Ðîçãëÿíåìî îêðåìî êîæåí äîäàíîê:

à)
j−1∑
i=1

di,1dj−i,i+2 (Bm−1) , j − i ∈ {1, 2, . . . , j − 1} ,

i + 2 ∈ {3, 4, . . . , j + 1} , òîáòî di,1 òà dj−i,i+2 íå

ñïiâïàäàþòü, i âîíè ¹ ïåðøîãî ñòåïåíÿ, òîìó âñi
dj−i,i+2 (Bm−1) ∈ {Pi,j+1} , äå Pi,j+1 ∈ Pt,i+2 � ðiçíi
ìíîãî÷ëåíè âiä ôóíêöié hm−1,m−1+p, dν,s (Bm−1) ;
t + 1 ≤ p ≤ i + 2, t + 2 ≤ s ≤ i + 2,
ν < i+2, ñòåïåíÿ, íå áiëüøîãî çà îäèíèöþ ïî êîæíié
ç hm−1,m−1+p, dν,s (Bm−1) .

á)
j−1∑
i=1

i−2∑
t=0

dt,1Pt,idj−i,i+2 (Bm−1) , äå Pt,i �
ìíîãî÷ëåí âiä ôóíêöié hk i dν,s, t+1 ≤ k ≤ i, t+2 ≤
≤ s ≤ i, ν < i, ñòåïåíÿ, íå áiëüøîãî çà îäèíèöþ
ïî êîæíié ç hk, dν,s. Îñêiëüêè t ∈ {0, . . . , i− 2} , òî
ó Pt,i iíäåêñ s íàáóâà¹ ìàêñèìàëüíîãî çíà÷åííÿ i,
à ìiíiìàëüíîãî 2, òîìó dν,s íå çáiãàþòüñÿ ç dt,1 òà
ç dj−i,i+2. Îòæå, ìîæíà ââàæàòè, ùî Pt,idj−i,i+2 ∈
{Pt,i+2} .

â) −
j−1∑
i=1

di−1,1hm−1,m−1+idj−i,i+2 (Bm−1) , di−1,1 i
dj−i,i+2 íå ñïiâïàäàþòü, áî i + 2 ∈ {3, 4, . . . , j + 1} ,
i + 2 6= 1; hm−1,m−1+i çàäîâîëüíÿ¹ óìîâàì íà Pt,i+2,
òîìó hm−1,m−1+idj−i,i+2 ∈ {Pt,i+2} .

ã) −
j−1∑
i=0

di,1hm−1,m+idj−i−1,i+2 (Bm−1) , j − i ∈
{0, 1, . . . , j − 1} , i + 2 ∈ {2, 3, . . . , j + 1} , òîáòî di,1 òà
dj−i−1,i+2 íå ñïiâïàäàþòü, i âîíè ¹ ïåðøîãî ñòåïåíÿ,
hm−1,m+i = hm−1,m−1+i+1 çàäîâîëüíÿ¹ óìîâàì íà
Pt,i+2, òîìó hm−1,m+idj−i−1,i+2 (Bm−1) ∈ {Pt,i+2} .

ä) −
j−1∑
i=0

i−2∑
t=0

dt,1Pt,ihm−1,m+idj−i−1,i+2 (Bm−1) ,

hm−1,m+i çàäîâîëüíÿ¹ óìîâàì íà Pt,i+2, òîäi,
àíàëîãi÷íî ÿê i ó âèïàäêó á), ìîæíà ââàæàòè, ùî
Pt,ihm−1,m+idj−i−1,i+2 (Bm−1) ∈ {Pt,i+2} .

