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Çàïðîïîíîâàíà i îáãðóíòîâàíà ñõåìà ðîçâ'ÿçóâàííÿ ìiøàíî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëî-

ïðîâiäíîñòi ç êóñêîâî-íåïåðåðâíèìè êîåôiöi¹íòàìè çà çàãàëüíèõ êðàéîâèõ óìîâ ïåðøîãî
ðîäó. Îòðèìàíi ðåçóëüòàòè ìîæíà âèêîðèñòàòè ïðè äîñëiäæåííi ïðîöåñó òåïëîïåðåäà÷i â
áàãàòîøàðîâié ïëèòi çà óìîâ iäåàëüíîãî òåïëîâîãî êîíòàêòó ìiæ øàðàìè.
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Âñòóï

Êðàéîâi çàäà÷i ç êóñêîâî-íåïåðåðâíèìè êîåôi-
öi¹íòàìè âèíèêàþòü ïiä ÷àñ ìîäåëþâàííÿ ðiçíî-
ìàíiòíèõ ôiçè÷íèõ ÿâèù ìåõàíiêè òåðìîäèíàìiêè,
åëåêòðîòåõíiêè òîùî. ßêiñíà òåîðiÿ òàêèõ çàäà÷
äîáðå âèâ÷åíà â ñó÷àñíié ëiòåðàòóði [1�3]. Îäíàê
çíàõîäæåííÿ êîíñòðóêòèâíèõ ðîçâ'ÿçêiâ, àíàëiòè÷íå
¨õ çîáðàæåííÿ ïðè êîíêðåòíîìó âèáîði êîåôiöi¹íòiâ
ðiâíÿííÿ � íå çàâæäè ëåãêà çàäà÷à i ¹ ïðåäìåòîì äîñ-
ëiäæåíü öi¹¨ ðîáîòè.

Ïðè ðîçâ'ÿçàííi ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâ-
íÿííÿ òåïëîïðîâiäíîñòi ç êóñêîâî-ñòàëèì êîåôiöi¹í-
òîì λ âèêîðèñòîâóâàâñÿ ìåòîä ðåäóêöi¨ [3], ÿêèé äàâ
çìîãó çâåñòè ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i äî ðîçâ'ÿçàííÿ
äâîõ çàäà÷: ñòàöiîíàðíî¨ êðàéîâî¨ çàäà÷i ç âèõiäíèìè
êðàéîâèìè óìîâàìè òà ìiøàíî¨ çàäà÷i ç íóëüîâèìè
êðàéîâèìè óìîâàìè äëÿ ïåâíîãî íåîäíîðiäíîãî ðiâ-
íÿííÿ. Äëÿ ðîçâ'ÿçàííÿ äðóãî¨ ç öèõ çàäà÷ çàñòîñî-
âóâàâñÿ ìåòîä âëàñíèõ ôóíêöié [3], â ÿêîìó îñíîâíî¨
âàãè íàáóëà çàäà÷à çíàõîäæåííÿ âëàñíèõ çíà÷åíü i
âëàñíèõ ôóíêöié äåÿêî¨ êðàéîâî¨ çàäà÷i äëÿ êâàçiäè-
ôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó [4].

Çàïðîïîíîâàíèé â ðîáîòi ìåòîä ðîçâ'ÿçàííÿ ïåð-
øî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi �
êîíñòðóêòèâíèé, åôåêòèâíèé ïðè ÷èñåëüíié ðåàëiçà-
öi¨ i áåç òðóäíîùiâ ìîæå áóòè çàñòîñîâàíèé äëÿ iíøèõ
êðàéîâèõ óìîâ.

I. Ïîñòàíîâêà çàäà÷i

Íåõàé x0 < x1 < x2 < · · · < xn−1 < xn − äî-
âiëüíå ðîçáèòòÿ âiäðiçêà [x0, xn] äiéñíî¨ îñi OX íà
n ÷àñòèí, θi − õàðàêòåðèñòè÷íà ôóíêöiÿ ïðîìiæêó

[xi, xi+1), òîáòî

θi (x) =

{
1, x ∈ [xi, xi+1) ,
0, x /∈ [xi, xi+1) , i = 0, n− 1.

