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Äîñëiäæåíî íåëîêàëüíó êðàéîâó çàäà÷ó äëÿ ñèñòåìè äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâ-

íÿíü ç îïåðàòîðîì äèôåðåíöiþâàííÿ B = (B1, . . . , Bp), äå Bj ≡ zj
∂

∂zj
, j = 1, . . . , p, ó ïðî-

ñòîðàõ ôóíêöié áàãàòüîõ êîìïëåêñíèõ çìiííèõ, ùî ¹ ðÿäàìè Äiðiõëå-Òåéëîðà ç ôiêñîâàíèì
ñïåêòðîì. Çàäà÷à ¹ íåêîðåêòíîþ çà Àäàìàðîì, à ¨¨ ðîçâ'ÿçíiñòü ïîâ'ÿçàíà ç ïðîáëåìîþ ìà-
ëèõ çíàìåííèêiâ, ùî âèíèêàþòü ïiä ÷àñ ïîáóäîâè ðîçâ'ÿçêó. Äîâåäåíî ìåòðè÷íi òåîðåìè
ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi çàëåæàòü âiä àñèìïòîòèêè ñïåêòðà ðÿäiâ Äiðiõëå-
Òåéëîðà, à òàêîæ óñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó öi¹¨ íåëîêàëüíî¨ çàäà÷i
ó øêàëi ïðîñòîðiâ ôóíêöié áàãàòüîõ êîìïëåêñíèõ çìiííèõ.

Êëþ÷îâi ñëîâà: ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè, íåëîêàëüíà çàäà÷à, ìàëi çíàìåííèêè,
ìåòðè÷íà îöiíêà, ðÿä Äiðiõëå-Òåéëîðà.

2000 MSC: 35E20

ÓÄÊ: 517.946+511.37

Âñòóï

Ó ñó÷àñíié òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷à-
ñòèííèìè ïîõiäíèìè âàæëèâå ìiñöå ïîñiäàþòü çàäà÷i
ç íåëîêàëüíèìè êðàéîâèìè óìîâàìè [1, 2]. Â îñíîâíî-
ìó öi çàäà÷i ïîâ'ÿçàíi ç ïðîáëåìîþ ìàëèõ çíàìåííè-
êiâ i ¹ óìîâíî êîðåêòíèìè ùîäî ñâî¨õ ïàðàìåòðiâ; ¨õ
êîðåêòíiñòü çàáåçïå÷ó¹òüñÿ âèáîðîì îáëàñòi ðîçãëÿ-
äó òà íàêëàäàííÿì äîäàòêîâèõ óìîâ íà êîåôiöi¹íòè
ðiâíÿíü òà ïàðàìåòðè íåëîêàëüíèõ óìîâ [3, 4, 5].

Ó öié ïðàöi äîñëiäæó¹òüñÿ íåëîêàëüíà çàäà÷à
äëÿ ñèñòåìè äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ç
îïåðàòîðîì äèôåðåíöiþâàííÿ B = (B1, . . . , Bp), äå

Bj ≡ zj
∂

∂zj
, j = 1, . . . , p, ÿêèé äi¹ íà ôóíêöi¨ ïðî-

ñòîðîâèõ çìiííèõ (z1, . . . , zp), ùî ïðèéìàþòü êîìï-
ëåêñíi çíà÷åííÿ. Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîç-
â'ÿçíîñòi öi¹¨ çàäà÷i ó êëàñi ôóíêöié, ùî ¹ ðÿäàìè
Äiðiõëå-Òåéëîðà ç ôiêñîâàíèì äiéñíèì ñïåêòðîì, äëÿ
ìàéæå âñiõ âåêòîðiâ ñêëàäåíèõ ç êîåôiöi¹íòiâ ðiâíÿí-
íÿ òà ïàðàìåòðà êðàéîâèõ óìîâ. Äëÿ öüîãî äîâåäåíî
ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííè-
êiâ, ùî âèíèêëè ïiä ÷àñ ïîáóäîâè ðîçâ'ÿçêó öi¹¨ çà-
äà÷i. Àíàëîãi÷íó çàäà÷ó äëÿ îäíîãî äèôåðåíöiàëüíî-
îïåðàòîðíîãî ðiâíÿííÿ ó ïðîñòîðàõ ôóíêöié ç öiëî-
÷èñëîâèì ñïåêòðîì òà ó ïðîñòîðàõ ðÿäiâ Äiðiõëå-
Òåéëîðà äîñëiäæåíî ó ïðàöÿõ âiäïîâiäíî [6] i [7].

I. Ïðîñòîðè ðÿäiâ Äiðiõëå-Òåéëîðà

Íåõàé S � îäíîçâ'ÿçíà îáëàñòü ïðîêîëîòî¨ ó íó-
ëi êîìïëåêñíî¨ ïëîùèíè, òîáòî S ⊂ C \ {0}, à Dp �
öèëiíäðè÷íà îáëàñòü [0, T ]× Sp, äå T > 0, p ≥ 2.

Ââåäåìî òà çàôiêñó¹ìî ìíîæèíó äiéñíèõ âåêòîðiâ

N = {νk = (νk1, . . . , νkp) ∈ Rp : k ∈ Zp},

ÿêó âèêîðèñòîâóâàòèìåìî ïðè îçíà÷åííi ïðîñòîðiâ i
íàçèâàòèìåìî ñïåêòðîì ôóíêöié, ÿêùî âîíà ïiäïî-
ðÿäêîâàíà òàêèì äâîì óìîâàì:

1) ðiâíiñòü νk = νr ñïðàâäæó¹òüñÿ ëèøå ïðè k = r,
òîáòî âiäîáðàæåííÿ k ↔ νk ¹ ái¹êòèâíèì âiäîá-
ðàæåííÿì Zp íà ìíîæèíó N ;

2) ν̃k → ∞ ïðè k → ∞, äå ν̃k =
√
1 + ν2k1 + . . .+ ν2kp.

Íåõàé WN �ëiíiéíèé ïðîñòið êðàòíèõ ñêií÷åííèõ
ñóì (îñíîâíèõ ôóíêöié) âèãëÿäó

P (z) =
∑
k∈Zp

Pkz
νk ≡

∑
k1

. . .
∑
kp

Pk1,...,kpz
νk1
1 . . . z

νkp
p ,

äå z = (z1, . . . , zp) ∈ Sp, Pk �êîìïëåêñíi êîåôiöi¹íòè,
k = (k1, . . . , kp) ∈ Zp, zνk = zνk11 . . . z

νkp
p .

ÏðîñòiðWN ′ �öå ïðîñòið óçàãàëüíåíèõ ôóíêöié,
ÿêi ¹ ôîðìàëüíèìè ðÿäàìè Q(z) =

∑
k∈Zp

Qkz
νk , ùî

äiþòü íà îñíîâíó ôóíêöiþ P ∈ WN çà ïðàâè-
ëîì ⟨Q,P ⟩=

∑
k

QkP k. Ó âèïàäêó âiä'¹ìíèõ êîîðäè-

íàò âñiõ âåêòîðiâ νk ðÿäè Q(z) ¹ ñòàíäàðòíèìè ðÿäà-
ìè Äiðiõëå-Òåéëîðà.

Ïîçíà÷èìî HNq(Sp), q ∈ R, � ãiëüáåðòiâ (ñîáîë¹â-
ñüêîãî òèïó) ïðîñòið ôóíêöié ψ(z) =

∑
k∈Zp

ψkz
νk çi

ñïåêòðîì N iç òàêèì ñêàëÿðíèì äîáóòêîì:

(ψ,φ)HNq(Sp) =
∑
k∈Zp

ν̃2qk ψkφk

Ìàòåìàòèêà c⃝ Iëüêiâ Â. Ñ., Ñòðàï Í. I., 2014
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Íåëîêàëüíà çàäà÷à äëÿ ñèñòåìè äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ó ïðîñòîðàõ ðÿäiâ Äiðiõëå-Òåéëîðà

òà êâàäðàòîì íîðìè ∥ψ∥2HNq(Sp) = (ψ,ψ)HNq(Sp);
HNn

q (Dp), q∈R, n∈Z+, � áàíàõiâ ïðîñòið ôóíêöié

u=u(t, z) òàêèõ, ùî ïîõiäíi
∂ru(t, z)

∂tr
=
∑
k∈Zp

u
(r)
k (t)zνk

äëÿ r = 0, 1, . . . , n i êîæíîãî t ∈ [0, T ] íàëåæàòü äî
ïðîñòîðiâ HNq−r(Sp) âiäïîâiäíî òà íåïåðåðâíi çà t ó
öèõ ïðîñòîðàõ. Êâàäðàò íîðìè ó ïðîñòîði HNn

q (Dp)
âèçíà÷à¹ ôîðìóëà

∥u∥2HNn
q (Dp) =

n∑
r=0

max
[0,T ]

∥∥∥∂ru(t, ·)
∂tr

∥∥∥2
HNq−r(Sp)

.

Ââåäåìî äâi øêàëè ïðîñòîðiâ {HN q(Sp)}q∈R
i {HNn

q (Dp)}q∈R òàê. Íåõàé HN q(Sp)�ïðîñòið
âåêòîð-ôóíêöié v=v(z)=col (v1(z), . . . , vm(z)), äå
vj=vj(z)∈HNq(Sp), j=1, . . .,m, ç êâàäðàòîì íîðìè

∥v∥2
HN q(Sp)

=
m∑
j=1

∥vj∥2HNq(Sp),

à HNn

q (Dp) � ïðîñòið òàêèõ âåêòîð-ôóíêöié
u = u(t, z) = col (u1(t, z), . . . , um(t, z)) ç êîìïîíåíòà-
ìè uj = uj(t, z) ∈ HNn

q (Dp), j = 1, . . . ,m, êâàäðàò
íîðìè ÿêèõ çàäà¹ ôîðìóëà

∥u∥2
HNn

q (Dp)
=

m∑
j=1

∥uj∥2HNn
q (Dp).