å)
j−1∑
i=0

di−1,1hm−1,m−1+ihm−1,m+idj−i−1,i+2 (Bm−1) ,

di−1,1 i dj−i−1,i+2 íå ñïiâïàäàþòü, áî i + 2 ∈
{2, 3, . . . , j + 1} , i + 2 6= 1; hm−1,m−1+i i hm−1,m+i íå
ñïiâïàäàþòü i çàäîâîëüíÿþòü óìîâàì íà Pt,i+2, òîìó
hm−1,m−1+ihm−1,m+idj−i−1,i+2 ∈ {Pt,i+2} . Îòæå, ç
(19) îòðèìà¹ìî

dj,1 (Bm) = dj,1 (Bm−1) + dj,2 (Bm−1)+

+
j−1∑
i=0

i∑
t=0

dt,1 (Bm−1)Pt,i+2 =

= dj,1 (Bm−1) + dj,2 (Bm−1)+

+
j−1∑
i=0

di,1 (Bm−1) Pi,j+1,

(20)

äå Pi,j+1� ðiçíi ìíîãî÷ëåíè âiä ôóíêöié
hm−1,m−1+p, dν,s (Bm−1) ; i + 1 ≤ p ≤ j, i + 2 ≤
≤ s ≤ j + 1, 0 ≤ ν ≤ j − 1, ñòåïåíÿ,
íå áiëüøîãî çà îäèíèöþ ïî êîæíié ç ôóíêöié
hm−1,m−1+p, dν,s (Bm−1) . Àëå dν,s (Bm−1) =
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= dν,m+s−1 (A) ïðè s ≥ 2. Òîìó

dj,1 (Bm) = dj,1 (Bm−1) + dj,m+1 (A)+

+
j−1∑
i=0

di,1 (Bm−1)Pi,j+1 (dν,m+s−1 (A) , hm−1,m+p−1) .

(21)
Äîâåäåìî òåïåð, ùî (j ≤ n−m)

dj,1 (Bm) = dj,m+1 (A) +
+dj,m (A) + . . . + dj,1 (A) + Pm,j ,

(22)

äå Pj,m� ìíîãî÷ëåí âiä ôóíêöié dν,s (A) , 1 ≤ s ≤
m + j + 1, ν < j, i hk,k+i, 1 ≤ k ≤ m, 1 ≤ i ≤ j,
ñòåïåíÿ íå áiëüøîãî çà îäèíèöþ ïî êîæíié ç ôóíêöié
dν,s (A) , hk,k+i. Íàñïðàâäi, ïðè m = 1 ìà¹ìî ç (20)
(B0 = A)

di,1 (B1) = di,1 (A) + di,2 (A)+

+
i−1∑
t=0

dt,1 (A)Pt,i+1 (dν,s (A) , h0,p) ,

äå i � áóäü-ÿêå íàòóðàëüíå ÷èñëî, i ≤ n − m, ν < i,
t + 2 ≤ s ≤ i + 1. Ïðèïóñòèìî, ùî äëÿ âñiõ i ≤ n−m
ñïðàâåäëèâà ðiâíiñòü

di,1 (Bm−1) = di,m (A)+
+di,m−1 (A) + . . . + di,1 (A) + Pm−1,i,

(23)

äå Pm−1,i� ìíîãî÷ëåí âiä dν,s (A) , ν < i, 1 ≤ s ≤
≤ m+i, i âiä hk,k+t, 1 ≤ k ≤ m−1, 1 ≤ t ≤ i, ñòåïåíÿ,
íå áiëüøîãî çà îäèíèöþ ïî êîæíié ç ôóíêöié.
Äîâåäåìî ñïðàâåäëèâiñòü (22). Ïiäñòàâëÿþ÷è (23) â
(21), îòðèìà¹ìî

dj,1 (Bm) = dj,m+1 (A) + dj,m (A) + . . . + dj,1 (A)+

+{Pm−1,j +
j−1∑
i=0

[di,m (A) + . . . + di,1 (A)+

+Pm−1,i]Pi,j+1 (dν,m+s−1 (A) , hm−1,m+p−1)}.
(24)

Ðîçãëÿíåìî òåïåð îêðåìî êîæåí äîäàíîê ç (24), ÿêèé
çàïèñàíèé ó ôiãóðíèõ äóæêàõ:

