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Âñòóï

Áàçîâèìè ó ïîáóäîâi ôóíêöié âiä îïåðàòîðiâ áó-
ëè ðåçóëüòàòè Ô. Ðiññà òà Í. Äàíôîðäà, ÿêi, îïèðàþ-
÷èñü íà iíòåãðàëüíó òåîðåìó Êîøi, ïîáóäóâàëè ôóíê-
öiîíàëüíå ÷èñëåííÿ îáìåæåíèõ îïåðàòîðiâ íàä áà-
íàõîâèìè ïðîñòîðàìè â êëàñi àíàëiòè÷íèõ ôóíêöié.
Ïîøèðåííþ öèõ ðåçóëüòàòiâ íà íåîáìåæåíi îïåðàòî-
ðè ïðèñâÿ÷åíî ïðàöi Ñ. Òåéëîðà, À. Ïàçi, Õ. Õåé-
ìàíñà, Ñ. Àíãåíåíòà, Þ. Ëþáè÷à, ß. Ðàäèíî [1, 2
òà áiáëiîãð.] é iíøèõ. Çîêðåìà, ß. Ðàäèíî ïîáóäó-
âàâ ôóíêöiîíàëüíå ÷èñëåííÿ íåîáìåæåíèõ îïåðàòî-
ðiâ, êîðèñòóþ÷èñü âåêòîðàìè åêñïîíåíöiàëüíîãî òè-
ïó, òà çàñòîñóâàâ éîãî äî äîñëiäæåííÿ ðîçâ'ÿçêiâ
äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü.

ßêùî U(t) � ãðóïà, ïîðîäæåíà îïåðàòîðîì A
(U(t) = etA äëÿ îáìåæåíîãî îïåðàòîðà A), òî ïåðå-
òâîðåííÿ

x̂ =

∞∫
−∞

U(t)xdt, (*)

ÿêå íàçèâàþòü ïåðåòâîðåííÿì Ôóð'¹ Å. Õiëëå,
Ð. Ñ. Ôiëëiïñà òà À. Áàëàêðèøíàíà ([3�5] òà áiá-
ëiîãð.), áóëî âèêîðèñòàíî äëÿ ïîáóäîâè ôóíêöiîíàëü-
íîãî ÷èñëåííÿ îïåðàòîðiâ � îäåðæàííÿ ãîìîìîðôi-
çìiâ äëÿ ïåðåòâîðåíü Ôóð'¹ ôóíêöié iç ïåâíèõ êëà-
ñiâ (îáìåæåíèõ, iç çãîðòêîâèõ àëãåáð ìið) òà Ôóð'¹-
îáðàçiâ âèãëÿäó (*) ôóíêöié âiä ãåíåðàòîðiâ ãðóï
U(t). Ó ïðàöÿõ Â.ß.Ëîçèíñüêî¨, Î.Â. Ëîïóøàíñüêîãî
òà àâòîðà ([6]�[8]) òàêå ôóíêöiîíàëüíå ÷èñëåííÿ ïî-
øèðåíî íà êëàñè óçàãàëüíåíèõ ôóíêöié åêñïîíåíöi-
àëüíîãî òèïó äëÿ ãåíåðàòîðiâ ðiâíîìiðíî îáìåæåíèõ
ñèëüíî íåïåðåðâíèõ ãðóï îïåðàòîðiâ ó äîâiëüíîìó áà-
íàõîâîìó ïðîñòîði.

Ôóíêöiîíàëüíå ÷èñëåííÿ Õiëëå�Ôiëëiïñà�
Áàëàêðèøíàíà ìà¹ îñíîâíi âëàñòèâîñòi ôóíêöiîíàëü-
íîãî ÷èñëåííÿ Ô. Ðiññà òà Í. Äàíôîðäà òà ïåâíi äè-
ôåðåíöiàëüíi âëàñòèâîñòi i, ÿê ïîêàçàíî ó [9], iç âðà-
õóâàííÿì iäåé ôóíêöiîíàëüíîãî ÷èñëåííÿ Ëþáè÷à-

Ìàöà¹âà, äi¹ íà ïðîñòîðàõ êîðåíåâèõ âåêòîðiâ ðåãó-
ëÿðíîãî åëiïòè÷íîãî îïåðàòîðà.

Íà áàçi ìåòîäiâ íåñêií÷åííî-âèìiðíîãî àíàëi-
çó (äèâ. [10] òà áiáëiîãð.) ó ïðàöÿõ À. Áåäíàæà,
À. Â. Çàãîðîäíþêà, Î. Â. Ëîïóøàíñüêîãî [11�13] ââå-
äåíî i âèâ÷åíî àëãåáðè òèïó Âiíåðà íà ãiëüáåðòî-
âèõ òà áàíàõîâèõ ïðîñòîðàõ îáìåæåíèõ àíàëiòè÷íèõ
ôóíêöié íà îäèíè÷íié áàíàõîâié êóëi, äîñëiäæåíî
âëàñòèâîñòi âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðà-
òîðiâ íà òàêèõ àëãåáðàõ. Òàêi àëãåáðè øèðîêî âèêî-
ðèñòîâóþòüñÿ ó êâàíòîâié òåîði¨ ïîëÿ.

Ôóíêöiîíàëüíå ÷èñëåííÿ ó êëàñàõ óçàãàëüíåíèõ
ôóíêöié åêñïîíåíöiàëüíîãî òèïó äëÿ ãåíåðàòîðiâ
ñèëüíî íåïåðåðâíèõ ãðóï içîìåòðè÷íèõ îïåðàòîðiâ íà
òàêèõ àëãåáðàõ îáìåæåíèõ àíàëiòè÷íèõ ôóíêöié íå-
ñêií÷åííî¨ êiëüêîñòi çìiííèõ ïîáóäóâàâ àâòîð ó [14].
Ó öié ñòàòòi çàïðîïîíîâàíî éîãî çàñòîñóâàííÿ íà âè-
ïàäîê, êîëè ãåíåðàòîð òàêî¨ ãðóïè ïîðîäæåíèé ðåãó-
ëÿðíîþ åëiïòè÷íîþ êðàéîâîþ çàäà÷åþ.

I. Ðîçïîäiëè åêñïîíåíöiàëüíîãî òèïó

Íåõàé L1(R) � êîìïëåêñíèé áàíàõiâ ïðîñòið ñó-
ìîâíèõ ôóíêöié φ(t) äiéñíî¨ çìiííî¨ t ∈ R ç íîðìîþ
∥φ∥L1 :=

∫
R
|φ(t)| dt.

