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Âñòóï
Âëàñòèâîñòi îðòîãîíàëüíèõ ñèñòåì ïîëiíîìiâ äiéñ-

íî¨ çìiííî¨ òà ðîçâèíåííÿ ôóíêöié ó ðÿäè çà íèìè
äîâîëi  ðóíòîâíî äîñëiäæåíî â íàóêîâié ëiòåðàòóði i,
çîêðåìà, âèêëàäåíî ó ðîáîòàõ [1, 2, 4]. Çíà÷íî ìåíøå
äîñëiäæåíü ñòîñóþòüñÿ âëàñòèâîñòåé öèõ ñèñòåì ó
êîìïëåêñíié îáëàñòi. Òàê ó ðîáîòi [1] ðîçãëÿíóòî
ðîçâèíåííÿ àíàëiòè÷íèõ ôóíêöié ó êîìïëåêñíié
îáëàñòi çà ñèñòåìîþ ïîëiíîìiâ ×åáèøîâà.

1. Ñèñòåìà ïîëiíîìiâ ×åáèøîâà {Tn (x)}∞n=0 îðòî-
ãîíàëüíà ç âàãîþ δ (t) = 1√

1−x2 íà ïðîìiæêó [-1; 1]

i,
1∫
−1

T 2
n (x) δ (x) dx = π

2 (n > 0),
1∫
−1

T 2
0 (x) δ (x) dx = π.

Cïðàâåäëèâi ôîðìóëè i îöiíêà

Tn (x) = n

[n/2]∑

k=0

(−1)k 2n−2k−1Ck
n−k

n− k
xn−2k

(n = 1, 2, ...) , T0 (x) = 1,

xn =
1

2n−1

[n/2]∑

k=0

0Ck
nTn−2k (x) , (1)

|Tn (x)| ≤ 1 (n = 0, 1, ...) , 0 ≤ x ≤ 1.

äå
n∑

k=0

0akTk =
n∑

k=0

ε0kakTk = a0
2 T0 + a1T1 + ... + anTn;

ε0k =
{

1/2, k = 0,
1, k > 0 .

Ñèñòåìà ïîëiíîìiâ ×åáèøîâà êîìïëåêñíî¨ çìiííî¨
{Tn (z)}∞n=0 áiîðòîãîíàëüíà ç ñèñòåìîþ àñîöiéîâàíèõ
ôóíêöié

{
ωT

n (z)
}∞

n=0
, 1

2πi

∫
Γ

Tn (z)ωT
m (z) dz = δnm, äå

ωT
n (z) =

2√
z2 − 1

(
z +

√
z2 − 1

)n =

=
∞∑

k=0

Ck
n+2k

2n+2k−1

1
zn+2k+1

(n = 0, 1, ...);

δnm � ñèìâîë Êðîíåêåðà.
Â îáëàñòi ER i íà ¨¨ ãðàíèöi ΓR ñïðàâåäëèâà îöiíêà

|Tn (z)| ≤ 1
2

(
Rn + R−n

)
(2)

äå ΓR � åëiïñ ç ôîêóñàìè (-1, 0), (1, 0), ñóìîþ ïiâîñåé
R (R > 1) i ðiâíÿííÿì

z =
1
2

(
R eiϕ + R−1e−iϕ

)
( 0 ≤ ϕ < 2π) . (3)

Êðiì òîãî, ÿêùî ôóíêöiÿ f (z) îäíîçíà÷íà i
àíàëiòè÷íà â ER, òî ðÿä f (z) =

∞∑
n=0

Ln (f) Tn (z),
ðiâíîìiðíî çáiãà¹òüñÿ â îáëàñòi Er (1 ≤ r < R), äå
Ln (f) = 1

2πi

∫
Γρ

f (z) ωT
n (z) dz; Er îáëàñòü ç ãðàíèöåþ

Γr (1 ≤ r < R); Γρ � åëiïñ (r < ρ < R).
2. Ñèñòåìà ïîëiíîìiâ Ëåæàíäðà {Pn (x)}∞n=0

îðòîãîíàëüíà íà ïðîìiæêó [-1; 1]

2n + 1
2

1∫

−1

Pn (x)Pm (x) dx = δnm. (4)
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Ñïðàâåäëèâi ôîðìóëè

Pn (x) =
1
2n

[n/2]∑

k=0

(−1)k
Ck

nCn
2(n−k)x

n−2k (n = 0, 1, ...) ,

(5)

Pn (x) =
1
2π

2π∫

0

(
x + i

√
1− x2 sin ϕ

)n

dϕ.

Ç îñòàííüî¨ ôîðìóëè (5) î÷åâèäíà îáìåæåíiñòü
ïîëiíîìiâ íà ïðîìiæêó [-1; 1]

|Pn (x)| ≤ 1 (n = 0, 1, ...) (6)
i òàêå iíòåãðàëüíå çîáðàæåííÿ

Pn (x) =
1

2πi

∫

Γ

(
x + i t

√
1− x2

)n

γ (t) dt, (7)

äå Γ äîäàòíî îði¹íòîâàíå êîëî |t| = ρ, 1 < ρ < ∞;

γ (t) =
1√

t2 − 1
=

∞∑

k=0

Ck
2k

22k

1
t2k+1

(|t| > 1) (8)

Çàçíà÷èìî, ùî ïîëiíîìè ×åáèøîâà òàêîæ ìîæíà
ïîäàòè ó âèãëÿäi (7), ÿêùî ïðèéíÿòè γ (t) = t

t2−1 =

=
∞∑

k=0

1
t2k+1 (|t| > 1).

Ó öié ðîáîòi ïîáóäîâàíî ñèñòåìó ôóíêöié,
áiîðòîãîíàëüíèõ ç ïîëiíîìàìè Ëåæàíäðà íà çàìê-
íóòèõ êðèâèõ ó êîìïëåêñíié îáëàñòi. Äîñëiäæåíî
âëàñòèâîñòi ïîëiíîìiâ Ëåæàíäðà â êîìïëåêñíié
îáëàñòi òà ðîçâèíåííÿ àíàëiòè÷íèõ ôóíêöié â ðÿäè
çà ñèñòåìàìè ïîëiíîìiâ.

