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Äîâåäåíî òåîðåìó ïðî iíòåãðàëüíå çîáðàæåííÿ çìiøàíèõ äîäàòíî âèçíà÷åíèõ ôóíêöié

äâîõ çìiííèõ. Öÿ òåîðåìà óçàãàëüíþ¹ òåîðåìó ïðî iíòåãðàëüíå çîáðàæåííÿ åêñïîíåíöiàëü-
íèõ ôóíêöié.

Êëþ÷îâi ñëîâà: iíòåãðàëüíå çîáðàæåííÿ, äîäàòíî âèçíà÷åíà ôóíêöiÿ.
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ÓÄÊ: 517.9

Ó ðîáîòàõ [1, 2] çàïðîïîíîâàíî ìåòîä îäåðæàí-
íÿ iíòåãðàëüíèõ çîáðàæåíü äëÿ äîäàòíî âèçíà÷åíèõ
ÿäåð K(x, y) (x, y ∈ Rn) ç âèêîðèñòàííÿì âëàñíèõ
ôóíêöié äèôåðåíöiàëüíèõ îïåðàòîðiâ. Çàñòîñîâóþ÷è
öåé ìåòîä, ó ìîíîãðàôi¨ [3, ãëàâà VIII] äîâåäåíî òåî-
ðåìó 4.2 ïðî iíòåãðàëüíå çîáðàæåííÿ òàêèõ ÿäåð.

Çà äîïîìîãîþ öi¹¨ òåîðåìè îäåðæàíî iíòåãðàëüíi
çîáðàæåííÿ äëÿ ÿäåð

k(y1 − x1; y2 − x2), ÿêùî L(j) = i
d

dxj
(j = 1, 2);

1

2
[k(x1 + y1;x2 + y2) + k(x1 − y1;x2 − y2)], ÿêùî

L(j) = − d2

dx2j
(j = 1, 2);

k(x1 + y1;x2 + y2), ÿêùî L(j) =
d

dxj
(j = 1, 2).

Ó öié ñòàòòi äîâåäåíî òåîðåìó ïðî iíòåãðàëüíå
çîáðàæåííÿ äîäàòíî âèçíà÷åíèõ ÿäåð, ÿêùî

L(1) =
d

dx1
, L(2) =

d

dx2
+ p(x2),

äå p(x2) � íåïåðåðâíà ôóíêöiÿ.
Iíòåãðàëüíå çîáðàæåííÿ äîäàòíî âèçíà÷åíîãî

ÿäðà, ÿêùî L=
d

dx1
+p(x1) (x1∈R1) äîâåäåíî ó [4].

Îçíà÷åííÿ. Äiéñíó íåïåðåðâíó ôóíêöiþ
k(x) (x ∈ R2) äîñòàòíüî ãëàäêó ïî äðóãié çìiííié,
íàçèâàòèìåìî äîäàòíî âèçíà÷åíîþ (ä.â.), ÿêùî äëÿ
äîâiëüíî¨ ôiíiòíî¨ ôóíêöi¨ âèêîíó¹òüñÿ íåðiâíiñòü∫

R2

∫
R2

K(x, y)u(x)u(y)dxdy ≥ 0, (1)

äå K(x, y) =
a(x2 + y2)

a(x2)a(y2)
k(x1 + y1, x2 + y2),

a(x2) = exp

x2∫
0

p(x2)dx2, p(x2)� íåïåðåðâíà ôóíêöiÿ.

Òåîðåìà. Äëÿ òîãî, ùîá ÿäðî K(x, y) áóëî
äîäàòíî âèçíà÷åíèì, íåîáõiäíî i äîñòàòíüî, ùîá
ôóíêöiÿ k(x1, x2) ∈ C1(R1 × R1) ìàëà òàêå çîáðà-
æåííÿ:

k(x1, x2) =

∞∫
−∞

∞∫
−∞

eλ1x1χ(x2;λ2) dσ(λ1, λ2), (2)

äå dσ(λ1, λ2) � íåâiä'¹ìíî ñêií÷åííà ìiðà; eλ1x1 �

ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ
∂u

∂x1
= λ1u,

à χ(x2;λ2) � ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ
∂u

∂x2
+p(x2)=λ2u, ÿêå çàäîâîëüíÿ¹ óìîâó χ(0;λ2)=1.