ßêùî φ,ψ ∈ L1(R), òî âèçíà÷åíà çãîðòêà

(φ ∗ ψ)(t) :=
∫
R

φ(s)ψ(t− s) ds.

Ïðîñòið L1(R) ¹ áàíàõîâîþ àëãåáðîþ âiäíîñíî çãîð-
òêè.

Äëÿ ν > 0 ðîçãëÿíåìî ïiäïðîñòið â L1(R)

Eν :=
{
φ ∈ L1(R): ∥φ∥ν = sup

k∈Z+

∥Dkφ(t)∥L1

νk
<∞

}
öiëèõ àíàëiòè÷íèõ êîìïëåêñíèõ ôóíêöié íà C åêñïî-
íåíöiàëüíîãî òèïó ν [6], [2], ÷è¹ çâóæåííÿ íà R íàëå-
æèòü L1(R).
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Ôóíêöiîíàëüíå ÷èñëåííÿ äëÿ åëiïòè÷íèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ íà àëãåáðàõ òèïó Âiíåðà

Êîæíèé ïðîñòið Eν ïîâíèé [6]. Íåõàé

E :=
∪
ν>0

Eν = lim ind
ν→∞

Eν−

� iíäóêòèâíà ãðàíèöÿ Eν , âêëàäåííÿ Eν ⊂ Eµ,
ν ≤ µ � íåïåðåðâíi. Çàóâàæèìî, ùî ïiäïðîñòið

E ⊂ L1(R)

ñêëàäà¹òüñÿ ç óñiõ öiëèõ àíàëiòè÷íèõ êîìïëåêñíèõ
ôóíêöié íà C åêñïîíåíöiàëüíîãî òèïó ([2]), çâóæåííÿ
ÿêèõ íà äiéñíó âiñü R íàëåæèòü L1(R).

×åðåç L(E) ïîçíà÷à¹ìî àëãåáðó ëiíiéíèõ íåïå-
ðåðâíèõ îïåðàòîðiâ íàä ïðîñòîðîì E ç ñèëüíîþ îïå-
ðàòîðíîþ òîïîëîãi¹þ.

Ôóíêöiîíàëè ïðîñòîðó E ′ íàçèâàþòüñÿ ðîçïîäiëà-
ìè åêñïîíåíöiàëüíîãî òèïó íà R. Ó äóàëüíié ïàði
⟨E | E ′⟩ ïðîñòið E âèêîíó¹ ôóíêöiþ ïðîñòîðó îñíîâ-
íèõ ôóíêöié i âêëàäåííÿ E ⊂ E ′ ùiëüíå.

Äëÿ äîâiëüíîãî ðîçïîäiëó f ∈ E ′ òà ôóíêöi¨ φ ∈ E
îïåðàöiþ çãîðòêè âèçíà÷à¹ìî ñïiââiäíîøåííÿì

(f ∗ φ)(t) := ⟨φ(t− s) | f(s)⟩ = ⟨Tsφ(t) | f(s)⟩,

äå Ts : φ(t) −→ φ(t − s), s ∈ R � içîìåòðè÷íà
ãðóïà çñóâiâ íà L1(R).

Ó [6] äîâåäåíî, ùî E ′ ¹ iíâàðiàíòíèì ùîäî äèôå-
ðåíöiþâàííÿ òà âèçíà÷à¹ìî

⟨φ | Dkg⟩ = (−1)k⟨Dkφ | g⟩, k ∈ Z+ (1.1)

äëÿ âñiõ ôóíêöiîíàëiâ g ∈ E ′ i âñiõ öiëèõ ôóíêöié
φ ∈ E íà R åêñïîíåíöiàëüíîãî òèïó.

Ç [6] âèïëèâà¹, ùî E ′ � ëîêàëüíî ñïðÿæåíà òîïî-
ëîãi÷íà àëãåáðà ùîäî çãîðòêè

E ′ × E ′ ∋ (g, h) 7−→ g ∗ h ∈ E ′,

à E � ¨¨ çãîðòêîâà ïiäàëãåáðà.
Çà âiäîìîþ òåîðåìîþ Ïåëi-Âiíåðà, Ôóð'¹-îáðàç Ê

ïðîñòîðó E , ç iíäóêòèâíîþ òîïîëîãi¹þ ïðè ïåðåòâî-
ðåííi Ôóð'¹

F : E ∋ φ −→ φ̂ ∈ Ê ,

ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ ôiíi-
òíèõ êîìïëåêñíèõ ôóíêöié íà R. Òîìó

Ê ⊂ D(R), (1.2)

äå D(R) � êëàñè÷íèé ïðîñòið îñíîâíèõ ôóíêöié
Øâàðöà. Çãiäíî ç [6]

F(g ∗ h) = ĝ ∗ h = ĝ · ĥ, g, h ∈ E ′

i òîäi ðîçøèðåíèé Ôóð'¹-îáðàç Ê ′ ïðîñòîðó E ′ � òî-
ïîëîãi÷íà àëãåáðà ç ïîòî÷êîâèì ìíîæåííÿì, à Ê �
¨¨ ïiäàëãåáðà ùîäî ìíîæåííÿ; ⟨Ê | Ê ′⟩ óòâîðþ¹ íî-
âó äóàëüíó ïàðó, ùî ¹ Ôóð'¹-îáðàçîì äóàëüíî¨ ïàðè
⟨E | E ′⟩.

II. Àëãåáðà òèïó Âiíåðà Wπ(B)

Íåõàé X � áàíàõiâ ðåôëåêñèâíèé ïðîñòið, X ′ �
äóàëüíèé äî íüîãî,

B(Xn) � ñóêóïíiñòü îáìåæåíèõ n-ëiíiéíèõ ôóí-
êöiîíàëiâ íà Xn := X × . . .×X,

B(Xn
s ) � ñóêóïíiñòü óñiõ ñèìåòðè÷íèõ n-ëiíiéíèõ

ôóíêöiîíàëiâ h, òîáòî òàêèõ, ùî h(x1, . . . , xn) =
= h(xs(1), . . . , xs(n)) äëÿ êîæíîãî s ìíîæèíè
{1, . . . , n},

Pn(X) � ñóêóïíiñòü n-îäíîðiäíèõ ôóíêöiîíàëiâ
f : X → C, òîáòî òàêèõ, ùî f(x) = (h ◦ ∆n)(x)
äëÿ êîæíîãî x ∈ X òà äåÿêîãî h ∈ B(Xn), äå ∆n

� çâóæåííÿ X â Xn, à ñàìå:

∆n : X −→ Xn(x 7−→ (x, . . . , x)).