I. Âëàñòèâîñòi ïîëiíîìiâ Ëåæàíäðà â
êîìïëåêñíié îáëàñòi

Ââåäåìî,  ðóíòóþ÷èñü íà ïîäàííi (7), ñèñòåìó ïî-
ëiíîìiâ Ëåæàíäðà {Pn (z)}∞n=0 êîìïëåêñíî¨ çìiííî¨ z,

Pn (z) =
1

2πi

∫

Γ

(
z + t

√
z2 − 1

)n

γ (t) dt, (9)

äå γ (t) = 1√
t2−1

. ßêùî òóò âðàõóâàòè ðîçâèíåííÿ (8)
i òîòîæíiñòü [3]

[n/2]∑

k=l

1
22k

Ck
2kC2k

n Cl
k =

1
2n

Cl
nCn

2(n−l), (10)

òî îäåðæèìî ïåðøó ôîðìóëó (5). Ç öi¹¨ ôîðìóëè
çíàéäåìî (äëÿ ïàðíèõ i íåïàðíèõ çíà÷åíü iíäåêñiâ)
òàêi ïîäàííÿ:

P2n (z) =
1

22n

n∑

k=0

(−1)n−k
Cn−k

2n C2n
2(n+k)z

2k,

P2n+1 (z) = 1
22n+1

n∑
k=0

(−1)n−k
Cn−k

2n+1C
2n+1
2(n+k+1)z

2k+1

(n = 0, 1, ...) .
(11)

Âiäçíà÷èìî îñíîâíi âëàñòèâîñòi ñèñòåìè ïîëi-
íîìiâ {Pn (z)}∞n=0.

Òâåðäæåííÿ 1. Ñïðàâåäëèâå ñïiââiäíîøåííÿ

zk =
[k/2]∑
n=0

2k−2n (2k − 4n + 1)
(2k − 2n + 1)

Cn
k

Ck−n
2(k−n)

Pk−2n (z) . (12)

¤ Äîâåäåííÿ. Äëÿ îäåðæàííÿ ôîðìóëè (12)
ñêîðèñòà¹ìîñÿ êîìáiíàòîðíèìè òîòîæíîñòÿìè, îäåð-
æàíèìè ç âèêîðèñòàííÿì ìàòåìàòè÷íîãî àïàðàòà [3],

n∑

k=m

(−1)n−k
Cn−k

2n C2n
2(n+k)C

2m
k+m

C2m+1
2(k+m)+1

= 22(n−m) 2m + 1
4m + 1

δnm,

n∑

k=m

(−1)n−k
Cn−k

2n+1C
2n+1
2(n+k+1)C

2m+1
k+m+1

C2m+2
2(k+m)+3

=

= 22(n−m) 2m + 2
4m + 3

δnm.

(13)

ßêùî çàïèñàòè ôîðìóëó (12) ó âèãëÿäi

z2k =
k∑

m=0

22m (4m + 1) Ck−m
2k

(2k + 2m + 1) Ck+m
2(k+m)

P2m (z) , (14)

z2k+1 =
k∑

m=0

22m+1 (4m + 3) Ck−m
2k+1

(2k + 2m + 3) Ck+m+1
2(k+m)+2

P2m+1 (z) ,

ïiäñòàâèòè ó ôîðìóëè (11) i ïåðåòâîðèòè ç óðàõó-
âàííÿì ñïiââiäíîøåíü (13), òî ïðèéäåìî äî òîòîæ-
íîñòi Pn (z) = Pn (z), ùî ïiäòâåðäæó¹ ñïðàâåäëèâiñòü
ôîðìóëè (12). ¥

Òâåðäæåííÿ 2. Ñïðàâåäëèâi çàëåæíîñòi ìiæ
ïîëiíîìàìè Ëåæàíäðà i ïîëiíîìàìè ×åáèøîâà

Pn (z) =
1

22n−1

[n/2]∑

k=0

0Ck
2kCn−k

2(n−k)Tn−2k (z) (n = 0, 1, ...) ,

(15)

Tn (z) =

= n

[n/2]∑
m=0

2n−2m−1 (2n−4m+1)
(n−m) (2n−2m+1) (1−2m)

Cm
2m

Cn−m
2(n−m)

Pn−2m (z)

(n = 1, 2, ...) .
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Íàáëèæåííÿ ôóíêöié ïîëiíîìàìè Ëåæàíäðà â êîìïëåêñíié îáëàñòi

¤ Äîâåäåííÿ. Ïiäñòàâèìî çàëåæíîñòi (1) ñòåïåíiâ çìiííî¨ z (îêðåìî äëÿ ïàðíèõ i íåïàðíèõ çíà÷åíü
iíäåêñiâ) ÷åðåç ïîëiíîìè ×åáèøîâà ó ôîðìóëè (11)

P2n (z) =
1

22n

n∑
r=0

(−1)n−r
Cn−r

2n C2n
2(n+r)

1
22r−1

r∑

k=0

0Cr−k
2r T2k (z) =

=
n∑

k=0

0T2k (z)
n∑

r=k

(−1)n−r

22n+2r−1
Cn−r

2n C2n
2(n+r)C

r−k
2r =

1
24n−1

n∑

k=0

0Cn−k
2(n−k)C

n+k
2(n+k)T2k (z) ,

P2n+1 (z) =
1

22n+1

n∑
r=0

(−1)n−r
Cn−r

2n+1C
2n+1
2(n+r+1)

1
22r

r∑

k=0

Cr−k
2r+1T2k+1 (z) =

=
n∑

k=0

T2k+1 (z)
n∑

r=k

(−1)n−k

22(n+r)+1
Cn−k

2n+1C
2n+1
2(n+k+1)C

r−k
2r+1 =

1
24n+1

n∑

k=0

Cn−k
2(n−k)C

n+k+1
2(n+k+1)T2k+1 (z).