Ïîçíà÷èìî îáëàñòü OR �êðóã ðàäióñà R iç öåíòðîì
ó ïî÷àòêó êîîðäèíàò êîìïëåêñíî¨ ïëîùèíè C.

II. Ïîñòàíîâêà çàäà÷i. Ïîçíà÷åííÿ

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü iç
÷àñòèííèìè ïîõiäíèìè i ñòàëèìè êîåôiöi¹íòàìè∑

s0+|s|≤n

As0,sB
s ∂

s0u

∂ts0
= 0, n ∈ N, (1)

äå s = (s1, . . . , sp) ∈ Zp+, |s| = s1+ . . .+sp, As0,s �êâà-
äðàòíi ìàòðèöi ðîçìiðó m, An,0,...,0 = Im � îäèíè÷-
íà ìàòðèöÿ; u = u(t, z) = col (u1(t, z), . . . , um(t, z))�
øóêàíà âåêòîð-ôóíêöiÿ. Îïåðàòîð B = (B1, . . . , Bp)
ñêëàäåíî ç îïåðàòîðiâ óçàãàëüíåíîãî äèôåðåíöiþâàí-

íÿ Bj ≡ zj
∂

∂zj
, äëÿ ÿêèõ çîêðåìà Bjzνk=νkjzνk . Ñòå-

ïåíÿìè öèõ îïåðàòîðiâ ¹ B0
ju = u, Blju = Bj(B

l−1
j u),

äå j = 1, . . . , p, l = 1, . . . , n, i Bs = Bs11 . . . B
sp
p .

Øóêà¹ìî ðîçâ'ÿçîê ç ïðîñòîðó HNn

q (Dp) ñèñòåìè
(1), ùî ìà¹ ñïåêòð N , ÿêèé çàäîâîëüíÿ¹ íåëîêàëüíi
óìîâè

µ
∂ju

∂tj

∣∣∣∣
t=0

− ∂ju

∂tj

∣∣∣∣
t=T

= φj , j = 0, 1, . . . , n− 1, (2)

äå µ � íåíóëüîâèé êîìïëåêñíèé ïàðàìåòð,
φj = φj(z) = col (φj1(z), . . . , φjm(z))� çàäàíi ôóíê-
öi¨ çi øêàëè ïðîñòîðiâ {HN q(Sp)}q∈R.

Íåõàé äëÿ êîæíîãî âåêòîðà ν = (ν1, . . . , νp) ∈ Rp

÷èñëî ν̃ âèçíà÷à¹ ôîðìóëà ν̃ =
√

1 + ν21 + . . .+ ν2p , à

ôóíêöiþ ζN (x) : R → R�ôîðìóëà ζN (x) =
∑
ν∈N

ν̃−x.

Î÷åâèäíî, ùî äëÿ x ≤ 0 ðÿä
∑
ν∈N

ν̃−x ¹ ðîçáiæíèì.

Ïðèïóñòèìî, ùî ζN (θ) < ∞ äëÿ äåÿêîãî θ > 0, òîäi
ζN (x) < ζN (θ) <∞ äëÿ âñiõ x ≥ θ, òîáòî ζN iñíó¹ íà
[θ,∞). ×èñëî θ çàäà¹ àñèìïòîòèêó ñïåêòðà N , à ñàìå
øâèäêiñòü çðîñòàííÿ ïîñëiäîâíîñòi νk ïðè k → ∞.

Îçíà÷åííÿ 1. Ïiä ðîçâ'ÿçêîì çàäà÷i (1), (2)
áóäåìî ðîçóìiòè òàêó âåêòîð-ôóíêöiþ:

u = u(t, z) = col (u1(t, z), . . . , um(t, z))

çi çíà÷åííÿìè ui(t, ·) ó ïðîñòîði WN ′ äëÿ t ∈ [0, T ],
i = 1, . . . ,m, ÿêà çàäîâîëüíÿ¹ ñèñòåìó (1) i óìîâè (2)
òà íàëåæèòü äî ïðîñòîðó HNn

q (Dp).
Ââåäåìî ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè. Äëÿ

öüîãî ðîçãëÿíåìî äîâiëüíó ïîñëiäîâíiñòü êîìïëåêñ-
íèõ ìàòðèöü F (ν), ν ∈ N . Âîíà ïîðîäæó¹ ïñåâäîäè-
ôåðåíöiàëüíèé îïåðàòîð-ìàòðèöþ

F (B) = F (B1, . . . , Bp) = F
(
z1

∂

∂z1
, . . . , zp

∂

∂zp

)
,

ùî äi¹ íà âåêòîð-ôóíêöiþ φ(z)=
∑
ν∈N

ψ(ν)zν çà ôîð-

ìóëîþ
F (B)φ(z) =

∑
ν∈N

F (ν)ψ(ν)zν .

Êîåôiöi¹íòè ψ(ν) ðîçâèíåííÿ φ(z) â ðÿä Ôóð'¹ ïî-
ðîäæóþòü îïåðàòîð ψ(B). À òîìó êîæíié ôóíêöi¨ ç
HN q(Sp) âiäïîâiäà¹ ïñåâäîäèôåðåíöiàëüíèé âåêòîð-
îïåðàòîð ψ(B). Ïðè öüîìó φ(z) = ψ(B)δN (z), äå
δN (z) =

∑
ν∈N

zν .

Àíàëîãi÷íî ïîñëiäîâíiñòü F (t, ν), t∈[0, T ], ïîðîä-
æó¹ îïåðàòîð F (t, B), ôóíêöiÿ v(t, z)=

∑
ν∈N

V (t, ν)zν ç

ïðîñòîðóHNn

q (Dp)� îïåðàòîð-ôóíêöiþ V (t, B). Ïðè
öüîìó v(t, z) = V (t, B)δN (z).

Çàäà÷à (1), (2) åêâiâàëåíòíà çàäà÷i ç íåëîêàëüíè-
ìè óìîâàìè äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç
÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó çà ÷àñîâîþ
çìiííîþ

∂v(t, z)

∂t
= L(B)v(t, z), (3)

µ v(0, z)− v(T, z) = φ(z), (4)

äå âåêòîð-ôóíêöiÿ v = v(t, z) ìà¹ ðîçìið mn× 1,

v = col
(
u,
∂u

∂t
, . . . ,

∂n−1u

∂tn−1

)
= col (v0, v1, . . . , vn−1),

ìàòðèöÿ L = L(B) ìà¹ òàêó ñòðóêòóðó:

L(B) =

(
0(n−1)m×m I(n−1)m

−Ln(B) −Ln−1(B)
∣∣ . . . ∣∣ − L1(B)

)
,

îïåðàòîðè Lr(B), r = 1, . . . , n, ¹ ìàòðèöÿìè ïîðÿäêó
m ç åëåìåíòàìè Lijr (B), çîêðåìà

Lr(B) =
∑
|s|≤r

An−r,sB
s,

Mathematics 39
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ïðàâà ÷àñòèíà φ=φ(z)� âåêòîð-ôóíêöiÿ ðîçìiðómn
âèãëÿäó

φ(z) = col
(
φ0(z), φ1(z), . . . , φn−1(z)

)
.

Îñêiëüêè ó òåðìiíàõ ïñåâäîäèôåðåíöiàëüíèõ îïå-
ðàòîðiâ ñïðàâäæóþòüñÿ òîòîæíîñòi

v(t, z) ≡ V (t, B)δN (z) ≡
≡ col

(
V0(t, B), V1(t, B), . . . , Vn−1(t, B)

)
δN (z), (5)

φ(z) ≡ ψ(B)δN (z) ≡
≡ col

(
ψ0(B), ψ1(B), . . . , ψn−1(B)

)
δN (z), (6)

òî çàäà÷à (3), (4) åêâiâàëåíòíà ìíîæèíi íåëîêàëüíèõ
êðàéîâèõ çàäà÷ íà ïðîìiæêó [0, T ] äëÿ ñèñòåì çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

dV (t, ν)

dt
= L(ν)V (t, ν), ν ∈ N , (7)

µV (0, ν)− V (t, ν) = ψ(ν). (8)

Íåõàé Z = diag(ν̃nIm, . . . , ν̃
2Im, ν̃Im) i Zψ(ν) = ψ̃(ν),

ZV (t, ν)=Ṽ (t, ν). Ïåðåïèøåìî çàäà÷ó (7), (8) ó öèõ
ïîçíà÷åííÿõ

dṼ (t, ν)

dt
= ν̃L̃(ν)Ṽ (t, ν), ν ∈ N , (9)

µṼ (0, ν)− Ṽ (t, ν) = ψ̃(ν), (10)

äå

L̃(ν)=

(
0 I(n−1)m

−L̃n(ν) −L̃n−1(ν) . . . −L̃1(ν)

)
,

L̃j(ν) = ν̃−jLj(ν) =
∑
|s|≤j

An−j,s

(ν
ν̃

)s
ν̃|s|−j .