Ïðèéìåìî

λ (x) =
∑n−1
i=0 λi (x) θi, r (x) =

∑n−1
i=0 ri (x) θi,

λi (x) > 0, ri (x) > 0 ∀i = 0, n− 1,

λi (x) , ri (x) ∈ C [xi, xi+1) .

Ðîçãëÿíåìî çàãàëüíó ïåðøó êðàéîâó çàäà÷ó äëÿ
ðiâíÿííÿ òåïëîïðîâiäíîñòi: çíàéòè ðîçâ'ÿçîê ðiâ-
íÿííÿ

r
∂u

∂t
=

∂

∂x
(λ · ∂u

∂x
) (1)

ç êðàéîâèìè óìîâàìè{
u (x0, t) = ψ0 (t) ,
u (xn, t) = ψn (t) ,

(2)

çà ïî÷àòêîâî¨ óìîâè

u (x, 0) = φ (x) . (3)

Ñëiäóþ÷è, íàïðèêëàä, [2, 3], øóêàòèìåìî ðîçâ'ÿ-
çîê çàäà÷i (1)�(3) ó âèãëÿäi ñóìè äâîõ ôóíêöié (ìåòîä
ðåäóêöi¨):

u (x, t) = w (x, t) + v (x, t) (4)

Áóäü-ÿêó ç ôóíêöié w ÷è v ìîæíà âèáðàòè ñïåöiàëü-
íèì ñïîñîáîì, òîäi iíøà âæå âèçíà÷àòèìåòüñÿ îäíî-
çíà÷íî.
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Çàãàëüíà ïåðøà êðàéîâà çàäà÷à äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç êóñêîâî-çìiííèìè êîåôiöi¹íòàì

II. Âèáið ôóíêöi¨ w (x, t) òà ïîáóäîâà
v (x, t)

Âèçíà÷èìî ôóíêöiþ w (x, t) ÿê ðîçâ'ÿçîê êðàéî-
âî¨ çàäà÷i:

(λw′)
′
= 0, (5){

w (x0) = ψ0 (t) ,
w (xn) = ψn (t) .

(6)

Íà îñíîâi çîáðàæåííÿ (4) ïåðåïèøåìî ðiâíÿí-
íÿ (1) ó âèãëÿäi

r
∂w

∂t
+ r

∂v

∂t
=

∂

∂x

(
λ
∂w

∂x

)
+

∂

∂x

(
λ
∂v

∂x

)
(7)

ßêùî âçÿòè äî óâàãè, ùî w (x, t) ¹ ðîçâ'ÿçêîì çà-
äà÷i (5), (6), òî â (7) ñëiä ïðèéíÿòè ∂

∂x

(
λ∂w∂x

)
≡ 0, i ìè

ïðèéäåìî iç (7) äî íåîäíîðiäíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ íà ôóíêöiþ v (x, t)

r
∂v

∂t
=

∂

∂x

(
λ
∂v

∂x

)
− r

∂w

∂t
. (8)

Çàóâàæèìî, ùî ôóíêöiþ −r ∂w∂t â ïðàâié ÷àñòè-
íi (8) ââàæàòèìåìî âiäîìîþ, îñêiëüêè âiäîìîþ ¹ ôóí-
êöiÿ w(x, t), ÿê ðîçâ'ÿçîê çàäà÷i (5), (6). Îñêiëüêè
ôóíêöiÿ w(x, t) ñïðàâäæó¹ êðàéîâi óìîâè (6), òî iç çî-
áðàæåííÿ (4) âèïëèâàþòü êðàéîâi òà ïî÷àòêîâà óìî-
âè äëÿ ôóíêöi¨ v(x, t):{

v (x0, t) = 0,
v (xn, t) = 0,

(9)

v (x, 0) = f (x) = φ (x)− w (x, 0) . (10)

Îòæå, çà óìîâè, ùî ðîçâ'ÿçîê w (x, t) çàäà÷i (5), (6) �
âiäîìèé, ôóíêöiÿ v (x, t) ¹ ðîçâ'ÿçêîì ìiøàíî¨ çàäà-
÷i (8), (9), (10).

III. Ðîçâ'ÿçàííÿ êðàéîâî¨ çàäà÷i (5),(6)

Ïiä ÷àñ ðîçâ'ÿçàííÿ çàäà÷i (5), (6) áóäåìî äîòðè-
ìóâàòèñü êîíöåïöi¨ êâàçiïîõiäíèõ [5, 6].