ßêùî òóò âðàõóâàòè êîìáiíàòîðíi òîòîæíîñòi
n∑

r=k

(−1)n−r

22n+2r
Cn−r

2n C2n
2(n+r)C

r−k
2r =

1
24n

Cn−k
2(n−k)C

n+k
2(n+k), (16)

n∑

r=k

(−1)n−r

22n+2r+1
Cn−r

2n+1C
2n+1
2(n+r+1)C

r−k
2r−1 =

1
24n+1

Cn−k
2(n−k)C

n+k+1
2(n+k+1),

òî îäåðæèìî ôîðìóëè

P2n (z) =
1

24n−1

n∑

k=0

0Cn−k
2(n−k)C

n+k
2(n+k)T2k (z) ,

P2n+1 (z) =
1

24n+1

n∑

k=0

Cn−k
2(n−k)C

n+k+1
2(n+k+1)T2k+1 (z). (17)

Çâiäñè, çìiíèâøè ïîðÿäîê ïiäñóìîâóâàííÿ, ìàòèìåìî ïåðøó ôîðìóëó (15).
Äðóãó ôîðìóëó (15) îäåðæèìî ïiäñòàíîâêîþ ôîðìóë (14) ó ïåðøó ôîðìóëó (1)

T2n (x) = 2n

n∑

k=0

(−1)n−k 22k−1Cn−k
n+k

n + k

k∑
m=0

22m (4m + 1) Ck−m
2k

(2k + 2m + 1) Ck+m
2(k+m)

P2m (z) =

= 2n

n∑
m=0

P2m (z)
n∑

k=m

(−1)n−k 22(k+m)−1 (4m + 1)
(n + k) (2k + 2m + 1)

Cn−k
n+k Ck−m

2k

Ck+m
2(k+m)

,

T2n+1 (x) = (2n + 1)
n∑

k=0

(−1)n−k 22kCn−k
n+k+1

n + k + 1

k∑
m=0

22m+1 (4m + 3) Ck−m
2k+1

(2k + 2m + 3) Ck+m+1
2(k+m)+2

P2m+1 (z) =

= (2n + 1)
n∑

m=0

P2m+1 (z)
n∑

k=m

(−1)n−k 22(k+m)+1 (4m + 3)
(n + k + 1) (2k + 2m + 3)

Cn−k
n+k+1C

k−m
2k+1

Ck+m+1
2(k+m)+2

.

Âðàõóâàâøè òóò êîìáiíàòîðíi òîòîæíîñòi
n∑

k=m

(−1)n−k 22(k+m)−1

(n + k) (2k + 2m + 1)
Cn−k

n+k Ck−m
2k

Ck+m
2(k+m)

=
24m−1

(n + m) (2n + 2m + 1) (1− 2n + 2m)

Cn−m
2(n−m)

Cn+m
2(n+m)

, (18)

n∑

k=m

(−1)n−k 22(k+m)+1

(n + k + 1) (2k + 2m + 3)
Cn−k

n+k+1C
k−m
2k+1

Ck+m+1
2(k+m)+2

=
24m+1

(n + m + 1) (2n + 2m + 3) (1− 2n + 2m)

Cn−m
2(n−m)

Cn+m+1
2(n+m+1)

,

îäåðæèìî ôîðìóëè

T2n (z) = 2n

n∑
m=0

24m−1 (4m + 1)
(n + m) (2n + 2m + 1) (1− 2n + 2m)

Cn−m
2(n−m)

Cn+m
2(n+m)

P2m (z) (n = 1, 2, ...) , (19)

Mathematics 7
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T2n+1 (z) = (2n + 1)
n∑

m=0

24m+1 (4m + 3)
(n + m + 1) (2n + 2m + 3) (1− 2n + 2m)

Cn−m
2(n−m)

Cn+m+1
2(n+m+1)

P2m+1 (z) (n = 0, 1, ...) .

Çâiäñè î÷åâèäíi âiäïîâiäíi çàëåæíîñòi (15). ¥
Íàñëiäîê 1. Ñïðàâåäëèâi êîìáiíàòîðíi òîòîæíîñòi

n∑

m=k

2n (4m + 1)
(n + m) (2n + 2m + 1) (1− 2n + 2m)

Cn−m
2(n−m)C

m−k
2(m−k)C

m+k
2(m+k)

Cn+m
2(n+m)

= δnk, (20)

n∑

m=k

(2n + 1) (4m + 3)
(n + m + 1) (2n + 2m + 3) (1− 2n + 2m)

Cn−m
2(n−m)C

m−k
2(m−k)C

m+k+1
2(m+k+1)

Cn+m+1
2(n+m+1)

= δnk

¤ Äîâåäåííÿ. ßêùî ïiäñòàâèòè ñïiââiäíîøåííÿ (17) â (19), òî äîõîäèìî äî òàêèõ ñïiââiäíîøåíü:

T2n (z) =
n∑

m=0

2n (4m + 1)
(n + m) (2n + 2m + 1) (1− 2n + 2m)

Cn−m
2(n−m)

Cn+m
2(n+m)

m∑

k=0

0Cm−k
2(m−k)C

m+k
2(m+k)T2k (z) =

=
n∑

k=0

0T2k (z)
n∑

m=k

2n (4m + 1)
(n + m) (2n + 2m + 1) (1− 2n + 2m)

Cn−m
2(n−m)C

m−k
2(m−k)C

m+k
2(m+k)

Cn+m
2(n+m)

,

T2n+1 (z) =
n∑

m=0

(2n + 1) (4m + 3)
(n + m + 1) (2n + 2m + 3) (1− 2n + 2m)

Cn−m
2(n−m)

Cn+m+1
2(n+m+1)

m∑

k=0

Cm−k
2(m−k)C

m+k+1
2(m+k+1)T2k+1 (z) =

=
n∑

k=0

T2k+1 (z)
n∑

m=k

(2n + 1) (4m + 3)
(n + m + 1) (2n + 2m + 3) (1− 2n + 2m)

Cn−m
2(n−m)C

m−k
2(m−k)C

m+k+1
2(m+k+1)

Cn+m+1
2(n+m+1)

.