Àëãåáðè÷íèé òåíçîðíèé äîáóòîê n ïðîñòîðiâ Áà-
íàõà X⊗n := X ⊗ . . .⊗X ñêëàäà¹òüñÿ ç óñiõ ñêií-
÷åííèõ ñóì

u =
∑
j

x1j⊗· · ·⊗xnj , xij ∈ X, i = 1, . . . , n, j ∈ N

(2.1)
çi çâè÷àéíèìè àëãåáðè÷íèìè îïåðàöiÿìè [15].

Íåõàé X⊗n
π � àëãåáðè÷íèé òåíçîðíèé äîáóòîê

X⊗n ç ïðîåêòèâíîþ íîðìîþ [16]

∥u∥π = inf
∑
j

∥x1j∥ · · · ∥xnj∥,

äå iíôiìóì áåðåòüñÿ çà âñiìà ñêií÷åííèìè çîáðàæåí-
íÿìè (2.1),

X ′⊗n
π � ïðîåêòèâíèé òåíçîðíèé äîáóòîê äóàëüíèõ

áàíàõîâèõ ïðîñòîðiâ X ′ (âiäîìî [17], IV.9, [18], ùî
X ′⊗n
π ¹ çàìêíåíèì ïiäïðîñòîðîì ïðîñòîðó (X⊗n

π )′),
⟨u | F ′

n⟩ � çíà÷åííÿ ëiíiéíîãî ôóíêöiîíàëó
F ′
n ∈ X ′⊗n

π íà u ∈ X⊗n
π ,

x1 ⊙ . . .⊙ xn := 1
n!

∑
s∈Gn={1,...,n} xs(1) ⊗ . . .⊗xs(n)

� åëåìåíòè ñèìåòðè÷íîãî ïðîåêòèâíîãî òåíçîðíîãî
äîáóòêó X⊙n

π ,
x⊙n := x⊙ . . .⊙ x ∈ X⊙n

π ∀x ∈ X.
Çãiäíî ç [18], êîæíîìó ôóíêöiîíàëó F ′

n ∈ X ′⊙n
π

âiäïîâiäà¹ ¹äèíèé n-îäíîðiäíèé ôóíêöiîíàë Fn òà-
êèé, ùî

Fn(x) := ⟨x⊙n | F ′
n⟩ äëÿ âñiõ x ∈ X.

Ïîçíà÷èìî

Pnπ (X) =
{
Fn : F

′
n ∈ X ′⊙n

π

}
.

Íà Pnπ (X) âèçíà÷à¹ìî íîðìó

∥Fn∥ := ∥F ′
n∥π ∀F ′

n ∈ X
′⊙n
π .

Çàóâàæèìî, ùî Pnπ (X) ⊂ Pn(X), Pnπ (X) ≃
≃ X ′⊙n

π .
Êîðèñòóþ÷èñü ïîäiáíèì îçíà÷åííÿì äëÿ ïðîñòî-

ðiâ Ãiëüáåðòà iç [11], ó [12] ââåäåíà àëãåáðà Âiíåðà
Wπ.
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Ì'ÿóñ Î. M.

Îçíà÷åííÿ 1. Àëãåáðîþ òèïó Âiíåðà íàçèâà¹-
òüñÿ

Wπ(X) :=

{
F =

∑
n∈Z+

Fn : Fn ∈ Pnπ (X)

}
ç íîðìîþ

∥F∥ =
∑
n∈Z+

∥Fn∥.

Ïðè X=C îòðèìó¹òüñÿ êëàñè÷íà àëãåáðà òèïó Âi-
íåðà.

Íåõàé B = B(X) =
{
x ∈ X : ∥x∥ < 1

}
� âiäêðè-

òà îäèíè÷íà êóëÿ. Çãiäíî ç [13], Wπ(B) � áàíàõîâà
ïiäàëãåáðà ç îäèíèöåþ àëãåáðè âñiõ îáìåæåíèõ àíà-
ëiòè÷íèõ ôóíêöié íà B(X).

Ó [19] äîñëiäæåíî âëàñòèâîñòi ñåêòîðiàëüíèõ îïå-
ðàòîðiâ íà àëãåáði òèïó ÂiíåðàWπ(B). Â [14] ïîáóäî-
âàíå ôóíêöiîíàëüíå ÷èñëåííÿ äëÿ ãåíåðàòîðiâ ñèëü-
íî íåïåðåðâíèõ ãðóï îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ,
ùî äiþòü íà àëãåáði Wπ(B). Ïîäiáíî äî [9], çàñòî-
ñó¹ìî éîãî äî ðåãóëÿðíèõ åëiïòè÷íèõ äèôåðåíöiàëü-
íèõ îïåðàòîðiâ, ÿêi äiþòü íàä áàíàõîâèì ïðîñòîðîì
Lp(Ω) (1 < p < ∞) i ïîêàæåìî, ùî ó öüîìó âèïàäêó
ôóíêöiîíàëüíå ÷èñëåííÿ iñíó¹ íàä ïðîñòîðàìè êîðå-
íåâèõ âåêòîðiâ åëiïòè÷íîãî îïåðàòîðà.

III. Ôóíêöiîíàëüíå ÷èñëåííÿ äëÿ ðå-
ãóëÿðíèõ åëiïòè÷íèõ îïåðàòîðiâ
íà àëãåáði Wπ(B)

Íåõàé òåïåð X = Lp(Ω) (1 < p <∞ ), Ω � îáìåæå-
íà îáëàñòü â Rn. ×åðåç L(Lp(Ω)) ïîçíà÷à¹ìî áàíàõîâó
àëãåáðó îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ íàä Lp(Ω) ç
îäèíè÷íèì îïåðàòîðîì I.

Ïðèïóùåííÿ 1. Â Lp(Ω) äi¹ îäíîïàðàìåòðè÷íà
C0�ãðóïà R ∋ t → Ut := e−itA ∈ L(Lp(Ω)) içîìåòðè-
÷íèõ îïåðàòîðiâ ç ãåíåðàòîðîì A òà A� ðåãóëÿðíèé
åëiïòè÷íèé îïåðàòîð ïîðÿäêó 2m

A : D(A) ∋ u 7−→
∑

|α|≤2m

aαD
αu ∈ Lp(Ω), aα ∈ C∞(Ω)

ç îáëàñòþ âèçíà÷åííÿ

D(A) :=
{
u ∈W 2m

p (Ω) : Bju|∂Ω = 0; j = 1, . . . ,m
}
,

äå W 2m
p (Ω) � ïðîñòið Ñîáîë¹âà i

Bj =
∑

|α|≤kj

bj,αD
α, bj,α ∈ C∞(∂Ω),

0 ≤ k1 < k2 < . . . < km

� íîðìàëüíà ñèñòåìà êðàéîâèõ äèôåðåíöiàëüíèõ âè-
ðàçiâ.

