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Äîñëiäæåíî âiäíîñíó ñòiéêiñòü äî çáóðåíü ÷èñëîâîãî ãiëëÿñòîãî ëàíöþãîâîãî äðîáó

çi çìiííîþ êiëüêiñòþ ãiëîê ðîçãàëóæåíü, åëåìåíòè ÿêîãî çàäîâîëüíÿþòü óìîâè áàãàòî-
âèìiðíîãî àíàëîãà òåîðåìè Âîðïiöüêîãî. Âñòàíîâëåíî îöiíêè âiäíîñíèõ ïîõèáîê ïiäõiäíèõ
äðîáiâ òàêîãî ãiëëÿñòîãî ëàíöþãîâîãî äðîáó. Îäåðæàíi ðåçóëüòàòè çàñòîñîâàíî äî äîñëi-
äæåííÿ ñòiéêîñòi äî çáóðåíü áàãàòîâèìiðíèõ ðåãóëÿðíèõ C-äðîáiâ.
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C-äðiá, âiäíîñíà ñòiéêiñòü äî çáóðåíü, îöiíêè âiäíîñíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ ãiëëÿñòîãî
ëàíöþãîâîãî äðîáó.
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Âñòóï

Íåïåðåðâíi äðîáè òà ¨õí¹ óçàãàëüíåííÿ ¹ åôåê-
òèâíèì ìàòåìàòè÷íèì àïàðàòîì òåîði¨ íàáëèæåííÿ
ôóíêöié. Ïîðiâíÿíî çi ñòåïåíåâèìè ðÿäàìè, âîíè çäå-
áiëüøîãî çáiãàþòüñÿ øâèäøå i ìàþòü øèðøi îáëàñòi
çáiæíîñòi. Iíøîþ ïðè÷èíîþ ïåðñïåêòèâíîñòi çàñòî-
ñóâàíü íåïåðåðâíèõ äðîáiâ ¹ âëàñòèâiñòü ìàëîãî íà-
êîïè÷åííÿ ïîõèáîê ïiä ÷àñ îá÷èñëåíü ¨õíiõ ïiäõiäíèõ
äðîáiâ, ÿêó íàçèâàþòü âëàñòèâiñòþ îá÷èñëþâàëüíî¨
ñòiéêîñòi [4, 11, 13, 15, 24, 26].

Ïèòàííÿ ñòiéêîñòi àëãîðèòìiâ îá÷èñëåííÿ ïiä-
õiäíèõ äðîáiâ íåïåðåðâíèõ äðîáiâ äîñëiäæóâàëè
Ã. Áëàí÷ [3], Â. Ãàó÷i [7], Í. Ìåéêîí, Ì. Áàñêåð-
âië [12], À. Êîóò [5]. Ó öèõ ðîáîòàõ äîâåäåíî, ùî îáåð-
íåíèé ðåêóðåíòíèé àëãîðèòì ¹ ñòiéêiøèì ïîðiâíÿíî
ç ïðÿìèì ðåêóðåíòíèì àëãîðèòìîì. Ó ðîáîòi Ó. Äæî-
óíñà, Â. Òðîíà [10] îòðèìàíî ó ÿâíîìó âèãëÿäi îöiíêè
âiäíîñíèõ ïîõèáîê, ùî âèíèêàþòü ïiä ÷àñ îá÷èñëåí-
íÿ ïiäõiäíèõ äðîáiâ íåïåðåðâíîãî äðîáó çà îáåðíåíèì
ðåêóðåíòíèì àëãîðèòìîì i âêàçàíî íà çàëåæíiñòü ïî-
õèáîê ïiäõiäíèõ äðîáiâ âiä åëåìåíòiâ íåïåðåðâíîãî
äðîáó. Îá÷èñëþâàëüíó ñòiéêiñòü ãiëëÿñòèõ ëàíöþãî-
âèõ äðîáiâ âèâ÷àâ Ì. Î. Íåäàøêîâñüêèé [27]. Çîêðå-
ìà, âií äîñëiäèâ îá÷èñëþâàëüíó ñòiéêiñòü ãiëëÿñòèõ
ëàíöþãîâèõ äðîáiâ, ùî ¹ ðîçâ'ÿçêàìè ñèñòåì ëiíiéíèõ
àëãåáðà¨÷íèõ ðiâíÿíü.

Ïiä ÷àñ äîñëiäæåííÿ ñòiéêîñòi ãiëëÿñòèõ ëàíöþãî-
âèõ äðîáiâ, çàçâè÷àé, âðàõîâóâàëè ëèøå ïîõèáêè ¨õ
åëåìåíòiâ. Öþ çàäà÷ó íàçâàëè � äîñëiäæåííÿì ñòié-
êîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ äî çáóðåíü ¨õ
åëåìåíòiâ. Ó ðîáîòàõ [15, 16, 30] îòðèìàíî îöiíêè
ïîõèáîê ïiäõiäíèõ äðîáiâ ÷èñëîâèõ ãiëëÿñòèõ ëàí-
öþãîâèõ äðîáiâ ç äîäàòíèìè åëåìåíòàìè, à òàêîæ
êîìïëåêñíèìè åëåìåíòàìè, ùî çàäîâîëüíÿþòü óìî-
âè áàãàòîâèìiðíèõ óçàãàëüíåíü òåîðåì Âîðïiöüêîãî

òà Ñëåøèíñüêîãî-Ïðiíãñãåéìà. Iç îòðèìàíèõ îöiíîê,
ÿê i ó âèïàäêó íåïåðåðâíèõ äðîáiâ, âèïëèâà¹ çàëå-
æíiñòü ïîõèáîê ïiäõiäíèõ äðîáiâ âiä åëåìåíòiâ ãiëëÿ-
ñòîãî ëàíöþãîâîãî äðîáó. Ïèòàííÿ ñòiéêîñòi äî çáó-
ðåíü êîíòèíóàëüíîãî àíàëîãà ãiëëÿñòèõ ëàíöþãîâèõ
äðîáiâ � iíòåãðàëüíèõ ëàíöþãîâèõ äðîáiâ � äîñëi-
äæåíî ó ðîáîòàõ Ò. Ì. Àíòîíîâî¨ [28, 29].