Ââåäåìî êâàçiïîõiäíó w[1] df=λw′, âåêòîð

w =
(
w,w[1]

)T
òà ìàòðèöþ A (x) =

(
0 1

λ
0 0

)
.

Òîäi êâàçiäèôåðåíöiàëüíå ðiâíÿííÿ (5) çâîäèòüñÿ äî
åêâiâàëåíòíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåð-
øîãî ïîðÿäêó

w ′ = Aw. (11)

Êðàéîâi óìîâè (6) òàêîæ çàïèøåìî ó âåêòîðíié
ôîðìi [3]

P · w (x0) +Q · w (xn) = Γ (t) , (12)

äå P i Q − êâàäðàòíi ìàòðèöi âèãëÿäó:

P =

(
1 0
0 0

)
, Q =

(
0 0
1 0

)
, (13)

à âåêòîð Γ(t) ìà¹ âèãëÿä

Γ(t) = (ψ0(t), ψn(t))
T
.

Ïiä ðîçâ'ÿçêîì ñèñòåìè (11) ðîçóìi¹ìî àáñîëþ-
òíî íåïåðåðâíó íà ïðîìiæêó [x0, xn] âåêòîð-ôóíêöiþ
w (x) , ùî ñïðàâäæó¹ öþ ñèñòåìó ìàéæå âñþäè.

Íà êîæíîìó ç ïðîìiæêiâ [xi, xi+1) ñèñòåìà (11)
ìà¹ âèãëÿä

wi
′ = Aiwi, Ai =

(
0 1

λi(x)

0 0

)
. (14)

Áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñü, ùî
ìàòðèöÿ Êîøi Bi (x, s) ñèñòåìè (14) ìà¹ âèãëÿä

Bi (x, s) =

(
1 bi (x, s)
0 1

)
, (15)

äå

bi (x, s) =

∫ x

s

λ−1
i (r) dr. (16)

Äëÿ äîâiëüíîãî k ≥ i ïîçíà÷èìî

B(xk, xi)
df
=Bk−1(xk, xk−1)×

×Bk−2(xk−1, xk−2) · · ·Bi(xi+1, xi),
(17)

äå B (xk, xk) = E, E − îäèíè÷íà ìàòðèöÿ ðîçìi-
ðó 2× 2.

Ñòðóêòóðà (15) ìàòðèöü Bk (x, s) äà¹ ìîæëèâiñòü
âñòàíîâèòè ñòðóêòóðó ìàòðèöü (17), à ñàìå:

B (xk, xi) =

(
1
∑k−1
m=i bm (xm+1,xm)

0 1

)
(18)

Ó ðîáîòi [7] âñòàíîâëåíî, ùî íà êîæíîìó ç ïðî-
ìiæêiâ [xi, xi+1) ðîçâ'ÿçîê çàäà÷i (11),(12) ìà¹ âèãëÿä

wi (x, t) = Bi (x, xi) ·B (xi, x0) · P 0 (t) , (19)

äå
P 0 (t) = (P +Q ·B (xn, x0))

−1 · Γ (t) , (20)

à ìàòðèöi P i Q âèçíà÷åíi â (13).
Âðàõîâóþ÷è (15), (16) , (18) òà (20), ïiñëÿ åëå-

ìåíòàðíèõ ïåðåòâîðåíü, ç ôîðìóëè (19) ) îòðèìà¹ìî
çîáðàæåííÿ âåêòîð-ôóíêöi¨ wk (x, t):

wi (x, t) =

 ψ0 (t) +
ψn(t)−ψ0(t)

σn
(bi (x, xi) + σi)

ψn(t)−ψ0(t)
σn

 ,

(21)
äå

σi =

i−1∑
m=0

bm (xm+1, xm) , σ0
df
= 0.