Òåïåð B = Bp = B(Lp(Ω)) =
{
x ∈ Lp(Ω):

∥x∥ =
[ ∫
Ω

|x(z)|pdz
]1/p

< 1
}
, íà àëãåáði

Wπ =Wπ(Bp) :=

{
F =

∑
n≥0

Fn : Fn ∈ Pnπ (Lp(Ω))
}

ç íîðìîþ ∥F∥ =
∑
n≥0 ∥Fn∥ âèçíà÷åíà [12] C0-ãðóïà

ÛtF (x) = F (Utx), x ∈ B

òà ¨¨ ãåíåðàòîð Â íà ùiëüíîìó ïiäïðîñòîði D(Â) =

=
{
F =

∑
Fn : F

′
n ∈ D(A′)⊙n

}
â Wπ(Bp), äå D(A′)�

îáëàñòü âèçíà÷åííÿ ñïðÿæåíîãî îïåðàòîðà A′ äî åëi-
ïòè÷íîãî äèôåðåíöiàëüíîãî îïåðàòîðà A. Âèêîðèñòî-
âóâàòèìåìî, ùî

ÛtF = F (Utx) =
∑
n≥0

Û⊙n
t Fn,

F =
∑
n≥0 Fn ∈ Wπ, x ∈ Bp, äå Û

⊙n
t âèçíà÷åíî ó

[13] ðiâíiñòþ

Û⊙n
t Fn(x) =

⟨
x⊙n | U

′⊗n
t F ′

n

⟩
∀ x ∈ Bp,

U
′⊗n
t = U ′

t ⊗ . . .⊗ U ′
t︸ ︷︷ ︸
n

, i ⟨Utx | y⟩ = ⟨x | U ′
ty⟩ äëÿ âñiõ

x, y ∈ Bp, òîáòî U ′
t ¹ ñïðÿæåíîþ ãðóïîþ äî Ut.

Íà àëãåáðè÷íîìó òåíçîðíîìó äîáóòêó D(A′)⊗n =
= D(A′)⊗ . . .⊗D(A′), ùî ¹ ùiëüíîþ ïiäìíîæèíîþ â
X ′⊗n, âèçíà÷åíî îïåðàòîðè

A′
j := I ′ ⊗ . . .⊗ I ′ ⊗A′︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j+1

äëÿ j ≥ 1,

A′
0 := I ′, äå I ′ � îäèíè÷íèé â X ′.

ßê âiäîìî [13], îïåðàòîð Â ìà¹ âèãëÿä

ÂF (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

A′
jF

′
n

⟩
, x ∈ B

i ¹ âèçíà÷åíèé íà ùiëüíîìó â àëãåáði Wπ ïiäïðîñòîði

D(Â) =

{
F =

∑
n∈N

Fn | F ′
n ∈ D(A′)⊙n

}
.

Çà òåîðåìîþ 1 iç [13], ÿêùî Ut � içîìåòðè÷íà îäíî-
ïàðàìåòðè÷íà C0-ãðóïà îïåðàòîðiâ íàX, òî C0-ãðóïà
îïåðàòîðiâ

R ∋ t 7−→ Ût ∈ L(Wπ(B))

íà Wπ òàêîæ içîìåòðè÷íà. Çà òåîðåìîþ 2 iç [12]],
ÿêùî Ut� içîìåòðè÷íà ãðóïà îïåðàòîðiâ íà ðåôëåê-
ñèâíîìó áàíàõîâîìó ïðîñòîði X, òî (iíôiíiòåçèìàëü-
íèé) ãåíåðàòîð Â içîìåòðè÷íî¨ ãðóïè Ût íà Wπ ¹
çàìêíåíèé, éîãî ñïåêòð σ(Â) äiéñíèé. Ç íàâåäåíèõ
ðåçóëüòàòiâ òà îçíà÷åíü âèïëèâà¹, ùî Â òàêîæ åëiï-
òè÷íèé äèôåðåíöiàëüíèé îïåðàòîð, éîãî ñïåêòð ¹
ïîñëiäîâíiñòþ âëàñíèõ ÷èñåë {λj}∞j=1 ç ¹äèíîþ òî÷-
êîþ ñêóï÷åííÿ íà áåçìåæíîñòi.

Îçíà÷åííÿ 2. Êîðåíåâèì ïiäïðîñòîðîì âëàñíî-
ãî ÷èñëà λj îïåðàòîðà Â íàçèâà¹òüñÿ

RW (λj) := {F ∈Wπ(Bp) : (λjI − Â)rjF = 0},

äå rj � iíäåêñ âëàñíîãî ÷èñëà λj, òîáòî, íàéìåíøå
íåâiä'¹ìíå öiëå ÷èñëî r, òàêå, ùî [3]
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(λjI − Â)rF = 0 äëÿ äîâiëüíîãî òàêîãî F , äëÿ
ÿêîãî

(λjI − Â)r+1F ̸= 0.

Çà òåîðåìîþ 1 iç [14] äëÿ êîæíî¨ φ ∈ E îïåðàòîð

φ̂(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[φ̂(A)]
′
j F

′
n

⟩
, x ∈ B

(3.1)
íàëåæèòü äî áàíàõîâî¨ àëãåáðè L(Wπ) âñiõ îáìåæå-
íèõ îïåðàòîðiâ íà Wπ, äå

φ̂(A) =

∫
R

Utφ(t) dt, (3.2)

[φ̂(A)]
′
j := I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

j−1

⊗ [φ̂(A)]
′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

n−j+1

,

[φ̂(A)]
′ � ñïðÿæåíèé äî φ̂(A) ∈ L(X). Îïåðàòîðè

φ̂(A), [φ̂(A)]′j îáìåæåíi íà X i X
′⊙n
π , âiäïîâiäíî.

