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I. TIlocranoska 3amaui

Hexait Ae(—00,+00], Re(0, +o0],

Dr ={2€C: |z|<R}, Ng = NU {0}.

Yepes ()4 TO3HAYUMO KJIAC HECHATHUX OMYyKJIUX HA
(=00, A) dyukuiit ¢, mo € HEOOMEKEHUMH 3BEpXy Ha,
BKa3aHOMY IHTEPBaJI Pa30oM 3i CBOEIO TTPABOCTOPOHHBOIO
noxignoo @', . 3ayBazknuMo, MO y BUIAIKY CKIHYEHHOrO
A ymoBa HEOOMEKEHOCTI 3BEpPXy MPABOCTOPOHHBOI IMO-
xinuoi @/, BHIUIMBA€E 3 yMOBH HEOOMEZKEHOCTi 3BEPXY
dbyuxuii ¢, a ToMy € 3aiiBol0 B 03Ha4YeHHI kjacy (4.
YMoBa HeobMerkenocTi 3Bepxy dyukiii ¢ € 3aiiBoo B
o3HAUEHH] KAACY §)ioo, OCKITHKY BOHA BUILIMBAE 3 YMO-
BU HEOOMEXKEHOCTI 3BepXy 11 MpaBOCTOPOHHBOI TIOX1THOT
@', ; Ginbie TOro, Kmac {dy. 36iraeTbes 3 KIacoM He-
CIIAIHEX OMyKJIuX Ha (—00, +00) dyHKii @, aua axux

O(z)

— — +00, ¥ — +o00.
T

Posrasinemo mosinbay anagituyany B Kpy3i Dr dyHKIII0
f # 0 Bursay

f(z)= Zanz". (1)
n=0

Ina Beix 7 € (0, R) MAKCHMYM MOJIYJIA | MAKCAMAJIbHMII
wyteH (pyHKINT f BU3HAYAEMO BiAMOBIIHO 38 PIBHOCTSIMU

M(r, f) = max{|f(2)| : |2| = r},

w(r, f) = max{|a,|r" : n € Ng}.

Kpim Toro, mpuitmMmemo
o0
G(r, f) =Y lanlr™.
n=0

3a mepiericrio Komi p(r, f) < M(r, f). OuesunHo
rakox, mo M(r,f) < G(r,f). Hobpe sBimomo, mo

MATEMATUKA

InM(e”, f), Inp(e®, f) i InG(e*, f) ¢ onykammu Ha
(—00,InR) dyHKIisME.

Kunac ananituunux y kpysi Dr dyukuiit f Z 0 no-
3uauuMo veped Hr. Axkmo fEHR 1 R<+00 (R = 400),
10, K Jierko Oauutu, ln M(e*, ) € dyukuieo 3 kiacy
Qumr ToAi 1 yuie TOAL, KO f € HeOOMERKEHOI0 y Kpy3i
Dr (f € TpaHcueHAeHTHO. 11100 (DYHKIIE).

3pocranng dyukiii f 3 kiaacy Hgr yTOTOKHIOEMO 3i
spoctannaM Gyukuii In M (r, f). Bernuuny

— InM(r, f)
T4 = lim ———2272,
@(f) r—R  ®(lnr)
ae & € O, #HasuBaruMemo P-rumom dyskuii f.
IIpufimemo Taxox
= Inp(r, f)
A = lim ———1=~

@(f) r—R ®(lnr)
Bposymino, mo Ae(f) < To(f) < Ba(f). Hexait f —
uina Gysxiisa surasmy (1). Houarra O-tumy s Takol
GYHKIHT € y3arajJbHEHHAM KJIACHIHOrO MOHSITTS THILY,
KU BUBHAYAETHCA 38 PIBHICTIO

o(f) = lim M

r——+oo rP

_ — InG(r, f)
- Bl = I S sy

me p — «ikcoBane momarHe uYHCHO. 3a KIACUY-
oo dopmynoro Komi-Anamapa (auB., Hampukaji,
[1, c. 183])

— nfay|*

o(f) = lim

n—oo Gp

Orxe, tun winoi ¢yuknil f surasmy (1) He zame-
KWTH Bifl apryMeHTiB KoedilieHTiB a, i MOBHICTIO BU-
BHAYAETHCA MOCTINOBHICTIO (|ay|). 3 ormamy ma me mo-
CTa€ HACTYIHA 3a/1a4a.

Bamaua 1 Hezad R € (0,400]. 3a axoi ymosu Ha
dynruyiro € Qi r seavuuna To(f) das xoocnoi dynx-
uit f € Hr eueandy (1) ne saresrcumsv 6id apeymenmis
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KOEPIYIEHMIE Gy | NOSHICTIO GUSHAYAEMBCA NOCAII06-
nicmio (|ay)).

Jns dysrnii f € Hgr i xkoxkaoro n € Ny mexait
_ "
en(f) = =i —

o n-# KoeiIieHT CTEeHeBOr0 PO3BU-
HeHHs 11i€l GyHKIT B okoJti Touknu z = 0.
Yepes Fr mozHaumMo Kiac Bigmobpaxkennb F' @ Hr —
— [0,4+00] Takux, mo F(f) = F(g) nna nosinbHumx
dbyukiiit f,g € Hr, mocnimgoBHOCTI MOmYyJIiB Koedirri-
€HTIB CTEMEHEBUX PO3BHHEHb SIKMX CIIBIAIAI0Th, TOO-
10 |cn(f)| = |en(g)], n € Np. 3aypazkumo, mo sKImno
FeFr — neske ¢ikcoBane BiHoOpaKeHHsSI, TO IJIsI KO-
xuol f € Hg Bemuuuna F(f) He 3anexuTb Bix apry-
MeHTIB KoedimieHTiE ¢, (f). Binmbme Toro, posrmsmys-
mm nopas 3 dyskmico [ GyHKIo g Taky, mo ¢,(g) =
en(f)], n € Ng, 6auumo, mo dyHKIig g, a ToMy i
sesnmunna F(f) = F(g) moBHICTIO BU3HAYAETHCS TTOCITI-
qosaicTio (|en(f)]). e mospoase 3amaay 1 nepedopmy-
JIIOBATH Y TAKOMY BUIJIAL].

