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A model for interaction of polarized light with inhomogeneously strained non-magnetizable
dielectric solid is considered in the paper. The model establishes ray photoelasticity inte-
grals connecting distributions of strain tensor components on any direction on the body
volume with measurable optical parameters of polarized light beam propagating in this di-
rection. The model can be used for developing mathematical methods for polarized-optical
computational tomography of stress-strained states of dielectric solids.
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1. Introduction

Photoelasticity is widely used for non-destructive determination of 2-d strain-stressed state of isotropic
dielectric solids [1]. Application of the method is based on the simple relation, knowing as stress-optic

law:
1

(o1 —om) = ﬁé' (1)

It connects the difference of the first o7 and the second oy; principal stresses with the phase retarda-
tion § of polarized light propagating in the object in the direction normal to the both principal axes I
and II. Here C is the stress-optic coefficient, h is the dimension of the object in the direction of light
propagation.

The formula (1) was obtained in assumption of homogeneous strain-stressed state. So, the method
based on it is applicable only for cases when the stress components are non-changeable in the directions
of light propagation. That takes place for objects being in plane stress state.

There is a case of inhomogeneous strain-stressed state, when we can obtain a posteriori information
about it, sounding the object by polarized light. It is the case when the principal axes of stress tensor
are non-changeable in the direction of light propagation. Then we have integral stress-optic law:

r 1
/(01 —09)dz = 55. (2)
0

where o1 and o9 are the projections of the principal axes on the plane normal to direction of light
propagation.

It is a very spatial case. It is realized when the object, being in a plane strain state, is sounded in
the directions lying in the plane of translation symmetry. So, in this case, as in the previous one, the
stress-optic law can be used for determination of 2-d stress-strained state.

The relations (1) and (2) represent mathematical models for polarized light interaction with strained
solids for the two special cases. The methods for non-destructive determination of 2-d stress fields can
be implemented on this basis with the use of polarized-optical measurement. This technique is very
precise can be automated [2—4].
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Integral photoelasticity relations for inhomogeneously strained dielectrics 145

That encourages researchers to search for possibilities to apply the photoelasticity phenomenon for
determination parameters of arbitrary 3-d strain-stressed state [5-9]. In aggregate with a tomographic
approach it would to enable creation of a powerful method for nondestructive testing of stress-strained
state of dielectric solids.

The paper deals with mathematical model for interaction of polarized light with strain fields in
solids. An isotropic and homogeneous non-magnetizable lossless dielectric body B is considered. The
body occupies a 1-connected area ¥ C R3 bounded by sufficiently smooth surface V. The body is
in inhomogeneous elastic stress-strained state and possesses features of optic anisotropy and inhomo-
geneity induced by strain. The body is subjected to sounding in different directions K C V by narrow
parallel beams of polarized light in order to gather a posteriori information about its stress-strained
state. The polarization of incident light beams are known; polarization of emerging light beams can
be measured by polarized-optical methods. The objective is to establish integral relations connecting
distributions of strain tensor’s e components e;;(r), » € K, 4,5 = 1,2,3 along the directions K of
light’s propagation to measurable parameters of polarization of emerging light beams.

2. Optical anisotropy and inhomogeneity of strained body

Light propagation in the body is defined by the two pairs of vector parameters [10] — electric field
intensity E = {E;} and displacement D = {D;}, magnetic field intensity H = {H;} and magnetic
induction B = {B;}, which, in the general case, are functions of spatial coordinate r € V and time
teR*:

E=E(r,t), D=D(r,t), H=H(r,t), B=B(r1). (3)

Here F;, D;, B; and H; stand for components of the vectors E, D, B and H in the orthonormal basis
of a global Cartesian coordinate system (z1,x2,z3).

The field vectors (3) satisfy in V four Maxwell macroscopic equations [10]. In the absence of
volumetric charges and currents they look like

VXE:—a—B, V-D =0,

ot @
VXH:8—D, V-B=0.

ot

For electromagnetic fields of low intensity, when external electric field is small enough in compar-
ison with molecular fields of medium, linear material equations, expressing the electric displacement
vector D in term of electric field E and magnetic induction vector B in terms of magnetic field H, can
be used

D=e¢-E, B=yuH. (5)

Here € = {e;;} is a dielectric permittivity tensor in current configuration of body, jq is the vacuum
magnetic permeability; in SI units pg = 47 - 107" N /m.

