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I. Ïîñòàíîâêà çàäà÷i

Íåõàé A∈(−∞,+∞], R∈(0,+∞],
DR = {z∈C : |z|<R}, N0 = N ∪ {0}.

×åðåç ΩA ïîçíà÷èìî êëàñ íåñïàäíèõ îïóêëèõ íà
(−∞, A) ôóíêöié Φ, ùî ¹ íåîáìåæåíèìè çâåðõó íà
âêàçàíîìó iíòåðâàëi ðàçîì çi ñâî¹þ ïðàâîñòîðîííüîþ
ïîõiäíîþ Φ′

+. Çàóâàæèìî, ùî ó âèïàäêó ñêií÷åííîãî
A óìîâà íåîáìåæåíîñòi çâåðõó ïðàâîñòîðîííüî¨ ïî-
õiäíî¨ Φ′

+ âèïëèâà¹ ç óìîâè íåîáìåæåíîñòi çâåðõó
ôóíêöi¨ Φ, à òîìó ¹ çàéâîþ â îçíà÷åííi êëàñó ΩA.
Óìîâà íåîáìåæåíîñòi çâåðõó ôóíêöi¨ Φ ¹ çàéâîþ â
îçíà÷åííi êëàñó Ω+∞, îñêiëüêè âîíà âèïëèâà¹ ç óìî-
âè íåîáìåæåíîñòi çâåðõó ¨¨ ïðàâîñòîðîííüî¨ ïîõiäíî¨
Φ′

+; áiëüøå òîãî, êëàñ Ω+∞ çáiãà¹òüñÿ ç êëàñîì íå-
ñïàäíèõ îïóêëèõ íà (−∞,+∞) ôóíêöié Φ, äëÿ ÿêèõ

Φ(x)

x
→ +∞, x→ +∞.

Ðîçãëÿíåìî äîâiëüíó àíàëiòè÷íó â êðóçi DR ôóíêöiþ
f ̸≡ 0 âèãëÿäó

f(z) =

∞∑
n=0

anz
n. (1)

Äëÿ âñiõ r ∈ (0,R) ìàêñèìóì ìîäóëÿ i ìàêñèìàëüíèé
÷ëåí ôóíêöi¨ f âèçíà÷à¹ìî âiäïîâiäíî çà ðiâíîñòÿìè

M(r, f) = max{|f(z)| : |z| = r},

µ(r, f) = max{|an|rn : n ∈ N0}.

Êðiì òîãî, ïðèéìåìî

G(r, f) =
∞∑
n=0

|an|rn.

Çà íåðiâíiñòþ Êîøi µ(r, f) ≤ M(r, f). Î÷åâèäíî
òàêîæ, ùî M(r, f) ≤ G(r, f). Äîáðå âiäîìî, ùî

lnM(ex, f), lnµ(ex, f) i lnG(ex, f) ¹ îïóêëèìè íà
(−∞, lnR) ôóíêöiÿìè.

Êëàñ àíàëiòè÷íèõ ó êðóçi DR ôóíêöié f ̸≡ 0 ïî-
çíà÷èìî ÷åðåç HR. ßêùî f∈HR i R<+∞ (R = +∞),
òî, ÿê ëåãêî áà÷èòè, lnM(ex, f) ¹ ôóíêöi¹þ ç êëàñó
ΩlnR òîäi i ëèøå òîäi, êîëè f ¹ íåîáìåæåíîþ ó êðóçi
DR (f ¹ òðàíñöåíäåíòíîþ öiëîþ ôóíêöi¹þ).

Çðîñòàííÿ ôóíêöi¨ f ç êëàñó HR óòîòîæíþ¹ìî çi
çðîñòàííÿì ôóíêöi¨ lnM(r, f). Âåëè÷èíó

TΦ(f) = lim
r→R

lnM(r, f)

Φ(ln r)
,

äå Φ ∈ ΩlnR, íàçèâàòèìåìî Φ-òèïîì ôóíêöi¨ f .
Ïðèéìåìî òàêîæ

AΦ(f) = lim
r→R

lnµ(r, f)

Φ(ln r)
, BΦ(f) = lim

r→R

lnG(r, f)

Φ(ln r)
.

Çðîçóìiëî, ùî AΦ(f) ≤ TΦ(f) ≤ BΦ(f). Íåõàé f �
öiëà ôóíêöiÿ âèãëÿäó (1). Ïîíÿòòÿ Φ-òèïó äëÿ òàêî¨
ôóíêöi¨ ¹ óçàãàëüíåííÿì êëàñè÷íîãî ïîíÿòòÿ òèïó,
ÿêèé âèçíà÷à¹òüñÿ çà ðiâíiñòþ

σ(f) = lim
r→+∞

lnM(r, f)

rρ
,

äå ρ � ôiêñîâàíå äîäàòíå ÷èñëî. Çà êëàñè÷-
íîþ ôîðìóëîþ Êîøi�Àäàìàðà (äèâ., íàïðèêëàä,
[1, ñ. 183])

σ(f) = lim
n→∞

n|an|
ρ
n

eρ
.

Îòæå, òèï öiëî¨ ôóíêöi¨ f âèãëÿäó (1) íå çàëå-
æèòü âiä àðãóìåíòiâ êîåôiöi¹íòiâ an i ïîâíiñòþ âè-
çíà÷à¹òüñÿ ïîñëiäîâíiñòþ (|an|). Ç îãëÿäó íà öå ïî-
ñòà¹ íàñòóïíà çàäà÷à.

Çàäà÷à 1 Íåõàé R ∈ (0,+∞]. Çà ÿêî¨ óìîâè íà
ôóíêöiþ Φ ∈ ΩlnR âåëè÷èíà TΦ(f) äëÿ êîæíî¨ ôóíê-
öi¨ f ∈ HR âèãëÿäó (1) íå çàëåæèòü âiä àðãóìåíòiâ
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êîåôiöi¹íòiâ an i ïîâíiñòþ âèçíà÷à¹òüñÿ ïîñëiäîâ-
íiñòþ (|an|).

Äëÿ ôóíêöi¨ f ∈ HR i êîæíîãî n ∈ N0 íåõàé

cn(f) = f(n)(0)
n! � n-é êîåôiöi¹íò ñòåïåíåâîãî ðîçâè-

íåííÿ öi¹¨ ôóíêöi¨ â îêîëi òî÷êè z = 0.
×åðåç FR ïîçíà÷èìî êëàñ âiäîáðàæåíü F : HR →

→ [0,+∞] òàêèõ, ùî F (f) = F (g) äëÿ äîâiëüíèõ
ôóíêöié f, g ∈ HR, ïîñëiäîâíîñòi ìîäóëiâ êîåôiöi-
¹íòiâ ñòåïåíåâèõ ðîçâèíåíü ÿêèõ ñïiâïàäàþòü, òîá-
òî |cn(f)| = |cn(g)|, n ∈ N0. Çàóâàæèìî, ùî ÿêùî
F∈FR � äåÿêå ôiêñîâàíå âiäîáðàæåííÿ, òî äëÿ êî-
æíî¨ f ∈ HR âåëè÷èíà F (f) íå çàëåæèòü âiä àðãó-
ìåíòiâ êîåôiöi¹íòiâ cn(f). Áiëüøå òîãî, ðîçãëÿíóâ-
øè ïîðÿä ç ôóíêöi¹þ f ôóíêöiþ g òàêó, ùî cn(g) =
= |cn(f)|, n ∈ N0, áà÷èìî, ùî ôóíêöiÿ g, à òîìó é
âåëè÷èíà F (f) = F (g) ïîâíiñòþ âèçíà÷à¹òüñÿ ïîñëi-
äîâíiñòþ (|cn(f)|). Öå äîçâîëÿ¹ çàäà÷ó 1 ïåðåôîðìó-
ëþâàòè ó òàêîìó âèãëÿäi.