Samaua 2 Hezat R € (0,+00]. Onucamu eci dynruii

D€ Qnur, daa avuxr To € Fr.

Sazmaunmo, mo Ag i Be € BimobpazkeHHaMM 3 Kia-
¢y Fr niaa koxnuol € Q) . Jlerko mokasaru, mo T
€ BimoOpaskeHHSM 3 KJjacy JR TOAL 1 JIUIIE TOMi, KOJU
To(f) = Bao(f) ana xoxuoi f € Hr. Cupaszi, gaKino
To € Fr, o aya nosinbuoi f € Hg surasmay (1) maemo
To(f) = Ta(g), ne g € Hr — dbynxuis surmsamy

oo

9(z) = Z |an|2". (2)

n=0

Ockinbku M (r,g) = G(r, f), To To(g) = Ba(f). Tomy
To(f) = Ba(f). Hasnaxu, sxuio Te(f) = Ba(f) ms xo-
xHOL [ € Hp, 0 To € Fr, ockinbku Be € Fr. Orxke,
cOpMyIBOBAHI BUINE 33491 PIBHOCUILHI HACTYITHIA.

Bamaua 3 Hexati R € (0,+00]. 3uatimu neobxidny

i docmammnio ymosy wHa gynkyiro © € Qur, 3a akoi

To(f) = Ba(f) dna woocnoi f € Hr.

II. PopmyaroBaHHSA OCHOBHUX
pe3yJabTaTiB

Hexait R € (0,400] i ® € Q) ». [Ipuiimemo

— Ind’ ()
Ay = lim ————=
z—InR <I>(x)
Heob6xiHOoMI0 1 JOCTATHBOIO YMOBOIO, PO AKY #H1eThCs B
3aga4i 3, € ymoBa Ag = 0. Takuil BUCHOBOK [103BOJIAIOTH
3pobUTH HACTYIIHI TEOPEMH.

Teopema 1. Hexai R € (0,+c], ® € Q,%.
Sxwo Ae = 0, mo Ba(f) =
feHR.

Teopema 2. Hexai R € (0,+00|, & € Qur.
Sxwo Ag > 0, mo icnye neobmesicena 6 Dr dynruis
g € Hr maka, wo Ba(g) > Ta(g).

Ag(f) das xoorcnot

Hexaii R € (0,+0], A=1InR, P € N4, a Do — MHO-
XKuHa yeix x € (—00,400), ana axux sup{zy — ®(y) :
y € (—o0, A)} < +o0. Ipuiimemo

5(96) = sup{zy — ®(y) : y € (—o0, A)},

Ak Bimomo [1, c. 186], dyukuia EI;(x) Ha3uBae-
Thes crpskenoio 3a FOurom 3 dysknieio ¢. ko
ko = @’ (—00), TO 3a HABENEHOIO HWXKYE JIEMOW 4 Ma-

z € Dg. (3)

emMo Do = (ko, +00) abo Dy = [ko, +00). Tpuiimemo

he(x) = (b;”"), z € (ko,+00). 3a nemoo 4 dyHnkiis
ha(x) € HEmepepBHOIO 3pocTaiodoro 10 A Ha (ag, +00), a
TOMy obepHeHa, (DYHKITist h;l(o:) € 3POCTAIYO 10 +00
Ha (Ao, A). drmo = € [A,+0o0], T0 a5 BU3HAUEHOCT]
npuitvemo hy'(z) = 4o0o. Posrasimemo gosinbuy dyn-

ko f € Hg Burnany (1). 3a nemoro 7 MaeMo

n

= lim ————.
ArI)(f) nﬁmhgl(%lnﬁ>
Otrxke, akimo Ag = 0, To, 3rigHo 3 Teopemoro 1 i Hepis-

wHocrsimu Ag (f) < Ta(f) < Ba(f), nast koxkuoi f € Hr
surngry (1) orpumyemo

To(f) = Tm —————, (4)

10610 ¥ Bunaaky Ag = 0 maemo ¢opmyny tuy Kormi—
Anamapa, 3a gko00 P-THII KOXKHOI aHAJITHYHOI dyHKIIT
f € Hr Burusiay (1) MoxHA 06UUCIUTH Y€PE3 LIOCILIOB-
HicTh (|ay|). Y Bunagky Ag # 0 dopmyna (4), sk 1e Bu-
ILTUBAE 3 TEOPEMHU 2, HeNpaBuibHA. Biikie Toro, 3rigHo
3 Ii€I0 TEOPEeMOI0, He iCHy€ XKOmMHOI (POpMyJn, 33 SKOIO
®-run koxkHOI aHamiTuyanol dyuknil f € Hyr BUDIALY
(1) moxHa OGumCTUTH Yepes TOCTMOBHICTD (|ay]).

BayBayKuMo, 10 Teopemy 1 y BUMaaky R = —+00
JoBeneHo B poborax [2] i [3]. Teopemy 2 y BHmAIKY
R = 400 anomcosano B [4] 1 3a ymoBu Agp < +00 10-
Bezero B [3]. ¥ pobori, BukopucroByoun inei 3 pobit
[3], [5] 1 [6], moBemeMO i TeOpeMH y 3araJbHOMY BHIIAJI-
Ky. g mporo HaM OyayTh mOTPiOHI mesKi momoMizKHi
Pe3yIbTaTH, sKi HABEIEHO HUKYE.