Iíòåðïðåòóþ÷è ñòiéêiñòü äî çáóðåíü ãiëëÿñòèõ
ëàíöþãîâèõ äðîáiâ ÿê ¨õ íåïåðåðâíó çàëåæíiñòü âiä
åëåìåíòiâ, ó ðîáîòi [17] çàïðîïîíîâàíî îçíà÷åííÿ
ìíîæèí ñòiéêîñòi äî çáóðåíü íåñêií÷åííèõ ÷èñëî-
âèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ. Ïîáóäîâi òà äî-
ñëiäæåííþ ìíîæèí ñòiéêîñòi äî çáóðåíü ãiëëÿñòèõ
ëàíöþãîâèõ äðîáiâ òà äåÿêèõ ïîñëiäîâíîñòåé ¨õ ïiä-
õiäíèõ äðîáiâ ïðèñâÿ÷åíî ðîáîòè [14, 18�22].

Cüîãîäíi àêòèâíî äîñëiäæó¹òüñÿ îá÷èñëþâàëüíà
ñòiéêiñòü ôóíêöiîíàëüíèõ íåïåðåðâíèõ äðîáiâ, ùî ¹
ðîçâèíåííÿìè ñïåöiàëüíèõ ôóíêöié ó íåïåðåðâíi äðî-
áè [1, 2, 4, 6, 8, 9]. Îá÷èñëþâàëüíó ñòiéêiñòü äåÿêèõ
ðîçâèíåíü ôóíêöié áàãàòüîõ çìiííèõ ó ãiëëÿñòi ëàí-
öþãîâi äðîáè âïåðøå ðîçãëÿíóëè Ä. I. Áîäíàð òà
Õ. É. Êó÷ìiíñüêà [25].

Ó ðîáîòi [23] ðîçãëÿíóòî ïîíÿòòÿ ñòiéêîãî äî çáó-
ðåíü ôóíêöiîíàëüíîãî ãiëëÿñòîãî ëàíöþãîâîãî äðî-
áó, ùî ïðèðîäíî äîçâîëèëî çáóðåíi åëåìåíòè âèáè-
ðàòè ç øèðøî¨ ìíîæèíè ïîðiâíÿíî ç ìíîæèíîþ òî-
÷íèõ åëåìåíòiâ, i äîñëiäæåíî ñòiéêiñòü äî çáóðåíü íå-
ñêií÷åííèõ çàëèøêiâ ãiëëÿñòîãî ëàíöþãîâîãî äðîáó
Íüîðäóíäà äëÿ ãiïåðãåîìåòðè÷íèõ ôóíêöié Àïïåëÿ.

Â àíàëiòè÷íié òåîði¨ íåïåðåðâíèõ äðîáiâ òà ¨õ óçà-
ãàëüíåíü ïèòàííÿ ñòiéêîñòi äî çáóðåíü íåñêií÷åííèõ
ôóíêöiîíàëüíèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ çàëè-
øà¹òüñÿ ìàëîäîñëiäæåíèì. Öå ñòàëî ïðåäìåòîì äîñ-
ëiäæåíü öi¹¨ ðîáîòè.
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Âiäíîñíà ñòiéêiñòü äî çáóðåíü áàãàòîâèìiðíèõ ðåãóëÿðíèõ C-äðîáiâ

I. Îñíîâíi ïîíÿòòÿ òà îçíà÷åííÿ

Ðîçãëÿíåìî ÷èñëîâèé ãiëëÿñòèé ëàíöþãîâèé äðiá
(ÃËÄ) çi çìiííîþ êiëüêiñòþ ãiëîê ðîçãàëóæåíü

1 +
∞
D
k=1

Ni(k−1)∑
ik=1

ai(k)

1
, (1)

äå Ni(k) ∈ N � êiëüêiñòü ãiëîê ðîçãàëóæåíü,
i(0) = i0 = 0, i(k) = i1i2 . . . ik, ip = 1, Ni(p−1), p = 1, k,
k = 1, 2, . . ., � ìóëüòèiíäåêñè.

Ðîçãëÿíåìî ïîñëiäîâíiñòü ìíîæèí ìóëüòèiíäåêñiâ
{Ik}∞k=0, äå

I0 = {0},

Ik = {i(k) : ip = 1, Ni(p−1), p = 1, k}, k = 1, 2, . . .

ÃËÄ

f (s) = 1 +
s

D
k=1

Ni(k−1)∑
ik=1

ai(k)

1
, s = 1, 2, . . . ,

íàçèâàþòü s-ìè ïiäõiäíèìè äðîáàìè (s-ìè àïðîêñè-
ìàíòàìè) ÃËÄ (1). Âåëè÷èíè, ùî âèçíà÷àþòüñÿ ðå-
êóðåíòíèìè ñïiââiäíîøåííÿìè

Q
(s)
i(p) = 1 +

Ni(p)∑
ip+1=1

ai(p+1)

Q
(s)
i(p+1)

,

i(p) ∈ Ip, p = s− 1, s− 2, . . . , 0, s = 1, 2, . . . , ïðè÷îìó

Q
(s)
i(s) = 1, i(s) ∈ Is, s = 1, 2, . . ., íàçèâàþòü çàëèø-

êàìè s-ãî ïiäõiäíîãî äðîáó ÃËÄ (1). Î÷åâèäíî, ùî
f (s) = Q

(s)
0 , s = 1, 2, . . . .

ÃËÄ (1) íàçèâàþòü âiäíîñíî ñòiéêèì äî çáóðåíü,
ÿêùî äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå δ > 0, ùî äëÿ
êîæíîãî âi(k) ∈ C, i (k) ∈ Ik, k = 1, 2, . . ., òàêîãî ùî∣∣∣∣ âi(k) − ai(k)

ai(k)

∣∣∣∣ < δ,

âèêîíóþòüñÿ íåðiâíîñòi∣∣∣∣∣ f̂ (s) − f (s)

f (s)

∣∣∣∣∣ < ε, s = 1, 2, . . . ,

äå f̂ (s) = 1 +
s

D
k=1

Ni(k−1)∑
ik=1

âi(k)

1
, s = 1, 2, . . .