Çàäà÷à 2 Íåõàé R ∈ (0,+∞]. Îïèñàòè âñi ôóíêöi¨
Φ ∈ ΩlnR, äëÿ ÿêèõ TΦ ∈ FR.

Çàçíà÷èìî, ùî AΦ i BΦ ¹ âiäîáðàæåííÿìè ç êëà-
ñó FR äëÿ êîæíî¨ Φ ∈ ΩlnR. Ëåãêî ïîêàçàòè, ùî TΦ
¹ âiäîáðàæåííÿì ç êëàñó FR òîäi i ëèøå òîäi, êîëè
TΦ(f) = BΦ(f) äëÿ êîæíî¨ f ∈ HR. Ñïðàâäi, ÿêùî
TΦ ∈ FR, òî äëÿ äîâiëüíî¨ f ∈ HR âèãëÿäó (1) ìà¹ìî
TΦ(f) = TΦ(g), äå g ∈ HR � ôóíêöiÿ âèãëÿäó

g(z) =
∞∑
n=0

|an|zn. (2)

Îñêiëüêè M(r, g) = G(r, f), òî TΦ(g) = BΦ(f). Òîìó
TΦ(f) = BΦ(f). Íàâïàêè, ÿêùî TΦ(f) = BΦ(f) äëÿ êî-
æíî¨ f ∈ HR, òî TΦ ∈ FR, îñêiëüêè BΦ ∈ FR. Îòæå,
ñôîðìóëüîâàíi âèùå çàäà÷i ðiâíîñèëüíi íàñòóïíié.

Çàäà÷à 3 Íåõàé R ∈ (0,+∞]. Çíàéòè íåîáõiäíó
i äîñòàòíþ óìîâó íà ôóíêöiþ Φ ∈ ΩlnR, çà ÿêî¨
TΦ(f) = BΦ(f) äëÿ êîæíî¨ f ∈ HR.

II. Ôîðìóëþâàííÿ îñíîâíèõ
ðåçóëüòàòiâ

Íåõàé R ∈ (0,+∞] i Φ ∈ ΩlnR. Ïðèéìåìî

∆Φ = lim
x→lnR

lnΦ′
+(x)

Φ(x)
.

Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ, ïðî ÿêó éäåòüñÿ â
çàäà÷i 3, ¹ óìîâà∆Φ = 0. Òàêèé âèñíîâîê äîçâîëÿþòü
çðîáèòè íàñòóïíi òåîðåìè.

Òåîðåìà 1. Íåõàé R ∈ (0,+∞], Φ ∈ ΩlnR.
ßêùî ∆Φ = 0, òî BΦ(f) = AΦ(f) äëÿ êîæíî¨
f∈HR.

Òåîðåìà 2. Íåõàé R ∈ (0,+∞], Φ ∈ ΩlnR.
ßêùî ∆Φ > 0, òî iñíó¹ íåîáìåæåíà â DR ôóíêöiÿ
g ∈ HR òàêà, ùî BΦ(g) > TΦ(g).

ÍåõàéR ∈ (0,+∞],A = lnR, Φ ∈ ΩA, à D̃Φ � ìíî-
æèíà óñiõ x ∈ (−∞,+∞), äëÿ ÿêèõ sup{xy − Φ(y) :
y ∈ (−∞, A)} < +∞. Ïðèéìåìî

Φ̃(x) = sup{xy − Φ(y) : y ∈ (−∞, A)}, x ∈ D̃Φ. (3)

ßê âiäîìî [1, ñ. 186], ôóíêöiÿ Φ̃(x) íàçèâà¹-
òüñÿ ñïðÿæåíîþ çà Þíãîì ç ôóíêöi¹þ Φ. ßêùî
k0 = Φ′

−(−∞), òî çà íàâåäåíîþ íèæ÷å ëåìîþ 4 ìà-
¹ìî D̃Φ = (k0,+∞) àáî D̃Φ = [k0,+∞). Ïðèéìåìî

hΦ(x) = Φ̃(x)
x , x ∈ (k0,+∞). Çà ëåìîþ 4 ôóíêöiÿ

hΦ(x) ¹ íåïåðåðâíîþ çðîñòàþ÷îþ äî A íà (a0,+∞), à
òîìó îáåðíåíà ôóíêöiÿ h−1

Φ (x) ¹ çðîñòàþ÷îþ äî +∞
íà (A0, A). ßêùî x ∈ [A,+∞], òî äëÿ âèçíà÷åíîñòi
ïðèéìåìî h−1

Φ (x) = +∞. Ðîçãëÿíåìî äîâiëüíó ôóí-
êöiþ f ∈ HR âèãëÿäó (1). Çà ëåìîþ 7 ìà¹ìî

AΦ(f) = lim
n→∞

n

h−1
Φ

(
1
n ln 1

|an|

) .
Îòæå, ÿêùî ∆Φ = 0, òî, çãiäíî ç òåîðåìîþ 1 i íåðiâ-
íîñòÿìè AΦ(f) ≤ TΦ(f) ≤ BΦ(f), äëÿ êîæíî¨ f ∈ HR
âèãëÿäó (1) îòðèìó¹ìî

TΦ(f) = lim
n→∞

n

h−1
Φ

(
1
n ln 1

|an|

) , (4)

òîáòî ó âèïàäêó ∆Φ = 0 ìà¹ìî ôîðìóëó òèïó Êîøi�
Àäàìàðà, çà ÿêîþ Φ-òèï êîæíî¨ àíàëiòè÷íî¨ ôóíêöi¨
f ∈ HR âèãëÿäó (1) ìîæíà îá÷èñëèòè ÷åðåç ïîñëiäîâ-
íiñòü (|an|). Ó âèïàäêó ∆Φ ̸= 0 ôîðìóëà (4), ÿê öå âè-
ïëèâà¹ ç òåîðåìè 2, íåïðàâèëüíà. Áiëüøå òîãî, çãiäíî
ç öi¹þ òåîðåìîþ, íå iñíó¹ æîäíî¨ ôîðìóëè, çà ÿêîþ
Φ-òèï êîæíî¨ àíàëiòè÷íî¨ ôóíêöi¨ f ∈ HR âèãëÿäó
(1) ìîæíà îá÷èñëèòè ÷åðåç ïîñëiäîâíiñòü (|an|).