Ñëiäóþ÷è [6], âèçíà÷èìî ïîïîâíåííÿ

E(Wπ) := E ⊗π Wπ

òåíçîðíîãî äîáóòêó E⊗Wπ ç ïðîåêòèâíîþ òåíçîðíîþ
íîðìîþ. Êîæíèé åëåìåíò F ∈ E(Wπ) ¹ Wπ � çíà÷íà
öiëà ôóíêöiÿ åêñïîíåíöiàëüíîãî òèïó

R ∋ t 7−→ F(x, t) =
∑
j∈Z+

Fj(x, t) =
∑
j∈Z+

Fj(x)⊗ φj(t),

(3.3)
Fj ∈ Wπ, φj ∈ E , ÿêà òàêîæ ¹ êîìïëåêñíîþ àíàëi-
òè÷íîþ ôóíêöi¹þ x ∈ B äëÿ êîæíîãî ôiêñîâàíîãî t,
öi ðÿäè àáñîëþòíî çáiãàþòüñÿ â E(Wπ). Îòæå, âèçíà-
÷åíi åëåìåíòè

F̂ :=
∑
j∈Z+

φ̂j(Â)Fj ,

äå φ̂j(Â) âèçíà÷åíà ôîðìóëîþ (3.2), F̂ íå çàëåæèòü
âiä çîáðàæåíü âèãëÿäó (3.3). Ïiäïðîñòið

Ê(Wπ) :=
{
F̂ : F ∈ E(Wπ)

}
ïîâíèé ùîäî íîðìè, iíäóêîâàíî¨ âiäîáðàæåííÿì
E(Wπ) ∋ F 7−→ F̂ ∈ Ê(Wπ) (äèâ. ëåìà 5 ó [6]).

Âèçíà÷èìî çãîðòêó ðîçïîäiëó åêñïîíåíöiàëüíîãî
òèïó g ∈ E ′ i Wπ � çíà÷íî¨ öiëî¨ ôóíêöi¨ åêñïîíåíöi-
àëüíîãî òèïó F ∈ E(Wπ), ïîäàíî¨ çà äîïîìîãîþ ðÿäó
(3.3):

(F ∗ g)(x, t) =
∑
j∈N

Fj(x)⊗ (g ∗φj)(t), x ∈ B, t ∈ R,

äå g ∗ φ � çãîðòêà g ∈ E ′ i öiëî¨ êîìïëåêñíî¨ ôóíêöi¨
åêñïîíåíöiàëüíîãî òèïó φ ∈ E . Ïiäïðîñòið Ê(Wπ) ií-
âàðiàíòíèé ùîäî êîæíîãî îïåðàòîðà KgF := F ∗ g iç
g ∈ E ′ (äèâ. ëåìà 6 ó [6]).

ßê ó [1], ââåäåìî ïðîñòið ôóíêöié

Em :=
{
ρ ∈ E

∣∣∣ ρ̂|[−m,m] = 1
}
, m ∈ N,

ñïåêòðàëüíèé ïiäïðîñòið îïåðàòîðà Â

SWm :=
{
F ∈Wπ(Bp)

∣∣∣ ρ̂(Â)F = F, ρ ∈ Em
}
,

äå îïåðàòîð ρ̂(Â) âèçíà÷åíèé ôîðìóëîþ (3.2) äëÿ
φ = ρ, à ñàìå:

ϱ̂(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[ϱ̂(A)]
′
j F

′
n

⟩
, x ∈ B(Lp(Ω)).

Ç ðåçóëüòàòiâ [1] îäåðæó¹ìî, ùî ïiäïðîñòîðè SWm

¹ çàìêíåíèìè òà çàäîâîëüíÿþòü óìîâó SWm ⊂
⊂ SWm+1. Çà òåîðåìîþ 1 iç [14] (̂Dϱ)(Â) = Â ◦ ϱ̂(Â),
à äëÿ êîæíîãî F ∈ SWm ìà¹ìî (̂Dϱ)(Â)F = Â◦ ϱ̂(Â)F .
Òîìó ŜWm ⊂ D(Â).

Ç ðåçóëüòàòiâ [1] òàêîæ îäåðæó¹ìî, ùî îïåðàòîð
Â íà SWm îáìåæåíèé i ¹ ãåíåðàòîðîì ðiâíîìiðíî
îáìåæåíî¨ ñèëüíî íåïåðåðâíî¨ ãðóïè, òîìó îá'¹äíàí-
íÿ
∪
m S

W
m ¹ ùiëüíèì â Lp(Ω).

Ó [20] ïîêàçàíî, ùî ñïåêòðàëüíi ïiäïðîñòîðè ðå-
ãóëÿðíîãî åëiïòè÷íîãî îïåðàòîðà ñïiâïàäàþòü ç ïðÿ-
ìîþ ñóìîþ éîãî êîðåíåâèõ ïiäïðîñòîðiâ:

SWm =
⊕

|λj |≤m

RW (λj).

Ó [14] äëÿ êîæíî¨ g ∈ E ′ âèçíà÷åíî ëiíiéíèé îïå-
ðàòîð ĝ(Â):

Ê(Wπ) ∋ F̂ =
∑
j∈Z+

φ̂j(Â)Fj −→ ĝ(Â)F̂ :=

=
∑
j∈Z+

̂(g ⋆ φj)(Â)Fj ∈ Ê(Wπ), (3.4)

äå φj âçÿòi iç çîáðàæåííÿ (3.3) ôóíêöi¨ F ∈ Wπ òà
äîâåäåíî, ùî âiäîáðàæåííÿ

Ê ′ ∋ ĝ −→ ĝ(Â) ∈ L
[
Ê(Wπ)

]
¹ íåïåðåðâíèì ãîìîìîðôiçìîì àëãåáðè Ê ′ íà

L
[
Ê(Wπ)

]
.

Íåõàé L(
⊕

|λj |≤mRW (λj)) � áàíàõîâà àëãåáðà îá-
ìåæåíèõ ëiíiéíèõ îïåðàòîðiâ íàä

⊕
|λj |≤mRW (λj) ç

îäèíè÷íèì îïåðàòîðîì I.

Òåîðåìà 1. Çà ïðèïóùåííÿ 1 äëÿ äîâiëüíèõ
m ∈ N, ρ ∈ Em, óçàãàëüíåíî¨ ôóíêöi¨ g ∈ E ′

ĝ(Â) :
⊕

|λj |≤m

RW (λj) ∋ F −→

−→ (̂g ∗ ρ)(Â)F ∈
⊕

|λj |≤m

RW (λj).