Ãiëëÿñòèé ëàíöþãîâèé äðiá

1 +
∞
D
k=1

Ni(k−1)∑
ik=1

âi(k)

1
(2)

íàçèâàþòü çáóðåíèì ÃËÄ äî äðîáó (1), à éîãî
åëåìåíòè � çáóðåíèìè åëåìåíòàìè äî åëåìåíòiâ
äðîáó (1).

II. Ôîðìóëè âiäíîñíèõ ïîõèáîê
ïiäõiäíèõ äðîáiâ

Íåõàé αi(k), ε(s), ε
(s)
i(p) � âiäïîâiäíî âiäíîñíi ïî-

õèáêè åëåìåíòiâ ai(k), ïiäõiäíèõ äðîáiâ f (s) òà çàëè-

øêiâ Q(s)
i(p) ïiäõiäíèõ äðîáiâ f

(s) ÃËÄ (1), òîáòî

âi(k) = ai(k)
(
1 + αi(k)

)
,

i (k) ∈ Ik, k = 1, 2, . . . ,

f̂ (s) = f (s)
(
1 + ε(s)

)
,

s = 1, 2, . . . ,

Q̂
(s)
i(p) = Q

(s)
i(p)

(
1 + ε

(s)
i(p)

)
,

i (p) ∈ Ip, p = 0, s, s = 1, 2, . . . , ó ïðèïóùåííi, ùî

ai(k) ̸= 0, âi(k) ̸= 0, (3)

i (k) ∈ Ik, k = 1, 2, . . . ,

Q
(s)
i(p) ̸= 0, Q̂

(s)
i(p) ̸= 0, (4)

i (p) ∈ Ip, p = 0, s, s = 1, 2, . . . , äå Q̂ (s)
i(p) � çàëèøêè

ïiäõiäíîãî äðîáó f̂ (s) ÃËÄ (2).
Ðîçãëÿíåìî âåëè÷èíè α̂i(k), ε̂ (s), ε̂ (s)

i(p), ùî âèçíà-
÷àþòüñÿ ñïiââiäíîøåííÿìè

ai(k) = âi(k)
(
1 + α̂i(k)

)
,

i (k) ∈ Ik, k = 1, 2, . . . ,

f (s) = f̂ (s)
(
1 + ε̂ (s)

)
,

s = 1, 2, . . . ,

Q
(s)
i(p) = Q̂

(s)
i(p)

(
1 + ε̂

(s)
i(p)

)
,

i (p) ∈ Ip, p = 0, s, s = 1, 2, . . .

Çàóâàæèìî, ùî âåëè÷èíè α̂i(k), ε̂ (s), ε̂ (s)
i(p) ¹ âiä-

ïîâiäíî âiäíîñíèìè ïîõèáêàìè âåëè÷èí
1

ai(k)
,

1

f (s)
,

1

Q
(s)
i(p)

.

Çà óìîâ (3), (4), äîâåäåìî, ùî äëÿ âiäíîñíèõ ïî-
õèáîê ε(s)i(p), ε̂

(s)
i(p) ñïðàâäæóþòüñÿ òàêi ôîðìóëè:

ε
(s)
i(p) =

Ni(p)∑
ip+1=1

g
(s)
i(p+1)

(
αi(p+1)

(
1 + ε̂

(s)
i(p+1)

)
+ ε̂

(s)
i(p+1)

)
,

(5)

ε̂
(s)
i(p) =

Ni(p)∑
ip+1=1

ĝ
(s)
i(p+1)

(
α̂i(p+1)

(
1 + ε

(s)
i(p+1)

)
+ ε

(s)
i(p+1)

)
,

(6)
i (p) ∈ Ip, p = 0, s− 1, s = 1, 2, . . ., äå

g
(s)
i(p) =

ai(p)

Q
(s)
i(p−1)Q

(s)
i(p)

, i (p) ∈ Ip, p = 1, s, (7)
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ĝ
(s)
i(p) =

âi(p)

Q̂
(s)
i(p−1)Q̂

(s)
i(p)

, i (p) ∈ Ip, p = 1, s, (8)

ε
(s)
i(s) = ε̂

(s)
i(s) = 0, i (s) ∈ Is.

Äëÿ ôiêñîâàíîãî ìóëüòèiíäåêñó i(p), i(p) ∈ Ip,
0 ≤ p ≤ s− 1, ìà¹ìî

ε
(s)
i(p) =

Q̂
(s)
i(p) −Q

(s)
i(p)

Q
(s)
i(p)

=

=
1

Q
(s)
i(p)

1 +

Ni(p)∑
ip+1=1

ai(p+1)

(
1 + αi(p+1)

)
Q

(s)
i(p+1)

(
1 + ε

(s)
i(p+1)

)
− 1 =

=
1

Q
(s)
i(p)

+

Ni(p)∑
ip+1=1

ai(p+1)

(
1 + αi(p+1)

) (
1 + ε̂

(s)
i(p+1)

)
Q

(s)
i(p)Q

(s)
i(p+1)

− 1 =

=

Ni(p)∑
ip+1=1

g
(s)
i(p+1)

((
1 + αi(p+1)

) (
1 + ε̂

(s)
i(p+1)

)
− 1
)
,

ε̂
(s)
i(p) =

Q
(s)
i(p) − Q̂

(s)
i(p)

Q̂
(s)
i(p)

=

=
1

Q̂
(s)
i(p)

1 +

Ni(p)∑
ip+1=1

âi(p+1)

(
1 + α̂i(p+1)

)
Q̂

(s)
i(p+1)

(
1 + ε̂

(s)
i(p+1)

)
− 1 =

=
1

Q̂
(s)
i(p)

+

Ni(p)∑
ip+1=1

âi(p+1)

(
1 + α̂i(p+1)

) (
1 + ε

(s)
i(p+1)

)
Q̂

(s)
i(p)Q̂

(s)
i(p+1)

− 1 =

=

Ni(p)∑
ip+1=1

ĝ
(s)
i(p+1)

((
1 + α̂i(p+1)

) (
1 + ε

(s)
i(p+1)

)
− 1
)
.

Âèêîðèñòîâóþ÷è ôîðìóëè (5), (6), îòðèìó¹ìî òà-
êi ôîðìóëè âiäíîñíèõ ïîõèáîê ε(s)i(p), ε̂

(s)
i(p):

ε
(s)
i(p) =

s−p∑
k=1

Ni(p)∑
ip+1=1

Ni(p+1)∑
ip+2=1

. . .