Çâiäñè, ÷åðåç íåçàëåæíiñòü ïîëiíîìiâ ×åáèøîâà, îòðèìà¹ìî ôîðìóëó (20). ¥

Òâåðäæåííÿ 3. Äëÿ ïîëiíîìà (5) ñïðàâåäëèâà
îöiíêà

|Pn (z)| ≤ 1
2

(
R n + R−n

)
, (21)

äå z ∈ ER; ER � îáëàñòü ç ãðàíèöåþ ΓR � åëiïñîì ç
ðiâíÿííÿì (3).

¤ Äîâåäåííÿ. Ââàæà¹ìî, ùî àðãóìåíò ïîëi-
íîìà Pn (z) ïðîáiãà¹ åëiïñ Γr: z = 1

2

(
r eiϕ + r−1e−iϕ

)
(1 ≤ r ≤ R, 0 ≤ ϕ < 2π). ×åðåç ôîðìóëó (4) i
íåðiâíiñòü (2)

|Tn (z)| ≤ 1
2

(
rn + r−n

)

çíàéäåìî

|Pn (z)| = 1
22n−1

[n/2]∑

k=0

0Ck
2kCn−k

2(n−k) |Tn−2k (z)| ≤

≤ |Tn (z0)|
22n−1

[n/2]∑

k=0

ε0,n−2kCk
2kCn−k

2(n−k) ≤

≤ r + r−1

22n

[n/2]∑

k=0

ε0,n−2kCk
2kCn−k

2(n−k).

Âðàõóâàâøè òóò òîòîæíiñòü

[n/2]∑

k=0

ε0,n−2kCk
2kCn−k

2(n−k) = 22n−1, (22)

ìàòèìåìî îöiíêó |Pn (z0)| ≤ 1
2 (r n + r−n) i,

âiäïîâiäíî, îöiíêó (21). ¥
Çàçíà÷èìî, ùî îöiíêó (21) òàêîæ ìîæíà îäåð-

æàòè ç âèêîðèñòàííÿì òâåðäæåííÿ [4] ïðî îöiíêó
ìîäóëÿ ìíîãî÷ëåíà â äîâiëüíié òî÷öi êîìïëåêñíî¨
îáëàñòi çà çàäàíîþ éîãî îöiíêîþ (6).

II. Àñîöiéîâàíi ôóíêöi¨

Ðîçãëÿíåìî ñèñòåìó ïîëiíîìiâ {Pn (z)}∞n=0, ùî
çàäàþòüñÿ ôîðìóëîþ (3), i ôóíêöiþ êîìïëåêñíî¨
çìiííî¨ f (z), îäíîçíà÷íó i àíàëiòè÷íó â êðóçi |z| <
< R0 (1 < R0 ≤ ∞)

f (z) =
∞∑

n=0

f (n) (0)
n !

zn (23)
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Íàáëèæåííÿ ôóíêöié ïîëiíîìàìè Ëåæàíäðà â êîìïëåêñíié îáëàñòi

Çíàéäåìî ¨¨ ôîðìàëüíå ðîçâèíåííÿ çà ñèñòåìîþ
ïîëiíîìiâ {Pn (z)}∞n=0. Äëÿ öüîãî ñêîðèñòà¹ìîñü
ôîðìóëàìè (14). Ïiäñòàâèâøè âèðàçè ñòåïåíiâ ó

ôîðìóëó (23) i çìiíèâøè ïîðÿäîê ïiäñóìîâóâàííÿ,
îäåðæèìî

f (z) =
∞∑

n=0

f (2n) (0)
(2n) !

n∑
m=0

B2n
n−mP2m (z) +

∞∑
n=0

f (2n+1) (0)
(2n + 1) !

n∑
m=0

B2n+1
n−m P2m+1 (z) =

=
∞∑

m=0

( ∞∑
n=m

B2n
n−m

f (2n) (0)
(2n) !

)
P2m (z) +

∞∑
m=0

( ∞∑
n=m

B2n+1
n−m

f (2n+1) (0)
(2n + 1) !

)
P2m+1 (z) =

=
∞∑

m=0

( ∞∑
n=0

B2(n+m)
n

f (2n+2m) (0)
(2n + 2m) !

)
P2m (z) +

∞∑
m=0

( ∞∑
n=0

B2(n+m)+1
n

f (2n+2m+1) (0)
(2n + 2m + 1) !

)
P2m+1 (z) =

=
∞∑

m=0

( ∞∑
n=0

B2n+m
n

f (2n+m) (0)
(2n + m) !

)
Pm (z) ,

äå

B2n
n−m =

22m (4m + 1) C2m
n+m

(2m + 1) C2m+1
2n+2m+1

, B2n+1
n−m =

22m+1 (4m + 3) C2m+1
n+m+1

(2m + 2) C2m+2
2n+2m+3

B2n+m
n =

2m (2m + 1) Cm
n+m

(m + 1) Cm+1
2n+2m+1

. (24)

Ðîçâèíåííÿ ôóíêöi¨ f (z) ç óðàõóâàííÿì ïîç-
íà÷åíü (24) çàïèøåìî òàê:

f (z) =
∞∑

m=0

Lm (f) Pm (z) , (25)

äå

Lm (f) =
∞∑

n=0

B2n+m
n

f (2n+m) (0)
(2n + m) !