Ïåðøà êîîðäèíàòà âåêòîðà wi (x, t) â (21) i ¹ øóêà-
íîþ ôóíêöi¹þ wi (x, t). Îòæå,

wi (x, t) = ψ0 (t)+
ψn (t)− ψ0 (t)

σn
(bi (x, xi) + σi) . (22)

Âèðàç (22) äà¹ ìîæëèâiñòü çàïèñàòè ðîçâ'ÿçîê íà
âñüîìó ïðîìiæêó [x0, xn] çà äîïîìîãîþ õàðàêòåðèñ-
òè÷íèõ ôóíêöié θk ó âèãëÿäi

w (x, t) =

n−1∑
i=0

wi (x, t) θk. (23)
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IV. Ìåòîä Ôóð'¹ òà çàäà÷à íà âëàñíi
çíà÷åííÿ

A Ðîçâèíåííÿ çà âëàñíèìè ôóíêöiÿìè

Øóêàòèìåìî íåòðèâiàëüíi ÷àñòèííi ðîçâ'ÿçêè
îäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

r
∂v

∂t
=

∂

∂x

(
λ
∂v

∂x

)
, (24)

ùî ñïðàâäæó¹ êðàéîâi óìîâè (9), ó âèãëÿäi [3]

v (x, t) = e−ωt ·X (x) , (25)

äå ω− ïàðàìåòð, àX (x) � ïîêè ùî íåâiäîìà ôóíêöiÿ.
Ïiäñòàâëÿþ÷è (25) â (24), ïðèõîäèìî äî êâàçi-

äèôåðåíöiàëüíîãî ðiâíÿííÿ

(λX ′)
′
+ ωrX = 0, (26)

ùî ñïðàâäæó¹ óìîâè:

X (x0) = X (xn) = 0. (27)

Çàäà÷à (26), (27) − êëàñè÷íà çàäà÷à íà âëàñíi çíà-
÷åííÿ, âëàñòèâîñòi âëàñíèõ çíà÷åíü ωk òà âëàñíèõ
ôóíêöié Xk (x, ωk) ÿêî¨ âè÷åðïíî âèâ÷åíi i äåòàëü-
íî îïèñàíi, íàïðèêëàä, â [3]. Òàê, çîêðåìà, ðîçâèíåí-
íÿ ôóíêöi¨ g(x) â ðÿä Ôóð'¹ çà âëàñíèìè ôóíêöiÿìè
Xk(x, ωk) çàäà÷i (26), (27) ìà¹ âèãëÿä

g(x) =

∞∑
k=1

gk ·Xk (x, ωk) , (28)

äå êîåôiöi¹íòè Ôóð'¹ gk îá÷èñëþþòü çà ôîðìóëàìè

gk =
1

∥Xk∥2
·
∫ xn

x0

g (x) ·Xk (x, ωk) · r (x) dx. (29)

Çàóâàæèìî, ùî ∥Xk∥2 − êâàäðàò íîðìè âëàñíî¨
ôóíêöi¨ Xk

∥Xk∥2 =

∫ xn

x0

X2
k (x, ωk) r (x) dx. (30)

Çàóâàæèìî, ùî ôóíêöi¨ g(x), ÿêi áóäåìî ðîçâè-
âàòè â ðÿäè Ôóð'¹ çà âëàñíèìè ôóíêöiÿìè çàäà÷i
(26), (27) − öå àáñîëþòíî íåïåðåðâíi ôóíêöi¨, ÿêi ìà-
þòü ðiçíi àíàëiòè÷íi âèðàçè íà êîæíîìó ç ïðîìiæêiâ
[xi, xi+1), òîáòî äîïóñêàþòü çîáðàæåííÿ

g (x) =
n∑
i=1

giθi (31)

íà ïðîìiæêó [x0, xn].
×åðåç âèãëÿä êîåôiöi¹íòiâ êâàçiäèôåðåíöiàëüíîãî

ðiâíÿííÿ (26) òà ôóíêöié (31) âëàñíi ôóíêöi¨Xk(x, ω)
òàêîæ ïîäàþòüñÿ ó âèãëÿäi

Xk (x, ωk) =
n−1∑
i=0

Xki (x, ωk) θi. (32)

Òîäi äëÿ êîåôiöi¹íòiâ Ôóð'¹ gk ç ðîçâèíåííÿ (28)
òà äëÿ êâàäðàòiâ íîðìè ôóíêöiéXk (x) ç ôîðìóë (29)
i (30) îòðèìà¹ìî:

gk =
1

∥Xk∥2
·
n−1∑
i=0

∫ xi+1

xi

gi (x) ·Xki (x, ωk) · ri (x) dx,

∥Xk∥2 =
n−1∑
i=0

∫ xi+1

xi

X2
ki (x, ωk) · ri (x) dx.