We introduce a relative permittivity tensor € and its disturbance & caused by strain, in terms of
which the permittivity tensor € can be expressed as

—~

e=ce=c(I+¢), (6)

where ¢ is the scalar dielectric permittivity of body in its initial (unstrained) state; I is the unit tensor
of rank two.

As the optical anisotropy and inhomogeneity induced by elastic strain are small, in linear approxi-
mation we can take

E=P- e (7)
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146 ChekurinV. F.

Here P = {P;jj;} stands for photoelasticity tensor of rank four, e = {e;;} stands for linear strain
tensor.

As in its initial unstrained state the medium is isotropic, the components P;ji; of photoelasticity
tensor can be expressed in two independent dimensionless material constants P, and P.:

Py = Pobijont + Pe (8101 + 6udjn) , (8)

where ¢;; is Kronecker delta.
In view of (8), the relation (7) can be rewritten as

~

E=PTr(e)I+ P.e. 9)
If to decompose tensor € into the isotropic € and deviatoric & = {&;;} parts:
eE=¢l+e, (10)
where € = 1/3Trace (&), € = € — €1, we can use instead of (9) the relations
§= P, &=2P. (11)

Here we used denotation P, = 1/3(3P; 4 2P.), e = Tr(e), € = e — 1/3e I, where e is volumetric strain
(dilatation), € is strain deviator.

When the strain is elastic, strain tensor e can be explicitly termed via the Cauchy stress tensor
o = {0;;} and we can rewrite relationships (11) in the form

~

£=P,0, &=2P,6. (12)

Here we used denotation P, = P,/K = (3P, + 2P.)/(3K), P, = P,/G, 0 = —1/3Tx(o), 6 = o + oI,
where K and G are dilatation and shear modules of medium [11|; o and & = {6;;} are isotropic and
deviatoric parts of stress tensor o.

If the components e;; of strain tensor are given as functions specified in area V:

€ij = el-j(r), rey (13)

we can determine, with the using the relations (6), (9), the distributions of components &;; of permit-
tivity tensor in the area V
Eij = 6@'([‘), reV (14)

To introduce a quantitative measure for optical inhomogeneity of medium, induced by the strain,
we consider a unit vector k = {ki, ko, k3} and a point M (&1,&2,&3) € V. The pair K = {k, M} deter-
mines a unique line passing through the body. We can consider a directional permittivity component
distributions: gij (2) :gij (k1z + &1, koz + &o, ksz + &3), where z is a coordinate on K.

Let |0 217' /0z|| be a scalar norm of tensor-valued function 0 217' /0z. Then the length
Ik = ||8gzj/ 0z||~! is a characteristic parameter of medium’s optical inhomogeneity in the direction
K. We say that optical inhomogeneity of the medium in direction K is week if the wavelength A of
sounding light is small as compared to the length [xk.

Introducing the dimensionless parameter ux = A/lk, we can express this definition in the form:
inhomogeneity in the direction K is week if ux < 1. Similarly, we say that the body B is slightly
inhomogeneous if © < 1, where y = %12% (1K), K stands for the set of straights crossing the domain V.
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3. Model of interaction of polarized light with strained solid

Let the body B is sounded in the direction K by a parallel light beam which falls on the boundary 9V
from external homogeneous isotropic lossless medium with permittivity €,,¢. Electromagnetic field of
a light beam refracted into the body’s volume V satisfies the system (4), (5).

Since the body is non-magnetizable, it is convenient to reduce the system (4), using relations (5),
to one vector wave equation in electric field E or to equivalent linear system of three coupled scalar
wave equations in Cartesian components F;, ¢ = 1,2, 3 of electric field

1 ~ 9%E; 0 OE;
— €4 = AE; — ——2L. 15
c2 EZJ 8t2 ’ axz axj ( )
Here ¢ = 1/,/epg is velocity of light in unstrained medium.
Monochromatic light is harmonic in time electromagnetic wave:
E (r,t) = Re (E (r) exp (—m)) : (16)

where E (r) is complex wave amplitude (phasor); ¢ stands for imaginary unit; w is a real constant
(circular frequency).
Substituting (16) into equations (15), we come to time-independent wave equations for the pha-
sors Fj:
) .
W ~ . 0 OE;
_Z .. E. =AE — _J’ i,j
2 W ' Ox; Oz J

=1,2,3. (17)
The functions Ej satisfies on the boundary 9V the conditions

(Ez + E;mt — EZI) ‘ (51] — nmj) = 0, (6 /gz‘j E]‘ + EOUtEZQUt — EoutEiI) ‘ n; = 0,
SK SK

(18)

(Ej + Fout

5 )‘BV/SK . ((51] — ninj) =0, (6 gij Ej + €OutEZ-OUt)‘ n; = 0.