III. [domomi>kHi pe3yabTaTn

Jnsa anamiTuyHoi B Kpy3i Dr dyukuii f Burisay
(1) mexait v(r, f) = max{n € Ny : |a,|r™ = u(r, f)} —
11 menrpanbuuil inmekc. Jdobpe Bizomo, mo v(r, f) =
= r(Inp(r, f))!, mas seix r € (0,R). Kpim Toro, mpa-
BIJIBHA Taka JeMa ([7]).

Jlema 1.  Hexaii (ng) — 3pocmaiona nocaidoe-
niemo neeid emnux yiauz wucen, R € (0,400], a (¢i) —
apocmaroua do R dodamna nocaidosuicmo. Hrxwo xom-
naexkcha nocaidosricms (a,) maxa, wo an, # 0,

Ap = 07 n < no, (5)
k
|@nyepr | = [an,| H C?jinjﬂ, k € No, (6)
7=0
N —"n

lan| < lan,|c* ™™, n € (ng,nky1), k€ No, (7)
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mo cmeneneeuil pad (1) 3adae anasimuuny 6 kpysi Dr

dpynxyiro f, dan axoi:

(i) v(r, f) =ng das eciz r € (0,c0);

(ii) v(r, ) = Ngg1 0aa eciz r € [cg, chy1) © k € No.
Jlema 2.  Hexati R € (0,+o0], ¥ € Qux,

a (ng) — nocaidosnicmv Hesid emnur uiauz wucea i
(dr) — spocmaroua do R dodamua nocaidosnicms maki,

wo

\IJ’_(ln dk) <ng < \I/i,’_(hldk) < \I//_(hl dk+1)7 k € Np.
(8)
Hxuo
o = exp{ Ng41Indi41 — ng Indy n
Ng+1 — Nk
U(lndg) — Y (Indy
L ¥(ndy) — ¥(ln Hl)}’ keNo, ()
N1 — N
a xomnaexcra nocaidoenicms (a,) maxa, uo
|an,| = exp{¥(Indy) — ngIndp} (10)

i eukonyromoea cnissidnowenna (5)—(7), mo dy < ¢ <
< di41 dan ecix k € Ny i cmenenesuti pad (1) zadac
anaaimuuny 6 kpysi Dr dynxuiio f, dasa axot

In pu(d, f) = ¥(Indk),
Inu(r, f) < T(lnr),

k € Ny, (11)
r € (0,R). (12)

O Josegenna. 3 (8) i onykiocri dyukuii U Bu-
IIMBAE, AK JIErKO OaYuTH, 1110
U(lndgy1) — Y(lndy)
In dk-l—l —1In dk
< U (ln dk+1) < Mgy, k € Np. (13)

Ckopucrapimmcs (13) 1 (9), qus Beix k € Ng orpumyemo

ng 11Hdk 1 — Nk lndk
C > €exp + + -
Nk4+1 — Nk

_ Nk+1 (ln dk+1 —1In dk) _ dk
Ng4+1 — Nk ’

ng 1lnd;€ 1 — Nk lndk
cr < exp{ + E I TR -
+1 T 4

np(In djps g — lndk)} iy
- — Ukg41-
Ng+1 — Nk

Orxe, d, < ¢, < dgt1, K € Ny. 3incu Bunansae,
mo (cx) — 3pocrawya g0 R JI0JATHA MNOC/IIOBHICTD.
OCKUTEKT MOCTIAOBHICTE (1)) TAKOXK 3pOCTATa, TO 34
aemoro 1 crenenesuii pan (1) 3 koedinienramu a,,, 1Mo
3amoBobHAI0TH yMosu (10) ta (5)—(7), 3anae anamitu-
qHy B Kpy3i Dg dyukmio f, aas saxoi

,Lt(’l“, f) = ‘anolrnoa re (O’ COL (14)
p(rs f) = lan, . |r™ 1, 1€ [ex, crqr], k€ No. (15)

Hosenemo 3a imgykuiero (11). dkmo k& = 0, To 3a
(14) i (10) maemo

In p(do, f) = In|an,| + noIndy = ¥(lndy).

[Mpumycrtumo, mo ans geskoro k € Ny piBHiCT
In p(dy, f) = ¥(lndy) Bxe noeeneno. Toxi, BUKOpHCTO-
Bytoun (15), (6) i (9), orpumyemo

Inp(dpyr, f) =Inan, |+ ngpr1Indprr = Infay, [—
—(ngy1 — nk) Incg + ngp1 Indgr = Inay, |+
+ngIndy — (ng+1 — ngk) Incg + ngp1 Indgpr—

—npIndy = Inp(de, f) + ¥(Indpt1) — Y(Indy) =
= U(lndy4q).

Hami opuiimemo c_1; = 0 i mexait k € Ny. dAkmo
r € (¢k—1,d), TO

Inu(r, f) = ¥(lnr) = ¥(lnd,) — U(lnr)+

di !
+1np(r, f) = Inp(d, f) = / @dt—

dk dk I _
—/ Mk gt g/ Yolnd) =1y
L g t

SIkmo x r € (dg, k), TO

Inu(r, f) = V(nr) =lnu(r, f) — Inpu(dg, f)+

+U(Indy) — U(lnr) = / %dtf
dy
gy r T
7/ \P+(1nt)dt§/ ng \Il+(1ndk)dt§0.
dk dk t

Orxe, Inpu(r, f) < ¥(lnr) gaa eeix r € (0, R). Jlemy 2
nosexeno. W

Jlema 3. Hexai A € (—o0,400], U € Qgu,
Ay = inf{z € (o0, A) : ¥ (z) > 0,%¥(z) > 0}. To-
0i pynryia

¥ ()
H(x) = ¢ — — )
(@) U (z)

e necnadnoto na (Ao, A) i H(x) - A, z — A.
O Jlosenennst. Hexait ©1,x2 € (Ap, A) i 21 < 2.
Toui

U(zs) = U(zy) + /I2 U (z)dz <

x

< U(z1) + (w2 — 21) 0" (22),

a ToMy
H(JZQ) — H(.Z‘l) = X9 — ;_((J/‘;Q)) — X ;_(‘Z’ﬂll)) -
\Il(xl)—i-(xg —xl)‘l/L(xg) \11(1‘1) .
= V' (12) T )
_ \11(371)(\1//,(332) — \I’/,(.’L’l)) >0.