B Êîíñòðóêòèâíà ïîáóäîâà âëàñíèõ ôóíêöié

Óâiâøè êâàçiïîõiäíó X [1] df=λX ′, âåêòîð

X =
(
X, X [1]

)T
òà ìàòðèöþ A (x) =

(
0 1

λ
−ωr 0

)
,

çâåäåìî êâàçiäèôåðåíöiàëüíå ðiâíÿííÿ (26) äî ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

X ′ = AX (33)

Âiäïîâiäíó ñèñòåìó íà ïðîìiæêó [xi, xi+1) çàïè-
øåìî ó âèãëÿäi

X
′
i = Ai ·Xi, i = 0, n− 1,

äå ìàòðèöi Ai âèãëÿäó

Ai (x) =

(
0 1

λi
−ωri 0

)
.

Ìàòðèöþ Êîøi ñèñòåìè (33) ïîçíà÷èìî B̃i (x, s, ω)
i àíàëîãi÷íî, ÿê ïiä ÷àñ ðîçâ'ÿçàííÿ çàäà÷i (5), (6),
ïîçíà÷èìî

B̃ (x, x0, ω)
df
=
n−1∑
i=0

B̃i (x, xi, ω) · B̃ (xi, x0, ω) · θi, (34)

äå

B̃ (xi, x0, ω)
df
=

i∏
j=0

Bi−j (xi−j+1, xi−j , ω) . (35)

Íåòðèâiàëüíèé ðîçâ'ÿçîê X̄ (x, ω) ñèñòåìè (33)
øóêà¹ìî ó âèãëÿäi

X̄ (x, ω) = B̃ (x, x0, ω) · C̄, (36)

äå C̄ = (C1, C2)
T − äåÿêèé íåíóëüîâèé âåêòîð, à ìà-

òðèöÿ B̃(x, x0, ω) âèçíà÷åíà ôîðìóëàìè (34), (35).
Çàñòîñóâàâøè äî îáèäâîõ ÷àñòèí ðiâíîñòi (36)

êðàéîâi óìîâè ó ôîðìi (12), ïðè Γ̄ (t) ≡ 0, îòðèìà¹ìî:

P · X̄ (x0, ω) +Q · X̄ (xn, ω) =

=
[
P · B̃ (x0, x0, ω) +Q · B̃ (xn, x0, ω)

]
· C̄ = 0̄,

àáî, çàóâàæèâøè, ùî B̃ (xn, x0, ω) = E, äå E − îäè-
íè÷íà ìàòðèöÿ, ïðèéäåìî äî ðiâíîñòi[

P +Q · B̃ (xn, x0, ω)
]
· C̄ = 0̄. (37)
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Äëÿ iñíóâàííÿ íåíóëüîâîãî âåêòîðà C̄ â (37) íåîáõiä-
íî i äîñèòü âèêîíàííÿ óìîâè

det
[
P +Q · B̃ (xn, x0, ω)

]
= 0. (38)

Ïîçíà÷èâøè

B̃ (xn, x0, ω)
df
=

(
b11 (ω) b12 (ω)
b21 (ω) b22 (ω)

)
,

òà çâàæèâøè íà ôîðìóëè (13), êîíêðåòèçó¹ìî âèãëÿä
õàðàêòåðèñòè÷íîãî ðiâíÿííÿ (38):

det
[
P +Q · B̃ (xn, x0, ω)

]
=

= det

[(
1 0
0 0

)
+

(
0 0
1 0

)
·
(
b11 (ω) b12 (ω)
b21 (ω) b22 (ω)

)]
=

= det

(
1 0

b11 (ω) b12 (ω)

)
= b12 (ω) .

Îòæå, ìè îòðèìàëè íàñòóïíèé ðåçóëüòàò, ÿêèé ôîð-
ìóëþ¹òüñÿ ó âèãëÿäi

Òâåðäæåííÿ 1. Õàðàêòåðèñòè÷íå ðiâíÿííÿ çà-
äà÷i íà âëàñíi çíà÷åííÿ (26), (27) ìà¹ âèãëÿä

b12 (ω) = 0. (39)

ßê âiäîìî [3], êîðåíi ωk õàðàêòåðèñòè÷íîãî ðiâ-
íÿííÿ (39), ÿêi ¹ âëàñíèìè çíà÷åííÿìè çàäà÷i (26),
(27), ¹ äîäàòíèìè òà ðiçíèìè.