. (26)

Ââåäåìî àñîöiéîâàíi ôóíêöi¨

ωm (z) =
2m (2m + 1)

(m + 1)

∞∑
n=0

Cm
n+m

Cm+1
2n+2m+1

1
z2n+m+1

(m = 0, 1, ...) ,

(27)

ÿêi àíàëiòè÷íi â îáëàñòi |z| > 1. Íàñïðàâäi,
âèêîðèñòîâóþ÷è àñèìïòîòè÷íó ôîðìóëó n ! ∼ nn/en

äëÿ âåëèêèõ çíà÷åíü çìiííî¨, îäåðæèìî îöiíêó äëÿ
êîåôiöi¹íòiâ ðÿäiâ (27)

2m (2m + 1) Cm
n+m

(m + 1) Cm+1
2n+2m+1

∼ (2m + 1)
(
1 + m

2n

)2n+m

(2n + 2m + 1)
(
1 + m

n

)n+m ∼

∼ (2m + 1)
(2n + 2m + 1)

.

Çâiäñè ìà¹ìî lim
n→∞

n

√
2m(2m+1)Cm

n+m

(m+1)Cm+1
2n+2m+1

= 1.

Âèðàçè êîåôiöi¹íòiâ (26) ç óðàõóâàííÿì (27)
çàïèøåìî ó âèãëÿäi êîíòóðíèõ iíòåãðàëiâ

Lk (f) =
1

2πi

∫

Γ

f (z)ωk (z) dz, (28)

äå Γ � äîäàòíî îði¹íòîâàíå êîëî |z| = q (1 < q < R0).

Òâåðäæåííÿ 1. Ñèñòåìè ôóíêöié
{Pn (z) , ωn (z)}∞n=0 áiîðòîãîíàëüíi íà äîâiëüíîìó
êóñêîâî-ãëàäêîìó çàìêíóòîìó êîíòóði Γ, ùî îõîïëþ¹
êðóã |z| ≤ 1, òîáòî ñïðàâäæóþòüñÿ ðiâíîñòi

1
2πi

∫

Γ

Pn (z) ωm (z) dz = δnm. (29)

¤ Äîâåäåííÿ. Ïiäñòàâèìî âèðàçè (11) i (27) ó ëiâó ÷àñòèíó ôîðìóëè (29). Çíàéäåìî (îêðåìî äëÿ ïàðíèõ
i íåïàðíèõ çíà÷åíü iíäåêñiâ)

1
2πi

∫

Γ

P2n (z)ω2m (z) dz =
22(m−n) (4m + 1)

(2m + 1)
1

2πi

∫

Γ

n∑

k=0

(−1)k
Ck

2nC2n
2(2n−k)

∞∑

l=0

C2m
l+2m

C2m+1
2(2m+l)+1

1
z2(l+k−n+m)+1

dz =

=
2m−n (2m + 1)

(m + 1)
1

2πi

∫

Γ

n∑

k=0

∞∑

l=m

(−1)n−k
Cn−k

2n Cn
2(n+k)C

2m
l+m

C2m+1
2(l+m)+1

dz

z2(l−k)+1
=

Mathematics 9
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=
22(m−n) (4m + 1)

(2m + 1)

n∑

k=m

(−1)n−k
Cn−k

2n Cn
2(n+k)C

2m
k+m

C2m+1
2(k+m)+1

,

1
2πi

∫

Γ

P2n+1 (z)ω2m+1 (z) dz =
22(m−n) (4m + 3)

(2m + 2)
1

2πi

∫

Γ

n∑

k=0

∞∑

l=0

(−1)k
Ck

2n+1C
2n+1
2(2n−k+1)C

2m+1
l+2m+1

C2m+2
2l+4m+3

dz

z2l+2k−2n+2m+1
=

=
2(m−n) (4m + 3)

(2m + 2)
1

2πi

∫

Γ

n∑

k=0

∞∑

l=m

(−1)n−k
Cn−k

2n+1C
n
2(n+k+1)C

2m+1
l+m+1

C2m+2
2(l+m)+3

dz

z2(l−k)+1
=

=
2(m−n) (4m + 3)

(2m + 2)

∞∑

l=m

(−1)n−k
Cn−k

2n+1C
n
2(n+k+1)C

2m+1
k+m+1

C2m+2
2(k+m)+3

.

ßêùî òóò âðàõóâàòè òîòîæíîñòi

22(m−n) (4m + 1)
(2m + 1)

n∑

k=m

(−1)n−k
Cn−k

2n Cn
2(n+k)C

2m
k+m

C2m+1
2(k+m)+1

= δnm, (30)

2(m−n) (4m + 3)
(2m + 2)

∞∑

l=m

(−1)n−k
Cn−k

2n+1C
n
2(n+k+1)C

2m+1
k+m+1

C2m+2
2(k+m)+3

= δnm,

òî îäåðæèìî ñïiââiäíîøåííÿ (29). ¥

Òâåðäæåííÿ 2. Àñîöiéîâàíi ôóíêöi¨ ìàþòü
iíòåãðàëüíå çîáðàæåííÿ

ωn (z) =
2n + 1

2

1∫

−1

Pn (x) dx

z − x
(31)

i, âiäïîâiäíî, ÿâíèé âèãëÿä

ωn(z) =
2n + 1

2

(
Pn(z) ln

z + 1
z − 1

−

− 1
2n−1

[(n−1)/2]∑

l=0

zn−2l−1

( l∑

k=0

(−1)kCk
nC2(n−k)n

2(l − k) + 1

))
,

(32)

äå ω0 (z) = 1
2 ln z+1

z−1 =
∞∑

k=0

1
2k+1

1
z2k+1 .

¤ Äîâåäåííÿ. Çàïèøåìî ïîëiíîì Pn (x) ó
âèãëÿäi êîíòóðíîãî iíòåãðàëó Pn (x) = 1

2πi

∫
Γ

Pn(z)dz
z−x ,

äå Γ êîíòóð, ÿêèé ¹ ãðàíèöåþ îáëàñòi, ùî
ìiñòèòü âñåðåäèíi âiäðiçîê [-1; 1]. Ïiäñòàâèâøè éîãî
ó ôîðìóëó (4) i çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ,
îäåðæèìî ñïiââiäíîøåííÿ

2n + 1
2

1
2πi

∫

Γ

Pn (z)




1∫

−1

Pm (x)
z − x

dx


 dz = δnm.