ßêùî ÷èñëà λj(ν), äå j = 1, . . . , nm, ¹ êîðåíÿìè
õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

f(λ, ν) = det
(
λInm − L̃(ν)

)
=

= det
(
λmnInm +

mn∑
j=1

λmn−jL̃j(ν)
)
= 0,

òî âåëè÷èíè γj(ν) = ν̃λj(ν) ¹ êîðåíÿìè ðiâíÿííÿ

det
(
γInm − L(ν)

)
= 0.

Ôóíêöiþ f(λ, ν) çàïèøåìî ó âèãëÿäi ìíîãî÷ëåíà

f(λ, ν) =
mn∑
j=0

fj(ν)λ
mn−j =

= λmn− Sp L̃(ν)λmn−1 + . . .+(−1)mn det L̃(ν) = 0,

äå Sp L̃(ν)� ñëiä ìàòðèöi L̃(ν). Ââàæàòèìåìî òàêîæ,
ùî fj(ν) = 0, ÿêùî j < 0, àáî j > mn.

Ç îöiíêè Êîøi [8, c.10] äëÿ êîðåíiâ ìíîãî÷ëåíà

|λj(ν)| ≤ 1 + max{|f1(ν)|, . . . , |fmn(ν)|}

âèïëèâà¹, ùî âîíè ¹ ðiâíîìiðíî îáìåæåíèìè çà ν
ðàçîì iç êîåôiöi¹íòàìè f1(ν), . . . , fmn(ν) ìíîãî÷ëåíà
f(λ, ν).

III. Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó

Çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (9) çàïèøåìî ó âè-
ãëÿäi

Ṽ (t, ν) = eν̃L̃(ν)tC(ν), (11)

äå C(ν)�äîâiëüíèé âåêòîð ç êîíñòàíò. Äëÿ çíàõîä-
æåííÿ C(ν) ïiäñòàâèìî Ṽ (t, ν) â óìîâè (10) i îòðè-
ìà¹ìî ëiíiéíó àëãåáðè÷íó ñèñòåìó

(µInm − eν̃L̃(ν)T )C(ν) = ψ̃(ν).

ßêùî ìàòðèöÿ (µInm − eν̃L̃(ν)T ) íåâèðîäæåíà, òî íå-
âiäîìi C(ν) çíàõîäèìî çà ôîðìóëîþ

C(ν) = (µInm − eν̃L̃(ν)T )−1ψ̃(ν).

Òîäi ðîçâ'ÿçîê çàäà÷i (9), (10) íàáóäå âèãëÿäó

Ṽ (t, ν) = eν̃L̃(ν)t(µInm − eν̃L̃(ν)T )−1ψ̃(ν). (12)

Îñêiëüêè âèçíà÷íèê ìàòðèöi äîðiâíþ¹ äîáóòêó ¨¨
âëàñíèõ çíà÷åíü, à âëàñíèìè çíà÷åííÿìè ìàòðèöi
(µInm − eν̃L̃(ν)T ) ¹ ÷èñëà µ − eν̃λj(ν)T , òî ðîçâ'ÿçîê
(12) iñíó¹ ëèøå äëÿ íåíóëüîâîãî ÷èñëà

det(µInm − eν̃L̃(ν)T ) =
nm∏
j=1

(µ− eν̃λj(ν)T ). (13)

Âçÿâøè äî óâàãè ðiâíiñòü (13), ñôîðìóëþ¹ìî i äîâå-
äåìî òåîðåìó ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2).

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i
(1), (2) íåîáõiäíî i äîñòàòíüî, ùîá àëãåáðè÷íå äiî-
ôàíòîâå ðiâíÿííÿ

det
( lnµ− i2πm1

ν̃
Inm − L̃(ν)

)
= 0 (14)

íå ìàëî ðîçâ'ÿçêiâ (m1, ν) íà ìíîæèíi Z×N .

� Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé ðîçâ'ÿçîê çà-
äà÷i (1), (2) ¹äèíèé. Òîäi çàäà÷à (9), (10) ìà¹ òàêîæ
¹äèíèé ðîçâ'ÿçîê, ùî çîáðàæó¹òüñÿ ó âèãëÿäi (12).
Îòæå, ìàòðèöÿ (µInm−eν̃L̃(ν)T ) ¹ íåâèðîäæåíîþ, òîá-
òî ¨¨ âèçíà÷íèê íå äîðiâíþ¹ íóëåâi. Ó òàêèé ñïîñiá,
âðàõîâóþ÷è (13), µ ̸= eν̃λj(ν)T . Ëîãàðèôìóþ÷è öþ íå-
ðiâíiñòü, îòðèìà¹ìî, ùî ðiâíÿííÿ (14) íå ìà¹ ðîçâ'ÿç-
êiâ (m1, ν) íà ìíîæèíi Z×N .

Äîñòàòíiñòü. Äîâåäåìî ìåòîäîì âiä ñóïðîòèâ-
íîãî. Íåõàé ïàðà (m∗

1, νk∗) ∈ Z×N ¹ ðîçâ'ÿçêîì ðiâ-

íÿííÿ (14). Òîäi ÷èñëî
lnµ− i2πm∗

1

ν̃k∗
¹ âëàñíèì çíà-

÷åííÿì ìàòðèöi L̃(νk∗), ÿêå ïîçíà÷èìî λ1(νk∗), i îäíî-
ðiäíà çàäà÷à (9), (10) ìà¹ áåçëi÷ ðîçâ'ÿçêiâ Ṽ (t, νk∗),
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Íåëîêàëüíà çàäà÷à äëÿ ñèñòåìè äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ó ïðîñòîðàõ ðÿäiâ Äiðiõëå-Òåéëîðà

ùî óòâîðþþòü ïiäïðîñòið òà âèçíà÷àþòüñÿ ôîðìó-
ëîþ (11), ó ÿêié âåêòîð C(ν) ¹ çàãàëüíèì ðîçâ'ÿçêîì
âèðîäæåíî¨ îäíîðiäíî¨ ñèñòåìè ëiíiéíèõ ðiâíÿíü

(µInm − eν̃L̃(ν)T )C(ν) = 0.

Òîìó çàäà÷à (1), (2) òàêîæ ìà¹ áåçëi÷ ðîçâ'ÿçêiâ, ÿêi
óòâîðþþòü ïiäïðîñòið ó ïðîñòîði HNn

q (Dp). Òåîðåìó
äîâåäåíî. �

Âñòàíîâèìî óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1),
(2) ó ïðîñòîði HNn

q (Dp). Äëÿ âñiõ âåêòîðiâ ν ∈ Rp,
äëÿ ÿêèõ êîðåíi λ1(ν), . . . , λmn(ν) ìíîãî÷ëåíà f(·, ν)
¹ ðiçíèìè, ââåäåìî òàêi ïîçíà÷åííÿ:

R(ν) =
(
ψ̃(ν), L̃(ν)ψ̃(ν), . . . , L̃nm−1(ν)ψ̃(ν)

)
,

W (ν) =


1 1 . . . 1

λ1(ν) λ2(ν) . . . λnm(ν)
λ21(ν) λ22(ν) . . . λ2nm(ν)
. . . . . . . . . . . .

λn−1
1 (ν) λn−1

2 (ν) . . . λn−1
nm (ν)

 ,

Ω(t, ν) = col
(
ρν(t, λ1(ν)), . . . , ρν(t, λnm(ν)

))
,

äå W (ν)�ìàòðèöÿ Âàíäåðìîíäà, ùî ïîáóäîâàíà
çà êîðåíÿìè λ1(ν), . . . , λnm(ν), à Ω(t, ν)� âåêòîð

çíà÷åíü ôóíêöié ρν(t, λ) =
eν̃λt

µ− eν̃λT
íà êîðåíÿõ

λ1(ν), . . . , λnm(ν).
Òîäi ðîçâ'ÿçîê (12) çàäà÷i (9), (10) çàïèñó¹òüñÿ ó

âèãëÿäi [9]

Ṽ (t, ν) = R(ν)W−T(ν)Ω(t, ν), (15)

äå W−T(ν) =
(
W−1(ν)

)T
=
(
WT(ν)

)−1
� îáåðíåíà

äî òðàíñïîíîâàíî¨ ìàòðèöi Âàíäåðìîíäà. Äëÿ îá÷èñ-
ëåííÿ ìàòðèöi W−T(ν) âèêîðèñòîâó¹ìî ôîðìóëó [10]

W−T(ν) =
(
fmn+1−i−j(ν)

)mn
i,j=1

W (ν)×

×
(
diag

(
f ′(λj(ν), ν)

)mn
j=1

)−1
, (16)

äå f ′(λ, ν) =
∂f(λ, ν)

∂λ
. Âèðàçè

(
f ′(λj(ν), ν)

)−2
ïåðå-

òâîðèìî äî äðîáiâ

1

Res (f, f ′)

∏
1≤α<β≤mn

α,β ̸=j

(λα(ν)− λβ(ν))
2,

äå Res (f, f ′) =
mn∏
j=1

f ′(λj(ν), ν)�ðåçóëüòàíò [8] ìíî-

ãî÷ëåíiâ f òà f ′ i Res (f, f ′) = Disc f = detS(f), ïðè-
÷îìó Disc f �äèñêðèìiíàíò, à S(f)�ìàòðèöÿ Ñèëü-
âåñòðà ìíîãî÷ëåíà f = f(λ, ν), ÿêà ¹ áëî÷íîþ ìàòðè-
öåþ i ñêëàäà¹òüñÿ ç äâîõ òåïëiöåâèõ ìàòðèöü içmn−1
òà mn ðÿäêàìè âiäïîâiäíî,

S(f) =

( (
fj−i(ν)

)mn−1, 2mn−1

i,j=1(
(mn− j + i)fj−i(ν)

)mn, 2mn−1

i,j=1

)
.