• Pm−1,j ∈ {Pm,j}, òîìó ùî çà óìîâîþ Pm,j�
ìíîãî÷ëåí âiä dν,s, 1 ≤ s ≤ m + j + 1, ν < j
òà âiä hk,k+i, 1 ≤ k ≤ m, 1 ≤ i ≤ j, ñòåïåíÿ íå
áiëüøîãî çà îäèíèöþ ïî êîæíié ç ôóíêöié dν,s

òà hk,k+i, à çà ïðèïóùåííÿì iíäóêöi¨ Pm−1,i�
ìíîãî÷ëåí âiä dν,s (A) , ν < i, 1 ≤ s ≤ m + i òà
âiä hk,k+t, 1 ≤ k ≤ m − 1, 1 ≤ t ≤ i, òîáòî ïðè
i = j óìîâè äëÿ ìíîãî÷ëåíà Pm,j âèêîíóþòüñÿ.

• di,t (A)Pi,j+1 (dν,m+s−1 (A) , hm−1,m+p−1) , t ∈
{1, . . . , m}. Îñêiëüêè ó Pi,j+1 (çà ïîáóäîâîþ
(20)) âõîäÿòü dν,s (Bm−1) , 0 ≤ ν ≤ j − 1 =⇒
ν < j, òî i â (21) ó âiäïîâiäíîìó âèðàçi ν < j, à
i + 2 ≤ s ≤ j + 1, òîäi m + i + 1 ≤ m + s − 1 ≤
m + j, òîáòî ó Pi,j+1 dν,s âõîäèòü ç iíäåêñàìè
ν < j, m + i + 1 ≤ s ≤ m + j, à ó âñiõ di,t iíäåêñ
t < m+ i+1; hm−1,m+p−1 âõîäÿòü ó âñi äîáóòêè
â ïåðøîìó ñòåïåíi, îñêiëüêè âîíè âõîäÿòü â

ïåðøîìó ñòåïåíi ó Pi,j+1. Îòæå,
j−1∑
i=0

[di,m (A) +

+di,m−1 (A) + . . . + di,1 (A)]Pi,j+1 ∈ {Pm,j}.

•
j−1∑
i=0

Pm−1,iPi,j+1 = Pm−1,0P0,j+1+Pm−1,1P1,j+1+

+ . . . + Pm−1,j−1Pj−1,j+1. Ìíîãî÷ëåíè Pm−1,i

ìiñòÿòü âèçíà÷íèêè dν,s òàêi, ùî 1 ≤ s ≤ m +
i, ν < i < j, à ìíîãî÷ëåíè Pi,j+1 ìiñòÿòü dν,s

òàêi, ùî ν < j, à m+i+1 ≤ s ≤ m+j, îòæå, âîíè
íå ìîæóòü ñïiâïàäàòè i âõîäÿòü ó äîáóòêè â
ïåðøîìó ñòåïåíi. Äàëi, â Pm−1,i âõîäÿòü òàêîæ
hm−1,m+p−1 ïðè 1 ≤ p ≤ i, òîáòî äðóãèé iíäåêñ
çìiíþ¹òüñÿ âiä m äî m + i − 1, à â ìíîãî÷ëåí
Pi,j+1 � ïðè i + 1 ≤ p ≤ j, òîáòî äðóãèé iíäåêñ
çìiíþ¹òüñÿ âiä m+i äî m+j−1, çíîâó òàêè âîíè
íå ñïiâïàäàþòü i âõîäÿòü ó äîáóòêè â ïåðøîìó
ñòåïåíi.

Òîìó ç âèùåíàâåäåíîãî i ç (24) î÷åâèäíî

dj,1 (Bm) = dj,m+1 (A) + . . . + dj,1 (A) + Pm,j .