Çâiäñè ç óðàõóâàííÿì ñïiââiäíîøåíü (29), îäåðæèìî
ôîðìóëó (31). Iíòåãðàë ó ôîðìóëi (31) îá÷èñëþ¹òüñÿ
áåçïîñåðåäíüî i çîáðàæó¹òüñÿ ó âèãëÿäi (32).

Çàçíà÷èìî, ùî âèðàç ôóíêöi¨ ωm (z) ó âèãëÿäi
(27) ìîæíà òàêîæ îäåðæàòè ç ôîðìóëè (31), ÿêùî
âðàõóâàòè ðîçâèíåííÿ 1

z−x =
∞∑

k=0

xk

zk+1 . ¥

Òâåðäæåííÿ 3. Äëÿ àñîöiéîâàíèõ ôóíêöié ñïðàâåäëèâi ðîçâèíåííÿ

ωn (z) =
2n (2n + 1)√

z2 − 1

∞∑

k=0

n + 2k

(n + k) (2n + 2k + 1) (1− 2k)
Ck

2k

Cn+k
2(n+k)

1
(
z +

√
z2 − 1

)n+2k
(n = 0, 1, ...) , (33)

ÿêi çáiãàþòüñÿ íà åëiïñi Γq ç ðiâíÿííÿì z = 1
2

(
q eiϕ + q−1e−iϕ

)
(0 ≤ ϕ < 2π),

à òàêîæ çáiãàþòüñÿ â îáëàñòi, ùî ìiñòèòü íåñêií÷åííî âiääàëåíó òî÷êó, ç ãðàíèöåþ Γq.
¤ Äîâåäåííÿ. Ïåðåòâîðèìî iíòåãðàë ó ôîðìóëi (31). Âðàõóâàâøè ôîðìóëó 1

z−x = 2√
z2−1

∞∑
k=0

0 Tk(x)
pk , äå

p = z +
√

z2 − 1, ñïðàâåäëèâó çà óìîâè |p| > 1, äðóãó ôîðìóëó (15), âëàñòèâiñòü îðòîãîíàëüíîñòi ïîëiíîìiâ
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Ëåæàíäðà (12) i âëàñòèâiñòü
1∫
−1

Pn (x)Qm (x) dx = 0, äå Qm (x) ïîëiíîì ñòåïåíÿ m (m < n), îäåðæèìî

(îêðåìî äëÿ ïàðíèõ i íåïàðíèõ iíäåêñiâ)

ω2n+1 (z) =
4n + 3

2

1∫

−1

P2n+1 (x) dx

z − x
=

4n + 3√
z2 − 1

∞∑

k=n

1
p2k+1

1∫

−1

P2n+1 (x)T2k+1 (x) dx =

=
(4n + 3)√

z2 − 1

∞∑

k=n

2k + 1
p2k+1

k∑
m=0

22m (4m + 3)
(k + m + 1) (2k + 2m + 3) (1− 2 (k −m))

Ck−m
2(k−m)

Ck+m+1
2(k+m+1)

1∫

−1

P2n+1 (x) P2m+1 (x) dx =

=
(4n + 3)√

z2 − 1

∞∑

k=n

2k + 1
p2k+1

22n+1

(k + n + 1) (2k + 2n + 3) (1− 2 (k − n))

Ck−n
2(k−n)

Ck+n+1
2(k+n+1)

=

=
22n+1 (4n + 3)√

z2 − 1

∞∑

k=0

2n + 2k + 1
(k + 2n + 1) (2k + 4n + 3) (1− 2k)

Ck
2k

Ck+2n+1
2(k+2n+1)

1
p2(n+k)+1

,

ω2n (z) =
4n + 1

2

1∫

−1

P2n (x) dx

z − x
=

4n + 1√
z2 − 1

∞∑

k=n

1
p2k

1∫

−1

P2n (x) T2k (x) dx =

=
(4n + 1)√

z2 − 1

∞∑

k=n

2k

p2k

k∑
m=0

22m−1 (4m + 1)
(k + m) (2k + 2m + 1) (1− 2 (k −m))

Ck−m
2(k−m)

Ck+m
2(k+m)

1∫

−1

P2n (x)P2m (x) dx =

=
22n+1 (4n + 1)√

z2 − 1

∞∑

k=n

k

(k + n)
(
(2n + 1)2 − 4k2

) Ck−n
2(k−n)

Ck+n
2(k+n)

1
p2k

=

=
22n (4n + 1)√

z2 − 1

∞∑

k=0

2n + 2k

(2n + k) (4n + 2k + 1) (1− 2k)
Ck

2k

C2n+k
2(2n+k)

1
p2(n+k)

.

Çâiäñè î÷åâèäíà ôîðìóëà (33).
Çáiæíiñòü ðÿäiâ (33) çðîçóìiëà ç àñèìïòîòè÷íèõ îöiíîê äëÿ ¨õ êîåôiöi¹íòiâ

2n (2n + 1) (n + 2k)
(n + k) (2n + 2k + 1) (1− 2k)

Ck
2k

Cn+k
2(n+k)

=
2n (2n + 1) (n + 2k) (2k) ! (n + k) ! (n + k) !

(n + k) (2n + 2k + 1) (1− 2k) k !k ! (2n + 2k) !
∼

∼ (2n + 1) (n + 2k)
(n + k) (2n + 2k + 1) (1− 2k)

(n = 0, 1, ...) .

