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Abstract: The article is devoted to the
approximation of fractional order differential-integral
controllers by integer order transfer functions using the
Oustaloup transformation. The dependence of the
accuracy of practical approximation of fractional
differential and integral units by the ratio of integer order
polynomials on the Oustaloup transformation order has
been examined. A modification of the Oustaloup method
in which the order of the numerator polynomial is
decremented by one has been proposed, and the
recommendations for practical implementation of analog
fractional order PI controllers have been made.
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1. Introduction

Analysis and synthesis of linear and linearized
automatic control systems (ACS) are usually carried out
by an integer order transfer functions (TF). In [1] it is
shown that such a system is a particular case of a more
general representation using the fractional order TF. As a
result of the synthesis of different systems described by
fractional order TFs, there are obtained appropriate
fractional controllers, i.e. controllers described by the
fractional order TF. Using fractional controllers provides
better quality regulation [2] and technological process
control and their application will increase with the
development of methods and ways of the technical
implementation of relevant controllers. Application of
fractional order controllers for this purpose provides
better flexibility in setting the control circuits than the
use of an integer order controller [2]. This flexibility
makes the fractional order control systems a powerful
tool in the design of robust control systems with fewer
parameter adjustments. The main advantage is that by
using a few buttons for adjusting, the fractional order
controller approaches the same level of robustness as the
controller of integer but very high order. At the same
time, the implementation of the integer order controllers
is well developed in both analog and digital variants.
Therefore, the problem of technical implementation of
fractional controllers can be solved by means of
equivalent replacement (approximation) of their TF by
the integer order TF to ensure the same transition

functions and the same Bode diagrams in the relevant
frequency range for both TF representations.

2. Analysis of research and
publications

Solving the problem of approximation of the
fractional order TF by the integer order TF is
examined in [3] wusing the so-called Oustaloup
transformations. Such transformations provide the

equivalence of Bode diagrams in the frequency range

previous

[0;,0,]. In this case ®,,®, represent lower and

upper levels of frequency bands, respectively. Thus, it
is presumed as possible to represent the degree of

fractional operator 57 as follows:

) :[Q_J T e (1)
®, ) k=-n1+s/o,
where: ®, = \/m , N is order approximation, which
should be set; ®) ,®, are zeros and poles of equivalent
TF of integer order, respectively, (®, /®,)*=k, [3].

The order of approximation is selected at the level
(2N +1). The originality of the idea is that a coefficient,
zeros and poles of the expected TF are initially
calculated to replace the TF of fractional order by integer
order. Next, being based on the calculated poles, the TF
is established as follows:
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where ®,®)...0,,,, are calculated zeros of the integer

2

order TF; ®,,®,...®,y,, are the calculated poles of the

integer order TF of [3].
The expression for the TF (2) can be represented as
a ratio of polynomials:

sV 4+ bs+b,  P(s)

2N+1

W(s)=k, = .
s +...+as+a, O()
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The disadvantage of this approach is the equal
number of poles and zeros in the approximating integer
order TF.
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3. Purpose of the research

Based on simulation studies in MATLAB Simulink
environment, this paper aims at solving the following
objectives:

— to analyze the dependence of the approximation
accuracy of differential-integral units on the order of the
approximating polynomial,

— to modify Oustaloup method for the appro-
ximating fractional order TF using the integer order TF,
if the order of the numerator is decremented by one.

4. Basic material and research results

The expression s *can be interpreted as an
expression of fractional differentiator (+ o) or integrator
(-0), by means of which the total TF of fractional
controllers used in the following analysis is formed. To
conduct the analysis in MATLAB environment there has
been developed a software program that implements the
Oustaloup method [3] according to (1) to approximate

s using the integer order TF. The application of the
developed program enables transforming the differential-
integral units of the fractional order TF with different
power o in the frequency range (0,01 + 100) s’ on
condition that the order of approximation is N =1 + 5.
To serve as an example, representation of fractional
order differential and integral units with power,
respectively, a = 0,25; 0,5 and a = - 0,25; - 0.5 by units
with the integer order TF wusing Oustaloup
transformation is carried out in the paper.