U (z9)W’ (1) -

3simcu Burmsae, mo H e mecnamaon Ha (Ag, A).

MATHEMATICS
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Hexait A; = lim,_, 4 H(z). OueBngno, mo A; < A.
IIpumycrumo, Bim cymporusHOro, mo A; < A i mexaii
As = max{Ag, A1 }. Tomi gnsa Beix x € (Ag, A) MmaeMo

U(x)
— < Aj,
U (z)
3BiJIKH OTPUMYEMO
o/ 1
,(-%‘) < .
U(z) x— A
Tomy, akmo xg € (A2, A) — dikcoBane umcno, a

x € (x9, A) — HOBLIbHE YUCIO, TO

T (L)

InVY(zx) —InW =
n¥(z) —In¥(x) AO 10 dt <
r dt ZL’—Al
=1 .
<‘/mot—A1 nl‘o—Al

3BifcK y BUMAAKY CKiHYeHHOrO A BUIIMBaE, Mo QyH-
kiig ¥ € 0OMexkeHOI0 3BepxXy Ha iHTeppani (—oo, A), a 'y
Bunaaky A = +00, WO IpaHUL

lim (z)

r—r+00 X

€ cKindeHHOI0. B 000X BHITagKax 1€ CymepeduTh O3Ha-
yenHIo Kaacy 24. Orxke, A1 = A. R

SayBakeuns 1. 3posywmisno, mo jgemMa 3 3aJnim-
ThCs TPABUIIBHOIO, AKIIO B Hilt W' 3aminnTu Ha W/, .

Hexait R € (0,400, A=InR, P € Q4,a Dy — MHO-
JKUHA yeix & € (—00,400), aus akux sup{zy — O(y) :
y € (—00,A)} < 4o00. PosrstaeMo cnpsizkeny 3a FOn-
rom 3 ® bynkuiro @, sBusnaveny 3a (3), i npuiimemo
he(x) = 22 2 € Dg\{0}.

x
Baysaykumo, mo akmo ® € N4, To dynkmii ' i
o', € mecnanHuMu HeBimeMHEME Ha (—00, A), a ToMy

iCHYIOTH TpaHUIIL

P’ (—o0) = lim P’ (z),

r—r—00

¥, (~o0) = lim ¥, (a).
npudomy P’ (—o0) = @/, (—o0) > 0.

Hageneni nuzkve BnactuBocri cupsxenoi 3a FOurom
dbynuii €, B ocHOBHOMY, 100pe BimoMuUMH (IUB., HATIPHU-
K, [1, ¢. 186-188)]). Jlist MOBHOTH KapTHHU MU HABO-
JAUMO 1X 3 JTOBEJICHHIMMU.

Jlema 4. Hexat A € (—o0,4+0], ® € Qug,
ko = @', (—00). Todi:
(’L) ﬁq) = (k07+00) abo .5@ = [ko,—i—oo);
(ii) ® — onykaa na Dg;
(iti) he — menepepena spocmaioua do A na (ag, +00)
Pynryia;
(iv) axwo U € Q4 maxa, wo V(y) = ®(y) das ecix
Y € [yo, A4), mo ¥(z) = ®(x) das eciz x € [Tg, +00).

O Jlosenennst. Hacammepesn 3ayBaKuMo, IO 71T
JOBLIBHEX Y1, Yo € (—00, A) 3 omyknocri ¢pysxuii ® Bu-
TJINBAIOThH HEPIBHOCTI

D(y2) — (1) < (y2 — y1)P"_(v2),
D(y2) — P(y1) < (y2 — y1)®' (y2).

Haa nosepenns Biactusocri (i) mocuTb mnOKasa-
i, mo axkmo x € (—00,kp), T0 © ¢ Dg, a axmo

x € (ko,+00), To x € Dg.

Ins xoxuoro ¢ikcopanoro r € (—00,+00) Hexail
o (y) = zy — (y), y € (—o0, A).

dxmo z € (—o00,kp), TO, 3adikcysaBm geske
Yo € (—o0, A), nas Beix y € (—00,yo) MaeMo

az(y) > 2y — - (y)(y — yo) — P(yo) >
>y —ko(y — vo) — ®(yo) = (z — ko)y + koyo — (vo),

3BLIKM BHILIMBAE, 1O & (y) — +00, y — —oo. Orke,
x ¢ Dg.
Ak x x € (kg, +00), TO BU3HAYEHOKO € BEJUYUHA

y(z) = sup{y € (—o0, A) : @’ (y) < x}.