Çàóâàæèìî, ùî òåîðåìó 1 ó âèïàäêó R = +∞
äîâåäåíî â ðîáîòàõ [2] i [3]. Òåîðåìó 2 ó âèïàäêó
R = +∞ àíîíñîâàíî â [4] i çà óìîâè ∆Φ < +∞ äî-
âåäåíî â [3]. Ó ðîáîòi, âèêîðèñòîâóþ÷è iäå¨ ç ðîáiò
[3], [5] i [6], äîâåäåìî öi òåîðåìè ó çàãàëüíîìó âèïàä-
êó. Äëÿ öüîãî íàì áóäóòü ïîòðiáíi äåÿêi äîïîìiæíi
ðåçóëüòàòè, ÿêi íàâåäåíî íèæ÷å.

III. Äîïîìiæíi ðåçóëüòàòè

Äëÿ àíàëiòè÷íî¨ â êðóçi DR ôóíêöi¨ f âèãëÿäó
(1) íåõàé ν(r, f) = max{n ∈ N0 : |an|rn = µ(r, f)} �
¨¨ öåíòðàëüíèé iíäåêñ. Äîáðå âiäîìî, ùî ν(r, f) =
= r(lnµ(r, f))′+ äëÿ âñiõ r ∈ (0,R). Êðiì òîãî, ïðà-
âèëüíà òàêà ëåìà ([7]).

Ëåìà 1. Íåõàé (nk) � çðîñòàþ÷à ïîñëiäîâ-
íiñòü íåâiä'¹ìíèõ öiëèõ ÷èñåë, R ∈ (0,+∞], à (ck) �
çðîñòàþ÷à äî R äîäàòíà ïîñëiäîâíiñòü. ßêùî êîì-
ïëåêñíà ïîñëiäîâíiñòü (an) òàêà, ùî an0 ̸= 0,

an = 0, n < n0, (5)

|ank+1
| = |an0 |

k∏
j=0

c
nj−nj+1

j , k ∈ N0, (6)

|an| ≤ |ank |c
nk−n
k , n ∈ (nk, nk+1), k ∈ N0, (7)
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Çðîñòàííÿ àíàëiòè÷íèõ ôóíêöié ó òåðìiíàõ óçàãàëüíåíèõ òèïiâ

òî ñòåïåíåâèé ðÿä (1) çàäà¹ àíàëiòè÷íó â êðóçi DR
ôóíêöiþ f , äëÿ ÿêî¨:

(i) ν(r, f) = n0 äëÿ âñiõ r ∈ (0, c0);

(ii) ν(r, f) = nk+1 äëÿ âñiõ r ∈ [ck, ck+1) i k ∈ N0.

Ëåìà 2. Íåõàé R ∈ (0,+∞], Ψ ∈ ΩlnR,
à (nk) � ïîñëiäîâíiñòü íåâiä'¹ìíèõ öiëèõ ÷èñåë i
(dk) � çðîñòàþ÷à äî R äîäàòíà ïîñëiäîâíiñòü òàêi,
ùî

Ψ′
−(ln dk) ≤ nk ≤ Ψ′

+(ln dk) < Ψ′
−(ln dk+1), k ∈ N0.

(8)
ßêùî

ck = exp

{
nk+1 ln dk+1 − nk ln dk

nk+1 − nk
+

+
Ψ(ln dk)−Ψ(ln dk+1)

nk+1 − nk

}
, k ∈ N0, (9)

à êîìïëåêñíà ïîñëiäîâíiñòü (an) òàêà, ùî

|an0 | = exp{Ψ(ln d0)− n0 ln d0} (10)

i âèêîíóþòüñÿ ñïiââiäíîøåííÿ (5)�(7), òî dk < ck <
< dk+1 äëÿ âñiõ k ∈ N0 i ñòåïåíåâèé ðÿä (1) çàäà¹
àíàëiòè÷íó â êðóçi DR ôóíêöiþ f , äëÿ ÿêî¨

lnµ(dk, f) = Ψ(ln dk), k ∈ N0, (11)

lnµ(r, f) ≤ Ψ(ln r), r ∈ (0,R). (12)

� Äîâåäåííÿ. Ç (8) i îïóêëîñòi ôóíêöi¨ Ψ âè-
ïëèâà¹, ÿê ëåãêî áà÷èòè, ùî

nk ≤ Ψ′
+(ln dk) <

Ψ(ln dk+1)−Ψ(ln dk)

ln dk+1 − ln dk
<

< Ψ′
−(ln dk+1) ≤ nk+1, k ∈ N0. (13)

Ñêîðèñòàâøèñü (13) i (9), äëÿ âñiõ k ∈ N0 îòðèìó¹ìî

ck > exp

{
nk+1 ln dk+1 − nk ln dk

nk+1 − nk
−

−nk+1(ln dk+1 − ln dk)

nk+1 − nk

}
= dk,

ck < exp

{
nk+1 ln dk+1 − nk ln dk

nk+1 − nk
−

−nk(ln dk+1 − ln dk)

nk+1 − nk

}
= dk+1.

Îòæå, dk < ck < dk+1, k ∈ N0. Çâiäñè âèïëèâà¹,
ùî (ck) � çðîñòàþ÷à äî R äîäàòíà ïîñëiäîâíiñòü.
Îñêiëüêè ïîñëiäîâíiñòü (nk) òàêîæ çðîñòàþ÷à, òî çà
ëåìîþ 1 ñòåïåíåâèé ðÿä (1) ç êîåôiöi¹íòàìè an, ùî
çàäîâîëüíÿþòü óìîâè (10) òà (5)�(7), çàäà¹ àíàëiòè-
÷íó â êðóçi DR ôóíêöiþ f , äëÿ ÿêî¨

µ(r, f) = |an0 |rn0 , r ∈ (0, c0], (14)

µ(r, f) = |ank+1
|rnk+1 , r ∈ [ck, ck+1], k ∈ N0. (15)

Äîâåäåìî çà iíäóêöi¹þ (11). ßêùî k = 0, òî çà
(14) i (10) ìà¹ìî

lnµ(d0, f) = ln |an0 |+ n0 ln d0 = Ψ(ln d0).

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî k ∈ N0 ðiâíiñòü
lnµ(dk, f) = Ψ(ln dk) âæå äîâåäåíî. Òîäi, âèêîðèñòî-
âóþ÷è (15), (6) i (9), îòðèìó¹ìî

lnµ(dk+1, f) = ln |ank+1
|+ nk+1 ln dk+1 = ln |ank |−

−(nk+1 − nk) ln ck + nk+1 ln dk+1 = ln |ank |+
+nk ln dk − (nk+1 − nk) ln ck + nk+1 ln dk+1−

−nk ln dk = lnµ(dk, f) + Ψ(ln dk+1)−Ψ(ln dk) =

= Ψ(ln dk+1).

Äàëi ïðèéìåìî c−1 = 0 i íåõàé k ∈ N0. ßêùî
r ∈ (ck−1, dk), òî

lnµ(r, f)−Ψ(ln r) = Ψ(ln dk)−Ψ(ln r)+

+ lnµ(r, f)− lnµ(dk, f) =

∫ dk

r

Ψ′
−(ln t)

t
dt−

−
∫ dk

r

nk
t
dt ≤

∫ dk

r

Ψ′
−(ln dk)− nk

t
dt ≤ 0.