Below the relevant expressions for the integer order
TF with N = 1 + 3 are shown with regard to the
fractional order differential and integral units. Their
Bode diagrams for different N are constructed, as well as
the transition functions to assess the degree of adequacy
of such replacement:

1) approximation of the differential fractional unit

W(s)=s"

31,62s° +1010s” +319,4s +1

N=I- 3 5 ;
s”+319,45° +1010s + 31,62

“

N=2

31,62s° +4249* +338905” +169805° +534,95+1
s +5349s5* +169805° +338905” +4249 +31,62

)

N=3

10s” +509.45° + 5487s° +14990s”* +10790s> + ...
57 +98.345° +20455° +10790s* +14990s° + ...
4204557 +98.345 +1

o+ 54875% +509.45 +10

(6)

2) approximation of the fractional integral unit
W(s)=s""":

0,03162s> +10,1s> +31,94s +1

N=1 3 3 ;
s> +31,94s° +10,1s +0,03162

(7

N=2
0,031625° +16,92s* +537,1s” +1072s” +134,4s +1

s° +134.4s* +10725% +537,1s% +16,925 +0,03162
N=3

®)

0.1s” +9.8345° +204.55° +1079s* +1499s°> +...
5T +50.945° +548.7s° +1499s* +1079s° + ...
. +548.75% +50.945 +1

.+204.55> +9.8345 +0.1
Fig. 1. shows Bode diagrams of differential "a" and
integral "b" fractional order units, respectively, for
o = 0,25; 0.5 and a = -0,25; -0.5. The calculation was
based on TF expressions (4) - (9). Curve 1 corresponds
toN=1, curve 2 to N =2, curve 3 to N = 3. Curve 4 cor-
responds to N = 4 and it virtually coincides with the real
(theoretical) characteristic of the fractional order unit.
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Fig. 1. Bode diagrams of approximated TF (1-3) and real (4)
differential and integral fractional order units of-
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Fig. 1. (continued) Bode diagrams of approximated TF (1-3)
and real (4) differential and integral fractional order units of.

Fig.2. shows the transition function of fractional
order units which, in accordance with the PF W(s)=s""
(a) and W(s)=s" (b), are obtained by using the Ousta-
loup transformation: for N = 3 (curves 1), for N = 4
(curves 2) and the transition functions obtained by using
the optional NINTEGER V.2.3 package, specifically
designed for the study of fractional order control systems
(curves 5). Curves 3 and 4 will be explained below.

To compare the adequacy of the obtained transition
functions, we can calculate the approximation error as
the absolute standard deviation o :

o= 50~ 1)

Mi:l y i y ie >
where: y; is the value of approximating transition
function in the i-th point; y;. is the actual value of the
transition function obtained by using the additional
NINTEGER V.2.3 package in the i-th point; M is a
number of points of transition processing. Also, we can

calculate the relative errord=0/y, -100%, (where y,
is the fixed vaue of transition function of approximating

unit). The results of evaluating approximation errors for
N=1,2,3,4are given in Table 1.
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Fig. 2. Transition functions of a TF unit W(s)=s" (a)
and W(s)=s""’ (b) with fragments in an enlarged scale.

Table 1
TF of Approxi- | Points on t, 3,
fract. mation the interval | s. (¢} %
order unit order [0,t]
50 N=1 201 2 0,01822 1,822
N=2 201 2 0,01368 1,368
N=3 201 2 0,01355 1,355
N=4 201 2 0,01339 1,339
§0% N=1 201 2 0,02905 2,905
N=2 201 2 0,02765 2,765
N=3 201 2 0,02762 2,762
N=4 201 2 0,02766 2,766
s N=1 201 2 0,03184 3,184
N=2 201 2 0 0
N=3 201 2 0,003655 0,366
N=4 201 2 0,004026 0,403
s*° N=1 201 2 0,0765 7,65
N=2 201 2 0 0
N=3 201 2 0,01165 1,165
N=4 201 2 0,01441 1,441

The analysis of graphs and the calculation of errors
(see Table 1) has revealed that the frequency
characteristics of equivalent units coincide with the
characteristics of fractional units for N > 4, and the
transition functions show relative mismatch 6<3% even
for N>2.