Toni & (y) < x mag Beix y € (—oo,y(z)] 1 ®_(y) > «
st Beix y € (y(x), A), 3iaxm Gaammo, mo

P’ (y(z)) <= < P (y(x)).
Ockinbkru
az(y(@)) = 2y —y(z)) — (B(y) — 2(y(x))),
TO 17151 BCIX y € (—00, y(z)] maemo
ag(y) — aw(y(@)) < 2(y —y(@)) — L (y(2))(y —y(z)) =
= (z = 2" (y(x)))(y — y(x)) < 0.
MMozi6uo mns seix y € (y(x), A) orpumyemo
az(y) — aa(y(x)) < 2(y —y(2) — @ (y(@)(y —y(2)) =

= (z =2 (y(@)))(y — y(x)) < 0.
Orxe, ag(y) < ax(y(z)) ams Beix y € (—oo, A), 3Biakn

az(y) —

BHUILIHABAE, 110 T € Dg.
BayBaxkumo, MO HaMu, HAKTHIHO, JOBEJEHO IS
Beix € (ko, +00) piBHiCTD

®(z) = zy(z) — (y(z)).
Binzuauumo takox, mo y(z) € necnaauow ua (ko, +00)
dynkuiewo 1 y(z) — A,  — +o0.
[Mepeiinemo no mosenenns iacrusocri (ii). Hexait
T1,%9,T3 € l~)q> — JOBLJIBHI YUCIa TaKi, MO T1<T2<T3.
Toni mna xoxuOTO Y € (—00, A) Maemo

(z2y — @(y))(r3 — 1) = (71y — P(y)) (23 — T2)+

+(z3y — (y)) (w2 — 21).
Bepyuu cynpemyM Bif o6MIBOX YacTHH HaBeJEHOI PiB-
HocTi 32 Bcima y € (—oo, A) , oTpUMy€EMO

B(w2) (w3 — 71) < B(21)(23 — 22) + D(23) (22 — 71),

a e # o3uagae, mo QyHkiis P € onykmow Ha Dg.
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Hami 3ayBaxkumo, 110 3 omykaocti ¢pyuakiil @ na Dg
BuiiuBae i1 HenepepsHicTb Ha Dg, a ToMy dyHKIg he
€ HernepepsHOIO Ha (ko, +00). [puiimemo

ag = inf{z € (ko, +00) : ®(y(x)) > 0}.

ko x1,x2 € (ag, +00) i x1 < T2, TO

ey(z1)) _ o) — P (y(z1))

Z1 €2

ha(z1) = y(z1) — <
®(y)

ye (oo,A>} — hales).

Orxe, he € 3pocradoro Ha (ag, +00) dyukiieo. Ha-
pemri, axmo P’ (y(z)) > 0, To

_ 2(y(x)) _ 20(@)
@’ (y(x)) o', (y(x))
3eigcu, Bpaxysapmm jJemy 3 i 3ayBaxkenus 1, 6aunmo,

o he(x) — A, © — +o0.
106 nosectu Baacrusicrs (iv), JOCHTH UpUAHATH

y(x) < ha(2) < y(z)

t(x) =sup{t € (—o0, A) : ¥_(t) <z}, x> ¥\ (—00),
i saypakuTH, mo t(x) = y(x) Aus BCIX TOBOJI BETUKUX
z. Jlemy nosricTio noseneno. Ml

Jlema 5. Hezxati R € (0,+], ® € Qur i
f € Hr — dynxuia sueandy (1). Todi nacmynni dea
MEEPINHCEHHA PIGHOCUAbHI:

(i) lnpu(r, f) < ®(Inr) das eciz r € (0, R);

(i) an =0 das eciz n ¢ Dg ilnla,| < —E)(n) s 8CiT
n e 5@

O Jlosenenns. dxuio sBukonyerbes (i), TO jjs Ko-
»xku0ro dikcoanoro n € Ny i Bcix y € (—o0, InR) maemo
In|an|+ny < ®(y), a romy —1Ina,| > ny — (y). Bepy-
4y CynpeMyM 3a BeiMa y € (—oo,InR) Big 0buasox da-
CTUH OCTAHHBOI HEPIBHOCTI, OTpUMy€EMO — In |a,| > 400,
SKIIO 1 & EQ, i—Inj|a,| > Cf(n), SAKINO N € 5@, 3B1IKNI
punimBae (ii).

ko Bukonyerbes (ii), TO A8 KOXKHOrO (hiKCOBAHO-
roy € (—oo,InR) i Bcix n € Ny maemo In |a,| < —ny +
®(y), a Tomy In|a,| + ny < ®(y). Bepyun cynpemym
3a BciMa n € Ny Big oOHIBOX YaCTHH OCTAHHBOI HEPiB-
HOCTi, oTpumyemo Inp(e?, f) < ®(y), y € (—oo,InR),
10610 BukoHyerbes (i). M

Jlema 6. Hexatd R € (0,+oc], ® € Qg i
f € Hr — dynxuia euzasady (1). Todi nacmynni dea
MEEPINCEHHA PIGHOCUNDHI:

(i) np(r, f) < ®(Inr) das eciz r € [ry, R);

(ii) In |an| < —®(n) dan eciz n > no.

O dosenennsa. Hexait Bukonyerbca (i). Ipuiime-
Mo U(y) = max{Inpu(eY, f), ®(y)}, ye(—o0,InR). 3po-
aymizo, mo ¥ € Oy, r. Ockinmpku Inp(r, f) < ¥(Ilnr)
mng Beix v € (0,R), To 3a Jjemo0 5 mMaemo Ina,| <
< —\Tl(n) IJI BCIX M > ny. SaIUIIMIOCS BUKOPUCTATH
BaacruicTs (iv) 3 semu 4.

IMpunyctumo, mo sukonyerbes (ii). dxmo v(r, f) —
obmexxena Ha (0, R) dynkuis, o v(r, f) = o(®’, (Inr)),
r TR, aTomy Inu(r, f) = o(®(lnr)), r T R, 3Biaku Mae-
Mo (i). dxmo x Gyukiia v(r, f) neobmexena ua (0, R),
o p(r, f) = p(r, 9), v € [ro, R), ne g(2) = >0, anz".
Bammmmnocs Bpaxysatw, mo Inu(r,g) < ®(Inr) mms
BCix 1 € (0,R) 3a semoro 5. W

3a memoro 4 bymkuia he(r) € HEmepepBHOW 3po-
crajouoro 10 A Ha (ag,+00), a ToMy obepHeHa
byukuis hy'(r) € spocraiouoo g0 +oo ma (A, A).
Ao x€[A,+00], TO i BU3HAUEHOCTI NpUiiMeMo
hy'(z) = +oo0.