ßêùî æ r ∈ (dk, ck), òî

lnµ(r, f)−Ψ(ln r) = lnµ(r, f)− lnµ(dk, f)+

+Ψ(ln dk)−Ψ(ln r) =

∫ r

dk

nk
t
dt−

−
∫ r

dk

Ψ′
+(ln t)

t
dt ≤

∫ r

dk

nk −Ψ′
+(ln dk)

t
dt ≤ 0.

Îòæå, lnµ(r, f) ≤ Ψ(ln r) äëÿ âñiõ r ∈ (0,R). Ëåìó 2
äîâåäåíî. �

Ëåìà 3. Íåõàé A ∈ (−∞,+∞], Ψ ∈ ΩA,
A0 = inf{x ∈ (−∞, A) : Ψ′

−(x) > 0,Ψ(x) > 0}. Òî-
äi ôóíêöiÿ

H(x) = x− Ψ(x)

Ψ′
−(x)

¹ íåñïàäíîþ íà (A0, A) i H(x) → A, x→ A.
� Äîâåäåííÿ. Íåõàé x1, x2 ∈ (A0, A) i x1 < x2.

Òîäi

Ψ(x2) = Ψ(x1) +

∫ x2

x1

Ψ′
−(x)dx ≤

≤ Ψ(x1) + (x2 − x1)Ψ
′
−(x2),

à òîìó

H(x2)−H(x1) = x2 −
Ψ(x2)

Ψ′
−(x2)

− x1 +
Ψ(x1)

Ψ′
−(x1)

≥

≥ x2 −
Ψ(x1) + (x2 − x1)Ψ

′
−(x2)

Ψ′
−(x2)

− x1 +
Ψ(x1)

Ψ′
−(x1)

=

=
Ψ(x1)(Ψ

′
−(x2)−Ψ′

−(x1))

Ψ′
−(x2)Ψ

′
−(x1)

≥ 0.

Çâiäñè âèïëèâà¹, ùî H ¹ íåñïàäíîþ íà (A0, A).
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Íåõàé A1 = limx→AH(x). Î÷åâèäíî, ùî A1 ≤ A.
Ïðèïóñòèìî, âiä ñóïðîòèâíîãî, ùî A1 < A i íåõàé
A2 = max{A0, A1}. Òîäi äëÿ âñiõ x ∈ (A2, A) ìà¹ìî

x− Ψ(x)

Ψ′
−(x)

< A1,

çâiäêè îòðèìó¹ìî

Ψ′
−(x)

Ψ(x)
<

1

x−A1
.

Òîìó, ÿêùî x0 ∈ (A2, A) � ôiêñîâàíå ÷èñëî, à
x ∈ (x0, A) � äîâiëüíå ÷èñëî, òî

lnΨ(x)− lnΨ(x0) =

∫ x

x0

Ψ′
−(t)

Ψ(t)
dt <

<

∫ x

x0

dt

t−A1
= ln

x−A1

x0 −A1
.

Çâiäñè ó âèïàäêó ñêií÷åííîãî A âèïëèâà¹, ùî ôóí-
êöiÿ Ψ ¹ îáìåæåíîþ çâåðõó íà iíòåðâàëi (−∞, A), à ó
âèïàäêó A = +∞, ùî ãðàíèöÿ

lim
x→+∞

Ψ(x)

x

¹ ñêií÷åííîþ. Â îáîõ âèïàäêàõ öå ñóïåðå÷èòü îçíà-
÷åííþ êëàñó ΩA. Îòæå, A1 = A. �

Çàóâàæåííÿ 1. Çðîçóìiëî, ùî ëåìà 3 çàëèøè-
òüñÿ ïðàâèëüíîþ, ÿêùî â íié Ψ′

− çàìiíèòè íà Ψ′
+.

ÍåõàéR ∈ (0,+∞],A = lnR, Φ ∈ ΩA, à D̃Φ � ìíî-
æèíà óñiõ x ∈ (−∞,+∞), äëÿ ÿêèõ sup{xy − Φ(y) :
y ∈ (−∞, A)} < +∞. Ðîçãëÿíåìî ñïðÿæåíó çà Þí-
ãîì ç Φ ôóíêöiþ Φ̃, âèçíà÷åíó çà (3), i ïðèéìåìî

hΦ(x) =
Φ̃(x)
x , x ∈ D̃Φ\{0}.

Çàóâàæèìî, ùî ÿêùî Φ ∈ ΩA, òî ôóíêöi¨ Φ′
− i

Φ′
+ ¹ íåñïàäíèìè íåâiä'¹ìíèìè íà (−∞, A), à òîìó

iñíóþòü ãðàíèöi

Φ′
−(−∞) = lim

x→−∞
Φ′

−(x), Φ′
+(−∞) = lim

x→−∞
Φ′

+(x),

ïðè÷îìó Φ′
−(−∞) = Φ′

+(−∞) ≥ 0.
Íàâåäåíi íèæ÷å âëàñòèâîñòi ñïðÿæåíî¨ çà Þíãîì

ôóíöi¨ ¹, â îñíîâíîìó, äîáðå âiäîìèìè (äèâ., íàïðè-
êëàä, [1, ñ. 186�188]). Äëÿ ïîâíîòè êàðòèíè ìè íàâî-
äèìî ¨õ ç äîâåäåííÿìè.

Ëåìà 4. Íåõàé A ∈ (−∞,+∞], Φ ∈ ΩA,
k0 = Φ′

+(−∞). Òîäi:

(i) D̃Φ = (k0,+∞) àáî D̃Φ = [k0,+∞);

(ii) Φ̃ � îïóêëà íà D̃Φ;

(iii) hΦ � íåïåðåðâíà çðîñòàþ÷à äî A íà (a0,+∞)
ôóíêöiÿ;

(iv) ÿêùî Ψ ∈ ΩA òàêà, ùî Ψ(y) = Φ(y) äëÿ âñiõ

y ∈ [y0, A), òî Ψ̃(x) = Φ̃(x) äëÿ âñiõ x ∈ [x0,+∞).

� Äîâåäåííÿ. Íàñàìïåðåä çàóâàæèìî, ùî äëÿ
äîâiëüíèõ y1, y2 ∈ (−∞, A) ç îïóêëîñòi ôóíêöi¨ Φ âè-
ïëèâàþòü íåðiâíîñòi

Φ(y2)− Φ(y1) ≤ (y2 − y1)Φ
′
−(y2),

Φ(y2)− Φ(y1) ≤ (y2 − y1)Φ
′
+(y2).

Äëÿ äîâåäåííÿ âëàñòèâîñòi (i) äîñèòü ïîêàçà-
òè, ùî ÿêùî x ∈ (−∞, k0), òî x /∈ D̃Φ, à ÿêùî
x ∈ (k0,+∞), òî x ∈ D̃Φ.

Äëÿ êîæíîãî ôiêñîâàíîãî x ∈ (−∞,+∞) íåõàé
αx(y) = xy − Φ(y), y ∈ (−∞, A).

ßêùî x ∈ (−∞, k0), òî, çàôiêñóâàâøè äåÿêå
y0 ∈ (−∞, A), äëÿ âñiõ y ∈ (−∞, y0) ìà¹ìî

αx(y) ≥ xy − Φ′
−(y)(y − y0)− Φ(y0) ≥

≥ xy − k0(y − y0)− Φ(y0) = (x− k0)y + k0y0 − Φ(y0),

çâiäêè âèïëèâà¹, ùî αx(y) → +∞, y → −∞. Îòæå,
x /∈ D̃Φ.