Âñòàíîâèìî óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2)
ó ïðîñòîði HNn

q (Dp). Îñêiëüêè

∂nu

∂tn
= −Ln(B)u− Ln−1(B)

∂u

∂t
− . . .− L1(B)

∂n−1u

∂tn−1
,

òî∥∥∥∂nu
∂tn

∥∥∥
HN q−n(Sp)

≤ C1

(
∥u∥2

HN q(Sp)
+

+
∥∥∥∂u
∂t

∥∥∥2
HN q−1(Sp)

+ . . .+
∥∥∥∂n−1u

∂tn−1

∥∥∥2
HN q−n+1(Sp)

)
,

äå C1 = C1(n, p) > 0.
Îòæå, îòðèìó¹ìî îöiíêó

∥u∥2
HNn

q (Dp)
≤ (C1 + 1)

n−1∑
j=0

max
[0,T ]

∥∥∥∂ju
∂tj

∥∥∥
HN q−j(Sp)

=

= (C1 + 1)
n−1∑
j=0

max
[0,T ]

∥vj∥HN q−j(Sp) =

= (C1 + 1)

n−1∑
j=0

∑
ν∈N

max
[0,T ]

|ν̃q−jVj(t, ν)|2 =

= (C1 + 1)
n−1∑
j=0

∑
ν∈N

max
[0,T ]

|ν̃q−nṼj(t, ν)|2. (17)

Ç ôîðìóëè (15) îäåðæèìî òàêó îöiíêó:

|ν̃q−nṼj(t, ν)|2 ≤

≤ C2∥Ω(t, ν)∥2∥W−T(ν)∥2
n−1∑
j=0

|ν̃q−nψ̃j(ν)|2 =

= C2∥Ω(t, ν)∥2∥W−T(ν)∥2
n−1∑
j=0

|ν̃q−jψj(ν)|2, (18)

äå C2 > 0� âåëè÷èíà, ÿêà çàëåæèòü âiä m, n, p òà
êîåôiöi¹íòiâ ñèñòåìè (1).

Ñôîðìóëþ¹ìî òà äîâåäåìî òåîðåìó iñíóâàííÿ
ðîçâ'ÿçêó çàäà÷i (1), (2).

Òåîðåìà 2. Íåõàé âåêòîð Ω(0, ·) âèçíà÷åíèé
íà N òà äëÿ äåÿêèõ äiéñíèõ ÷èñåë η1, η2 äëÿ âñiõ
(êðiì ñêií÷åííîãî ÷èñëà) âåêòîðiâ ν ∈ N òà âñiõ
t ∈ [0, T ] âèêîíóþòüñÿ íåðiâíîñòi

| detS(f)| ≥ ν̃−η1 , (19)∣∣ρν(t, λl(ν))∣∣ ≤ ν̃η2 , l = 1, . . . ,mn. (20)

ßêùî φj ∈HN q−j+ψ(Sp), äå ψ=η1+η2, j=0, 1, . . ., n−1,
òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ç ïðîñòî-
ðó HNn

q (Dp), ÿêèé íåïåðåðâíî çàëåæèòü âiä ïðàâèõ
÷àñòèí óìîâ (2).
� Äîâåäåííÿ. Âðàõîâóþ÷è îöiíêè (18)�(20), à òà-

êîæ ôîðìóëó (16) äëÿ îá÷èñëåííÿ ìàòðèöi W−T(ν),
íåðiâíiñòü (17) íàáóäå âèãëÿäó

∥u∥2
HNn

q (Dp)
≤ C3

n−1∑
j=0

∥φj∥2HNψ−j(Sp)
,
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äå âåëè÷èíà C3 > 0 çàëåæèòü âiä ïàðàìåòðiâ çàäà÷i
(1), (2). Òåîðåìó äîâåäåíî. �

Ðîçãëÿíåìî óìîâè, çà ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü
(19). Äëÿ îòðèìàííÿ ïîòðiáíèõ îöiíîê ñôîðìóëþ¹ìî
íàñòóïíi ëåìè.

Ëåìà 1. Íåõàé g = g(λ)�ìíîãî÷ëåí âèãëÿäó

g(λ) =
n∑
j=0

gjλ
n−j, òîäi éîãî äèñêðèìiíàíò ñòîñîâíî

ñòàðøèõ ñòåïåíiâ gj ìà¹ òàêó ñòðóêòóðó:

Disc g =
n−1∑
α=0

(−1)α+nααα(n− α)n−αgα0 g
n−α−1
n gnα +G,

äå ìíîãî÷ëåí G = G(g0, g1, . . . , gn) íå ìiñòèòü n-õ
ñòåïåíiâ êîåôiöi¹íòiâ gα.

Äîâåäåííÿ öi¹¨ ëåìè íàâåäåíî ó ðîáîòi [11].

Ëåìà 2. ßêùî f = h + ag, äå a ∈ C�ïàðà-
ìåòð, f=f(λ), h=h(λ), g=g(λ)�ìíîãî÷ëåíè i

f(λ) = f0λ
t + f1λ

t−1 + . . .+ ft,

h(λ) = h0λ
t + h1λ

t−1 + . . .+ ht,

g(λ) = g0λ
s + g1λ

s−1 + . . .+ gs,

ïðè÷îìó 0 ≤ s < t, òî äèñêðèìiíàíò Disc f ¹ ìíî-
ãî÷ëåíîì çà çìiííîþ a ñòåïåíÿ íå âèùå t + s − 1,
çîêðåìà

Disc f =
(
(s− t)h0g0

)t−s
at+s−1Disc g + . . .+Disch.

� Äîâåäåííÿ. Çà óìîâîþ ëåìè fi = hi + ags−t+i
äëÿ i ∈ {t − s, t − s + 1, . . . , t} i fi = hi äëÿ êîæíîãî
i ∈ {0, 1, . . . , t−s−1}. Îñêiëüêè ìàòðèöÿ Ñèëüâåñòðà
S(f) ìíîãî÷ëåíà f(λ) ìà¹ áëî÷íèé âèãëÿä

S(f) =

( (
fj−i

)2t−1

t−1(
(ω + t− s)fj−i

)2t−1

t

)
,

äå i�íîìåð ðÿäêà, j � ñòîâïöÿ, ( )qr � òåïëiöåâà ìàò-
ðèöÿ ðîçìiðó r×q, ω = s− j + i, îòðèìà¹ìî

S(f) =

( (
hj−i

)2t−1

t−1(
(ω + t− s)hj−i

)2t−1

t

)
+

+ a

((
0
)t−s
t−1

(
gj−i

)t+s−1

t−1(
0
)t−s
t

(
ωgj−i

)t+s−1

t

)
,

äå hj = 0 äëÿ j < 0 òà j > t i gj = 0 äëÿ j < 0 òà j > s.
Ïîäàìî S(f) ÿê äîáóòîê ïðÿìîêóòíèõ ìàòðèöü:

S(f) =

( (
hj−i

)2t−1

t−1

(
gj−i

)t+s−1

t−1(
(ω + t− s)hj−i

)2t−1

t

(
ωgj−i

)t+s−1

t

)
×

×

Et−s 0
0 Et+s−1

0 aEt+s−1

 .

Âèêîðèñòîâóþ÷è ôîðìóëó Áiíå-Êîøi, äëÿ îá÷èñëåí-
íÿ detS(f) = Disc f îòðèìà¹ìî ìíîãî÷ëåí çà çìiííîþ
a, òîáòî

Disc f = Disch+ . . .+

+

( (
hj−i

)t−s
t−1

(
gj−i

)t+s−1

t−1(
(ω+t−s)hj−i

)t−s
t

(
ωgj−i

)t+s−1

t

)
at+s−1.

Ïåðåïèøåìî êîåôiöi¹íò ïðè at+s−1 ó òàêèé ñïîñiá:

det


S3 S4 X2

0 0
(
gj−i

)2s−1

s−1

S1 S2 X1

0 0
(
ωgj−i

)2s−1

s−1

 =

= (−1)t−s det


S1 S2 X1

S3 S4 X2

0 0
(
gj−i

)2s−1

s−1

0 0
(
ωgj−i

)2s−1

s−1

 =

= det

(
S1 S2

S3 S4

)
· det

( (
gj−i

)2s−1

s−1(
ωgj−i

)2s−1

s−1

)
,

äå ìàòðèöi S1 = (ω+t−s)hj−i, S3 = hj−i, S2 = ωgj−i,
S4 = gj−i ìàþòü ïîðÿäîê t− s, X1 òà X2 ïîçíà÷àþòü
ìàòðèöi, âiä ÿêèõ íå çàëåæàòü âiäïîâiäíi âèçíà÷íèêè.
Ïiäñòàâèâøè öþ ôîðìóëó i ðiâíiñòü

det

(
S1 S2

S3 S4

)
=

(
det

(
th0 sg0
h0 g0

))t−s
=
(
h0g0(t− s)

)t−s
ó ôîðìóëó äëÿ Disc f , îòðèìó¹ìî

Disc f = (−1)t−s
(
(t− s)h0g0

)t−s
at+s−1×

× det

( (
gj−i

)2s−1

s−1(
ωgj−i

)2s−1

s

)
+ . . .+Disch =

=
(
(s− t)h0g0

)t−s
at+s−1Disc g + . . .+Disch.