Îòæå, ôîðìóëà (22) ïðè j ≤ n −m âèêîíó¹òüñÿ.
Çìåíøóþ÷è ðîçìiðíiñòü ìàòðèöi A, âèêîðèñòîâó¹ìî
m ìåðîìîðôíèõ âåêòîð-ðîçâ'ÿçêiâ ç ëîãàðèôìi÷íîþ
îñîáëèâîþ òî÷êîþ â ∞ ïîðÿäêó ρ < q/2 − 1, à
çà ïðèïóùåííÿì ¨õ m + 1; îòæå, ñèñòåìà Y

′
m =

= BmYm ìà¹ îäèí íåòðèâiàëüíèé ìåðîìîðôíèé âåê-
òîð-ðîçâ'ÿçîê ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ
â ∞ (vm,m+1, . . . , vm,n) ïîðÿäêó ρ < q/2 − 1.
Òîìó Qn−m (Bm, hm) ≡ 0. Çâiäñè, âðàõîâóþ÷è (8),
îòðèìà¹ìî

dn−m,1 (Bm) = −Qn−m (Bm) + dn−m,1 (Bm) =

= −dn−m,1 (Bm) + hm,m+n−mQn−m−1 (Bm)+

+
n−m−2∑

i=1

Qi (Bm)hm,m+i+1dn−m−i−1,i+2 (Bm) +

+hm,m+1dn−m−1,2 (Bm) + dn−m,1 (Bm) =

= hm,nQn−m−1 (Bm) +

+
n−m−2∑

i=1

Qi (Bm)hm,m+i+1dn−m−i−1,i+2 (Bm) +

+hm,m+1dn−m−1,2 (Bm) .

Çàñòîñó¹ìî ëåìó 3 äî Qi i âðàõó¹ìî, ùî
dn−m,t (Bm) = dn−m,m+t (A) ïðè t ≥ 2, òîäi ìà¹ìî

dn−m,1 (Bm) = hm,n

(
dn−m−1,1+

+
n−m−3∑

t=0
dt,1Pt,n−m−1 − dn−m−2,1hn−m−1

)
+

+
n−m−2∑

i=1

(
di,1 +

i−2∑
t=0

dt,1Pt,i−

−di−1,1hi

)
hm,m+i+1dn−m−i−1,i+2 (Bm)+

+hm,m+1dn−m−1,2 (Bm) .

(25)
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Çàñòîñó¹ìî äî êîæíîãî dν,s (Bm) ç (25) ôîðìóëó (22)
i îäåðæèìî

dn−m,1 (Bm) = P (dν,s (A) , hm,m+p) , (26)

äå P � ìíîãî÷ëåí ñòåïåíÿ, íå áiëüøîãî çà îäèíèöþ
âiä dν,s (A) , ν < n − m, 1 ≤ s ≤ n, i âiä hm,m+p,
1 ≤ p ≤ n − m (ìiðêóâàííÿ òi ñàìi, ùî i ïiä
÷àñ äîâåäåííÿ ôîðìóë (20) i (22)). Ç (22), (26) ïðè
j = n−m çðîçóìiëî

dn−m,m+1 (A) + dn−m,m (A) + . . . +

+dn−m,1 (A) = R (dν,s (A) , hk,k+p) ,
(27)

äå R � ìíîãî÷ëåí âiä dν,s (A) , ν < n−m, 1 ≤ s ≤ n,
i âiä hk,k+p, 0 ≤ k ≤ m, 1 ≤ p ≤ n − m, ñòåïåíÿ íå
áiëüøîãî çà îäèíèöþ ïî êîæíié çìiííié. Çàñòîñó¹ìî
äî (27) îöiíêó (2) i òåîðåìó À, îòðèìà¹ìî

m (r,Hn−m (A)) = m

(
r,

m+1∑
s=1

dn−m,s (A)
)
≤

≤ ∑
1≤ν≤n−m

1≤t≤n−ν+1

m (r, dν,t (A))+

+ (m + 1) (n−m) 2 (ρ + 1 + ε) ln r+

+o (ln r) , r 6∈ ∆, mes∆ < ∞,

ðîçäiëèìî îáèäâi ÷àñòèíè íåðiâíîñòi íà ln r i
ïåðåéäåìî äî âåðõíüî¨ ãðàíèöi, îòðèìà¹ìî γ < Kχ+
+Nq, ùî ñóïåðå÷èòü óìîâi òåîðåìè.