ßêùî æ x ∈ (k0,+∞), òî âèçíà÷åíîþ ¹ âåëè÷èíà

y(x) = sup{y ∈ (−∞, A) : Φ′
−(y) ≤ x}.

Òîäi Φ′
−(y) ≤ x äëÿ âñiõ y ∈ (−∞, y(x)] i Φ′

−(y) > x
äëÿ âñiõ y ∈ (y(x), A), çâiäêè áà÷èìî, ùî

Φ′
−(y(x)) ≤ x ≤ Φ′

+(y(x)).

Îñêiëüêè

αx(y)− αx(y(x)) = x(y − y(x))− (Φ(y)− Φ(y(x))),

òî äëÿ âñiõ y ∈ (−∞, y(x)] ìà¹ìî

αx(y)−αx(y(x)) ≤ x(y− y(x))−Φ′
−(y(x))(y− y(x)) =

= (x− Φ′
−(y(x)))(y − y(x)) ≤ 0.

Ïîäiáíî äëÿ âñiõ y ∈ (y(x), A) îòðèìó¹ìî

αx(y)−αx(y(x)) ≤ x(y− y(x))−Φ′
+(y(x))(y− y(x)) =

= (x− Φ′
+(y(x)))(y − y(x)) ≤ 0.

Îòæå, αx(y) ≤ αx(y(x)) äëÿ âñiõ y ∈ (−∞, A), çâiäêè
âèïëèâà¹, ùî x ∈ D̃Φ.

Çàóâàæèìî, ùî íàìè, ôàêòè÷íî, äîâåäåíî äëÿ
âñiõ x ∈ (k0,+∞) ðiâíiñòü

Φ̃(x) = xy(x)− Φ(y(x)).

Âiäçíà÷èìî òàêîæ, ùî y(x) ¹ íåñïàäíîþ íà (k0,+∞)
ôóíêöi¹þ i y(x) → A, x→ +∞.

Ïåðåéäåìî äî äîâåäåííÿ âëàñòèâîñòi (ii). Íåõàé
x1, x2, x3 ∈ D̃Φ � äîâiëüíi ÷èñëà òàêi, ùî x1<x2<x3.
Òîäi äëÿ êîæíîãî y ∈ (−∞, A) ìà¹ìî

(x2y − Φ(y))(x3 − x1) = (x1y − Φ(y))(x3 − x2)+

+(x3y − Φ(y))(x2 − x1).

Áåðó÷è ñóïðåìóì âiä îáèäâîõ ÷àñòèí íàâåäåíî¨ ðiâ-
íîñòi çà âñiìà y ∈ (−∞, A) , îòðèìó¹ìî

Φ̃(x2)(x3 − x1) ≤ Φ̃(x1)(x3 − x2) + Φ̃(x3)(x2 − x1),

à öå é îçíà÷à¹, ùî ôóíêöiÿ Φ̃ ¹ îïóêëîþ íà D̃Φ.
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Äàëi çàóâàæèìî, ùî ç îïóêëîñòi ôóíêöi¨ Φ̃ íà D̃Φ

âèïëèâà¹ ¨¨ íåïåðåðâíiñòü íà D̃Φ, à òîìó ôóíêöiÿ hΦ
¹ íåïåðåðâíîþ íà (k0,+∞). Ïðèéìåìî

a0 = inf{x ∈ (k0,+∞) : Φ(y(x)) > 0}.

ßêùî x1, x2 ∈ (a0,+∞) i x1 < x2, òî

hΦ(x1) = y(x1)−
Φ(y(x1))

x1
< y(x1)−

Φ(y(x1))

x2
≤

≤ sup

{
y − Φ(y)

x2
: y ∈ (−∞, A)

}
= hΦ(x2).

Îòæå, hΦ ¹ çðîñòàþ÷îþ íà (a0,+∞) ôóíêöi¹þ. Íà-
ðåøòi, ÿêùî Φ′

−(y(x)) > 0, òî

y(x)− Φ(y(x))

Φ′
−(y(x))

≤ hΦ(x) ≤ y(x)− Φ(y(x))

Φ′
+(y(x))

.

Çâiäñè, âðàõóâàâøè ëåìó 3 i çàóâàæåííÿ 1, áà÷èìî,
ùî hΦ(x) → A, x→ +∞.

Ùîá äîâåñòè âëàñòèâiñòü (iv), äîñèòü ïðèéíÿòè

t(x) = sup{t ∈ (−∞, A) : Ψ′
−(t) ≤ x}, x > Ψ′

+(−∞),

i çàóâàæèòè, ùî t(x) = y(x) äëÿ âñiõ äîâîëi âåëèêèõ
x. Ëåìó ïîâíiñòþ äîâåäåíî. �

Ëåìà 5. Íåõàé R ∈ (0,+∞], Φ ∈ ΩlnR i
f ∈ HR � ôóíêöiÿ âèãëÿäó (1). Òîäi íàñòóïíi äâà
òâåðäæåííÿ ðiâíîñèëüíi:

(i) lnµ(r, f) ≤ Φ(ln r) äëÿ âñiõ r ∈ (0,R);

(ii) an = 0 äëÿ âñiõ n /∈ D̃Φ i ln |an| ≤ −Φ̃(n) äëÿ âñiõ

n ∈ D̃Φ.
� Äîâåäåííÿ. ßêùî âèêîíó¹òüñÿ (i), òî äëÿ êî-

æíîãî ôiêñîâàíîãî n ∈ N0 i âñiõ y ∈ (−∞, lnR) ìà¹ìî
ln |an|+ny ≤ Φ(y), à òîìó − ln |an| ≥ ny−Φ(y). Áåðó-
÷è ñóïðåìóì çà âñiìà y ∈ (−∞, lnR) âiä îáèäâîõ ÷à-
ñòèí îñòàííüî¨ íåðiâíîñòi, îòðèìó¹ìî − ln |an| ≥ +∞,
ÿêùî n /∈ D̃Φ, i − ln |an| ≥ Φ̃(n), ÿêùî n ∈ D̃Φ, çâiäêè
âèïëèâà¹ (ii).