Êðiì öüîãî,

ĝ(Â) |⊕
|λj |≤m

RW (λj)∈ L(
⊕

|λj |≤m

RW (λj)).
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� Äîâåäåííÿ. Ç ôîðìóëè (3.4) äëÿ êîæíî¨
F̂ =

∑
j∈Z+ φ̂j(Â)Fj ∈ Ê(Wπ) îòðèìó¹ìî

(̂g ∗ ρ)(Â)F̂ =
∑
j∈Z+

̂((g ∗ ρ) ∗ φj)(Â)Fj =

=
∑
j∈Z+

̂(g ∗ (ρ ∗ φj))(Â)Fj =

=
∑
j∈Z+

ĝ(Â) ̂(ρ ∗ φj)(Â)Fj =
∑
j∈Z+

ĝ(Â)ρ̂(Â)φ̂j(Â)Fj .

Îñêiëüêè φj ∈ E , çà òåîðåìîþ 1 iç [14] φ̂j(Â) ∈ L(Wπ),
òî äëÿ êîæíîãî Fj ∈ Wπ(Bp) òà êîæíî¨ ρ ∈ Em
ôóíêöiÿ φ̂j(Â)Fj ∈ Wπ(Bp), à äëÿ Fj ∈ SWm(Wπ)

ìàòèìåìî ρ̂(Â)φ̂j(Â)Fj = φ̂j(Â)Fj . Çàóâàæèìî, ùî
ïðè Fj ∈ SWm(Wπ) òàêîæ F̂ =

∑
j∈Z+ φ̂j(Â)Fj ∈

∈ SWm(Wπ).
Òåïåð iç ïîïåðåäíiõ ïåðåòâîðåíü îäåðæó¹ìî

(̂g ∗ ρ)(Â)F̂ = ĝ(Â)
∑
j∈Z+

φ̂j(Â)Fj = ĝ(Â)F̂

äëÿ êîæíî¨ F̂ ∈ SWm. Ïiäñòàâëÿþ÷è F̂ (x, t) = F (x)⊗
ρ(t) ïðè F ∈

⊕
|λj |≤mRW (λj), ρ ∈ SWm (Wπ) ó ôîðìó-

ëó (3.4), ìàòèìåìî

ĝ(Â)(F (x)⊗ρ(t)) = (̂g ∗ ρ)(Â)F ∀F ∈
⊕

|λj |≤m

RW (λj).

(3.5)
À çãiäíî ç ôîðìóëîþ (3.2) äëÿ ôóíêöi¨ φ = g ∗ ρ,
îäåðæó¹ìî

(̂g ∗ ρ)(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[
(̂g ∗ ρ)(A)

]′
j
F ′
n

⟩
,

x ∈ B(Lp(Ω)) i

∥(̂g ∗ ρ)(Â)F (x)∥ ≤
∑
n∈Z+

n∑
j=0

∥F ′
n∥∥x∥n∥

[
(̂g ∗ ρ)(Aj)

]′
∥ =

=
∑
n∈Z+

n∥Fn∥∥x∥n
∫ ∞

−∞
∥U ′

t∥ |(g ∗ ρ)(t)| dt ≤

≤
∑
n∈Z+

n∥Fn∥∥x∥n∥Ut∥∥(g ∗ ρ)∥L1 .

Çãiäíî ç ôîðìóëîþ iç [21],∑
n∈Z+

n∥Fn∥∥x∥n = d
d∥x∥

∑
n∈Z+

∥Fn∥∥x∥n := F (1)(x).

Îòæå, iç íàâåäåíèõ îöiíîê òà ôîðìóëè (3.5) îäåð-
æó¹ìî, ùî äëÿ êîæíî¨ F ∈

⊕
|λj |≤mRW (λj)

∥ĝ(Â)F (x)∥ ≤ F (1)(x)∥Ut∥∥g ∗ρ∥L1 ≤ F (1)(x)∥g ∗ρ∥L1 ,

à îòæå, ĝ(Â) |⊕|λj |≤m
RW (λj) ∈ L(

⊕
|λj |≤mRW (λj)).

Òåîðåìó äîâåäåíî. �

Âèçíà÷èìî ïðîñòið àáñîëþòíî çáiæíèõ ðÿäiâ

l1

[ ⊕
|λj |≤m

RW (λj);Wπ(Bp)
]
:=

=

{
F =

∞∑
m=1

F<m> ∈Wπ(Bp)
∣∣∣ F<m> ∈

⊕
|λj |≤m

RW (λj);

∞∑
m=1

∥F<m>∥ <∞
}

ç íîðìîþ ∥F∥l1 := inf
∞∑
m=1

∥F<m>∥, äå inf áåðå-

òüñÿ ïî âñiõ çîáðàæåííÿõ F ó âèãëÿäi òàêîãî ðÿäó

F=
∞∑
m=1

F<m>.

Ëåìà 1. Ïðîñòið l1

[⊕
|λj |≤mRW (λj);Wπ(Bp)

]
içîìåòðè÷íèé ïðîñòîðó Wπ(Bp).

� Äîâåäåííÿ. Öÿ ëåìà ¹ ïîøèðåííÿì ëåìè 2 iç
[8] íà îïåðàòîðè íà àëãåáðàõ Âiíåðà i äîâîäèòüñÿ çà
òàêîþ æ ñõåìîþ, âðàõîâóþ÷è, ùî îïåðàòîð Â çàìêíå-
íèé [13].

Ââåäåìî äîïîìiæíèé ïðîñòið

l1

[ ⊕
|λj |≤m

RW (λj)
]
:=
{
F = (F<m>)∞m=1

∣∣∣
F<m> ∈

⊕
|λj |≤m

RW (λj) ,

∥F∥l =
∞∑
m=1

∥F<m>∥ <∞
}
.

Ñèëüíî ñïðÿæåíèé ïðîñòið äî l1
[⊕

|λj |≤mRW (λj)
]

ìà¹ âèãëÿä

l∞

[ ⊕
|λj |≤m

RW (λj)
′
]
:=
{
y = (ym)∞m=1

∣∣∣
ym ∈

⊕
|λj |≤m

RW (λj)
′
, ∥y∥∞ <∞

}
,

äå ∥y∥∞ := sup
m≥ 1

∥ym∥ � éîãî íîðìà, ïðî-

ñòið
⊕

|λj |≤mRW (λj)
′

� ñïðÿæåíèé ïðîñòið äî⊕
|λj |≤mRW (λj) ç íîðìîþ

∥ym∥ = sup
∥F<m> ∥≤ 1

| ⟨F<m> , ym ⟩ |,

äå F<m> ∈
⊕

|λj |≤mRW (λj).