Ni(p+k−1)∑
ip+k=1

γ̃
(s)
i(p+k)

k∏
m=1

g̃
(s)
i(p+m), (9)

i (p) ∈ Ip, p = 0, s− 1, s = 1, 2, . . ., äå

g̃
(s)
i(p+k) =

{
g
(s)
i(p+k), k = 2l + 1,

ĝ
(s)
i(p+k), k = 2l,

γ̃
(s)
i(p+k) =

 αi(p+k)

(
1 + ε̂

(s)
i(p+k)

)
, k = 2l + 1,

α̂i(p+k)

(
1 + ε

(s)
i(p+k)

)
, k = 2l,

i (p+ k) ∈ Ip+k, k = 1, s− p;

ε̂
(s)
i(p) =

s−p∑
k=1

Ni(p)∑
ip+1=1

Ni(p+1)∑
ip+2=1

. . .

Ni(p+k−1)∑
ip+k=1

˜̃γ (s)

i(p+k)

k∏
m=1

˜̃g (s)

i(p+m), (10)

i (p) ∈ Ip, p = 0, s− 1, s = 1, 2, . . ., äå

˜̃g (s)

i(p+k) =

{
ĝ
(s)
i(p+k), k = 2l + 1,

g
(s)
i(p+k), k = 2l,

˜̃γ (s)

i(p+k) =

 α̂i(p+k)

(
1 + ε

(s)
i(p+k)

)
, k = 2l + 1,

αi(p+k)

(
1 + ε̂

(s)
i(p+k)

)
, k = 2l,

i (p+ k) ∈ Ip+k, k = 1, s− p.

Îñêiëüêè ε(s) = ε
(s)
0 , ε̂ (s) = ε̂

(s)
0 , òî, ïðèéíÿâøè â

(9), (10) p = 0, îòðèìó¹ìî ôîðìóëè âiäíîñíèõ ïîõè-
áîê ïiäõiäíèõ äðîáiâ ÃËÄ (1) i îáåðíåíîãî äî íüîãî
ãiëëÿñòîãî ëàíöþãîâîãî äðîáó1 +

∞
D
k=1

Ni(k−1)∑
ik=1

ai(k)

1

−1

(11)

âiäïîâiäíî:

ε(s) =
s∑

k=1

N0∑
i1=1

Ni(1)∑
i2=1

. . .

Ni(k−1)∑
ik=1

γ̃
(s)
i(k)

k∏
m=1

g̃
(s)
i(m), (12)

ε̂ (s) =
s∑

k=1

N0∑
i1=1

Ni(1)∑
i2=1

. . .

Ni(k−1)∑
ik=1

˜̃γ (s)

i(k)

k∏
m=1

˜̃g (s)

i(m). (13)

III. Äîñòàòíi óìîâè âiäíîñíî¨
ñòiéêîñòi äî çáóðåíü ãiëëÿñòèõ
ëàíöþãîâèõ äðîáiâ ç êîìïëåêñíè-
ìè ÷àñòèííèìè ÷èñåëüíèêàìè
òà çíàìåííèêàìè, ùî äîðiâíþþòü
îäèíèöi

Òåîðåìà 1. Íåõàé åëåìåíòè ÃËÄ (1) çàäî-
âîëüíÿþòü óìîâè

∣∣ai(k)∣∣ ≤ ρi(k)

1−
Ni(k)∑
ik+1=1

ρi(k+1)

 , (14)

i (k) ∈ Ik, k = 1, 2, . . . , äå ρi(k) � äîäàòíi ñòàëi, òà-
êi, ùî

Ni(k−1)∑
ik=1

ρi(k) < 1, i (k − 1) ∈ Ik−1, k = 1, 2, . . . , (15)

sup
i(k−1)∈Ik−1,
k=1,2,...

Ni(k−1)∑
ik=1

ρi(k)

1−
Ni(k)∑
ik+1=1

ρi(k+1)

 <
1

4
. (16)

Òîäi ÃËÄ (1) ¹ âiäíîñíî ñòiéêèì äî çáóðåíü, ÿêùî
çáiãà¹òüñÿ ðÿä

∞∑
k=0

k∏
m=0

η2m+1

1− η2m+1
, (17)

äå

η2m+1 = max
i(2m)∈I2m


Ni(2m)∑
i2m+1=1

ρi(2m+1)

 , m = 0, 1, 2, . . .
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Êðiì òîãî, ÿêùî âiäíîñíi ïîõèáêè åëåìåíòiâ ÃËÄ
(1) çàäîâîëüíÿþòü óìîâè

|αi(k)| ≤ α, 0 < α < 1, i(k) ∈ Ik, k = 1, 2, . . . , (18)

α ≤ 1

4 sup
i(k−1)∈Ik−1,
k=1,2,...

Ni(k−1)∑
ik=1

ρi(k)

(
1−

Ni(k)∑
ik+1=1

ρi(k+1)

) − 1,

(19)
òî äëÿ âiäíîñíèõ ïîõèáîê s-õ ïiäõiäíèõ äðîáiâ ñïðàâ-
äæó¹òüñÿ îöiíêà

∣∣∣ε(s)∣∣∣ ≤ 2α
s−1∑
k=0

[k/2]∏
m=0

η2m+1

1− η2m+1
, s = 1, 2, . . . (20)

� Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ìåòîäèêó ìíîæèí
åëåìåíòiâ òà âiäïîâiäíèõ ¨ì ìíîæèí çíà÷åíü [15, 24],

îöiíèìî âåëè÷èíè
∑Ni(k−1)

ik=1 |g̃(s)i(k)|, i (k − 1) ∈ Ik−1,

k = 1, s, s = 1, 2, . . .
Äëÿ öüîãî ðîçãëÿíåìî ïîñëiäîâíiñòü ìíîæèí

Vi(k) =
{
z ∈ C : |z| ≤ ρi(k)

}
, (21)

i (k) ∈ Ik, k = 1, 2, . . ..

Ìíîæèíà Ṽi(k) = 1 +
∑Ni(k)
ik+1=1 Vi(k+1) ¹ êðóãîì

ç öåíòðîì â òî÷öi 1 ðàäióñà ρ̃i(k) =
Ni(k)∑
ik+1=1

ρi(k+1).