Jlema 7. Hezati R € (0,+], ® € Qg i
f € Hr — ¢ynruia euzasdy (1). Todi As(f) = as(f),
de

a@(f) = n@o h;}(}ln]nl)

|a"|

O Jlosegennsa. oseneMo cniodarky, mo Ag (f) <
< ag(f). Hema mo noeoauru, sxmmo ag(f) = +oo. Ipn-
nycrumo, mo ag (f) < 400 i 3adikcyemMo 10BUILHY cTaLy
C > ag(f). Toni 3 o3mavenna Benuannu ag(f) BamIM-
BAE, O

1 1
n<Chq>1(1 ), n>ny,

n
no |ag|

seigku, npuitasaemm ¥ (y) = CP(y), y € (—o0, A), oTpn-
MYEMO

1 1 1~
—In——>he (ﬁ) =hy(n) =—-V(n), n>ny,

n
no |an| — C n

o670 In |a,| < —¥(n) anst Beix n > ny. Toxi 3a aemor
6 Maemo

lnp(r, f) < ¥(lnr) =C®(lnr), r € [ry,R),

aTomy Ag(f) < C. 3 posinbraocti C > ag(f) Buiusae,
mo As(f) < as(f).

Jna noenenns nporunexHol HepisaocTi Ag(f) >
> aq(f) mocurs upunycruru, mo Ag(f) < +oo, 3adi-
kcyBaru noBiabhy crany C > Ag(f) 1 nosropuru nase-
JleHi BUIE MIPKYyBAHHS y 3BOPOTHOMY TOPAIKY. ¥ TMif-
CyMKy orpuMaeMo HepiBHicTh C' > ag(f). 3 moBimprOCTI
C > As(f) #t BunmBarume, mo Ag(f) > ag(f). W

Jlema 8. Hexatim,neN, m<n,ry>r; >0.
T00i daa K0o1CHO20 MHOZOYAEHA BUZAADY

P(z) = Z ajzj

j=m

NPasusbHG NOJSITHG HEPIGHICTIL

MATHEMATICS

79



nosa T. 4., ®Pinesuny I1. B.

U Jlopenernnss. PosriasgaeMo MHOTOWIEHN
— —_ Jj— 7n+1
@(w) M(7‘27P)wm71 7’2, Z “ r w
wntt r
- s (3) sy S
o= g Ce) = s ot

Jlerko Gauwmru, mo ¢(0) = ¢¥(0) = 01 M(1,p) =
= M(1,4) = 1. Toni 3a memoro IlIBapma mas KOKHO-
ro p € (0, 1] maemo

P(row)

]\/f(’f‘gp, P) <p,
M (ry, P)p™=!

i —M TIP <p
(717 ) -

Saaunuaocy, TpuiHITH p = % |

M(p,p) =

Hacrymry jemy jgoeeneso B [8, c. 46].

Jlema 9. Hexatt N € N. Ienyioms wucaa
eo(N),...,en—1(N) € {—1,1} maxi, wo
N—1 9
max e; ”9 V'N.
0€10,2r] i \/i —1

j=0

<.

IV. JoBenenns teopemn 1

Hexait R € (0,+0o0], a byskumia & € Q,r Ta-
ka, mo Ag = 0. JoeemeMo, 1m0 I/ KOXKHOI aHaJIiTH-
g0l yukiil f € Hgr Burasay (1) npaBuwibHa PiBHICTH
Bs(f) = As(f). OgeBuano, MO Mt THOTO AOCHTH 10-
Bectu HepiBHicTh Bo () < A (f).

3adikcyemo posinbhe r € (0, R). Toxi mia KoKHOTO
R € (r,R) orpumyemMo

H=Ylelrr (L) <urny (%) -
n=0

n=0
R
= —_—. 1
WEB ) (16)
IIpuitmemo
R
R(r) = sup {R €e(rR):® (InR) < }
R—1r
SayBaxKuMo, M0 TOA]
R(r)

¥ (nA(M) < oy < PLMRE). (17

3BiJIKHM, 30KpeMa, MaeMO
@ -1, r—=mR. (18)

Kpim Toro, ockinbku Inx < x — 1 mast Bcix ¢ > 1, To

In R(r)
O(InR(r)) — @(Inr) = / ' (x)dx <

Inr

<& (InR()n Rfﬁr) < R(R;grz . R(Tv)n —r_ Rfar).
3Bizacw i 3 (18) BumiuBsae, 1o
®(InR(r)) ~ ®(lnr), r—R.

Tomy, sukopncrosytoun (16) 3 R = R(r) i mpasy 3 He-
piBaocTeli (17), orpumMmyemMo

_ iy, 100
— Inu(R(r), f) +Ind’ (ln R(r))
= 7151711 O (In R(r))+ =

< As(f) + Ap = As(f).

Teopemy 1 gosemerno. M

V. [loBenenHsa Teopemu 2

Hexait R € (0,+00], a dymkmia & € Q,r Taka,
mo Ag > 0. loBeaemo, 1o icHye anamiTuana QyHKIA
g € Hr, nnsa axoi Bg(g) > To(g)-

Badikcyemo geske § € (0, 52) i npmitvemo ¥(z) =
= 0®(x) mna Beix z € (0,InR). 3posymino, mo Tomi
Ve anR i

o In(¥/ (Inr) — 1)

r—=R O(lnr) = Ao >80,

Tomy nj1s1 MHOXKUHHI
E={re(0,R): n[¥ (Inr)] > 8P(Inr)}

Maemo sup E = R. Kpim Toro, misa koxuHoro r € E Ta-
KOTO, IO

¥ (Inr) > 0’ (—o0) +1,
icaye d € (0, R), ays siKoro
¥ (Ind) < [V, (Inr)] < ¥, (Ind);

toni d < r, a TOMy
In[¥’ (Inr)] > 85P(Ind).