Äëÿ çíàõîäæåííÿ íåíóëüîâîãî âåêòîðà
C̄ = (C1, C2)

T ïiäñòàâèìî â ðiâíiñòü (38) ωk çàìiñòü
ω. Òîäi ïðèéäåìî äî âåêòîðíî¨ ðiâíîñòi(

1 0
b11 (ωk) b12 (ωk)

)
·
(
C1

C2

)
=

(
0
0

)
,

ç ÿêî¨ âèïëèâà¹, ùî C1 = 0, C2 ̸= 0 ∈ R. Ïðèéíÿâøè,
íàïðèêëàä C2 = 1, ìà¹ìî

C̄ = (0, 1)
T
.

Ïîçíà÷èâøè íåòðèâiàëüíèé âëàñíèé âåêòîð, ùî âiä-
ïîâiäà¹ âëàñíîìó çíà÷åííþ ωk, X̄k (x, ωk), îòðèìó¹ìî
íàñòóïíå òâåðäæåííÿ

Òâåðäæåííÿ 2. Âëàñíi âåêòîðè ñèñòåìè äèôå-
ðåíöiàëüíèõ ðiâíÿíü (33) çà êðàéîâèõ óìîâ ó ôîðìi
(12), ïðè Γ (t) ≡ 0, ìàþòü òàêó ñòðóêòóðó:

X̄k (x, ωk) = B̃ (x, x0, ω) · (0, 1)T , k = 1, 2, 3, . . . .

Íàñëiäîê. Âëàñíi ôóíêöi¨ Xk (x, ωk), ÿê ïåðøi
êîîðäèíàòè âëàñíèõ âåêòîðiâ X̄k (x, ωk), ìîæíà çà-
ïèñàòè ó âèãëÿäi:

Xk (x, ωk) = (1, 0) · B̃ (x, x0, ωk) · (0, 1)T ,

k = 1, 2, 3, . . . .
(40)

Çîêðåìà ç (40) òà ïðåäñòàâëåííÿ (32) âèïëèâà¹, ùî

Xki (x, ωk) = (1, 0) · B̃i (x, x0, ωk)×

×B̃ (xi, x0, ωk) , i = 0, n− 1.
(41)

V. Ïîáóäîâà ðîçâ'ÿçêó v (x, t) ìiøàíî¨
çàäà÷i (8)�(10)

Äëÿ ðîçâ'ÿçàííÿ çàäà÷i (8), (9),(10) çàñòîñó¹ìî
ìåòîä âëàñíèõ ôóíêöié [3], ÿêèé ïîëÿãà¹ â òîìó, ùî
ðîçâ'ÿçîê çàäà÷i (8), (9),(10) øóêà¹ìî ó âèãëÿäi

v (x, t) =
∞∑
k=1

Tk (t) ·Xk (x, ωk) , (42)

äå Tk (t) − íåâiäîìi ôóíêöi¨, ÿêi âèçíà÷èìî íèæ÷å.
Äèôåðåíöiþþ÷è ôóíêöiþ w (x, t) çà çìiííîþ t, ç

ôîðìóë (22), (23) îòðèìó¹ìî

∂w

∂t
=
n−1∑
i=0

[
ψ′
0 (t) +

ψ′
n (t)− ψ′

0 (t)

σn
(bk (x, xk) + σk)

]
·θi.

Îñêiëüêè ∂w
∂t âõîäèòü â ïðàâó ÷àñòèíó ðiâ-

íÿííÿ (8), òî ðîçâèíåìî ¨¨ â ðÿä Ôóð'¹ çà âëàñíèìè
ôóíêöiÿìè (40) êðàéîâî¨ çàäà÷i (26), (27)

∂w

∂t
=

∞∑
k=1

wk (t) ·Xk (x, ωk) , (43)

ïðè÷îìó çìiííà t âèêîíó¹ ôóíêöiþ ïàðàìåòðà.
Ïiäñòàâèâøè (42) ó (8) ç óðàõóâàííÿì ðîçâè-

íåííÿ (43), îòðèìà¹ìî ðiâíiñòü

r (x) ·
∞∑
k=1

T ′
k (t) ·Xk (x, ωk) =

=
∞∑
k=1

Tk (t) ·(λX ′
k (x, ωk))

′−r (x)
∞∑
k=1

wk (t) ·Xk (x, ωk) .