Ëåìó äîâåäåíî. �
Ïîçíà÷èìî ÷åðåç b1, . . . , bp êîåôiöi¹íòè ïðè ïîõiä-

íèõ Bn1 , . . . , B
n
p îïåðàòîðà L̃

11
n (B), ÷åðåç bp+1, . . . , b2p

âiäïîâiäíi êîåôiöi¹íòè îïåðàòîðà L̃22
n (B) i ò.ä., ÷åðåç

b(m−1)p+1, . . . , bmp âiäïîâiäíi êîåôiöi¹íòè îïåðàòîðà

L̃mmn (B), i íåõàé b = (b1, . . . , bmp).
Ìíîãî÷ëåí f(λ, ν) ìîæíà çàïèñàòè ó âèãëÿäi

f(λ, ν) = bj

(νj
ν̃

)n
g1(λ, ν) + h1(λ, ν), j = 1, . . . , p,

äå ìíîãî÷ëåíè g1(λ, ν) òà h1(λ, ν) çàëåæàòü âiä j, àëå
íå çàëåæàòü âiä bj . Ìíîãî÷ëåí g1(λ, ν) òàêîæ ìîæíà
ðîçïèñàòè ó âèãëÿäi ñóìè

g1(λ, ν) = bp+j

(νj
ν̃

)n
g2(λ, ν) + h2(λ, ν), j = 1, . . . , p,

äå ìíîãî÷ëåíè g2(λ, ν) òà h2(λ, ν) íå çàëåæàòü âiä
bp+j . Êîæåí ìíîãî÷ëåí gi(λ, ν), i = 1, . . . ,m−2, ìîæ-
íà çàïèñàòè àíàëîãi÷íî

gi(λ, ν) = bip+j

(νj
ν̃

)n
gi+1(λ, ν)+hi+1(λ, ν), j=1, . . ., p,

äå gi+1(λ, ν) òà hi+1(λ, ν) íå çàëåæàòü âiä bip+j .
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Çàñòîñóâàâøè äëÿ êîæíîãî ç ìíîãî÷ëåíiâ f(λ, ν)

i gi(λ, ν), i = 1, 2, . . . ,m−2, ëåìó 2 ïðè a = bj

(νj
ν̃

)n
ó

ðîçêëàäi ìíîãî÷ëåíà f(λ, ν) i a = bip+j

(νj
ν̃

)n
ó ðîçê-

ëàäàõ ìíîãî÷ëåíiâ gi(λ, ν) òà ïðè gl0 = hl0 = 1, äå gl0
i hl0, l = 1, 2, . . . ,m− 1, ¹ êîåôiöi¹íòàìè íàéñòàðøèõ
÷ëåíiâ ìíîãî÷ëåíiâ gl(λ, ν) i hl(λ, ν), îòðèìà¹ìî

Disc f(·, ν) = (−1)nnn
(νj
ν̃

)n(2mn−n−1)

×

× b2mn−n−1
j Disc g1(·, ν) + F, (21)

Disc gi(·, ν) = (−1)nnn
(νj
ν̃

)n(2mn−(2i+1)n−1)

×

× b
2mn−(2i+1)n−1
ip+j Disc gi+1(·, ν) +Gi, (22)

äå F i Gi íå ìiñòÿòü äîäàíêè çi ñòåïåíÿìè b
2mn−n−1
j i

b
2mn−(2i+1)n−1
ip+j âiäïîâiäíî.
Äëÿ çíàõîäæåííÿ Disc gn−1(·, ν) âèêîðèñòà¹ìî ëå-

ìó 1 ïðè α = 0 i gm−1,0 = 1

Disc gn−1(·, ν) = nn
(νj
ν̃

)n(n−1)

bn−1
(m−1)p+j +Gm−1,

(23)
äå j = 1, . . . , p, à Gm−1 íå ìiñòÿòü äîäàíêè çi ñòåïå-
íÿìè bn−1

(m−1)p+j .

Òåîðåìà 3. Íåõàé 0 < δ < 1, êîåôiöi¹í-
òè ñèñòåìè (1) ôiêñîâàíi (çà âèíÿòêîì b1, . . . ,
bmp). Òîäi iñíó¹ ìíîæèíà WNδ ⊂ Omp

R òàêà, ùî
measWNδ ≤ δ measOmp

R , i äëÿ âñiõ b ∈ Omp
R \WNδ

òà ν ∈ N ïðè η1 = m(mn − 1)θ/2 ñïðàâäæó¹òüñÿ
îöiíêà

|Disc f(·, ν)| ≥ δm(mn−1)/2C4ν̃
−η1 , (24)

äå C4 = nmn
( measOmp

R

mζN (θ)(p+ 1)nπmpR2mp−2

)m(mn−1)/2

.

� Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ðiâíîñòi (22) i
(23), ôîðìóëó (21) ïåðåïèøåìî òàê:

Disc f(·, ν) = (−1)n(m−1)nmn
(νj
ν̃

)mn(mn−1)

×

× b2mn−n−1
j b2mn−3n−1

p+j . . . b3n−1
(m−2)p+jb

n−1
(m−1)p+j + . . . =

= (−1)n(m−1)nmn
(νj
ν̃

)mn(mn−1)

×

×Bj(ν)Bp+j(ν) . . . B(m−1)p+j(ν),

äå Bip+j(ν), i = 0, 1, . . . ,m− 1, � óíiòàëüíèé ñòåïåíÿ
2(m− i)n− n− 1 ìíîãî÷ëåí çìiííî¨ bip+j , êîåôiöi¹í-
òè ÿêîãî íå çàëåæàòü âiä b1, . . . , bip+j−p, j = 1, . . . , p.
Çíàéäåìî ìîäóëü äèñêðèìiíàíòà ìíîãî÷ëåíà f(·, ν):

|Disc f(·, ν)| = nmn
( |νj |
ν̃

)mn(mn−1)

×

× |Bj(ν)||Bp+j(ν)| . . . |B(m−1)p+j(ν)|. (25)

Ó ðiâíîñòi (25) òàê (îäíîçíà÷íî) âèáåðåìî iíäåêñ
j = j(ν), äå ν = (ν1, . . . , νp), ùîá νj = max{ν1, . . . , νp}.

Íåõàé WNm−1
δ (ν)�ìíîæèíà âåêòîðiâ b ∈ Omp

R ,
äëÿ ÿêèõ äëÿ ôiêñîâàíîãî ν âèêîíó¹òüñÿ îöiíêà

|B(m−1)p+j(ν)| <
( δ measOmp

R ν̃−θ

mζN (θ)πmpR2mp−2

)(n−1)/2

, (26)

j = 1, . . . , p. Îöiíèìî ìiðó öi¹¨ ìíîæèíè. Ïîçíà÷èìî

÷åðåç W̃N
m−1

δ (ν) ⊂ Op
R ìíîæèíó âåêòîðiâ b(m−1)p+1,

. . . , bmp, à ÷åðåç W̃N
m−1

δ (ν, b̃(m−1)p+j)�ìíîæèíó òèõ
çíà÷åíü çìiííî¨ b(m−1)p+j äëÿ ôiêñîâàíîãî b̃(m−1)p+j ,
äå b̃(m−1)p+j � âåêòîð ç êîìïîíåíòàìè b(m−1)p+1, . . . ,
bmp áåç êîìïîíåíòè b(m−1)p+j , äëÿ ÿêèõ âèêîíó¹òüñÿ
íåðiâíiñòü (26). Îñêiëüêè ìíîæèíà WNm−1

δ (ν) ¹ äå-

êàðòîâèì äîáóòêîì O(m−1)p
R × W̃N

m−1

δ (ν), òî ¨¨ ìiðà
âèçíà÷à¹òüñÿ òàê:

measWNm−1
δ (ν) = (πR2)(m−1)pmeas W̃N

m−1

δ (ν),

meas W̃N
m−1

δ (ν) =

=

∫
Op−1
R

meas W̃N
m−1

δ (ν, b̃(m−1)p+j) db̃(m−1)p+j .

Âèêîðèñòîâóþ÷è ëåìó Êàðòàíà [12, c. 267], äëÿ ìiðè

ìíîæèíè W̃N
m−1

δ (ν, b̃(m−1)p+j) îäåðæèìî îöiíêó

meas W̃N
m−1

δ (ν, b̃(m−1)p+j) <
δ measOmp

R ν̃−θ

mζN (θ)(πR2)mp−1
.

Ïiñëÿ iíòåãðóâàííÿ ïî îáëàñòi Op−1
R îòðèìà¹ìî, ùî

meas W̃N
m−1

δ (ν) <
δ measOmp

R ν̃−θ

mζN (θ)(πR2)(m−1)p
.

Òîäi äëÿ ìiðè ìíîæèíè WNm−1
δ (ν) âèêîíó¹òüñÿ òàêà

íåðiâíiñòü:

measWNm−1
δ (ν) <

δ measOmp
R ν̃−θ

mζN (θ)
.

Íåõàé WNm−2
δ (ν)�ìíîæèíà âåêòîðiâ b ∈ Omp

R ,
äëÿ ÿêèõ äëÿ ôiêñîâàíîãî ν ïðè êîæíîìó j = 1, . . . , p
âèêîíó¹òüñÿ îöiíêà

|B(m−2)p+j(ν)| <
( δ measOmp

R ν̃−θ

mζN (θ)πmpR2mp−2

)(3n−1)/2

.