ßêùî âèêîíó¹òüñÿ (ii), òî äëÿ êîæíîãî ôiêñîâàíî-
ãî y ∈ (−∞, lnR) i âñiõ n ∈ N0 ìà¹ìî ln |an| ≤ −ny +
Φ(y), à òîìó ln |an| + ny ≤ Φ(y). Áåðó÷è ñóïðåìóì
çà âñiìà n ∈ N0 âiä îáèäâîõ ÷àñòèí îñòàííüî¨ íåðiâ-
íîñòi, îòðèìó¹ìî lnµ(ey, f) ≤ Φ(y), y ∈ (−∞, lnR),
òîáòî âèêîíó¹òüñÿ (i). �

Ëåìà 6. Íåõàé R ∈ (0,+∞], Φ ∈ ΩlnR i
f ∈ HR � ôóíêöiÿ âèãëÿäó (1). Òîäi íàñòóïíi äâà
òâåðäæåííÿ ðiâíîñèëüíi:

(i) lnµ(r, f) ≤ Φ(ln r) äëÿ âñiõ r ∈ [r0,R);

(ii) ln |an| ≤ −Φ̃(n) äëÿ âñiõ n ≥ n0.
� Äîâåäåííÿ. Íåõàé âèêîíó¹òüñÿ (i). Ïðèéìå-

ìî Ψ(y) = max{lnµ(ey, f),Φ(y)}, y∈(−∞, lnR). Çðî-
çóìiëî, ùî Ψ ∈ ΩlnR. Îñêiëüêè lnµ(r, f) ≤ Ψ(ln r)
äëÿ âñiõ r ∈ (0,R), òî çà ëåìîþ 5 ìà¹ìî ln |an| ≤
≤ −Ψ̃(n) äëÿ âñiõ n ≥ n1. Çàëèøèëîñÿ âèêîðèñòàòè
âëàñòèâiñòü (iv) ç ëåìè 4.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ (ii). ßêùî ν(r, f) �
îáìåæåíà íà (0,R) ôóíêöiÿ, òî ν(r, f) = o(Φ′

+(ln r)),
r ↑ R, à òîìó lnµ(r, f) = o(Φ(ln r)), r ↑ R, çâiäêè ìà¹-
ìî (i). ßêùî æ ôóíêöiÿ ν(r, f) íåîáìåæåíà íà (0,R),
òî µ(r, f) = µ(r, g), r ∈ [r0,R), äå g(z) =

∑∞
n=n0

anz
n.

Çàëèøèëîñü âðàõóâàòè, ùî lnµ(r, g) ≤ Φ(ln r) äëÿ
âñiõ r ∈ (0,R) çà ëåìîþ 5. �

Çà ëåìîþ 4 ôóíêöiÿ hΦ(x) ¹ íåïåðåðâíîþ çðî-
ñòàþ÷îþ äî A íà (a0,+∞), à òîìó îáåðíåíà
ôóíêöiÿ h−1

Φ (x) ¹ çðîñòàþ÷îþ äî +∞ íà (A0, A).
ßêùî x∈[A,+∞], òî äëÿ âèçíà÷åíîñòi ïðèéìåìî
h−1
Φ (x) = +∞.

Ëåìà 7. Íåõàé R ∈ (0,+∞], Φ ∈ ΩlnR i
f ∈ HR � ôóíêöiÿ âèãëÿäó (1). Òîäi AΦ(f) = aΦ(f),
äå

aΦ(f) = lim
n→∞

n

h−1
Φ

(
1
n ln 1

|an|

) .
� Äîâåäåííÿ. Äîâåäåìî ñïî÷àòêó, ùî AΦ(f) ≤

≤ aΦ(f). Íåìà ùî äîâîäèòè, ÿêùî aΦ(f) = +∞. Ïðè-
ïóñòèìî, ùî aΦ(f) < +∞ i çàôiêñó¹ìî äîâiëüíó ñòàëó
C > aΦ(f). Òîäi ç îçíà÷åííÿ âåëè÷èíè aΦ(f) âèïëè-
âà¹, ùî

n ≤ Ch−1
Φ

(
1

n
ln

1

|an|

)
, n ≥ n1,

çâiäêè, ïðèéíÿâøè Ψ(y) = CΦ(y), y ∈ (−∞, A), îòðè-
ìó¹ìî

1

n
ln

1

|an|
≥ hΦ

( n
C

)
= hΨ(n) =

1

n
Ψ̃(n), n ≥ n2,

òîáòî ln |an| ≤ −Ψ̃(n) äëÿ âñiõ n ≥ n2. Òîäi çà ëåìîþ
6 ìà¹ìî

lnµ(r, f) ≤ Ψ(ln r) = CΦ(ln r), r ∈ [r0,R),

à òîìó AΦ(f) ≤ C. Ç äîâiëüíîñòi C > aΦ(f) âèïëèâà¹,
ùî AΦ(f) ≤ aΦ(f).

Äëÿ äîâåäåííÿ ïðîòèëåæíî¨ íåðiâíîñòi AΦ(f) ≥
≥ aΦ(f) äîñèòü ïðèïóñòèòè, ùî AΦ(f) < +∞, çàôi-
êñóâàòè äîâiëüíó ñòàëó C > AΦ(f) i ïîâòîðèòè íàâå-
äåíi âèùå ìiðêóâàííÿ ó çâîðîòíîìó ïîðÿäêó. Ó ïiä-
ñóìêó îòðèìà¹ìî íåðiâíiñòü C ≥ aΦ(f). Ç äîâiëüíîñòi
C > AΦ(f) é âèïëèâàòèìå, ùî AΦ(f) ≥ aΦ(f). �

Ëåìà 8. Íåõàé m,n ∈ N, m ≤ n, r2 ≥ r1 > 0.
Òîäi äëÿ êîæíîãî ìíîãî÷ëåíà âèãëÿäó

P (z) =

n∑
j=m

ajz
j

ïðàâèëüíà ïîäâiéíà íåðiâíiñòü(
r2
r1

)m
≤ M(r2, P )

M(r1, P )
≤
(
r2
r1

)n
.
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� Äîâåäåííÿ. Ðîçãëÿíåìî ìíîãî÷ëåíè

φ(w) =
P (r2w)

M(r2, P )wm−1
=

1

M(r2, P )

n∑
j=m

ajr
j
2w

j−m+1,

ψ(w) =
wn+1

M(r1, P )
P
(r1
w

)
=

1

M(r1, P )

n∑
j=m

ajr
j
1w

n+1−j .

Ëåãêî áà÷èòè, ùî φ(0) = ψ(0) = 0 i M(1, φ) =
= M(1, ψ) = 1. Òîäi çà ëåìîþ Øâàðöà äëÿ êîæíî-
ãî ρ ∈ (0, 1] ìà¹ìî

M(ρ, φ) =
M(r2ρ, P )

M(r2, P )ρm−1
≤ ρ,

M(ρ, ψ) =
ρn+1

M(r1, P )
M

(
r1
ρ
, P

)
≤ ρ.

Çàëèøèëîñü ïðèéíÿòè ρ = r1
r2
. �

Íàñòóïíó ëåìó äîâåäåíî â [8, ñ. 46].

Ëåìà 9. Íåõàé N ∈ N. Iñíóþòü ÷èñëà
e0(N), . . . , eN−1(N) ∈ {−1, 1} òàêi, ùî

max
θ∈[0,2π]

∣∣∣∣∣∣
N−1∑
j=0

ej(N)eijθ

∣∣∣∣∣∣ ≤ 2√
2− 1

√
N.

IV. Äîâåäåííÿ òåîðåìè 1

Íåõàé R ∈ (0,+∞], à ôóíêöiÿ Φ ∈ ΩlnR òà-
êà, ùî ∆Φ = 0. Äîâåäåìî, ùî äëÿ êîæíî¨ àíàëiòè-
÷íî¨ ôóíêöi¨ f ∈ HR âèãëÿäó (1) ïðàâèëüíà ðiâíiñòü
BΦ(f) = AΦ(f). Î÷åâèäíî, ùî äëÿ öüîãî äîñèòü äî-
âåñòè íåðiâíiñòü BΦ(f) ≤ AΦ(f).