OV/Sk

Here E! = {EZI } stands for phasor of incident light beam, Sk is the domain of intersection of the

incident beam and the boundary 9V, E°ut = {Ef“t} stand for the electric phasor of the field arising
outside the boundary 0V. It satisfy the equation

2
. W :
AEZOut + 3 EZOU’t = 0’ Cout - 1/ €0ut/~’L0' (19)
out

We can consider E! in conditions (16) as a given vector-function specified in the domain Sk:
El=E/(r), reSk (20)

The equations (17), (19) with boundary conditions (18) and given functions (14), (20) specify the
correct direct problem for determination of the parameters E (r) and E° (r) of electromagnetic field
the body’s volume V and outside its boundary 0V. We will consider this problem as a mathematical
model for sounding of the body with polarized light.
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4. Simplification of the model

The model is too complicated to use it for developing the methods of tensor field tomography. But the
model can be simplified if to take into account the typical conditions of implementation of polarized-
optical measurements and characteristic features of the body B. Let consider them.

1. To prevent reflection and refraction of light on the boundary 0V, the object is immersed in
transparent optically isotropic and homogeneous liquid, permittivity e,,+ of which is very close to
permittivity of object in its actual state. Due to that the intensity of reflected by the boundary o0V
in the area Sxwave is very small and we can neglect by reflection and refraction of the light waves on
the boundary V.

2. Sounding of body is carried out by parallel beams of monochromatic light. The beam’s diameter
is much larger than the wavelength A and smaller than the characteristic length [ = A\/u. So, in
some approximation we can consider the sounding beam as a plane harmonic wave falling on the body
surface.

3. Optical inhomogeneity of the body induced by its strain-stressed state is very small. This means
that on distances about several wavelengths the medium permittivity is practically invariable. Due to
this and taking into account the conditions 1 and 2, we can:

e neglect by light refraction in the body’s volume V and its surface dV and consider the light rays

as straight line,

e neglect by light reflection in the body volume V and its surface 9V and consider only direct wave

initiated by incident wave,

e neglect by gradients of permittivity in directions normal to the light ray on its polarization state.

Under these assumptions, the system (17) is reduced to system of two second-order ordinary equa-
tions with regard to the transversal components El, Ey of complex amplitude E of direct refracted
wave:

d’E,  w?
s

and the conditions, given on the part of boundary, on which the incident falls:

~K

Ek’z:() = EIS’ (22)

Here E‘f and Eg are given complex constants — the components of complex amplitude E, of the incident

~K —~
wave, € (k,l = 1,2) stands for components of relative permittivity €. In Cartesian coordinate system
{z,y, 2z} associated with the direction K (z axis is directed along K) we have:

akl_A CAK e, R 1=1,2, mn=1,23, (23)

where e, stands for the components of tensor € in the global system {x1,z9,z3}; AZ-Kk is the matrix
for coordinates transformation from the global system to {z,y, z}.

System with variable coefficients (21) describes evolution of polarization state of monochromatic
light beam on the way of its propagation in the direction K in the body volume.

Introducing Jones vector — 2 x 1-matrix E = (E1, E5)T — and 2 x 2-matrix composed of relative
permittivity components:

~K ~K
< f11 Ci2
€21 €22
we can rewrite system (21) in the matrix form
d’E  w? ~
e +— &k "E=0. (25)
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Taking into account relation (6), we can shape (21) into

LB, W2 2
dz Qk 2 Ek"‘ — B =0 (26)

where 55, 1,7 = 1,2 stands for Cartesian components of relative permittivity tensor disturbance € in
Cartesian coordinate system associated with K.

In the case of unstrained medium &;; = 0 and (26) turn into
&PE, w?
S+ 5B =0 (27)

This system describes plane waves propagation in homogeneous isotropic medium with permittiv-
ity €. It has a solution in the form of linearly polarized plane wave:

EY(2) = Apexp (—iCz2), k=1,2, (28)

where Ay are constants, C' = w/c.