ßêùî òî÷êà ïðîáiãà¹ åëiïñ Γρ (q ≥ ρ > 1): z = 1
2

(
ρ eiϕ + ρ−1e−iϕ

)
, òî z +

√
z2 − 1 = ρ eiϕ i äëÿ ðÿäó (33)

çíàéäåìî ìàæîðàíòíèé ðÿä

|ωn (z)| ≤ (2n + 1) Mρ

∞∑

k=0

n + 2k

(n + k) (2k + 2n + 1) |1− 2k|
1

ρ2k+n+1
≤ (34)

≤ Mρ

∞∑

k=0

1
ρ2k+n+1

≤ Mρρ

(ρ2 − 1) ρn
(n = 0, 1, ..., Mρ = const) ,

ÿêèé çáiãà¹òüñÿ ïðè ρ > 1. ¥

Òâåðäæåííÿ 4. Ñïðàâåäëèâå ðîçâèíåííÿ

1
t− z

=
∞∑

n=0

Pn (z)ωn (t) , (35)

ÿêå ðiâíîìiðíî çáiãà¹òüñÿ äëÿ t ∈ E
∞
ρ i z ∈ E

0

r,
äå ρ, r áóäü-ÿêi ÷èñëà, ùî çàäîâîëüíÿþòü óìîâè
0 < q < r < ∞, ρ > max {r, q}; E

∞
ρ çàìêíóòà

îáëàñòü (ùî ìiñòèòü íåñêií÷åííî âiääàëåíó òî÷êó)
ç ãðàíèöåþ Γρ (åëiïñîì); E

0

r çàìêíóòà îáëàñòü (ùî
ìiñòèòü íóëüîâó òî÷êó) ç ãðàíèöåþ Γr (åëiïñîì).
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¤ Äîâåäåííÿ. Ïiäñòàâèìî â ïðàâó ÷àñòèíó ôîðìóëè (35) âèðàçè àñîöiéîâàíèõ ôóíêöié (27)
∞∑

n=0

Pn (z) ωn (t) =
∞∑

n=0

P2n (z)ω2n (t) +
∞∑

n=0

P2n+1 (z)ω2n+1 (t) =

=
∞∑

n=0

P2n (z)
22n (4n + 1)

(2n + 1)

∞∑

l=0

C2n
2n+l

C2n+1
4n+2l+1

1
t2(l+n)+1

+
∞∑

n=0

P2n+1 (z)
22n+1 (4n + 3)

(2n + 2)

∞∑

l=0

C2n+1
2n+l+1

C2n+2
4n+2l+3

1
t2(l+n)+2

=

=
∞∑

n=0

P2n (z)
22n (4n + 1)

(2n + 1)

∞∑

l=n

C2n
n+l

C2n+1
2n+2l+1

1
t2l+1

+
∞∑

n=0

P2n+1 (z)
22n+1 (4n + 3)

(2n + 2)

∞∑

l=0

C2n+1
n+l+1

C2n+2
2n+2l+3

1
t2l+2

=

=
∞∑

l=0

1
t2l+1

l∑
n=0

22n (4n + 1)
(2n + 1)

C2n
n+l

C2n+1
2n+2l+1

P2n (z) +
∞∑

l=0

1
t2l+2

l∑
n=0

22n+1 (4n + 3)
(2n + 2)

C2n+1
n+l+1

C2n+1
2n+2l+3

P2n+1 (z)

Âðàõóâàâøè òóò çîáðàæåííÿ (14), îäåðæèìî
∞∑

n=0

Pn (z)ωn (t) =
∞∑

l=0

z2l

t2l+1
+

∞∑

l=0

z2l+1

t2l+2
=

1
t− z

.

Äëÿ ïîëiíîìiâ Ëåæàíäðà â îáëàñòi E
0

r ñïðàâåäëèâà îöiíêà (21) Pn (z) ≤ 1
2

(
rn + 1

rn

)
. ×åðåç àñèìïòîòè÷íó

îöiíêó (34) â îáëàñòi E
∞
ρ ìà¹ìî äëÿ ðÿäó (35) òàêó îöiíêó:

∣∣∣∣∣
∞∑

n=0

Pn (z) ωn (t)

∣∣∣∣∣ ≤
∞∑

n=0

|Pn (z)| |ωn (t)| ≤ Mρρ

(ρ2 − 1)

∞∑
n=0

(
rn +

1
rn

)n 1
ρn

≤ 2Mρρ

(ρ2 − 1)

∞∑
n=0

(
r

ρ

)n

.

Îñêiëüêè ρ > r, îäåðæàíèé ðÿä çáiãà¹òüñÿ i, âiäïîâiäíî, ðÿä (35) ðiâíîìiðíî çáiãà¹òüñÿ ó çàçíà÷åíèõ
îáëàñòÿõ. ¥

III. Ðîçâèíåííÿ àíàëiòè÷íèõ ôóíêöié
çà ñèñòåìîþ ïîëiíîìiâ Ëåæàíäðà

Òâåðäæåííÿ 1. Íåõàé ôóíêöiÿ êîìïëåêñíî¨
çìiííî¨ f (z), îäíîçíà÷íà i àíàëiòè÷íà ó âiäêðèòié
îáëàñòi E0

R, ãðàíèöÿ ÿêî¨ åëiïñ ΓR (1 < R ≤ ∞) ç
ðiâíÿííÿì z = 1

2

(
R eiϕ + R−1e−iϕ

)
(0 ≤ ϕ < 2π) i

íåõàé ôóíêöiÿ f (z) îáìåæåíà íà ΓR,

|f (z)| ≤ M. (36)
Òîäi ðÿä

f (z) =
∞∑

n=0

Ln (f)Pn (z) (37)

ðiâíîìiðíî çáiãà¹òüñÿ â çàìêíóòié îáëàñòi E0
r ,

îáìåæåíié åëiïñîì Γr, äå 1 ≤ r < R.
¤ Äîâåäåííÿ. Çà ôîðìóëîþ (28) çíàéäåìî

êîåôiöi¹íòè ðÿäó (37), êîëè êîíòóð iíòåãðóâàííÿ -
åëiïñ ΓR, i îöiíèìî ¨õ ç óðàõóâàííÿì íåðiâíîñòåé
(2.15) i (36) |Ln (f)| = 1

2π

∫
ΓR

|f (z)| |ωn (z)| |dz| ≤

≤ MRM
π(R2−1) Rn−1

∫
ΓR

|dz| = M0
Rn (M0 = const). Òåïåð

äëÿ ðÿäó (37) â îáëàñòi E0
r ìà¹ìî ç óðàõóâàííÿì

îöiíêè (21) òàêèé ìàæîðàíòíèé ðÿä:
∣∣∣∣∣
∞∑

n=0

L (f)Pn (z)

∣∣∣∣∣ ≤
∞∑

n=0

|L (f)| |Pn (z)| ≤

≤ M0

∞∑
n=0

1
Rn

(
rn +

1
rn

)
≤ 2M0

∞∑
n=0

( r

R

)n

.