(27)
Çíàéäåìî îöiíêó äëÿ ìiðè öi¹¨ ìíîæèíè. Ïîçíà-

÷èìî ÷åðåç W̃N
m−2

δ (ν) ⊂ O2p
R ìíîæèíó âåêòîðiâ

b(m−2)p+1, . . . , bmp, à ÷åðåç W̃N
m−2

δ (ν, b̃(m−2)p+j)�
ìíîæèíó çíà÷åíü çìiííî¨ b(m−2)p+j äëÿ ôiêñîâàíîãî
b̃(m−2)p+j iç îñòàííiìè p ñêëàäîâèìè ç êîìïîíåíòà-

ìè ç ìíîæèíè W̃N
m−1

δ (ν), äëÿ ÿêèõ âèêîíó¹òüñÿ íå-
ðiâíiñòü (27), äå b̃(m−2)p+j � âåêòîð ç êîìïîíåíòàìè
b(m−2)p+1, . . . , bmp áåç êîìïîíåíòè b(m−2)p+j . Îñêiëü-

êè WNm−2
δ (ν) = O(m−2)p

R × W̃N
m−2

δ (ν), òî ìiðà öi¹¨
ìíîæèíè îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

measWNm−2
δ (ν) = (πR2)(m−2)pmeas W̃N

m−2

δ (ν).
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Äëÿ ìiðè ìíîæèíè W̃N
m−2

δ (ν, b̃(m−2)p+j) çà ëåìîþ
Êàðòàíà ñïðàâäæó¹òüñÿ îöiíêà

meas W̃N
m−2

δ (ν, b̃(m−2)p+j) <
δ measOmp

R ν̃−θ

mζN (θ)(πR2)mp−1
.

Ïðîiíòåãðóâàâøè ïî îáëàñòi O2p−1
R ×

(
Op
R\W̃N

m−1

δ (ν)
)
,

îòðèìà¹ìî, ùî

meas W̃N
m−2

δ (ν) <
δ measOmp

R ν̃−θ

mζN (θ)(πR2)(m−2)p
.

Òîäi äëÿ ìiðè ìíîæèíè WNm−2
δ (ν) âèêîíó¹òüñÿ òàêà

îöiíêà:

measWNm−2
δ (ν) <

δ measOmp
R ν̃−θ

mζN (θ)
.

Àíàëîãi÷íî, ÷åðåç WN i
δ(ν), i = 0, 1, . . . ,m−1, ïîç-

íà÷èìî ìíîæèíó òèõ âåêòîðiâ b ∈ Omp
R , äëÿ ÿêèõ äëÿ

ôiêñîâàíîãî ν ïðè êîæíîìó j = 1, . . . , p âèêîíó¹òüñÿ
íåðiâíiñòü

|Bip+j(ν)| <
( δ measOmp

R ν̃−θ

mζN (θ)πmpR2mp−2

)(2mn−(2i+1)n−1)/2

.

(28)
Çíàéäåìî îöiíêè ìið ìíîæèí WN i

δ (ν). Íåõàé

W̃N
i

δ(ν) ⊂ O(m−i)p
R �ìíîæèíà âåêòîðiâ bip+1, . . . ,

bmp, à W̃N
i

δ(ν, b̃ip+j)�ìíîæèíà çìiííî¨ bip+j äëÿ
ôiêñîâàíîãî b̃ip+j iç îñòàííiìè (m − i − 1)p êîìïî-

íåíòàìè ç ìíîæèíè W̃N
i+1

δ (ν), äå b̃ip+j � âåêòîð ç
êîìïîíåíòàìè bip+1, . . . , bmp áåç êîìïîíåíòè bip+j ,
äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü (28). Îñêiëüêè

WN i
δ(ν) = Oip

R × W̃N
i

δ(ν), òî äëÿ ìiðè öi¹¨ ìíîæèíè
ìà¹ìî

measWN i
δ (ν) = (πR2)ipmeas W̃N

i

δ(ν).

Äëÿ ìiðè ìíîæèíè W̃N
i

δ(ν, b̃ip+j) çà ëåìîþ Êàðòàíà
ñïðàâäæó¹òüñÿ îöiíêà

meas W̃N
i

δ(ν, b̃ip+j) <
δ measOmp

R ν̃−θ

mζN (θ)(πR2)mp−1
.

Iíòåãðóþ÷è ïî îáëàñòiOip−1
R ×

(
O(m−i−1)p
R \W̃N

i+1

δ (ν)
)
,

îòðèìà¹ìî, ùî

meas W̃N
i

δ(ν) <
δ measOmp

R ν̃−θ

mζN (θ)(πR2)ip
.

Îòæå, äëÿ ìiðè ìíîæèíè WN i
δ(ν) âèêîíó¹òüñÿ òàêà

íåðiâíiñòü:

measWN i
δ(ν) <

δ measOmp
R ν̃−θ

mζN (θ)
.

Îöiíêó äëÿ ìiðè ìíîæèíè WNδ(ν) =
m−1∪
i=0

WN i
δ(ν) çà-

ïèøåìî ó âèãëÿäi

measWNδ(ν)≤
m−1∑
i=0

measWN i
δ(ν)<

δ measOmp
R ν̃−θ

ζN (θ)
.

Îá'¹äíà¹ìî ìíîæèíè WNδ(ν) â îäíó ìíîæèíó

WNδ =
m−1∪
i=0

WN i
δ(ν) (29)

i îöiíèìî ìiðó öi¹¨ ìíîæèíè

measWNδ ≤
∑
ν∈N

measWNδ(ν) < δ measOmp
R . (30)

Âåêòîð b ââàæàòèìåìî åëåìåíòîì ìíîæèíè
Omp
R \WNδ. Âðàõîâóþ÷è ôîðìóëó (30), îòðèìà¹ìî

òàêó íåðiâíiñòü äëÿ îöiíêè ¨¨ ìiðè:

meas (Omp
R \WNδ) ≥ (1− δ)measOmp

R . (31)

Íà ìíîæèíi Omp
R \WNδ iç ðiâíîñòi (25) òà íåðiâíîñòåé

(26)�(28) âèïëèâà¹, ùî∣∣∣Disc f(·, ν)
∣∣∣ ≥

≥ nmn
( δ measOmp

R ν̃−θ

mζN (θ)(p+ 1)nπmpR2mp−2

)m(mn−1)/2

=

= δm(mn−1)/2C4ν̃
−η1

äëÿ ôiêñîâàíîãî âåêòîðà ν ∈ N .
Îòæå, ïîçà ìíîæèíîþ WNδ íåðiâíiñòü (24) âèêî-

íó¹òüñÿ äëÿ âñiõ ν ∈ N . Òåîðåìó äîâåäåíî. �
Ðîçãëÿíåìî óìîâè, çà ÿêèõ âèêîíóþòüñÿ íå-

ðiâíîñòi (20). Ïîñëiäîâíiñòü çíàìåííèêiâ ôóíêöi¨
ρν(λl(ν), t) ìîæå ìàòè çáiæíi äî íóëÿ ïiäïîñëiäîâ-
íîñòi, òîáòî ìiñòèòè ìàëi çíàìåííèêè. Äëÿ îöiíþâàí-
íÿ âåëè÷èíè ρν(λl(ν), t), ÿê ôóíêöi¨ ν, ïîáóäó¹ìî âè-
íÿòêîâi ìíîæèíè ìàëî¨ ìiðè íà êîìïëåêñíié ïëîùè-
íi äëÿ ïàðàìåòðà µ, âèêîðèñòàííÿ ÿêèõ ¹ âàðiàíòîì
ìåòðè÷íîãî ïiäõîäó äî îöiíþâàííÿ ìàëèõ çíàìåííè-
êiâ [1, 3].

Âèáåðåìî äîäàòíå ÷èñëî χN ç óìîâè

χ2
N 32nT 2ζN (θ) = π.

Íåõàé ε < 1 i
√
ε < ln 2/(2χNT ), ÿêùî n = 1; òîäi äëÿ

n > 1 âèêîíó¹òüñÿ íåðiâíiñòü

ln 2/(2χNT ) = ln 2
√
8nζN (θ)/π ≥

√
2n/π > 1,

òîáòî òàêîæ
√
ε < ln 2/(2χNT ).

Ïîçíà÷èìî χ1N =
√
εχN ν̃

−θ/2 òà µlν = eν̃λl(ν)T ,
µν(λ) = eν̃λT . Âðàõîâóþ÷è öi ïîçíà÷åííÿ, îòðèìà¹-

ìî, ùî ρν(λ, t) =
eν̃λt

µ− µν(λ)
.

Âèáåðåìî ìíîæèíè VNl(ν) äëÿ òèõ l = 1, . . . , n òà
ν ∈ N , ùî çàäîâîëüíÿþòü óìîâó |µlν | < 2M çà òàêîþ
ôîðìóëîþ:

VNl(ν) =
{
λ ∈ C : |Re (λ− λl(ν))| <

χ1N

2
,

|Im (λ− λl(ν))| <
χ1N

2

}
.