Çàôiêñó¹ìî äîâiëüíå r ∈ (0,R). Òîäi äëÿ êîæíîãî
R ∈ (r,R) îòðèìó¹ìî

G(r, f) =

∞∑
n=0

|an|Rn
( r
R

)n
≤ µ(R, f)

∞∑
n=0

( r
R

)n
=

= µ(R, f)
R

R− r
. (16)

Ïðèéìåìî

R(r) = sup

{
R ∈ (r,R) : Φ′

+(lnR) ≤
R

R− r

}
.

Çàóâàæèìî, ùî òîäi

Φ′
−(lnR(r)) ≤

R(r)

R(r)− r
≤ Φ′

+(lnR(r)), (17)

çâiäêè, çîêðåìà, ìà¹ìî

R(r)

r
→ 1, r → R. (18)

Êðiì òîãî, îñêiëüêè lnx < x− 1 äëÿ âñiõ x > 1, òî

Φ(lnR(r))− Φ(ln r) =

∫ lnR(r)

ln r

Φ′
−(x)dx ≤

≤ Φ′
−(lnR(r)) ln

R(r)

r
≤ R(r)

R(r)− r

R(r)− r

r
=
R(r)

r
.

Çâiäñè i ç (18) âèïëèâà¹, ùî

Φ(lnR(r)) ∼ Φ(ln r), r → R.

Òîìó, âèêîðèñòîâóþ÷è (16) ç R = R(r) i ïðàâó ç íå-
ðiâíîñòåé (17), îòðèìó¹ìî

BΦ(f) = lim
r→R

lnG(r, f)

Φ(lnR(r))
≤

≤ lim
r→R

lnµ(R(r), f) + lnΦ′
+(lnR(r))

Φ(lnR(r))
≤

≤ AΦ(f) + ∆Φ = AΦ(f).

Òåîðåìó 1 äîâåäåíî. �

V. Äîâåäåííÿ òåîðåìè 2

Íåõàé R ∈ (0,+∞], à ôóíêöiÿ Φ ∈ ΩlnR òàêà,
ùî ∆Φ > 0. Äîâåäåìî, ùî iñíó¹ àíàëiòè÷íà ôóíêöiÿ
g ∈ HR, äëÿ ÿêî¨ BΦ(g) > TΦ(g).

Çàôiêñó¹ìî äåÿêå δ ∈
(
0, ∆Φ

8

)
i ïðèéìåìî Ψ(x) =

= δΦ(x) äëÿ âñiõ x ∈ (0, lnR). Çðîçóìiëî, ùî òîäi
Ψ ∈ ΩlnR i

lim
r→R

ln(Ψ′
+(ln r)− 1)

Φ(ln r)
= ∆Φ > 8δ.

Òîìó äëÿ ìíîæèíè

E = {r ∈ (0,R) : ln[Ψ′
+(ln r)] > 8δΦ(ln r)}

ìà¹ìî supE = R. Êðiì òîãî, äëÿ êîæíîãî r ∈ E òà-
êîãî, ùî

Ψ′
+(ln r) ≥ Ψ′

+(−∞) + 1,

iñíó¹ d ∈ (0,R), äëÿ ÿêîãî

Ψ′
−(ln d) ≤ [Ψ′

+(ln r)] ≤ Ψ′
+(ln d);

òîäi d ≤ r, à òîìó

ln[Ψ′
+(ln r)] > 8δΦ(ln d).

Ç íàâåäåíîãî i ëåìè 2 âèïëèâà¹ iñíóâàííÿ ïîñëi-
äîâíîñòi íàòóðàëüíèõ ÷èñåë (nk) i çðîñòàþ÷î¨ äî R
äîäàòíî¨ ïîñëiäîâíîñòi (dk) òàêèõ, ùî âèêîíó¹òüñÿ
(8) i äëÿ êîæíîãî k ∈ N0 ìà¹ìî

lnnk > 8δΦ(ln dk), (19)

ln(5k + 16) ≤ Ψ(ln dk), (20)(
dk

h(dk+1)

)nk+1−nk
≤ 1

2
, (21)

äå h(r) = H(ln r), à H � ôóíêöiÿ ç ëåìè 3.
Âèçíà÷èìî ïîñëiäîâíiñòü (ck) çãiäíî ç (9). Íå-

õàé (an) � íåâiä'¹ìíà ïîñëiäîâíiñòü òàêà, ùî âè-
êîíóþòüñÿ (10), (5), (6) i an = ankc

nk−n
k äëÿ âñiõ

n ∈ (nk, nk+1) i k ∈ N0. Çðîçóìiëî, ùî òîäi âèêî-
íó¹òüñÿ òàêîæ (7).
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Çà ëåìàìè 1 i 2 ñòåïåíåâèé ðÿä (1) çàäà¹ àíàëiòè-
÷íó â êðóçi DR ôóíêöiþ f , äëÿ ÿêî¨ ïðàâèëüíi ñïiâ-
âiäíîøåííÿ (11), (12), (14), (15). Çàóâàæèìî, ùî ðÿä
(1) ìîæíà çàïèñàòè ó âèãëÿäi

f(z) = an0z
n0 +

∞∑
p=0

np+1∑
n=np+1

anz
n =

= an0z
n0 +

∞∑
p=0

np+1∑
n=np+1

anpc
np−n
p zn

Äëÿ êîæíîãî p ∈ N0 ïðèéìåìî Np = np+1 − np i
íåõàé

Pp(z) =

np+1∑
n=np+1

1√
Np

en−np−1(Np)anz
n,

äå e0(Np), . . . , eNp−1(Np) ∈ {−1, 1} � ÷èñëà, iñíóâàí-
íÿ ÿêèõ ñòâåðäæó¹òüñÿ ëåìîþ 9 ïðè N = Np. Ðîçãëÿ-
íåìî ñòåïåíåâèé ðÿä

g(z) = an0z
n0 +

∞∑
p=0

Pp(z).

Îñêiëüêè |cn(g)| ≤ an äëÿ âñiõ n ∈ N0, òî öåé ðÿä
çàäà¹ àíàëiòè÷íó â êðóçi DR ôóíêöiþ.

Äîâåäåìî, ùî g ¹ íåîáìåæåíîþ â DR ôóíêöi¹þ.
Ïðèéìåìî

S(r, g) =

(
1

2π

∫ 2π

0

|g(reiθ)|2dθ
) 1

2

, r ∈ (0,R).

Òîäi S(r, g) ≤ M(r, g), à òîìó, ñêîðèñòàâøèñü ðiâíi-
ñòþ Ïàðñåâàëÿ

S2(r, g) =

∞∑
n=0

|cn(g)|2r2n,

äëÿ êîæíîãî k ∈ N0 îòðèìó¹ìî

M2(ck, g) ≥
∞∑
n=0

|cn(g)|2c2nk >

>

nk+1∑
n=nk+1

1

Nk
(ankc

nk−n
k )2c2nk = µ2(ck, f).