Let Ext(z) be a solutions of system (21), then functions Ey(z)/E(z), k = 1,2 define the deviation
of the wave, propagating in the strained medium, with respect to the plane wave (28), propagating in
this medium when strain vanishes. Introducing the new variables

Eip(2) = Ep(2) exp(—iCz), k=1,2 (29)
we reduce the system (26) to the next form

d’F wdE, w?
dz2k — 21— - d k + 5k;lEl =0 (30)

If to use the dimensionless coordinate ( = z/lk, we can rewrite (30) in the form

, d*E},

dEy,
K dC2 42MK7T— + 47T Ek‘lEl = 0 (31)

dg

As u%( < 1, system (31) is a singularly disturbed one, because it contains the small parameter u%(
as coefficients at the second (higher) derivatives. Solutions of such systems, as it is known [12|, contain
two components —fast and slowly changing ones. The fast component is localized near the boundary
and quickly decays with the distance from it. It is a so called boundary layer. This component describes
the wave reflected in the volume and it is not interesting for further consideration.

To solve the system (31) we can apply an asymptotic expansion method [13]. In zero order expansion
we come to the next system for the slow component

dE
dzk + 'L Cgk‘lEQ = 0 (32)
System (32) represents the mathematical model for polarized light propagation in sligtly inhomo-
geneous anisotropic medium in terms of complex amplitudes Ey, Es. Introducing Jones vector [14]
E = (B, )", we can rewrite it in the matrix form:

dE .-
— 4+ iC¢k-E=0. 33
dz +iCok (33)
where éN’K is 2 X 2-matrix:
. g X
Ex = K K (34)
€21 €22
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If to decompose tensor €k into the isotropic £k and deviatoric ex = {éﬁ} parts, we can rewrite
system (32) in the form

dE
d —k + ’LCEKEk + ’LC&klEl =0, (35)

where éi(l, k,l = 1,2 stands for components of deviatoric part €k of permittivity tensor disturbance &
in the coordinate system {x1, 2, 2z} associated with K.
If strain is isotropic éx = 0, and system (35) is braked up into two independent equations:

dE
d—’“ +iCEk By = 0. (36)
Their solutions describe the wave:
z
E]-O = Bexp | —iC [ékdz |, (37)

0

which phase is changing along coordinate due to directional dependence of isotropic part £(z) of
tensor €.

As we can see, the isotropic part € of tensor € does not affect on the phase retardation of waves
propagating in the body. So, we can exclude it from the equations (35). For this we represent the
solution of the system (35) as

z

Ej(z) = Ej(2)exp | —iC [édz |, (38)
0
where Ej(z), j = 1,2 are new unknown complex-valued functions.

Substituting (38) into (35), we reduce the model to the form

dE,
dZ + 91— CsklE[ =0. (39)

To satisfy the conditions (22) we should subordinate the function Ey(z), k = 1,2 to the conditions:

Ej(2)

=B i=12 (40)

Introducing Jones vector E = (Ey, F)T and 2 x 2-matrix

K K
. &y €
fx = ( o ) , (41)

€21 €22
we can rewrite system (39) in the matrix form

dE s
— 4+ iCék -E=0. (42)
dz

So, mathematical model for interaction of polarized light with slightly inhomogeneous anisotropic
medium (21), (22) was reduced to Cauchy problem for the system of the ordinary first-order differential
equations (39) with variable coefficients and initial conditions (40)

If optical inhomogeneity and anisotropy of the medium are induced by its strain-stressed state,
we can rewrite the systems, with use of relationships (15) or (17), in terms of strain or stress field
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parameters. For instance for system (39) we will have

dE),

E + /L'Ceéi;(lEl == 0, (43)

dE . .

d—’“ +iC,68E =0, (44)
z

where C, = 2CP. = Pew/c, C,=20P, = Agw/c.
In the matrix form these systems look like

dE . .
— C.lx -E =0, 45
dz+z K (45)
dE . 5 .
— C, -E =0, 46
dz+z K (46)

where K K K K
é ( €11 €12 ) $ ( 011 012 )
K= ) K = .
K 3K ~K ~K
€21 €22 021 022

System similar to (44) were suggested in [5| as a model of integrated photoelasticity. The author
starts his consideration directly from the (21), then, using presentation (29) and some qualitative
reasoning about smallness of the medium inhomogeneity, postulates system (32). We have shown
here that system (30) is singularly disturbed and system (32) follows from it as zero order term in
asymptotic expansion of solution.