Ëåìà 2. Ñèëüíî ñïðÿæåíèé ïðîñòið äî

l1

[⊕
|λj |≤mRW (λj)

]
içîìåòðè÷íèé ïðîñòîðó

l 0∞

[ ⊕
|λj |≤m

RW (λj)
′
]
=

=
{
y = (ym)∞m=1 ∈ l∞

[ ⊕
|λj |≤m

RW (λj)
′
] ∣∣∣

∞∑
m=1

⟨F<m>, ym⟩ = 0 ∀
∞∑
m=1

F<m> = 0
}
.
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� Äîâåäåííÿ. Öÿ ëåìà ¹ ïîøèðåííÿì ëåìè 4 iç [8]
íà îïåðàòîðè íà àëãåáðàõ òèïó Âiíåðà i äîâîäèòüñÿ
çà òàêîþ æ ñõåìîþ.

Íåõàé òîïîëîãiÿ â ïiäïðîñòîði

RW (Â) =
∪
m

⊕
|λj |≤m

RW (λj)

iíäóêó¹òüñÿ ç ïðîñòîðó Lp(Ω) i â àëãåáði L(RW (Â))
çàäàíà ñèëüíà îïåðàòîðíà òîïîëîãiÿ.

Òåîðåìà 2. Çà ïðèïóùåííÿ 1 âiäîáðàæåííÿ

Ê ′ ∋ ĝ −→ ĝ(Â) ∈ L(RW (Â))

çäiéñíþ¹ íåïåðåðâíèé ãîìîìîðôiçì àëãåáðè Ê ′ â
àëãåáðó L(RW (Â)), ïðè öüîìó

(̂Dkg)(Â) = Âk ◦ ĝ(Â).

Îïåðàòîðè ĝ(Â) íàä ïðîñòîðîì Wπ(Bp) äîïóñêàþòü
çàìèêàííÿ ç îáëàñòþ âèçíà÷åííÿ{
F =

∞∑
m=1

F<m> ∈Wπ(Bp)
∣∣∣ F<m> ∈

⊕
|λj |≤m

RW (λj),

∞∑
m=1

∥ĝ(Â)F<m>∥ <∞
}
.

� Äîâåäåííÿ. Âèêîðèñòîâó¹ìî ìiðêóâàííÿ ç [7�9].
Îñêiëüêè Em ⊂ E , òî çâiäñè âèïëèâà¹, ùî îïåðàòîð
ĝ(Â) ¹ çâóæåííÿì òàêîãî æ îïåðàòîðà ç òåîðåìè 2 ó
[14]. Çà òåîðåìîþ 1 âiäîáðàæåííÿ

Ê ′ ∋ ĝ −→ ĝ(Â) ∈ L(RW (Â))

¹ ãîìîìîðôiçìîì àëãåáðè Ê ′ â àëãåáðó L(R(Â)) òà
âèêîíó¹òüñÿ äèôåðåíöiàëüíà âëàñòèâiñòü.

Ïåðåâiðèìî íåïåðåðâíiñòü âiäîáðàæåííÿ

E ′ ∋ g −→ ĝ(Â)F ∈Wπ(Bp).

Ïîâòîðþþ÷è îöiíêè ïðè äîâåäåííi òåîðåìè 1, äëÿ
êîæíîãî F ∈ RW (Â) îäåðæèìî

∥ĝ1(Â)F − ĝ2(Â)F∥ ≤ F (1)(x)∥(g1 − g2) ∗ ρ∥L1 → 0

ïðè g1 → g2 â ïðîñòîði E ′.
Äîâåäåìî iñíóâàííÿ çàìèêàííÿ îïåðàòîðà ĝ(Â)

íàä ïðîñòîðîì Lp(Ω).

Ç ëåì 1, 2 âèïëèâà¹, ùî äëÿ áóäü-ÿêîãî ôóí-
êöiîíàëó y ∈ W ′

π(Lp(Ω)) ïîñëiäîâíiñòü éîãî çâóæåíü
ym = y |⊕

|λj |≤m
RW (λj) âèçíà÷à¹ åëåìåíò ïðîñòîðó

l 0∞

[⊕
|λj |≤mRW (λj)

′
]
i âiäîáðàæåííÿ

W ′
π(Lp(Ω)) ∋ y → (ym)∞m=1 ∈ l 0∞

[ ⊕
|λj |≤m

RW (λj)
′
]

çäiéñíþ¹ içîìåòðè÷íèé içîìîðôiçì ïðîñòîðiâ, òîáòî
âèêîíó¹òüñÿ ðiâíiñòü ∥y∥ = sup

m≥ 1
∥ym∥.

Äîâåäåìî òåïåð iñíóâàííÿ çàìèêàííÿ ôóíêöié

âiä îïåðàòîðà. Ïiäïðîñòið lfin

[⊕
|λj |≤mRW (λj)

′
]

ôiíiòíèõ ïîñëiäîâíîñòåé ñëàáêî ùiëüíèé ó

l∞

[⊕
|λj |≤mRW (λj)

′
]
. Òîìó ïiäïðîñòið

l 0fin

[ ⊕
|λj |≤m

RW (λj)
′
]
:=

= lfin

[ ⊕
|λj |≤m

RW (λj)
′
]∩

l 0∞

[ ⊕
|λj |≤m

RW (λj)
′
]

ñëàáêî ùiëüíèé ó l 0∞
[⊕

|λj |≤mRW (λj)
′
]
. Äâî¨ñòiñòü⟨

l1

[ ⊕
|λj |≤m

RW (λj); Lp(Ω)
]
, l 0∞

[ ⊕
|λj |≤m

RW (λj)
′
]⟩

ðåàëiçó¹òüñÿ áiëiíiéíîþ ôîðìîþ

⟨F , y⟩=
∞∑
m=1

⟨F<m> , ym⟩, äå

F =

∞∑
m=1

F<m> ∈ l1

[ ⊕
|λj |≤m

RW (λj);Wπ(Bp)
]
,

y = (ym)∞m=1 ∈ l 0∞

[ ⊕
|λj |≤m

RW (λj)
′
]

i áiëiíiéíi ôîðìè ⟨F<m> , ym⟩ âiäïîâiäàþòü äóàëü-
íèì ïàðàì⟨ ⊕

|λj |≤m

RW (λj) ,
⊕

|λj |≤m

RW (λj)
′
⟩
.

Ïiäïðîñòið l 0fin

[⊕
|λj |≤mRW (λj)

′
]

ëåæèòü â

îáëàñòi âèçíà÷åííÿ ñïðÿæåíîãî îïåðàòîðà ĝ(Â)′ äî
îïåðàòîðà ĝ(Â) âiäíîñíî äâî¨ñòîñòi⟨
l1

[ ⊕
|λj |≤m

RW (λj);Wπ(Bp)
]
, l 0∞

[ ⊕
|λj |≤m

RW (λj)
′
]⟩
.