3 HaBEJIEHOTO i JieMH 2 BUIIMBAE iICHYBAaHHS IOCJIi-
JIOBHOCT] HaTypasjbHUX dnces (ny) 1 3pocraiodoi 10 R
JOMATHOI mocmimoBHOCTI (df) Takmx, IO BHKOHYETHCS
(8) i mna koxkuoro k € Ny Maemo

Inny > 85®(Indy), (19)
In(5k + 16) < ¥(Indy), (20)
Nk+1—Nk
Gass) <p (21)
h(dky1) 2

ne h(r) = H(lnr), a H — dyuxuis 3 xemn 3.

Busnaummo mocmimosnicts (ci) 3rimao 3 (9). He-
xaii (a,) — HeBiJ'eMHa MOCHIZIOBHICTH TakKa, IO BU-
konytorbesa (10), (5), (6) i an = apn,c* " mus Beix
n € (ng,ng+1) 1 k € No. 3posymisio, mo Toai BUKO-
Hy€eThCst TaKOXK (7).
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3a nemamn 11 2 crenenesnit psz (1) 3amae anamitu-
yHy B Kpy3i Dr dysKnioo f, a5 AKol npaBu/ibHi CIiB-
sigmnomennst (11), (12), (14), (15). 3aysaskumo, 10 psij
(1) MoOXKHA 3aIHCATH ¥ BT

Tp+1

R DD RIEE

p=0n=n,+1

f(2) = anyz

Tp+1

P § § np—n ,n
- anO 0 + anp pp

p=0n=n,+1

Has koxxnoro p € Ng npuitmemo N, = npyq — np i
Hexai

Np41

P = >

n=np+1

enfnpfl (Np)anzna

ne eg(Np),...,en,~1(Np) € {—1,1} — uucna, icaysan-
HA AKUX CTBEPIXKYyeTheA Jemoro 9 mpu N = N,,. Posrusa-
HEMO CTeIleHeBUil paf,

g( = Qny?

+ZP

Ockinbku |c,(g)| < a, ams Beix n € Ny, To meit pasg

3a/a€ aHaTiTHYIHy B Kpy3i Dr dyHKIio.
Hoeenemo, mo g € HeoOMex)enow B Dr byHKIIELW.

IIpuiimemo
1
. 2
19) 2d9> ;

S(r,g) = (;ﬁ /027r lg(re

Toni S(r,g) < M(r,g), a TOMY, CKOPUCTABIIUCH DiBHI-
crio ITapcesass

€ (0,R).

|2 2n

Z ens

Jutst KoHOrO k € Ny orpuMyemo

Ck7 Z |CYL

Nk+1

> > %

n= nk+1

ankcl:rlk H)QCin = Hz(ck’ 1)

w(r, f) € meobmexenow Ha
(0,R) dynkuicto, To dyHKIig g € HeoOMexkeHO0 B DR
Jani nokazkemo, mo Bg(g) > 46. Cupasai,

Ockinbku, srinzo 3 (11),

Nk+4+1
n n
G(ek, g E Fankck’“ cp =
n=ng+1
\/* > Nk41
= p(cr, )V Ni Ny > 5

s Beix k > kq. Tomy, Bpaxosytouu (19), orpumyemo

In G(eg, ) 1 — Inngy
> fim ke 9) 5 2y Bk
Bal(9) k—oo D(lncy) 2 k—oo ®(lneg) —

®(Indy41) S

> 46 lim > 4.

k—oo  P(Incy)

Hosenemo, mo To(g) < 26. 3 niero merowo 3adikcy-
emo gmeake k € Ny i gma koxuoro p € Ny omiHEMO
M (ck, P,) 3Bepxy uepes p(ck, f).

Hacammepen 3a (15) i memoro 9 mas Beix p € Ny
MaEMO

M(cy, Bp) =
Np+1
_ n,—n n _in6| __
_eénoaz Z / e” np—1(Np)an, v~ "cye =
[0,27] n=n,+1
1 Np—1

<

. . ) 150
= 7\/N—pﬂ(cp>f) eér[lo;g{w] ]go e;j(Np)e"
1
< \/T/L(Cpa f)ﬁm <5pu(cp, f)
P

Hexat k> 1ip<k—1 Tomic, <cpi

ey, f) :/Ck I/(tfjf)

P

Ck
Np+1 Ck

z/ XLt = npyg In =,
Cp t CP

In p(ck, f) dt >

TOHTO
Ch Tp+1
e $) (%) < uter )
Cp
ToMy, CKOPUCTABIITKCH JIEMOIO 8, OTPUMYEMO
Cr Np41
M (cg, Pp) < M(cy, Pp) () <
Cp
Ck Mp+1
< 5u(cps f) () < 5ulek, f)-

Cp

Hami maemo

Incy —Inh(dit1) > Incg — Indgy1 + M =
N+1
Mgyl Indgy1 — ngIndg + \I/(ln dk) — \1/(111 dk+1) _
B Mjy1 — Mk
—In dk+1 + \If(lndk+1) _ nk(lndk_,_l — lndk)+
N+1 Ng+1 — Nk
\If(hl dk) — \I/(hl dk+1) i \If(lndk+1) .
Ng4+1 — Nk Nk+1
_ nknk+1(ln dk+1 —In dk)+