5. Measurable polarized-optical parameters

Let Eg = (E9, E9)T and Ej, = (E%, E})T be Jones vectors of sounding light beam, propagating in the
direction K, at two points: z = 0 (input) and z = hy (output). Here hy stands for dimension of the
body in the direction K. As medium is linear, we can write down a general relation connecting two
complex 2 x 1-matrix Ej, and Eq in the form [14]:

E, =Jk - Eo, (47)

where Jk is a complex 2 x 2-matrix (Jones matrix).

The Jones matrix Jk identically defines a change of polarization of light ray passed through the
object in the direction K: if Jk is known we can calculate by the formula (47) the output light state
E;, = (E?, E})T for any given input state Eg = (EY, E9)T.

On the other hand, if to measure the light’s polarization at the points z = 0 and z = hg and to
use relationship (47), we can calculate matrix Jx [14]|. In this sense we can treat Jk as a measurable
characteristic polarized-optical parameter of object in the direction K.

Consider the matrix

jK = JK exXp (—’LHK) s (48)

where Ok = 1/2(¢¥ + ©X), o = Arg (\K), oK = Arg (\K); \K| AKX stand for the eigenvalues of the
matrix Jk.
It’s easy to see, that eigenvalues of matrix Jx are

ME = exp (ipk), MK =exp(—ipk), ¢k =1/2(pF - k). (49)
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It is known [15], that logarithm of a 2 x 2 matrix X, with the eigenvalues £; and & such that
& #£0, & #0, & # &, is determined as

X —-&61 X
— X - &l In& +

§1— & &2
Let us determine the matrix Lg = —iln(Jk) such that exp(—iLk) = Jk. Substituting into (50)

X =Jk, & = 5\{( = exp(ipk) and & = 5\5( = exp(—iyK), after simple algebraic manipulations we
obtain

SEOW & (50)

In (X) 2

o — —in - cos(pk)I
sin(¢k )

With accounting (49), we can rewrite (51) in the form

(oK + 2mnK), nk =0,+1,+£2,. ... (51)

cos (2ak)  sin(2ak)

_ Im{Jx) mnK) =
Lk = — ) (vk +2mnK) = < sin (2ak) — cos (2ak

| ) ok + 2710) (52)

where ak is the angle between the eigenvectors of the matrix Lk and coordinate axes z, Y.
Lk is a real symmetric matrix defined by two independent real constants ak and g = YK + NK.

It posses the feature Trace(L) = 0.
Jones matrix Jx can be represented in terms of matrixes Jx and Lk as

Jk = exp (i0k]I) - Jx = exp (i0k]) - exp(ilk) = exp (i(@KI + f;K)> . (53)
This enables to rewrite relation (47) in the form
E = exp (z’(@KI + ILK)) - Eo. (54)

As it follows from (52), (53), if the parameters 0k, ¢k, and ak are given we can calculate by the
formula (54) the output light state Ej, = (EP, E})T for any given input state Eq = (E9, E9)T. So,
we can use the triplet (fk, ¢k, oK) as measurable characteristic polarized-optical parameter instead
of Jones matrix Jk.

Parameter 0k defines the absolute phase difference between the light states at the output and input.
Parameter ¢k defines the phase retardation which light gains on its way in strained body between
the input and output points. The third parameter ax determines change of electric field vector’s
orientation. Parameters gk and ax can be determined with use of polarized-optical technique by
measuring the light ellipticity and orientation of polarization ellipse at the body input and output. To
determine parameters fx more sophisticated interferometric instrumentation is needed, for instance,
Mach-Zehnder interferometer [7| can be used for that.

6. Ray integrals of photoelasticity

With the use of the matricant the solutions of the problem (39), (40) can be written in the form
E = -Eq-exp | —iC / Ex (&)de (55)
0

where Eg = (EY, E9)T is the input Jones vector
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Substituting z = hk into function (55), and taking into account relations (29) and (38) we obtain:

hk hk
Ex =exp | —iC <h + /éKdz)I + [k (2)dz - Eo, (56)
0 0
where Ex stands for output Jones vector. .
The trace of the matrix £k is nonzero: Trace(fk) = K + 2K = —¢X £ 0, so we can present the
hi
matrizant [Ek(z)dz in the form
0
hk hk
Exc(2)dz = / (—eKT 4 &k (2)) d, (57)
0 0
where K K K
L[ €11~ %22 2613
bk =3 K K | K (58)
2675 € te
Using (57), we can rewrite relation (56) in the form
hk hk
Ex =exp | —iC (h + /5Kdz>I + /SK (2)dz - Ep, (59)
0

where K K X
. ok 2080 +E) - &
EK — €K — 633 - 3
As far as matrix £k is real, symmetric, and its trace equals zero, we can compare now equalities
(59) and (54). Taking into account (52), we obtain