Îñêiëüêè ρ̃i(k) < 1, òî 0 /∈ Ṽi(k) i ôóíêöiÿ w = ai(k)/z

âiäîáðàæà¹ ìíîæèíó Ṽi(k) â êðóã

ai(k)

Ṽi(k)
=
{
z ∈ C :

∣∣z − pi(k)
∣∣ ≤ ri(k)

}
,

äå

pi(k) =
ai(k)

1−
(
ρ̃i(k)

)2 , ri(k) =
∣∣ai(k)∣∣ ρ̃i(k)
1−

(
ρ̃i(k)

)2 .
Ìíîæèíè (21) ¹ ìíîæèíàìè çíà÷åíü âåëè÷èí

ai(k)

Q
(s)
i(k)

, ÿêùî
∣∣pi(k)∣∣+ ri(k) ≤ ρi(k). Îñòàííÿ íåðiâíiñòü

åêâiâàëåíòíà íåðiâíîñòi (14).
Iç óìîâ (14), (18), (19) äëÿ äîâiëüíîãî ôiêñîâàíîãî

ìóëüòèiíäåêñó i (k − 1) ∈ Ik−1, k = 1, 2, . . ., ìà¹ìî

Ni(k−1)∑
ik=1

∣∣âi(k)∣∣ = Ni(k−1)∑
ik=1

∣∣ai(k)∣∣ ∣∣1 + αi(k)
∣∣ ≤

≤ (1 + α)

Ni(k−1)∑
ik=1

ρi(k)

1−
Ni(k)∑
ik+1=1

ρi(k+1)

 ≤

≤ (1 + α) sup
i(k−1)∈Ik−1,
k=1,2,...

Ni(k−1)∑
ik=1

ρi(k)

1−
Ni(k)∑
ik+1=1

ρi(k+1)

 ≤

≤ 1

4
.

Òîäi äëÿ çàëèøêiâ Q̂
(s)
i(k) ñïðàâäæóþòüñÿ îöiíêè∣∣∣Q̂(s)

i(k)

∣∣∣ ≥ 1/2.

Âåëè÷èíè
∑Ni(k−1)

ik=1

∣∣∣g̃(s)i(k)∣∣∣, i (k − 1) ∈ Ik−1,

k = 1, s, s = 1, 2, . . . , îöiíèìî ç âðàõóâàííÿì ïàðíîñòi
÷èñëà k. Ïðè k = 2m+ 1 ìà¹ìî:

Ni(2m)∑
i2m+1=1

∣∣∣g(s)i(2m+1)

∣∣∣ = Ni(2m)∑
i2m+1=1

∣∣∣∣∣∣ ai(2m+1)

Q
(s)
i(2m)Q

(s)
i(2m+1)

∣∣∣∣∣∣ ≤
≤

1−
Ni(2m)∑
i2m+1=1

ρi(2m+1)

−1
Ni(2m)∑
i2m+1=1

ai(2m+1)

Q
(s)
i(2m+1)

≤

≤

1−
Ni(m)∑
i2m+1=1

ρi(2m+1)

−1
Ni(2m)∑
i2m+1=1

ρi(2m+1) ≤

≤ η2m+1

1− η2m+1
,

ïðè k = 2m ìà¹ìî:

Ni(2m−1)∑
i2m=1

∣∣∣ĝ(s)i(2m)

∣∣∣ = Ni(2m−1)∑
i2m=1

∣∣∣∣∣∣ âi(2m)

Q̂
(s)
i(2m−1)Q̂

(s)
i(2m)

∣∣∣∣∣∣ ≤
≤ 4

Ni(2m−1)∑
i2m=1

∣∣âi(2m)

∣∣ ≤ 1.

Çíàéäåìî îöiíêè âåëè÷èí
Ni(k−1)∑
ik=1

∣∣∣γ̃(s)i(k)g̃(s)i(k)∣∣∣,
i (k − 1) ∈ Ik−1, k = 1, s, s = 1, 2, . . .:

Ni(2m−1)∑
i2m=1

∣∣∣γ̃(s)i(2m)g̃
(s)
i(2m)

∣∣∣ =
=

Ni(2m−1)∑
i2m=1

∣∣∣∣∣∣ âi(2m)

Q̂
(s)
i(2m−1)Q̂

(s)
i(2m)

(
1 + ε̂

(s)
i(2m)

) αi(2m)

1 + αi(2m)

∣∣∣∣∣∣ =
=

Ni(2m−1)∑
i2m=1

∣∣∣∣∣∣ ai(2m)αi(2m)

Q̂
(s)
i(2m−1)Q

(s)
i(2m)

∣∣∣∣∣∣ ≤
≤ α

Ni(2m−1)∑
i2m=1

∣∣∣∣∣∣ ai(2m)

Q̂
(s)
i(2m−1)Q

(s)
i(2m)

∣∣∣∣∣∣ ≤ 2α

Ni(2m−1)∑
i2m=1

ρi(2m) < 2α,

Ni(2m)∑
i2m+1=1

∣∣∣γ̃(s)i(2m+1)g̃
(s)
i(2m+1)

∣∣∣ =
=

Ni(2m)∑
i2m+1=1

∣∣∣∣∣∣ ai(2m+1)αi(2m+1)

Q
(s)
i(2m)Q

(s)
i(2m+1)

(
1 + ε

(s)
i(2m+1)

)
∣∣∣∣∣∣

=

Ni(2m)∑
i2m+1=1

∣∣∣∣∣∣ai(2m+1)αi(2m+1)

Q
(s)
i(2m)Q̂

(s)
i(2m+1)

∣∣∣∣∣∣ ≤
≤ α

Ni(2m)∑
i2m+1=1

∣∣∣∣∣∣ ai(2m+1)

Q
(s)
i(2m)Q̂

(s)
i(2m+1)

∣∣∣∣∣∣ ≤ 2α

1−
Ni(2m)∑
i2m+1=1

ρi(2m+1)

×
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Ni(2m)∑
i2m+1=1

ρi(2m+1)

1−
Ni(2m+1)∑
i2m+2=1

ρi(2m+2)

 ≤

≤ 2α
η2m+1

1− η2m+1
.