Ñïðàâäi, êîæíà ïîñëiäîâíîñòü y = (ym)∞m=1 ∈
∈ l 0fin

[⊕
|λj |≤mRW (λj)

′
]
iç j íåíóëüîâèìè ÷ëåíàìè

âèçíà÷à¹ ôóíêöiîíàë âèãëÿäó⊕
|λj |≤m

RW (λj) ∋ F<m> → ⟨ĝ(Â)F<m> , ym⟩ =

= ⟨F<m> , ĝ(Â)′ym⟩

âiäíîñíî äâî¨ñòîñòi⟨ ⊕
|λj |≤m

RW (λj) ,
⊕

|λj |≤m

RW (λj)
′
⟩
.

Òîìó äîñèòü ïîêàçàòè, ùî öåé ôóíêöiîíàë ìà¹ íå-
ïåðåðâíå ðîçøèðåííÿ íà ïðîñòið àáñîëþòíî çáiæíèõ

ðÿäiâ l1
[⊕

|λj |≤mRW (λj);Wπ(Bp)
]
.
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Äëÿ äîâiëüíîãî åëåìåíòà F =
∞∑
m=1

F<m> ∈

∈ l1

[⊕
|λj |≤mRW (λj);Wπ(Bp)

]
ïðàâèëüíà íåðiâíiñòü

∣∣∣ j∑
m=1

⟨F<m>, ĝ(Â)′ym⟩
∣∣∣ ≤

≤
( ∞∑
m=1

∥F<m>∥
)

sup
1≤m≤j

∥ĝ(Â)′ym∥ =

=
( ∞∑
m=1

∥F<m>∥
)
∥ĝ(Â)′y∥,

òîìó ôóíêöiîíàë

⟨F, ĝ(Â)′y⟩ =
j∑

m=1

⟨F<m> , ĝ(Â)′ym⟩

çàäîâîëüíÿ¹ íåðiâíiñòü

|⟨F, ĝ(Â)′y⟩| ≤
(
inf

∞∑
m=1

∥F<m>∥
)
∥ĝ(Â)′y∥ =

= ∥F∥l1 ∥ĝ(Â)′y∥.

Ôóíêöiîíàë ⟨F , ĝ(Â)′y⟩ ¹ øóêàíèì ðîçøèðåííÿì,
ÿêå âèçíà÷à¹ ñïðÿæåíèé îïåðàòîð ĝ(Â)′.

Âiäîìî ([17], ãë.IV, ï.7), ùî çàìèêàííÿ ĝ(Â) îïå-
ðàòîðà ĝ(Â) iñíó¹ i ñïiâïàäà¹ iç éîãî äðóãèì ñïðÿ-
æåíèì, ÿêùî îáëàñòü âèçíà÷åííÿ ñïðÿæåíîãî îïåðà-
òîðà ñëàáêî ùiëüíà ó ñïðÿæåíîìó ïðîñòîði. Îòæå,
iñíóâàííÿ çàìèêàííÿ îïåðàòîðà ĝ(Â) äîâåäåíî.

Îáëàñòü âèçíà÷åííÿ çàìèêàííÿ ĝ(Â), ÿê äðóãîãî
ñïðÿæåíîãî äî ĝ(Â), ìà¹ âèãëÿä{

F =
∞∑
m=1

F<m> ∈ l1

[⊕
|λj |≤mRW (λj);Wπ(Bp)

] ∣∣∣
∣∣∣ ∞∑
m=1

⟨ĝ(Â)F<m>, ym⟩
∣∣∣ ≤ C∥y∥

∀y ∈ l0∞

[ ⊕
|λj |≤m

RW (λj)
′
]}
,

äå ñòàëà C âèçíà÷à¹òüñÿ F i íå çàëåæèòü âiä y.
Ïîçíà÷èìî ym = y |⊕

|λj |≤m
RW (λj) . ßêùî

ðÿä
∞∑
m=1

⟨ĝ(Â)F<m>, ym⟩ çáiæíèé äëÿ áóäü-ÿêîãî

y ∈ l0∞

[⊕
|λj |≤mRW (λj)

′
]
, òî âií çáiæíèé àáñîëþòíî,

òîáòî çáiãàþòüñÿ ðÿäè
∞∑
m=1

∣∣⟨ĝ(Â)F<m>, ym⟩
∣∣ äëÿ âñiõ

òàêèõ y.
Ñïðàâäi, äëÿ öüîãî äîñèòü âçÿòè y′m=e−iθ(m)ym,

äå θ(m) � àðãóìåíò êîìïëåêñíîãî ÷èñëà
⟨ĝ(Â)F<m> , ym⟩. Òîäi ∥y′m∥ = ∥ym∥ i y′ = (y′m) ∈
∈ l0∞

[⊕
|λj |≤mRW (λj)

′
]
.

Ç iíøîãî áîêó,
∣∣∣ ∞∑
m=1

⟨ĝ(Â)F<m> , ym⟩
∣∣∣ ≤

≤
∞∑
m=1

∣∣⟨ĝ(Â)F<m> , ym⟩
∣∣ <∞.

Âèêîðèñòà¹ìî äîâiëüíiñòü

y′ = (y′m) ∈ l0∞

[⊕
|λj |≤mRW (λj)

′
]
. Äëÿ êîæíîãî

m çíàéäåòüñÿ âåêòîð y′m òàêèé, ùî ∥y′m∥ = 1 i
∥ĝ(Â)F<m>∥ =

∣∣⟨ĝ(Â)F<m> , y′m⟩
∣∣. Òîìó äëÿ âñiõ F ç

îáëàñòi âèçíà÷åííÿ îïåðàòîðà F̂ (Â) çáiãàþòüñÿ ðÿäè

∞∑
m=1

∥ĝ(Â)F<m>∥.

Íàâïàêè î÷åâèäíî. Òåîðåìó äîâåäåíî. �

Âèñíîâêè

Âñòàíîâëåíî, ùî ôóíêöiîíàëüíå ÷èñëåííÿ Õiëëå�
Ôiëëiïñà�Áàëàêðiøíàíà iñíó¹ íàä ïðîñòîðàìè êîðå-
íåâèõ âåêòîðiâ åëiïòè÷íîãî îïåðàòîðà íà àëãåáði òè-
ïó Âiíåðà ôóíêöié íåñêií÷åííî¨ êiëüêîñòi çìiííèõ.
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