� Äîâåäåííÿ. Íåîáõiäíiñòü. Çà ÿäðîì K(x, y)
(x, y ∈ R2) ââåäåìî êâàçiñêàëÿðíèé äîáóòîê ó ïðî-
ñòîði L2(R

2; dx)

<u, v>Hk=

∫
R1

∫
R1

K(x, y)u(y)v(x)dxdy, u, v∈C∞
0 (R2). (3)

Ïiñëÿ ïðîâåäåííÿ ôàêòîðèçàöi¨ é ïîïîâíåííÿ âiä-
íîñíî (3) îäåðæèìî ãiëüáåðòîâèé ïðîñòið Hk.

Ïîçíà÷èìî ÷åðåç Aj , j = 1, 2, ìiíiìàëüíèé îïåðà-
òîð ó ïðîñòîðiH0 = L2(R

2; dx), ÿêèé âiäïîâiäà¹ âèðà-

çó L(1) =
∂

∂x1
, L(2) =

∂

∂x2
+ p(x2). Êîæíèé iç îïåðà-

òîðiâ Aj , j = 1, 2, äîïóñêà¹ ïðîäîâæåííÿ îñíàùåííÿ
ç D = C∞

0 (R2). Çâóæåííÿ Aj , j = 1, 2, íà D áóäå
çáiãàòèñÿ ç âiäîáðàæåííÿì u → L(j)+u, u∈C∞

0 (R2),
ó ïðîñòîði Hk. Çà îïåðàòîðè Bj , j = 1, 2 (äèâ.
[3, ñ. 702, 703], VIII), ìîæíà ïðèéíÿòè îïåðàòî-
ðè u → L(j)+u, u ∈ C∞

0 (R2), ÿêi äiþòü ó ïðîñòî-
ði H(j)

+ = L2

(
Rj ; p(j)(xj)dxj

)
, äå p(j) âèáèðà¹ìî

òàê, ùîá
∫
R2

K(x, x)

p(x)
dx < ∞. Ôóíêöiþ îïåðàòîðiâ

Cj â H0 âèêîðèñòîâóâàòèìóòü îïåðàòîðè âèãëÿäó

u → L(j)+u, äå u ∈ D(C1) = C∞
0 (R1) ⊗ H

(1)
+ i
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D(C2) = H
(1)
+ ⊗ C∞

0 (R1). Îñêiëüêè êîìóòàòèâíiñòü
K(x, y) i Aj åêâiâàëåíòíà åðìiòîâîñòi Cj â Hk, òî
ìîæíà îáìåæèòèñü ïåðåâiðêîþ åðìiòîâîñòi Cj â Hk,
òîáòî ðiâíîñòi

< L(j)+u, v >=< u,L(j)+v >, u, v ∈ C∞
0 (R2), j = 1, 2.

Öÿ ðiâíiñòü ïåðåâiðÿ¹òüñÿ ñòàíäàðòíèì ñïîñîáîì.
Òåïåð çâóçèìî C1 íà C∞

0 (R1)⊗w2 i ïîêàæåìî, ùî
äëÿ áóäü-ÿêîãî w2 ∈ H

(2)
+ çàìèêàííÿ öüîãî çâóæåí-

íÿ áóäå ñàìîñïðÿæåíèì ó H
(1)
k,w2

� ïîïîâíåííÿ H
(1)
0

âiäíîñíî ñêàëÿðíîãî äîáóòêó

< u1, v1 >w2=< u1 ⊗ w2, v1 ⊗ w2 >=

=

∞∫
−∞

∞∫
−∞

∞∫
−∞

∞∫
−∞

a(x2 + y2)

a(x2)a(y2)
k(x1 + y1, x2 + y2)×

×u1(x1)v1(y1)w2(x2)w2(y2) dx1dy1dx2dy2.

ßêùî ââåñòè äîïîìiæíó ôóíêöiþ

kw2(t) =

∞∫
−∞

∞∫
−∞

a(x2 + y2)

a(x2)a(y2)
k(t, x2 + y2) dx2dy2,

òî< u1, v1 >w2 =

∞∫
−∞

∞∫
−∞

kw2(x1+y1)u1(x1)v1(y1) dx1dy1.