Iç ôîðìóëè (12), âðàõîâóþ÷è îöiíêè âåëè÷èí
Ni(k−1)∑
ik=1

∣∣∣g̃(s)i(k)∣∣∣, Ni(k−1)∑
ik=1

∣∣∣γ̃(s)i(k)g(s)i(k)∣∣∣,
i (k − 1) ∈ Ik−1, k = 1, s, s = 1, 2, . . . , îòðèìó¹ìî îöií-
êó (20), ç ÿêî¨ âèïëèâà¹, ùî çáiæíiñòü ðÿäó (17) çàáåç-
ïå÷ó¹ âèêîíàííÿ óìîâ îçíà÷åííÿ âiäíîñíî¨ ñòiéêîñòi
äî çáóðåíü ÃËÄ (1). �

Íåõàé Ni(k) = N , i (k) ∈ Ik, k = 0, 1, 2, . . ., N ∈ N,
ρi(k) = ρ/N , i (k) ∈ Ik, k = 1, 2, . . ., 0 < ρ < 1/2. Òîäi
ç òåîðåìè 1 îòðèìó¹ìî

Íàñëiäîê 1. ÃËÄ

1 +
∞
D
k=1

N∑
ik=1

ai(k)

1
, (22)

ç ÷èñëîâèìè êîìïëåêñíèìè åëåìåíòàìè ai(k),
i (k)∈Ik, k = 1, 2, . . ., ¹ âiäíîñíî ñòiéêèì äî çáóðåíü,
ÿêùî

∣∣ai(k)∣∣ ≤ ρ(1− ρ)

N
, 0 < ρ <

1

2
, i (k) ∈ Ik, k = 1, 2, . . . .

(23)

Êðiì òîãî, ÿêùî äëÿ âiäíîñíèõ ïîõèáîê åëåìåíòiâ
ÃËÄ (22) âèêîíóþòüñÿ íåðiâíîñòi (18) i

α ≤ 1

4ρ(1− ρ)
− 1, (24)

òî äëÿ âiäíîñíèõ ïîõèáîê s-õ ïiäõiäíèõ äðîáiâ ñïðàâ-
äæó¹òüñÿ îöiíêà∣∣∣ε(s)∣∣∣ ≤ 2α×

×

(
2ρ

1− 2ρ
−
(

2ρ

1− 2ρ
+

1 + (−1)s+1

2

)(
ρ

1− ρ

)[ s+1
2 ]
)
,

s = 1, 2, . . .
Âèêîðèñòîâó÷è ìåòîäèêó äîâåäåííÿ òåîðåìè 1 i

ôîðìóëó (13), îòðèìó¹ìî îçíàêó âiäíîñíî¨ ñòiéêîñòi
äî çáóðåíü ÃËÄ (11).

Òåîðåìà 2. Íåõàé åëåìåíòè ÃËÄ (11) çàäî-
âîëüíÿþòü óìîâè (14), äå ρi(k) � äîäàòíi ñòàëi, òà-
êi, ùî âèêóíóþòüñÿ íåðiâíîñòi (15), (16). Òîäi ÃËÄ
(11) ¹ âiäíîñíî ñòiéêèì äî çáóðåíü, ÿêùî çáiãà¹òüñÿ
ðÿä

∞∑
k=1

k∏
m=1

η2m
1− η2m

,

äå

η2m = max
i(2m−1)∈I2m−1


Ni(2m−1)∑
i2m=1

ρi(2m)

 , m = 1, 2, . . . .

Êðiì òîãî, ÿêùî âiäíîñíi ïîõèáêè åëåìåíòiâ çàäî-
âîëüíÿþòü óìîâè (18), (19), òî äëÿ âiäíîñíèõ ïîõè-
áîê s-õ ïiäõiäíèõ äðîáiâ ñïðàâäæó¹òüñÿ îöiíêà

∣∣∣ε̂ (s)
∣∣∣ ≤ 2α

1 +
s∑

k=2

[k/2]∏
m=1

η2m
1− η2m

 , s = 1, 2, . . .

Íåõàé â òåîðåìi 2 Ni(k) = N , i (k) ∈ Ik,
k = 0, 1, 2, . . ., N ∈ N, ρi(k) = ρ/N , i (k) ∈ Ik,
k = 1, 2, . . ., 0 < ρ < 1/2. Òîäi ñïðàâäæó¹òüñÿ

Íàñëiäîê 2. ÃËÄ(
1 +

∞
D
k=1

N∑
ik=1

ai(k)

1

)−1

(25)

ç ÷èñëîâèìè êîìïëåêñíèìè åëåìåíòàìè ai(k),
i (k) ∈ Ik, k = 1, 2, . . ., ¹ âiäíîñíî ñòiéêèì äî çáó-
ðåíü, ÿêùî âèêîíóþòüñÿ óìîâè (23).

Êðiì òîãî, ÿêùî äëÿ âiäíîñíèõ ïîõèáîê åëåìåí-
òiâ ÃËÄ (25) âèêîíóþòüñÿ íåðiâíîñòi (18), (24), òî
äëÿ âiäíîñíèõ ïîõèáîê s-èõ ïiäõiäíèõ äðîáiâ ñïðàâ-
äæó¹òüñÿ îöiíêà∣∣∣ε̂ (s)

∣∣∣ ≤ 2α×

×

(
1 +

2ρ

1− 2ρ
−
(

2ρ

1− 2ρ
+

1 + (−1)s

2

)(
ρ

1− ρ

)[ s2 ])
,

s = 1, 2, . . .

IV. Óìîâè âiäíîñíî¨ ñòiéêîñòi äî çáó-
ðåíü áàãàòîâèìiðíèõ ðåãóëÿðíèõ
C-äðîáiâ

Íåõàé ai(k) (z), i(k) ∈ Ik, k = 1, 2, . . ., � äåÿêà ïî-
ñëiäîâíiñòü ôóíêöié, âèçíà÷åíèõ â îáëàñòi D ⊂ CN ,
z = (z1, z2, . . . , zN ).