Îñêiëüêè, çãiäíî ç (11), µ(r, f) ¹ íåîáìåæåíîþ íà
(0,R) ôóíêöi¹þ, òî ôóíêöiÿ g ¹ íåîáìåæåíîþ â DR.

Äàëi ïîêàæåìî, ùî BΦ(g) ≥ 4δ. Ñïðàâäi,

G(ck, g) ≥
nk+1∑

n=nk+1

1√
Nk

ankc
nk−n
k cnk =

= µ(ck, f)
√
Nk ≥

√
Nk ≥

√
nk+1

2

äëÿ âñiõ k ≥ k1. Òîìó, âðàõîâóþ÷è (19), îòðèìó¹ìî

BΦ(g) ≥ lim
k→∞

lnG(ck, g)

Φ(ln ck)
≥ 1

2
lim
k→∞

lnnk+1

Φ(ln ck)
≥

≥ 4δ lim
k→∞

Φ(ln dk+1)

Φ(ln ck)
≥ 4δ.

Äîâåäåìî, ùî TΦ(g) ≤ 2δ. Ç öi¹þ ìåòîþ çàôiêñó-
¹ìî äåÿêå k ∈ N0 i äëÿ êîæíîãî p ∈ N0 îöiíèìî
M(ck, Pp) çâåðõó ÷åðåç µ(ck, f).

Íàñàìïåðåä çà (15) i ëåìîþ 9 äëÿ âñiõ p ∈ N0

ìà¹ìî

M(cp, Pp) =

= max
θ∈[0,2π]

∣∣∣∣∣∣
np+1∑

n=np+1

1√
Np

en−np−1(Np)anpc
np−n
p cnpe

inθ

∣∣∣∣∣∣ =
=

1√
Np

µ(cp, f) max
θ∈[0,2π]

∣∣∣∣Np−1∑
j=0

ej(Np)e
ijθ

∣∣∣∣ ≤
≤ 1√

Np
µ(cp, f)

2√
2− 1

√
Np ≤ 5µ(cp, f).

Íåõàé k ≥ 1 i p ≤ k − 1. Òîäi cp < ck i

lnµ(ck, f)− lnµ(cp, f) =

∫ ck

cp

ν(t, f)

t
dt ≥

≥
∫ ck

cp

np+1

t
dt = np+1 ln

ck
cp
,

òîáòî

µ(cp, f)

(
ck
cp

)np+1

≤ µ(ck, f).

Òîìó, ñêîðèñòàâøèñü ëåìîþ 8, îòðèìó¹ìî

M(ck, Pp) ≤M(cp, Pp)

(
ck
cp

)np+1

≤

≤ 5µ(cp, f)

(
ck
cp

)np+1

≤ 5µ(ck, f).

Äàëi ìà¹ìî

ln ck − lnh(dk+1) ≥ ln ck − ln dk+1 +
Ψ(ln dk+1)

nk+1
=

=
nk+1 ln dk+1 − nk ln dk +Ψ(ln dk)−Ψ(ln dk+1)

nk+1 − nk
−

− ln dk+1 +
Ψ(ln dk+1)

nk+1
=
nk(ln dk+1 − ln dk)

nk+1 − nk
+

+
Ψ(ln dk)−Ψ(ln dk+1)

nk+1 − nk
+

Ψ(ln dk+1)

nk+1
=

=
nknk+1(ln dk+1 − ln dk)

(nk+1 − nk)nk+1
+

+
nk+1Ψ(ln dk)− nkΨ(ln dk+1)

(nk+1 − nk)nk+1
>

>
nknk+1(ln dk+1 − ln dk) + nk+1Ψ(ln dk)

(nk+1 − nk)nk+1
−

−nk(Ψ(ln dk) + nk+1(ln dk+1 − ln dk))

(nk+1 − nk)nk+1
=

=
Ψ(ln dk)

nk+1
> 0,

òîáòî ck > h(dk+1), k ≥ k2.
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Íåõàé p ≥ k + 1, k ≥ k2. Âèêîðèñòîâóþ÷è ëåìó 8
i ñïiââiäíîøåííÿ (15) òà (6), îòðèìó¹ìî

M(ck, Pp) ≤

≤M(cp, Pp)

(
ck
cp

)np+1

≤ 5µ(cp, f)

(
ck
cp

)np+1

=

= 5µ(ck, f)
anpc

np
p

ankc
nk
k

(
ck
cp

)np+1

=

= 5µ(ck, f)
c
np−nk+1
k

cp

p−1∏
j=k

1

c
nj+1−nj
j

.

Îòæå,

M(ck+1, Pp) ≤ 5µ(ck, f)
ck
ck+1

< 5µ(ck, f),

à ÿêùî p ≥ k + 2, òî, ñêîðèñòàâøèñü (21), ìà¹ìî

M(ck, Pp) ≤ 5µ(ck, f)
c
np−nk+1+1
k

cp

p−1∏
j=k+1

1

c
nj+1−nj
j

≤

≤ 5µ(ck, f)
ck
cp

p−1∏
j=k+1

(
cj−1

cj

)nj+1−nj
<

< 5µ(ck, f)

p−1∏
j=k+1

(
dj

h(dj+1)

)nj+1−nj
≤

≤ 5µ(ck, f)

p−1∏
j=k+1

1

2
=

5

2p−k−1
µ(ck, f).

Âèêîðèñòîâóþ÷è âñòàíîâëåíi îöiíêè i ñïiââiäíîøåí-
íÿ (20) òà (11), äëÿ âñiõ k ≥ k2 îòðèìó¹ìî

M(ck, g) ≤ an0c
n0

k +
∞∑
p=0

M(ck, Pp) ≤ µ(ck, f)+

+

k+1∑
p=0

5µ(ck, f) +

∞∑
p=k+2

5

2p−k−1
µ(ck, f) =

= (5k + 16)µ(ck, f) ≤ eΨ(ln dk)µ(ck, f) =

= µ(dk, f)µ(ck, f) ≤ µ2(ck, f).

Îòæå, lnM(ck, g) ≤ 2 lnµ(ck, f), k ≥ k2. Îñêiëüêè íà
âiäðiçêó [ck, ck+1] ôóíêöiÿ lnM(r, g) ¹ îïóêëîþ âiä-
íîñíî ln r, à ôóíêöiÿ lnµ(r, f) � ëiíiéíîþ âiäíîñíî
ln r i îáèäâi ôóíêöi¨ ¹ äîäàòíèìè íà [ck, ck+1], k ≥ k3,
òî íà êîæíîìó ç òàêèõ âiäðiçêiâ ôóíêöiÿ

y(r) =
lnM(r, g)

lnµ(r, f)

äîñÿãà¹ ñâîãî ìàêñèìóìó â îäíié ç òî÷îê ck ÷è ck+1.
Òîìó lnM(r, g) ≤ 2 lnµ(r, f) äëÿ âñiõ r ∈ [r0,R). Òîäi,
ç îãëÿäó íà (12),

TΦ(g) ≤ 2 lim
r→R

lnµ(r, f)

Φ(ln r)
≤ 2 lim

r→R

Ψ(ln r)

Φ(ln r)
= 2δ,

à òîìó BΦ(g) > TΦ(g). Òåîðåìó äîâåäåíî. �
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