Âðàõîâóþ÷è òîòîæíiñòü

(λX ′
k)

′
+ ωkr (x)Xk ≡ 0,

ïðèéäåìî äî ðiâíîñòi

r (x) ·
∞∑
k=1

T ′
k (t) ·Xk (x, ωk) =

= −r (x)
∞∑
k=1

ωkTkXk − r (x)

∞∑
k=1

wk (t)Xk,

ÿêà ïiñëÿ ñêîðî÷åííÿ íà r (x) ̸= 0 íàáóäå âèãëÿäó

∞∑
k=1

[T ′
k (t) + ωkTk (t) + wk (t)] ·Xk (x, ωk) = 0. (44)

Ïðèðiâíþþ÷è êîåôiöi¹íòè Ôóð'¹ ðÿäó (44) äî íóëÿ,
ïðèéäåìî äî äèôåðåíöiàëüíèõ ðiâíÿíü:

T ′
k(t) + ωkTk(t) + wk(t) = 0, k = 1, 2, 3, . . . . (45)
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Çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿí-
íÿ (45) ïðè êîæíîìó k ìà¹ âèãëÿä

Tk (t) = Ck · e−ωkt −
∫ t

0

e−ωk(t−s) · wk (s) ds, (46)

äå Ck−íåâiäîìi ñòàëi.
Ðîçâèíåìî ôóíêöiþ f(x) ç ïî÷àòêîâî¨ óìîâè (10)

â ðÿä Ôóð'¹ çà âëàñíèìè ôóíêöiÿìè (40) êðàéîâî¨
çàäà÷i (26), (27), òîáòî

v (x, 0) = f (x) =
∞∑
k=1

fkXk (x, ωk) , (47)

äåfk−âiäïîâiäíi êîåôiöi¹íòè Ôóð'¹.
Iç (46) âèïëèâà¹, ùî

Tk (0) = Ck, (48)

à ç çîáðàæåííÿ (42) ìà¹ìî

v (x, 0) =
∞∑
k=1

Tk (0) ·Xk. (49)

Ïîðiâíþþ÷è (47), (48) i (49), çíàéäåìî: Ck = fk,
k = 1, 2, 3, . . ..

Îòæå, îñòàòî÷íî îòðèìó¹ìî ðîçâ'ÿçîê ìiøàíî¨ çà-
äà÷i (9), (9), (10) ó âèãëÿäi ðÿäó

v(x, t)=

∞∑
k=1

[
fk · e−ωkt−

∫ t

0

e−ωk(t−s)ωk(s)ds

]
×

×Xk (x, ωk) =
n−1∑
i=0

vi(x, t) · θi,
(50)

äå

vi (x, t) =
∞∑
k=1

[
fk · e−ωkt −

∫ t

0

e−ωk(t−s)ωk (s) ds

]
×

×Xki (x, ωk) ,
(51)

à ôóíêöi¨ Xki (x, ωk) âèçíà÷åíi ôîðìóëàìè (41).

Âðàõóâàâøè (23), îòðèìà¹ìî ðîçâ'ÿçîê (4) çàäà-
÷i (1)�(3)

u (x, t) =

n−1∑
i=0

[wi (x, t) + v (x, t)] · θi,

â ÿêîìó ôóíêöi¨ wi (x, t) òà v (x, t) âèçíà÷åíi ôîðìó-
ëàìè âiäïîâiäíî (22) , (50) i (51).

Âèñíîâêè

Îòðèìàíi ðåçóëüòàòè ìàþòü áåçïîñåðåäí¹ çàñòî-
ñóâàííÿ â ïðèêëàäíèõ çàäà÷àõ. Òàê, íàïðèêëàä [8],
çàäà÷à (1), (2), (3) îïèñó¹ ïðîöåñ ïîøèðåííÿ òåìïå-
ðàòóðè â áàãàòîøàðîâié ïëèòi çà óìîâ iäåàëüíîãî òå-
ïëîâîãî êîíòàêòó ìiæ øàðàìè çà çàäàíî¨ òåìïåðàòó-
ðè íà çîâíiøíèõ ïîâåðõíÿõ.
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