Îñêiëüêè kw2(t) � ôóíêöiÿ åêñïîíåíöiàëüíîãî òè-
ïó, òî çãiäíî ç òåîðåìîþ 3.17 [3, ãë. VIII] ñëiäó¹ ñà-
ìîñïðÿæåíiñòü çàìèêàííÿ îïåðàòîðà C1 ó ïðîñòîði
H

(1)
k,w2

. Òîäi çãiäíî ç òåîðåìîþ 2.6 [3, ãë. VIII] iñíó¹
ñàìîñïðÿæåíå ðîçøèðåííÿ îïåðàòîðà C2 êîìóòóþ÷å
iç çàìèêàííÿì C1.

Òîìó, çãiäíî ç òåîðåìîþ 4.2 [3, ãë. VIII], ìîæåìî
çàïèñàòè òàêå iíòåãðàëüíå çîáðàæåííÿ

K(x, y) =

∫
R2

∫
R2

eλ1(x1+y1)χ(x2;λ2)χ(y2;λ2) dσ(λ1, λ2),

(4)

äå eλ1x1 � ðîçâ'ÿçîê ðiâíÿííÿ L
(1)
x1 =

∂u

∂x1
= λ1u, à

χ(x2;λ2) � ðîçâ'ÿçîê ðiâíÿííÿ L
(2)
x2 =

∂u

∂x2
+ p(x2)u =

= λ2u. ßêùî ïðèéíÿòè ó (4) y1 = 0; y2 = 0 îäåðæèìî
(2). Íåîáõiäíiñòü äîâåäåíî.

Äîñòàòíiñòü. Ìà¹ìî iíòåãðàëüíå çîáðàæåííÿ (2) i

ÿäðî K(x, y) =
a(x2 + y2)

a(x2)a(y2)
k(x1+ y1, x2+ y2). Ïîêàæå-

ìî, ùî öå ÿäðî äîäàòíî âèçíà÷åíî. Äëÿ öüîãî ñïî÷à-
òêó ââåäåìî îïåðàòîð çñóâó. Íåõàé f(x) ∈ C∞(R2),
ïîçíà÷èìî ÷åðåç u(x, y) ðîçâ'ÿçîê çàäà÷i Êîøi

L(j)
xj u = L(j)

yj u, (j = 1, 2) (5)

u(xj , 0) = f(xj). (6)

Ëåãêî ïåðåâiðèòè, ùî ðîçâ'ÿçîê çàäà÷i (5)�(6) ìàòèìå
òàêèé âèãëÿä:

u(x, y) =
a(x2 + y2)

a(x2)a(y2)
f(x1 + y1, x2 + y2), (7)

äå a(x2) = exp
x2∫
0

p(x2)dx2.

Äiéñíî, ÿêùî j = 1 ìà¹ìî

L(1)
x1
u =

∂

∂x1

a(x2 + y2)

a(x2)a(y2)
f(x1 + y1, x2 + y2) =

=
a(x2 + y2)

a(x2)a(y2)

∂

∂x1
f(x1 + y1, x2 + y2) =

=
a(x2 + y2)

a(x2)a(y2)

∂

∂y1
f(x1 + y1, x2 + y2) =

=
∂

∂y1

a(x2 + y2)

a(x2)a(y2)
f(x1 + y1, x2 + y2) = L(1)

y1 u;

ÿêùî j = 2 ìà¹ìî

L(2)
x2
u =

∂

∂x2

a(x2 + y2)

a(x2)a(y2)
f(x1 + y1, x2 + y2)+

+p(x2)
a(x2 + y2)

a(x2)a(y2)
f(x1 + y1, x2 + y2) =

=
{[
a′x2

(x2 + y2)f(x1 + y1, x2 + y2)+

+f ′x2
(x1 + y1, x2 + y2)a(x2 + y2)

]
a(x2)a(y2)−

−a(x2 + y2)f(x1 + y1, x2 + y2)a
′
x2
(x2)a(y2)