(60)

hk

- ~ A
/(8{(1 — 55(2) dz = 2; cos (2ak) (g + 27K ) ,
0

” (61)

A
e¥ dz = Zsin (2ak) (pk + 27nK) .
T
0

Hence, we reduce the model (21), (22) of interaction of polarized light with slightly anisotropic
inhomogeneous medium to integral relations (61). The left sides of these relations are line integrals
of linear combination of permittivity components. Their right sides are expressed by two independent
characteristic optical parameters ak, and ¢k, that can be measured by polarized-optical method.

Using relations (11) or (12), we can express the permittivity components &x; in (61) in terms of
strain or stress components and come to corresponding integral relations for strain or stress fields. In
term of strain components they take the form

hk

A
(eﬁ — eg) dz = 215 - cos (2ak) (¢ + 2mnK) ,
e

0

hk

A

/e{é dz = B sin (2ak) (¢ + 27nK) .
e

0
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If strain is elastic, we are able to apply relations (12), and reduce (62) to the form:

hk

A
(017 — 099) dz = 2—— cos (2ak) (¢ + 2mnK) ,
P,

(63)

0

hk

A

/Ug dz = B sin (2ak) (¢ + 2mnK) .
g

0

Relations (62) and (63) are integral photoelasticity relations for arbitrary inhomogeneous elastic
3-d stress-strained state. It is easy to see, that, when stress component Jg equals zero, parameter ak
also equals zero (the principal axes of the strain tensor are non-changeable along the direction K). In
this case the second relation (63) becomes identity and the first one change into relation (2).

7. Conclusions

Induced by strain optical inhomogeneity of the dielectric body is rather weak — the permittivity
is changed on distances considerably exceeding the wavelength of sounding light. This enables to
consider light rays propagating in strained medium as straight lines, neglect by their reflection in the
body volume and by the influence of material inhomogeneity in directions, normal to the rays. With
the use of these assumptions two integral elasticity relations were obtained. The relations connect
line integrals of strain or stress deviators’ components along any direction crossing the body with two
independent characteristic optical parameters, which can be measured by polarized-optical method.
Probing the body by polarized light beams in N different directions and measuring their polarization
states on the output of the body one can obtain values for 2V line integrals. These data can be used
to formulate inverse problems for non-destructive determination of body’s stress-strained state.
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IHTerpanbHi cniBBigHOWeEHHS1 (POTONPY>XHOCTI ANl HEOAHOPIAHO
nAedopMoBaHUX AieNeKTpukKis

Yekypin B. ©.

Kysaecvro-Ilomopcora Buwa wxona y Budzowi, [oavwa

PosrisiryTo Momens B3aeMozil MOIAPU30BAHOTO CBIT/IA 13 HEOTHOPIMHO 1eOPMOBAHIM
HEMAarHiTHUM ieJIeKTpuIHuM Tijtom. Bceramosseni mpomenesi inrerpasu GhoToOmpyKHOC-
Ti, sIKi OB’ sI3yIOTh PO3IO/ILJIA KOMIIOHEHT TE€H30pa JedopMallil y OyIb-sIKOMY HAIPSIMKY B
06’eMi Tisla 3 BUMIPIOBAJbHUMU MOJISTPUBAII HHO-ONTUITHUME ITapaMETPaMHU CBITIOBOTO IIPO-
MeHsI, IO TOIMMUPIOETHC Y IIbOMY HAIPAMKY. Mojeab MOXKHA BUKOPUCTATH JJjIs PO3POO-
JIEHHSI MATEMATHIHIX METOIB /IS TOJIIPU3AIHHO-ONTHIHOT 00 INCTIOBAIBLHOT TOMOTPadil
HaIPy2KEHO-1e(POPMOBAHOTO CTAHY IEJIEKTPUIHAX TiJI.

Kntouosi cnoBa: degopmosani diesekmpuru, asuwe Gomonpysicrocmi, momozpadis
MEHIOPHUT NOALE, TMOAAPUSGUTTHO-ONMUYHT MEMOOU
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