Ôóíêöiîíàëüíèé ÃËÄ

1 +
∞
D
k=1

N∑
ik=1

ai(k)(z)

1
, (26)

íàçèâàþòü âiäíîñíî ñòiéêèì äî çáóðåíü ó òî÷öi
z0 =

(
z01 , z

0
2 , . . . , z

0
N

)
∈ D, ÿêùî ÷èñëîâèé äðiá

1 +
∞
D
k=1

N∑
ik=1

ai(k) (z0)

1
¹ âiäíîñíî ñòiéêèì äî çáóðåíü

[23].
ßêùî ÃËÄ (26) ¹ âiäíîñíî ñòiéêèì äî çáóðåíü ó

êîæíié òî÷öi z0 ∈ D, òî îáëàñòü D íàçèâàþòü îáëà-
ñòþ âiäíîñíî¨ ñòiéêîñòi äî çáóðåíü ÃËÄ (26).

ÃËÄ âèãëÿäó

1 +
∞
D
k=1

N∑
ik=1

ci(k)zik
1

, (27)

116 Ìàòåìàòèêà

Lviv Polytechnic National University Institutional Repository http://ena.lp.edu.ua



Âiäíîñíà ñòiéêiñòü äî çáóðåíü áàãàòîâèìiðíèõ ðåãóëÿðíèõ C-äðîáiâ

àáî âèãëÿäó (
1 +

∞
D
k=1

N∑
ik=1

ci(k)zik
1

)−1

, (28)

äå ci(k) ̸= 0, i(k) ∈ Ik, k = 1, 2, . . ., � êîìïëå-
êñíi ÷èñëà, (z1, z2, . . . , zN ) ∈ CN , íàçèâàþòüñÿ áàãàòî-
âèìiðíèìè ðåãóëÿðíèìè C-äðîáàìè.

Òåîðåìà 3. Íåõàé (27) � áàãàòîâèìiðíèé ðå-
ãóëÿðíèé C-äðiá, òàêèé ùî

lim
k→∞

λk = 0, (29)

äå
λk = max

i(k)∈Ii(k)

∣∣ci(k)∣∣ , k = 1, 2, . . . (30)

Òîäi äëÿ äîâiëüíèõ äîäàòíèõ ÷èñåë M i ρ, ρ <
1

2
,

iñíó¹ òàêå íàòóðàëüíå ÷èñëî n0 = n0 (M,ρ), ùî äëÿ
êîæíîãî n ≥ n0 i äîâiëüíîãî ôiêñîâàíîãî ìóëüòèií-
äåêñó i(n) ∈ In ÃËÄ

1 +
∞
D

k=n+1

N∑
ik=1

ci(k)zik
1

(31)

¹ âiäíîñíî ñòiéêèì äî çáóðåíü ó ïîëiêðóçi

D =
{
z ∈ CN : |zi| ≤M, i = 1, N

}
. (32)

Ïðè÷îìó, ÿêùî âiäíîñíi ïîõèáêè åëåìåíòiâ ÃËÄ
(31) çàäîâîëüíÿþòü óìîâè (18), (24), òî äëÿ âiä-
íîñíèõ ïîõèáîê s-õ ïiäõiäíèõ äðîáiâ ñïðàâäæó¹òüñÿ
îöiíêà

∣∣∣ε(s)i(n)∣∣∣ ≤ 2α

(
2ρ

1− 2ρ
−
(

2ρ

1− 2ρ
+

1 + (−1)s−n+1

2

)(
ρ

1− ρ

)[ s−n+1
2 ]

)
, s = n, n+ 1, n+ 2, . . . (33)

� Äîâåäåííÿ. Çàôiêñó¹ìî òî÷êó z0 ∈ D , äå
ìíîæèíà D âèçíà÷à¹òüñÿ çãiäíî ç (32). Òîäi∣∣z0ik ∣∣ ≤M, ik = 1, N. (34)

Ðîçãëÿíåìî ÷èñëîâèé ÃËÄ

1 +
∞
D
k=1

N∑
ik=1

ci(k)z
0
ik

1
. (35)

Îñêiëüêè ïîñëiäîâíiñòü {λk} ¹ íåñêií÷åííî ìàëîþ, òî
äëÿ çàäàíèõ ÷èñåë M > 0 i 0 < ρ <

1

2
, iñíó¹ òàêèé

íîìåð n0 = n0 (M,ρ) , ùî äëÿ âñiõ íàòóðàëüíèõ ÷èñåë
k > n0 âèêîíóþòüñÿ íåðiâíîñòi∣∣ci(k)∣∣ = ∣∣∣ci(n0)in0+1...ik

∣∣∣ ≤ ρ (1− ρ)

MN
, (36)

äå i(n0) � ôiêñîâàíèé ìóëüòèiíäåêñ, ip = 1, N ,
p = n0 + 1, k , k = n0 + 1, n0 + 2, . . .

Íåõàé i(n) � äîâiëüíèé ôiêñîâàíèé ìóëüòèiíäåêñ,
i(n) ∈ In , n ≥ n0 . Òîäi ç íåðiâíîñòåé (34), (36) âèïëè-
âà¹, ùî, ïî÷èíàþ÷è ç (n+1)-ãî ïîâåðõó, äëÿ åëåìåíòiâ
ÃËÄ (35) âèêîíóþòüñÿ íåðiâíîñòi

∣∣ci(k)z0ik ∣∣ ≤ ρ (1− ρ)

N
, i(k) ∈ Ik, k = n+ 1, n+ 2, . . .

Îòæå, çà íàñëiäêîì 1 ÷èñëîâèé ÃËÄ

1 +
∞
D

k=n+1

N∑
ik=1

ci(k)z
0
ik

1

¹ âiäíîñíî ñòiéêèì äî çáóðåíü.
Çáóðèâøè êîåôiöi¹íòè ai(k) = ci(k)z

0
ik

ó ïåâíèé
ñïîñiá, ùîá âèêîíóâàëèñü óìîâè (18), (24), äëÿ âiä-
íîñíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ îòðèìà¹ìî îöiíêó
(33). �

Òåîðåìà 4. Íåõàé (28) � áàãàòîâèìiðíèé
ðåãóëÿðíèé C-äðiá, òàêèé, ùî âèêîíóþòüñÿ óìîâè
(29), äå âåëè÷èíè λk âèçíà÷àþòüñÿ çãiäíî ç (30).