Çàóâàæåííÿ 1. ×èñëî K äîðiâíþ¹ ÷èñëó
ðiçíèõ dν,s (A) , ν < n−m, 1 ≤ s ≤ n− ν + 1.

4) Äîñi áóëî ïðèéíÿòî, ùî pi òîòîæíî
íå äîðiâíþþòü íóëþ ìåðîìîðôíi ôóíêöi¨ ç
ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â ∞.

Íåõàé äåÿêi pi ≡ 0. Òîäi ìàòðèöÿ ñèñòåìè (1) ìà¹
âèãëÿä

A =

wwwwwwwww

A1 0 . . . 0
A2

. . .
∗ Ar+1

wwwwwwwww
, (28)

äå

Aj =

wwwwwwww

sij−1+1 pij−1+1 0 . . . 0
aij−1+2,ij−1+1 sij−1+2 pij−1+2 . . . 0

. . . . . . . . . . . . . . .
aij ,ij−1+1 . . . . . . . . . sij

wwwwwwww
,

(29)
òóò 0 = i0 < i1 < . . . < ir+1 = n. Çà óìîâîþ
γm > Kmχm. Çâiäñè î÷åâèäíî, ùî n −m ≤ max[ij−
−ij−1], 1 ≤ j ≤ r + 1. Íàñïðàâäi, íåõàé n − m >
> max[ij−ij−1]. Îñêiëüêè ìàòðèöÿ A ìà¹ âèãëÿä (28),
òî êîæåí dn−m,k (A) äîðiâíþ¹ äîáóòêó íå ìåíøå äâîõ
âèçíà÷íèêiâ dν,s, ν < n−m, ÿêi ¹ ìiíîðàìè ìàòðèöü
Ap, ÿêi âèêîðèñòîâóþòü ðÿäêè k, k + 1, . . . , k + n−m
ìàòðèöi A. Âðàõîâóþ÷è òåîðåìó À

m (r,Hn−m (A)) ≤
∑

i≤max[ij−ij−1]

1≤t≤n

m (r, di,t (A)) .

Ðîçäiëèìî íà ln r îáèäâi ÷àñòèíè ïîïåðåäíüî¨
íåðiâíîñòi i ïåðåéäåìî äî âåðõíüî¨ ãðàíèöi, òîäi
îòðèìà¹ìî γm ≤ Kmχm, ùî ñóïåðå÷èòü óìîâi
òåîðåìè.

Íåõàé â (29) {Ap1 , . . . , Apk
} = {Aj : ij − ij−1 ≥

≥ n−m}. Øóêàòèìåìî ìåðîìîðôíi âåêòîð-ðîçâ'ÿçêè
ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â∞ ñèñòåìè (1)
ó âèãëÿäi

V =
(
0, . . . , 0, vip−1+1, . . . , vip , . . . , vn

)
, p = p1, . . . , pk.

(30)
Òîäi ñèñòåìà (1) ìà¹ âèãëÿä





v
′
ip−1+1 = sip−1+1vip−1+1 + pip−1+1vip−1+2,

v
′
ip−1+2 = aip−1+2,ip−1+1vip−1+1 + sip−1+2vip−1+2 + pip−1+2vip−1+3,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

v
′
ip

= aip,ip−1+1vip−1+1 + . . . + sipvip ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

v
′
n = an,ip−1+1vip−1 + . . . + snvn,

(31)

òîáòî ïåðøi ip − ip−1 ðiâíÿíü ¹ ðiâíÿííÿìè
ñèñòåìè

V
′
= ApV, (p = p1, p2, . . . , pk) , (32)