Êîæíà ìíîæèíà VNl(ν)�öå êâàäðàò (ðèñ. 1) çi ñòî-
ðîíîþ χ1N , öåíòðîì λl(ν) i âåðøèíàìè M−−, M−+,
M++, M+− ó êîìïëåêñíié ïëîùèíi çìiííî¨ λ. Òî÷-
êè M−−, M−+, M++, M+− çîáðàæàþòü êîìïëåêñíi
÷èñëà λl(ν) − (1 + i)χ1N /2, λl(ν) − (1 − i)χ1N /2,
λl(ν) + (1 + i)χ1N /2, λl(ν) + (1− i)χ1N /2 âiäïîâiäíî.
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Ðèñ. 1. Êîíöåíòðè÷íi êâàäðàòè ç öåíòðîì
ó òî÷öi λl(ν): êâàäðàò VNl(ν) çi ñòîðîíîþ χ1N

òà êâàäðàò iç ñòîðîíîþ 2χ1N . Âèäiëåíî ìíîæèíó,
ÿêà ¹ ðiçíèöåþ öèõ êâàäðàòiâ

Íåõàé ìíîæèíà

VNl,2(ν) =
{
µ ∈ C : e−χ1NT/2 ≤

∣∣∣ µ
µlν

∣∣∣ ≤ eχ1NT/2,∣∣∣ arg µ

µlν

∣∣∣ ≤ χ1NT/2
}

¹ îáðàçîì êâàäðàòà VNl(ν) ïðè âiäîáðàæåííi
λ→eν̃λT , à ìíîæèíà VNl,1(ν) ¹ îáðàçîì êîíöåíòðè÷-
íîãî äî VNl(ν) êâàäðàòà çi ñòîðîíîþ 2χ1N (ðèñ. 2),
òîáòî ¨¨ ìîæíà çàäàòè çà äîïîìîãîþ ôîðìóëè

VNl,1(ν) =
{
µ ∈ C : e−χ1NT ≤

∣∣∣ µ
µlν

∣∣∣ ≤ eχ1NT ,∣∣∣ arg µ

µlν

∣∣∣ ≤ χ1NT
}
.

Ðèñ. 2. Îáðàçè êâàäðàòiâ ç ðèñ. 1 ïðè âiäîáðàæåííi
λ → eν̃λT i ìiíiìàëüíà âiäñòàíü |z1z2| ìiæ íèìè

Ïëîùà (ìiðà) ìíîæèíè VNl,1(ν), ÿêó íàçâåìî âè-
íÿòêîâîþ ìíîæèíîþ äëÿ çàäàíîãî ν, îá÷èñëþ¹òüñÿ
çà ôîðìóëîþ

measVNl,1(ν) =
2χ1NT

2π

(
π|µlν |2e2χ1NT−

− π|µlν |2e−2χ1NT
)
=χ1NT |µlν |2

(
e2χ1NT − e−2χ1NT

)
.

Îñêiëüêè e2χ1NT < 2 i

ey2χ1NT − ey1χ1NT

y2 − y1
= χ1NTe

y3χ1NT ≤ χ1NTe
y2χ1NT ,

äå y3 ∈ (y1; y2), òî

measVNl,1(ν) = 4χ1NT |µlν |2
e2χ1NT − e−2χ1NT

4
≤

≤ 4
(
χ1NT |µlν |

)2
e2χ1NT < 32(χ1NTM)2.

Îá'¹äíà¹ìî âèíÿòêîâi ìíîæèíè VNl,1(ν) â îäíó âè-
íÿòêîâó ìíîæèíó

VNε =
∪
ν∈N ;

|µlν |≤2M

n∪
l=1

VNl,1(ν) (32)

i çíàéäåìî îöiíêó ¨¨ ìiðè:

measVNε =
∑
ν∈N ;

|µlν |≤2M

n∑
l=1

measVNl,1(ν) ≤

≤ 32(TM)2
∑
ν∈N

χ2
1N .

Âðàõîâóþ÷è ïîçíà÷åííÿ χ1N òà χN , îòðèìó¹ìî, ùî

measVNε≤32nT 2ζN (θ)χ2
N εM

2=επM2=ε measOM .
(33)

Ïàðàìåòð µ ââàæàòèìåìî åëåìåíòîì ìíîæèíè
OM \VNε. Âðàõîâóþ÷è ôîðìóëó (33), äëÿ ìiðè ìíî-
æèíè OM \VNε çàïèøåìî òàêó îöiíêó:

meas (OM \VNε) ≥ (1− ε)measOM . (34)

Òåîðåìà 4. ßêùî η2 = θ/2, òî äëÿ âñiõ âåê-
òîðiâ µ ∈ OM \ VNε ôóíêöiÿ ρν(λ, t) â îáëàñòi
VNl(ν)× [0, T ] ìà¹ îöiíêó çâåðõó

|ρν(λ, t)| ≤
τ√
ε
ν̃η2 , (35)

äå τ = 8max{2, 1/|µ|}
√
2πnζN (θ) ∈ R, τ > 0.

� Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê
|µlν | ≥ 2M . Ó êîæíîìó òàêîìó êâàäðàòi VNl(ν) âè-
êîíóþòüñÿ íåðiâíîñòi

|µlν |e−χ1NT/2 ≤ |µν(λ)| ≤ |µlν |eχ1NT/2,

äå e2χ1NT =e2
√
εχNT ν̃

−η2
< eν̃

−η2 ln 2=2ν̃
−η2 ≤2, òîìó

3M/2<23/4M≤2−1/4|µlν |≤|µν(λ)|≤21/4|µlν |.
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Äàëi îòðèìó¹ìî, ùî

|ρν(λ, t)| =
∣∣∣ eν̃λ(ν)T t

T

µ− µν(λ)

∣∣∣ = |µν(λ)|
t
T

|µ− µν(λ)|
=

=
|µν(λ)|

t
T

|µν(λ)||µ/µν(λ)− 1|
=

|µν(λ)|
t
T −1

|µ/µν(λ)− 1|
≤

≤ 3max
{
1,

1

|µν(λ)|

}
< max

{
3,

2

M

}
,

à òàêîæ, âðàõîâóþ÷è, ùî
ν̃η2√
ε
> 1,

|ρν(λ, t)| <
ν̃η2√
ε
max

{
3,

2

M

}
. (36)

Ðîçãëÿíåìî âèïàäîê |µlν | < 2M , òîäi äëÿ µν(λ)

ìà¹ìî òðè ìîæëèâîñòi: |µν(λ)| ≤
|µ|
2
, |µν(λ)| ≥ 2|µ|

òà
|µ|
2
< |µν(λ)| < 2|µ|.

ßêùî |µν(λ)| ≤
|µ|
2
, òî |µ− µν(λ)| ≥

|µ|
2

i

|ρν(λ, t)|=
|µν(λ)|

t
T

|µ− µν(λ)|
≤|µν(λ)|

t
T

|µ|/2
=
2|µν(λ)|

t
T

|µ|
≤

≤ 2

|µ|
max{1,|µν(λ)|}≤

2

|µ|
max

{
1,
|µ|
2

}
=max

{
1,

2

|µ|

}
,

à òàêîæ

|ρν(λ, t)| ≤
ν̃η2√
ε
max

{
1,

2

|µ|

}
. (37)

ßêùî |µν(λ)| ≥ 2|µ|, òî

|µ− µν(λ)| = |µν(λ)|
∣∣∣ µ

µν(λ)
− 1
∣∣∣ ≥ |µν(λ)|

2

i âèêîíó¹òüñÿ íåðiâíiñòü

|ρν(λ, t)|=
|µν(λ)|

t
T

|µ− µν(λ)|
≤ |µν(λ)|

t
T

|µν(λ)|/2
=2|µν(λ)|

t−T
T ≤

≤ 2max
{
1,

1

|µν(λ)|

}
≤max

{
2,

2

2|µ|

}
=max

{
2,

1

|µ|

}
,

à îòæå,

|ρν(λ, t)| ≤
ν̃η2√
ε
max

{
2,

1

|µ|

}
. (38)

Ðîçãëÿíåìî âèïàäîê
|µ|
2
< |µν(λ)|< 2|µ|. Çíàìåí-

íèê |µ − µν(λ)| íå ìåíøèé, íiæ min |z1 − z2|, äå z1
i z2 íàëåæàòü ãðàíèöÿì îáëàñòåé VNl,1(ν) i VNl,2(ν)
âiäïîâiäíî. Öåé ìiíiìóì äîñÿãà¹òüñÿ, ÿêùî

z2 = eν̃(λl(ν)−(i+1)χ1N /2)T ,

à z1 �ïðîåêöiÿ z2 íà ïðîìiíü z = arg λl(ν)−χ1NT i
äîðiâíþ¹ |µlν |e−χ1NT/2 sin(χ1NT/2). Îñêiëüêè ñïðàâä-
æóþòüñÿ îöiíêè

χ1NT/2 < ln 2/4 < 1/4 < π/4

i sinx > 2
√
2x/π äëÿ x ∈ [0, π/4], òî

sinχ1NT/2 ≥ 2
√
2χ1NT/2π =

√
2χ1NT/π.