Òîäi äëÿ äîâiëüíèõ äîäàòíèõ ÷èñåë M i ρ, ρ <
1

2
,

iñíó¹ òàêå íàòóðàëüíå ÷èñëî n0 = n0 (M,ρ), ùî äëÿ
êîæíîãî n ≥ n0 i äîâiëüíîãî ôiêñîâàíîãî ìóëüòèií-
äåêñó i(n) ∈ In ÃËÄ(

1 +
∞
D

k=n+1

N∑
ik=1

ci(k)zik
1

)−1

(37)

¹ âiäíîñíî ñòiéêèì äî çáóðåíü â ïîëiêðóçi (32). Ïðè-
÷îìó, ÿêùî âiäíîñíi ïîõèáêè åëåìåíòiâ ÃËÄ (37) çà-
äîâîëüíÿþòü óìîâè (18), (24), òî äëÿ âiäíîñíèõ ïî-
õèáîê s-õ ïiäõiäíèõ äðîáiâ ñïðàâäæó¹òüñÿ îöiíêà

∣∣∣ε̂ (s)
i(n)

∣∣∣ ≤ 2α

(
1 +

2ρ

1− 2ρ
−
(

2ρ

1− 2ρ
+

1 + (−1)s−n

2

)(
ρ

1− ρ

)[ s−n2 ]
)
, s = n+ 1, n+ 2, . . .
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Ãëàäóí Â. Ð., Ìàòóëêà Ê. Â., Ìàíçié Î. Ñ., Ïàáèðiâñüêèé Â. Â.

Òåîðåìó 4 äîâîäèìî çà ñõåìîþ äîâåäåííÿ òåîðåìè
3 ç óðàõóâàííÿì íàñëiäêó 2.

Âèñíîâêè

Âñòàíîâëåíî óìîâè, çà ÿêèõ ãiëëÿñòèé ëàíöþãî-
âèé äðiá çi çìiííîþ êiëüêiñòþ ãiëîê ðîçãàëóæåíü òà
êîìïëåêñíèìè ÷àñòèííèìè ÷èñåëüíèêàìè, ùî çàäî-
âîëüíÿþòü óìîâè áàãàòîâèìiðíîãî àíàëîãà òåîðåìè

Âîðïiöüêîãî, ¹ âiäíîñíî ñòiéêèì äî çáóðåíü. Âñòà-
íîâëåíî îöiíêè âiäíîñíèõ ïîõèáîê ïiäõiäíèõ äðîáiâ.
Âèêîðèñòîâóþ÷è öi ðåçóëüòàòè, äîñëiäæåíî âiäíî-
ñíó ñòiéêiñòü äî çáóðåíü áàãàòîâèìiðíèõ ðåãóëÿðíèõ
C-äðîáiâ.

Íàäàëi äîöiëüíî äîñëiäèòè ñòiéêiñòü áàãàòî-
âèìiðíèõ ðåãóëÿðíèõ C-äðîáiâ, ùî ¹ ðîçâèíåííÿìè
ñïåöiàëüíèõ ôóíêöié ó ãiëëÿñòi ëàíöþãîâi äðîáè,
çîêðåìà áàãàòîâèìiðíèõ ãiïåðãåîìåòðè÷íèõ ôóíê-
öié.
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ÎÒÍÎÑÈÒÅËÜÍÀß ÓÑÒÎÉ×ÈÂÎÑÒÜ Ê ÂÎÇÌÓÙÅÍÈßÌ
ÌÍÎÃÎÌÅÐÍÛÕ ÐÅÃÓËßÐÍÛÕ C-ÄÐÎÁÅÉ

Ãëàäóí Â. Ð., Ìàòóëêà Å. Â., Ìàíçèé À. Ñ., Ïàáûðèâñêèé Â. Â.
Íàöèîíàëüíûé óíèâåpñèòåò �Ëüâèâñüêà ïîëèòýõíèêà�

óë. Ñ. Áàíäåpû, 12, 79013, Ëüâîâ, Óêðàèíà

Èññëåäîâàíà îòíîñèòåëüíàÿ óñòîé÷èâîñòü ê âîçìóùåíèÿì ÷èñëîâîé âåòâÿùåéñÿ öåïíîé
äðîáè ñ ïåðåìåííûì ÷èñëîì âåòîê âåòâëåíèé, ýëåìåíòû êîòîðîé óäîâëåòâîðÿþò óñëîâèÿì
ìíîãîìåðíîãî àíàëîãà òåîðåìû Âîðïèöêîãî. Óñòàíîâëåíû îöåíêè ïîãðåøíîñòåé ïîäõîäÿ-
ùèõ äðîáåé òàêîé âåòâÿùåéñÿ öåïíîé äðîáè. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíåíû ê èññëå-
äîâàíèþ óñòîé÷èâîñòè ê âîçìóùåíèÿì ìíîãîìåðíûõ ðåãóëÿðíûõ C-äðîáåé.

Êëþ÷åâûå ñëîâà: âåòâÿùàÿñÿ öåïíàÿ äðîáü, ïîäõîäÿùàÿ äðîáü, ìíîãîìåðíàÿ ðåãóëÿðíàÿ
C-äðîáü, îòíîñèòåëüíàÿ óñòîé÷èâîñòü ê âîçìóùåíèÿì, îöåíêè îòíîñèòåëüíûõ ïîãðåøíîñòåé
ïîäõîäÿùèõ äðîáåé âåòâÿùåéñÿ öåïíîé äðîáè.
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RELATIVE STABILITY TO PERTURBATIONS
OF MULTIDIMENSIONAL REGULAR C-FRACTIONS

Hladun V. R., Matulka K. V., Manziy O. S., Pabyrivskyi V. V.
Lviv Polytechnic National University

12, S. Bandery Str., Lviv, 79013, Ukraine

We investigate the relative stability to perturbations of numerical branched continued fraction
with variable number of branches, whose elements satisfy the conditions of multidimensional
analogue of Worpitzky theorem. We establish the relative errors estimates of approximants of
such branched continued fraction. The obtained results are applied to study the stability to
perturbations of multidimensional regular C -fractions.

Key words: branched continued fraction, approximant of a branched continued fraction, regular
C-fraction, relative stability to perturbations, the estimates of relative errors of approximants of
branched continued fraction.
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