â ÿêó íå âõîäÿòü vl, l > ip. Òîìó êîìïîíåíòè
vip−1+1, . . . , vip ìîæíà îäåðæàòè ç (32). Ïðèïóñòèìî,
ùî äëÿ âñiõ p = p1, . . . , pk ñèñòåìà (32) ìà¹ íå
ìåíøå ip − ip−1 − (n−m) + 1 ëiíiéíî íåçàëåæíèõ
ìåðîìîðôíèõ âåêòîð-ðîçâ'ÿçêiâ ç ëîãàðèôìi÷íîþ
îñîáëèâîþ òî÷êîþ â ∞ ïîðÿäêó ρ < q/2 − 1. Òîäi

äî Ap ìîæíà çàñòîñóâàòè ôîðìóëó (27). Îòðèìà¹ìî
Hn−m (Ap) = dn−m,1 (Ap) + . . . +

+dn−m,ip−ip−1−n+m (Ap) +

+dn−m,ip−ip−1−n+m+1 (Ap) =

= Rp (dν,s (Ap) , hk,k+p) ,

(33)

äå Rp� ìíîãî÷ëåí âiä dν,s (A) , ν < n−m, ip−1 +1 ≤
≤ s ≤ ip, i âiä hk,k+t, 0 ≤ k ≤ m, 1 ≤ t ≤ n − m,
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ñòåïåíÿ, íå áiëüøîãî çà îäèíèöþ ïî êîæíié çìiííié.
Òîäi

Hn−m (A) =
m+1∑
s=1

dn−m,s (A) =

=
k∑

l=1

Hn−m (Apl
) +

∑
s

dn−m,s (A) .

(34)

Òóò ó äðóãó ñóìó ââiéøëè dn−m,s (A) , ÿêi ìàþòü
òàêó âëàñòèâiñòü: ïiä ÷àñ ïîáóäîâè öèõ âèçíà÷íèêiâ
âèêîðèñòîâóþòüñÿ ðÿäêè ìàòðèöi A, ÿêi íå âñi
îäíî÷àñíî âõîäÿòü â îäíó i òó ñàìó ìàòðèöþ Ap,
p = p1, . . . , pk, òîìó êîæåí òàêèé âèçíà÷íèê äîðiâíþ¹
äîáóòêó íå ìåíøå äâîõ âèçíà÷íèêiâ dν,s (A),
ν < n−m,

dn−m,s (A) = dν,τ (A) dc,p (A) , ν + c = n−m. (35)

Ç (33), (34), (35) îòðèìà¹ìî, çàñòîñîâóþ÷è òåîðåìó À
i îöiíêó (2):

m (r,Hn−m (A)) ≤ m(r,
k∑

l=1

Rpl
(dν,s (Apl

) , hk,k+t))+

+m(r,
∑

c+ν=n−m

c≥1, ν≥1

dc,p (A) dν,τ (A)) + O (1) ≤

≤ ∑
ν≤n−m

m (r, dν,s (A)) +
k∑

l=1

(
ipl
− ipl−1 − n + m+

+1) (n−m) 2 (ρ + 1 + ε) ln r + o (ln r) ≤
≤ ∑

ν<n−m

1≤s≤n

m (r, dν,s (A)) + (m + 1) (n−

−m) 2 (ρ + 1 + ε) ln r + o (ln r) .