Îäåðæàíèé ðÿä çáiãà¹òüñÿ, îñêiëüêè r < R, i,
âiäïîâiäíî, ðÿä (37) ðiâíîìiðíî çáiãà¹òüñÿ â îáëàñòi
E0

r . ¥

Ïðèêëàä 1. �ðóíòóþ÷èñü íà çîáðàæåííi
(2.16), ìà¹ìî ðîçâèíåííÿ ôóíêöié

1
a− z

=
∞∑

n=0

ωn (a)Pn (z) ,
a

a2 − z2
=

∞∑
n=0

ω2n (a)P2n (z) ,

z

a2 − z2
=

∞∑
n=0

ω2n+1 (a) P2n+1 (z) (|a| > |z|) ,

äå ωn (a) � êîåôiöi¹íòè, ùî âèçíà÷àþòüñÿ çà
ôîðìóëîþ (27).

Ïðèêëàä 2. Çíàéäåìî ðîçâèíåííÿ ôóíêöi¨
êîìïëåêñíî¨ çìiííî¨

eaz =
∞∑

n=0

An (a)Pn (z) . (38)

Êîåôiöi¹íòè ðÿäó (37) äëÿ öi¹¨ ôóíêöi¨ øóêà¹ìî çà
ôîðìóëîþ (26)
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Íàáëèæåííÿ ôóíêöié ïîëiíîìàìè Ëåæàíäðà â êîìïëåêñíié îáëàñòi

An (a)=Ln (eax)=
2n (2n+1)

(n+1)

∞∑

k=0

Cn
k+n

Cn+1
2n+2k+1

f (2k+n) (0)
(2k + n) !

=

=
2n (2n + 1)

(n + 1)

∞∑

k=0

Cn
n+k

Cn+1
2n+2k+1

a2k+n

(2k + n) !
=

= 2n (2n + 1)
∞∑

k=0

(n + k) !
k! (2n + 2k + 1) !

a2k+n =

= (2n + 1)
∞∑

k=0

(2k + 2) (2k + 4) ... (2k + 2n)
(2n + 2k + 1) !

a2k+n.

Çâiäñè ìà¹ìî

An (a) =
∞∑

k=0

(2n + 1)
(2k + 1) (2k + 3) ... (2n + 2k + 1)

a2k+n

(2k) !
.

(39)
Îäåðæàíi ðÿäè äëÿ êîåôiöi¹íòiâ ðÿäó (38) ìîæíà
ïiäñóìóâàòè, çîêðåìà

A0 (a) =
∞∑

k=0

a2k

(2k + 1) !
=

sh a

a
,

A1 (a) = 3
∞∑

k=0

1
(2k + 1) (2k + 3)

a2k+1

(2k) !
= 3

a ch a− sh a

a2
.

Ïðèêëàä 3. Ç ðÿäó (38) îäåðæèìî ðîçâèíåííÿ
ãiïåðáîëi÷íèõ ôóíêöié

ch az =
∞∑

n=0

A2n (a) P2n (z),

sh az =
∞∑

n=0

A2n+1 (a) P2n+1 (z) .

(40)

Ïðèêëàä 4. Äëÿ êîåôiöi¹íòiâ ðÿäiâ òðèãîíî-
ìåòðè÷íèõ ôóíêöié çà ñèñòåìîþ ïîëiíîìiâ
Ëåæàíäðà,  ðóíòóþ÷èñü íà ðiâíîñòÿõ cos az = ch iaz
i sin az = −i sh iaz, îäåðæèìî ç (40) òàêi ôîðìóëè:

cos az =
∞∑

n=0

B2n (a)P2n (z) ,

sin az =
∞∑

n=0

B2n+1 (a) P2n+1 (z) ,

äå B2n (a) =
∞∑

k=0

(−1)k+n(4n+1)
(2k+1)(2k+3)...(2k+4n+1)

a2k+2n

(2k) ! ,

B2n+1 (a) =

=
∞∑

k=0

(−1)k+n (4n + 3)
(2k + 1) (2k + 3) ... (2k + 4n + 3)

a2k+2n+1

(2k) !
.

IV. Âèñíîâêè

�ðóíòóþ÷èñü íà iíòåãðàëüíîìó ïîäàííi ñèñòåì
ïîëiíîìiâ ó ôîðìi (6) ÷è (9), ìîæåìî áóäóâàòè
ðîçâ'ÿçêè (ó âèãëÿäi êîíòóðíèõ iíòåãðàëiâ ðiâíÿíü)
ç ÷àñòèííèìè ïîõiäíèìè ç ïîëiíîìiàëüíèìè
êîåôiöi¹íòàìè [5]. Ïðèðîäíî, ùî ðîçãëÿíóòó ñõåìó
(ïîáóäîâè ôóíêöié, àñîöiéîâàíèõ ç ïîëiíîìàìè
Ëåæàíäðà) ìîæíà ïîøèðèòè íà iíøi ñèñòåìè
ïîëiíîìiâ. Âèâåäåíi â ðîáîòi êîìáiíàòîðíi òîòîæíîñòi
(10), (13), (16), (18), (20), (1.15), (30) ìàþòü
ñàìîñòiéíèé iíòåðåñ.
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