}
×

1

(a(x2)a(y2))2
+ p(x2)

a(x2 + y2)

a(x2)a(y2)
f(x1 + y1, x2 + y2) =

=
{[
a′y2(x2 + y2)f(x1 + y1, x2 + y2)+

+f ′y2(x1 + y1, x2 + y2)a(x2 + y2)
]
a(x2)a(y2)−

−a(x2 + y2)f(x1 + y1, x2 + y2)a(y2)a(x2)p(x2)
}
×

1

(a(x2)a(y2))2
+ p(x2)

a(x2 + y2)

a(x2)a(y2)
f(x1 + y1, x2 + y2) =

=
{[
a′y2(x2 + y2)f(x1 + y1, x2 + y2)+

+f ′y2(x1 + y1, x2 + y2)a(x2 + y2)
]
a(x2)a(y2)−

−a(x2+y2)f(x1+y1, x2+y2)a(x2)a′y2(y2)
} 1

(a(x2)a(y2))2
+

+p(x2)
a(x2 + y2)

a(x2)a(y2)
f(x1 + y1, x2 + y2) = L(2)

y2 u.

Ââåäåìî òåïåð îïåðàòîð çñóâó Ty, ïðèéíÿâøè

(Tyf)(x) = u(x, y), (x, y ∈ R2). (8)

Çàñòîñîâóþ÷è îïåðàòîð Ty äî îáîõ ÷àñòèí iíòåãðàëü-
íîãî çîáðàæåííÿ (2), îäåðæèìî

(Tyk)(x) =

∫
R1

∫
R1

Tye
λ1x1χ(x2;λ2) dσ(λ1, λ2). (9)

Îñêiëüêè çàâäÿêè (7) i (8)

(Tyk)(x) =
a(x2 + y2)

a(x2)a(y2)
k(x1 + y1, x2 + y2),

a Tye
λ1x1χ(x2;λ2)=

a(x2+y2)

a(x2)a(y2)
eλ1(x1+y1)χ(x2+y2;λ2)=

98 Ìàòåìàòèêà
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Iíòåãðàëüíå çîáðàæåííÿ ìiøàíèõ äîäàòíî âèçíà÷åíèõ ôóíêöié äâîõ çìiííèõ, çâ'ÿçàíèõ ç îïåðàòîðîì ïåðøîãî ïîðÿäêó

=
a(x2 + y2)

a(x2)a(y2)
eλ1(x1+y1)e

λ2(x2+y2)−
x2+y2∫

0

p(x2+y2)d(x2+y2)

=
eλ1(x1+y1)λ2(x2+y2)

a(x1)a(y1)
= eλ1x1χ(x2;λ2)e

λ1y1χ(y2;λ2),

äå eλ1x1 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
du

dx1
= λ1u, à

χ(x2;λ2) = eλ2x2−
∫ x2
0 p(x2)dx2 ¹ ðîçâ'ÿçîê ðiâíÿííÿ

du

dx2
+ p(x2)u = λ2u.

Òîìó ðiâíiñòü (9) íàáóäå âèãëÿäó

a(x2 + y2)

a(x2)a(y2)
k(x1 + y1, x2 + y2) =

=

∫
R2

∫
R2

eλ1(x1+y1)χ(x2;λ2)χ(y2;λ2) dσ(λ1, λ2). (10)

Çà äîïîìîãîþ (10) ïåðåâiðÿ¹ìî óìîâó (1).

Äiéñíî, iç (10) âèïëèâà¹ ùî

a(x2 + y2)

a(x2)a(y2)
k(x1 + y1, x2 + y2)ξ1ξ2 =

=

∫
R2

∫
R2

eλ1(x1+y1)χ(x2;λ2)χ(y2;λ2) dσ(λ1, λ2)ξ1ξ2 =

=

∫
R2

∫
R2

eλ1(x1+y1)χ(x2;λ2)χ(y2;λ2)ξ1ξ2 dσ(λ1, λ2) ≥ 0.

À öÿ óìîâà åêâiâàëåíòíà óìîâi (1).
Òåîðåìó äîâåäåíî. �
Çàóâàæåííÿ 1. ßêùî â iíòåãðàëüíîìó çîáðà-

æåííi (2) x1 = 0, òî îòðèìà¹ìî çîáðàæåííÿ (2)
ç [4, ñ. 78].

Çàóâàæåííÿ 2. ßêùî â iíòåãðàëüíîìó çîáðà-
æåííi (2) x2 = 0, òî îòðèìà¹ìî çîáðàæåííÿ (3.99)
ç [3, ñ. 701].
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Integral representation is obtained for mixed positively de�nite functions of two variables. This
representation is the generalization of integral representation for exponential convex functions.
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