As it can be seen from formulas (4) — (9), the order
of the TF numerator is equal to the order of denominator.
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This in turn may cause some difficulties with their
practical application.

That is why we have examined the modification of
the Oustaloup method of approximation of the fractional
order TF by the integer order TF in which the order of
the numerator polynomial is decremented by one. To this
effect, there have been conducted studies on the
possibility of neglecting one zero in the resulting integer
order TF or of lowering of polynomial order of the
numerator unit by removing part of it at the highest
degree of s. In this paper the results of such studies for
N =3, 4 are produced. In the case of N =3 TF (6) for the
differential unit looks as follows:

509.4s° + 54875 +14990s* +10790s> + ...

Wis)=
(s) s7 +98.345% +2045s° +10790s* +14990s> +...

4204557 + 98345 +1

o+ 54875 +509.45 +10
while TF for the integral unit (9) looks like that:

(10)

9.8345% +204.55° +1079s* +1499s> + ...

W(s)=
57 +50.945% +548.75° +1499s* +1079s> +...

4548752 +50.94s +1

> . (11)
..+204.55" +9.8345 4+ 0.1

For N = 4 TF expressions are not given due to their
being cumbersome.

The results of studies of such units using MATLAB
are presented in Fig. 2. Fig. 2 (a) shows the transition
functions of the fractional order differential unit with
W(s)=s" for N = 3 (curve 3) according to (10) and for
N = 4 (curve 4). With respect to the error value,
satisfactory results can be considered as those obtained
by using the Oustaloup transformation with the order of
approximation N > 2. Hence, the implementation of
fractional differential analog controllers by reducing the
order of the numerator polynomial unit is not feasible.

Fig.2 (b) shows the transition functions of integral
unit of fractional order W(s)=s""> for N = 3 (curve 3)
according to (14) and for N = 4 (curve 4). The resulting
transition functions almost coincide with transition
processes in accordance with Oustaloup transformation
for N > 2. Approximation error values are within
0 <0,01 and 8<0,5 %. So the problem of the practical
implementation of both analog and digital integral frac-
tional order controllers is solved, in particular, by decre-
menting the order of the numerator polynomial by one.

5. Conclusion

1) Obtained Bode diagrams and transition functions
imply that the Oustoloup transformation above first-
order (N > 2) provides sufficient accuracy for the
practical approximation of fractional differential and in-
tegral units s* by the ratio of integer order polynomials.

2) Suggested modification of the Oustaloup method
in which the order of the numerator polynomial is
decremented by one can be recommended for practical
realization of only analog fractional order PI controllers,

while fractional PID controllers must be applied as
digital by using modern microcontrollers.
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ATITPOKCUMAIIA JUPEPEHUIAJBHO-
IHTET'PYBAJIbBHUX PEI'YJISAATOPIB
JAPOBOBOTI' O MOPAINKY NEPEJABAJIBHUMHA
@ YHKIUIAMHA NIJIOT O HOPAIKY

Spocnas Mapymak, bornan Komaax

PosrnanyTo  anpoxcuManiio  audepeHIiaTbHO-IHTErpy-
BAJILHUX PEIYJIATOPIE APOOOBOIO 1OPSUIKY lepelaBaibHUMK
GYHKUISIME LJIOTO TIOPSAKY 32 BUKOPHCTAHHS IEPETBOPEHHS
Oycranoyna. JoCiHimKeHO 32JIeXKHICTh TOYHOCTI MPaKTHIHOT
anpokcuMmanii apoGoBuX InepeHIianbHOl Ta IHTErpaTbHOT
JIAHOK BiITHOIIIEHHSM ITOJIIHOMIB LIJIOTO TOPSAKY BiI MOPSIKY
nepeTBopenHs Oycronoyna. 3anpomnoHoBaHO Moxndikalliio
MeToxy Oycramoyna, B Skiif TOpSIOK MOTIHOMY YHCEITBHHKA
3MEHIICHNIT Ha OJMHAINO i PO3poOTeHO pekoMeHAalii mono
MpakTHYHOT peaizanii ananororux [I-perynsaropis n1podbororo

HOPSAAKY.
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