Ðîçäiëèìî îáèäâi ÷àñòèíè íåðiâíîñòi íà ln r i
ïåðåéäåìî äî âåðõíüî¨ ãðàíèöi, îòðèìà¹ìî γ ≤ Kχ+
+Nq, ùî ñóïåðå÷èòü óìîâi òåîðåìè. Òîìó iñíó¹ pi,

çà ÿêîãî ñèñòåìà (32) ìà¹ íå áiëüøå ip − ip−1−
− (n−m) ëiíiéíî íåçàëåæíèõ ìåðîìîðôíèõ âåêòîð-
ðîçâ'ÿçêiâ ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ â
∞ ïîðÿäêó ρ < q/2 − 1. Îòæå, ñèñòåìà (32) ìà¹
n − m ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ, ÿêi àáî íå ¹
ìåðîìîðôíèìè ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ
â ∞, àáî ìàþòü ïîðÿäîê ρ ≥ q/2 − 1. Òîäi i
ñåðåä âåêòîð-ðîçâ'ÿçêiâ (30) ñèñòåìè (1) ¹ íå ìåíøå
n − m ëiíiéíî íåçàëåæíèõ âåêòîð-ðîçâ'ÿçêiâ, ÿêi
íå ¹ ìåðîìîðôíèìè ç ëîãàðèôìi÷íîþ îñîáëèâîþ
òî÷êîþ â ∞ àáî ìàþòü ïîðÿäîê ρ ≥ q/2 − 1.
Òîäi áóäü-ÿêà íåòðèâiàëüíà ëiíiéíà êîìáiíàöiÿ öèõ
n − m âåêòîðiâ ¹ âåêòîð-ðîçâ'ÿçêîì, ÿêèé àáî íå ¹
ìåðîìîðôíèì ç ëîãàðèôìi÷íîþ îñîáëèâîþ òî÷êîþ
â ∞, àáî ìà¹ ïîðÿäîê ρ ≥ q/2 − 1. Íàñïðàâäi,
iíàêøå äëÿ ðîçâ'ÿçêiâ ñèñòåìè (32) ìîæíà áóëî á
ñêëàñòè ëiíiéíó êîìáiíàöiþ, ÿêà äàëà á ùå îäèí
ìåðîìîðôíèé âåêòîð-ðîçâ'ÿçîê ç ëîãàðèôìi÷íîþ
îñîáëèâîþ òî÷êîþ â ∞ ïîðÿäêó ρ < q/2 − 1,
ùî íå ïðàâèëüíî. Ðîçãëÿíåìî âåêòîðíèé ïðîñòið
ðîçâ'ÿçêiâ ñèñòåìè (1) i çà áàçèñ ïðèéìåìî âåêòîðè
(30). Òîäi ïiäïðîñòið, ÿêèé ñêëàäà¹òüñÿ ç âåêòîð-
ðîçâ'ÿçêiâ ñèñòåìè (1), ÿêi íå ¹ ìåðîìîðôíèìè
âåêòîð-ðîçâ'ÿçêàìè ç ëîãàðèôìi÷íîþ îñîáëèâîþ
òî÷êîþ â ∞ ïîðÿäêó ρ < q/2 − 1, ìà¹ ðîçìiðíiñòü,
íå ìåíøó çà n − m. Îòæå, iç âåêòîðiâ öüîãî
ïiäïðîñòîðó ìîæíà ñêëàñòè íå ìåíøå, íiæ n − m
ëiíiéíèõ êîìáiíàöié, ÿêi äàäóòü ëiíiéíî íåçàëåæíi
âåêòîð-ðîçâ'ÿçêè ñèñòåìè (1), i öi âåêòîð-ðîçâ'ÿçêè
íå ¹ ìåðîìîðôíèìè ç ëîãàðèôìi÷íîþ îñîáëèâîþ
òî÷êîþ â ∞ ïîðÿäêó ρ < q/2 − 1. Òîìó áóäü-
ÿêà ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ äëÿ (1) ìà¹
íå ìåíøå, íiæ n − m âåêòîð-ðîçâ'ÿçêiâ, ÿêi íå ¹
ìåðîìîðôíèìè âåêòîð-ðîçâ'ÿçêàìè ç ëîãàðèôìi÷íîþ
îñîáëèâîþ òî÷êîþ â ∞ ïîðÿäêó ρ < q/2− 1. Òåîðåìó
äîâåäåíî. ¥
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