Ç íåðiâíîñòi |µlν |≥|µν(λ)|e−χ1NT/2 îòðèìà¹ìî

|µ− µν(λ)| ≥ |µlν |e−χ1NT/2 sin(χ1NT/2) ≥

≥ |µν(λ)|e−χ1NT
√
2χ1NT/π > |µ|χ1NT/2π,

çâiäêè âèïëèâà¹

|ρν(λ, t)| =
|µν(λ)|

t
T

|µ− µν(λ)|
<

max{1, 2|µ|}
|µ− µν(λ)|

≤

≤ 2πmax{1, 2|µ|}
|µ|χ1NT

≤ 2π√
εχN ν̃−η2T

max
{
2,

1

|µ|

}
≤

≤ ν̃η2√
ε
8
√
2nπζN (θ)max

{
2,

1

|µ|

}
. (39)

Ïðàâi ÷àñòèíè ó ôîðìóëàõ (36)�(39) îöiíþþòüñÿ

÷èñëîì
τ ν̃η2√
ε
. Îòæå, íåðiâíiñòü (35) âèêîíó¹òüñÿ ïðè

η2 = θ/2 äëÿ âñiõ µ ∈ OM \ VNε. Òåîðåìó äîâå-
äåíî. �

Îñêiëüêè λl(ν)∈VNl(ν) i

∣∣∣∣ eν̃λl(ν)t

µ−eν̃λl(ν)T

∣∣∣∣=|ρν(λl(ν), t)|,

òî îöiíêà (20) âèêîíó¹òüñÿ äëÿ âñiõ µ ∈ OM \VNε.
Ñôîðìóëþ¹ìî òà äîâåäåìî òåîðåìó iñíóâàííÿ òà

¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîðiHNn

q (Dp)
ç óðàõóâàííÿì ìåòðè÷íèõ òåîðåì 3 òà 4.

Òåîðåìà 5. Íåõàé ÷èñëî θ çàäà¹ àñèìïòîòè-
êó ñïåêòðà N , ìíîæèíè WNδ i VNε çàäàíî ôîðìó-
ëàìè (29) i (32), à îöiíêè ìið ìíîæèí Omp

R \WNδ òà
OM \VNε âèçíà÷àþòü ðiâíîñòi (31) òà (34) âiäïîâiä-
íî, ψ = (m2n−m+1)θ/2. Òîäi ó ðàçi φ0 ∈ HN q+ψ(Sp),
φ1 ∈ HN q−1+ψ(Sp), . . . , φn−1 ∈ HN q−n+1+ψ(Sp) äëÿ
âñiõ (b, µ) ç ìíîæèíè (Omp

R \WNδ)×(OM \VNε) iñíó¹

¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ç ïðîñòîðóHNn

q (Dp),
ÿêèé íåïåðåðâíî çàëåæèòü âiä ïðàâèõ ÷àñòèí
óìîâ (2).
� Äîâåäåííÿ. Çà òåîðåìîþ 3 äëÿ âñiõ âåêòîðiâ

b ∈ Omp
R \ WNδ âèêîíó¹òüñÿ îöiíêà (19) çi ñòà-

ëîþ η1 = m(mn − 1)θ/2. Çãiäíî ç òåîðåìîþ 4 äëÿ
äîâiëüíîãî ÷èñëà µ ∈ OM \ VNε âèêîíó¹òüñÿ îöiíêà
(20) çi ñòàëîþ η2 = θ/2. Îòæå, äëÿ êâàäðàòà íîðìè
ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði HNn

q (Dp) âèêîíó-
¹òüñÿ íåðiâíiñòü

∥u∥2
HNn

q (Dp)
≤ C5

εδm(mn−1)

n−1∑
j=0

∥φj∥2HN q−j+ψ(Sp)
,

äå C5 > 0� âåëè÷èíà, ÿêà çàëåæèòü âiä m, n, p òà
êîåôiöi¹íòiâ ñèñòåìè (1). Òîäi ç òåîðåìè 2 âèïëèâà¹
ÿê iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2) ç ïðîñòîðó
HNn

q (Dp), òàê i éîãî íåïåðåðâíà çàëåæíiñòü âiä
ôóíêöié φ0 ∈ HN q+ψ(Sp), φ1 ∈ HN q−1+ψ(Sp), . . . ,
φn−1 ∈ HN q−n+1+ψ(Sp).

Îñêiëüêè äî ìíîæèíè VNε íàëåæàòü âñi ðîçâ'ÿç-
êè ðiâíÿííÿ (14), òî ç óìîâè µ ∈ OM \VNε i òåîðåìè 1
âèïëèâà¹ ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði
HNn

q (Dp). Òîìó äëÿ âñiõ µ ∈ OM \ VNε ç iñíóâàííÿ

ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði HNn

q (Dp) âèïëè-
âà¹ éîãî ¹äèíiñòü íà ìíîæèíi OM \VNε. Òåîðåìó äî-
âåäåíî. �
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Íåëîêàëüíà çàäà÷à äëÿ ñèñòåìè äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ó ïðîñòîðàõ ðÿäiâ Äiðiõëå-Òåéëîðà

Âèñíîâêè

Ó ïðàöi äîñëiäæåíî óìîâè ðîçâ'ÿçíîñòi íåëîêàëü-
íî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè äèôåðåíöiàëüíî-
îïåðàòîðíèõ ðiâíÿíü ç îïåðàòîðîì äèôåðåíöiþâàííÿ

B = (B1, . . . , Bp), äå Bj ≡ zj
∂

∂zj
, j = 1, . . . , p, ÿêèé

äi¹ íà ôóíêöi¨ êîìïëåêñíèõ çìiííèõ z1, . . . , zp. Âñòà-
íîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà-
÷i ó øêàëi ïðîñòîðiâ {HNn

q (Dp)}q∈R ôóíêöié, ùî ¹

ðÿäàìè Äiðiõëå-Òåéëîðà çi çàäàíèì ñïåêòðîì N òà
çàäàíîþ àñèìïòîòèêîþ i êîåôiöi¹íòàìè iç Cn[0, T ].
Çíà÷åííÿ íà ïðîìiæêó [0, T ] ôóíêöié ç öi¹¨ øêàëè òà
¨õ ïîõiäíèõ äî ïîðÿäêó n âêëþ÷íî íàëåæàòü äî ïðî-
ñòîðiâ iç ãiëüáåðòîâî¨ (òèïó Ñîáîë¹âà) øêàëè. Äëÿ
âèðiøåííÿ ïðîáëåìè ìàëèõ çíàìåííèêiâ, ùî âèíèê-
ëè ïiä ÷àñ ïîáóäîâè ðîçâ'ÿçêó çàäà÷i, âèêîðèñòàíî
ìåòðè÷íèé ïiäõiä, ÿêèé äàâ çìîãó îòðèìàòè îöiíêè
çíèçó äëÿ ìàéæå âñiõ âåêòîðiâ, ñêëàäåíèõ ç êîåôiöi-
¹íòiâ ðiâíÿííÿ òà ïàðàìåòðà êðàéîâèõ óìîâ.
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ÍÅËÎÊÀËÜÍÀß ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÑÈÑÒÅÌÛ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎ-ÎÏÅÐÀÒÎÐÍÛÕ ÓÐÀÂÍÅÍÈÉ
Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÐßÄÎÂ ÄÈÐÈÕËÅ-ÒÅÉËÎÐÀ

Èëüêèâ Â. Ñ., Ñòðàï Í. È.
Íàöèîíàëüíûé óíèâåpñèòåò �Ëüâèâñüêà ïîëèòýõíèêà�

óë. Ñ. Áàíäåpû 12, 79013, Ëüâîâ, Óêðàèíà

Èññëåäîâàíà íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû äèôôåðåíöèàëüíî-îïåðàòîðíûõ

óðàâíåíèé ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿB = (B1, . . . , Bp), ãäåBj ≡ zj
∂

∂zj
, j = 1, . . . , p,

â ïðîñòðàíñòâàõ ôóíêöèé ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ, êîòîðûå ÿâëÿþòñÿ ðÿäàìè
Äèðèõëå-Òåéëîðà ñ ôèêñèðîâàííûì ñïåêòðîì. Çàäà÷à ÿâëÿåòñÿ íåêîððåêòíîé ïî Àäàìàðó,
à åå ðàçðåøèìîñòü ñâÿçàíà ñ ïðîáëåìîé ìàëûõ çíàìåíàòåëåé, êîòîðûå âîçíèêàþò ïðè ïî-
ñòðîåíèè ðåøåíèÿ. Äîêàçàíû ìåòðè÷åñêèå òåîðåìû îá îöåíêàõ ñíèçó ìàëûõ çíàìåíàòåëåé,
êîòîðûå çàâèñÿò îò àñèìïòîòèêè ñïåêòðà ðÿäîâ Äèðèõëå-Òåéëîðà, à òàêæå óñòàíîâëåíû
óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ýòîé íåëîêàëüíîé çàäà÷è â øêàëå ïðî-
ñòðàíñòâ ôóíêöèé ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ.
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NONLOCAL BOUNDARY VALUE PROBLEM FOR A SYSTEM
OF DIFFERENTIAL-OPERATOR EQUATIONS

IN THE SPACES OF DIRICHLET-TAYLOR SERIES

Il'kiv V. S., Strap N. I.
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12, S. Bandery Str., Lviv, 79013, Ukraine

The paper is devoted to investigation of nonlocal boundary value problem for a system of
partial di�erential-operator equations with di�erentiation operator B = (B1, . . ., Bp), where

Bj≡zj
∂

∂zj
, j = 1, . . ., p, in the spaces of several complex variables functions, which are Dirichlet-

Taylor series with �xed spectrum. This problem is incorrect in the Hadamard sense and its
solvability related to the small denominators, which arising in the construction of the solution.
By using of metric approach, theorems about lower estimations of small denominators, that
depends on the asymptotic of Dirichlet-Taylor series spectrum, was proved. Also existence and
uniqueness conditions of the solution of this nonlocal problem in the scale of spaces of several
complex variables functions are establish.

Key words: partial di�erential equation, nonlocal problem, small denominators, metric estimation,
Dirichlet-Taylor series.
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