(kg1 — i) Ngr1
+nk+1\Il(lndk) — nk\I/(lndkH) >

(kg1 — ng) k11

nknk+1(ln dk-i—l —1In dk) + Npy1 \I/(ln dk) B
(M1 — e )Npg1

nk(\ll(ln dk) + nk_H(ln dk+1
(Mhg1 — i)k
~ U(lndy)
N Nk+1

—In dk)) _

>0,

10010 ¢ > h(dgy1), k > ka.
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Hexaii p > k + 1, k > ko. Bukopucrosyrwouu jemy 8

i cnigBimHOMIeHH (15) Ta (6), oTPHMy€EMO

M(Ckvpp) <

Orxe,

C
M(exs1, Pp) < Spu(er, f) == < Spu(ex. ),

k+1

a gk p > k + 2, 1o, ckopucrasumch (21), Maemo

M((ck, Py) < 5p(ck, f)-=

1]

(2]

(3]

[4]

cnp*nk+1+1 p—1 1

II ni+1—NG =

j=k+1Cj

o p—1 i1 njy1—"nj

( d; >”j+1_"j<
h(dj+1) B

Cp

BukopucToByoun BCTAHOBJIEHI OIiHKHK 1 CIiBBiIHOIIEH-
Ha (20) ra (11), g Beix k > kg orpuMyemo

M(Clmg) S anOCZO + ZM(CkaPp) g ,LL(Ck7f)+
p=0
k+1 o

5
+Y_Bulen )+ D gomphlen f) =
p=0

p=k+2
= (5k + 16)pu(ck, f) < eV p(cy, f) =
= pldy: fler, f) < 1 (e, f)-

Orxe, In M(cg,g) < 2Inpu(ck, f), k > ko. Ockimbku Ha
BINPI3KY [ck, Ck4+1] dyukuia In M (r, g) € onykioio Bii-
Hocuo Inr, a dyukuia In u(r, f) — niuiiinono BixHOCHO
Inr i obuasi dyHKUii € momaTHUME HA [Ck, Ckt1], k& > k3,
TO Ha KOXKHOMY 3 TaKUX Biapi3kiB pyHKITisS

_ InM(r,g)

v = Tt )

JIOCSATAE CBOFO MAKCUMYMY B OJIHIHl 3 TOYOK C 49U Cky1.
Tomy In M (r,g) < 21n u(r, f) ana seix r € [rg, R). Toxi,
3 orysiay Ha (12),

Il f) . — W(inr)
<2lim ——= <21 =2
Te(g) < rOR O(Inr) — PR ®(Inr) 5

a Tomy Ba(g) > To(g). Teopemy noseneno. W

JlirepaTtypa

Esepagpos M. A. AcummroTuyuecKue ONEHKU W IIEJIbIE
dyukmuu. — M.: Hayka, 1979. — 320 c.

Dinesuy II. B. AcumnroTnyHa NOBeiHKA MiauX QyHK-
miff 3 BUHATKOBHME 3HAYEHHHAMH Y CIIBBIIHONIEHHI
Bopens // Ykp. mar. xypu. — 2001. — T. 53, Ne 4. —
C. 522-530.

Dinesun II. B. 3pocramHs [ifol 1 BHIIAIKOBOI IJIOL
dbynkuii // Mar. crya. — 2008. — T. 30, Ne 1. — C. 15-21.

Dinesuw II. B. Jlo TOHATTE NOPAOKY 1 THIOYy IIi-
mux Gbysknit // Mixraponna HaykoBa KoHMEpeHIsa
"Hosi wigxomu mo po3p’a3yBanHs jaudepeHiiajibHuX
pisagms" (Iporobma, 1-5 xosraa 2001 poky). Tesm
nonosigeii. — K., 2001. — C. 149.

[5]

[6]

[7]

(8]

Quanesuw II. B. HepaBencrBa Tuna Bumana-Basmpona
JUTSL TIETBIX W CIYYaWHBIX TeablX (QyHKIuH KOHEYHO-
ro sorapudmmaeckoro nopsaaka // Cub. mar. xKypH. —

2001. — T. 42, Ne 3. — C. 683-692.

Qunesuw II. B. O BausHum aprymMeHToB Ko3bdurmen-
TOB CTEIIEHHOIO DPA3/IOKeHHUs 1e/of (bYHKIMKU Ha POCT
ee makcumyma moayag // Cub. mar. xypu. — 2003. —
T. 44, Ne 3. — C. 674-685.

Filevych P. V. On the slow growth of power series
convergent in the unit disk // Mat. Stud. — 2001. —
V. 16, Ne 2. — P. 217-221.

Kazan 2K.-II. Abcomorro cxomsimuecs: psifapl Dypoe. —
M.: Mup, 1976. — 204 c.

82

MATEMATHKA



3poCTaHHA aHaNITUYHNX PYHKLi Yy TepMiHax y3arasbHeHUX TUMIB

POCT AHAJINTUYECKUX ®YHKIIII
B TEPMINHAX OBOBIITEHHbBIX THUITIOB

Inosa T. $1.%, @unesuu I1. B.

¢ Mnemumym npuksaorss npobaem meranury u mamemamuky um. 5. C. ITodcmpuzava HAH Yxpauwol,
ya. Hoyunas 3-6, 79060, JIveos, Ykpauna
b Mpurapnamerut nayuonarvotl ynusepcumem umenu Bacuaus Cmedanura,
Hsano-Pparxosck

YcraHoB/I€HBI HEOOXOIMMBIE U JIOCTATOYHBIE YCIOBUS HA PyHKIMIO cpaBHenns P, mpu KOTOPBIX
0606mennbrit ¢ — Tum kax it hyrkIN f, anasmTHUeckoii B kpyre |z| < R, R € (0, +00], moxer
OBITH BBIYKCJIEH ¢ TTOMOIIbI0 hopmysibl Tuna Komw—A amapa.
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