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CALCULATION OF OPTIMAL VALUES OF MEASURED LENGHTS
FOR ACCURATE DETERMINATION OF SMALL SEGMENTS

The paper considers a method of minimizing error when the linear values are determined by measured distances
and angles by device that is located not directly ahead of determined intervals. The formula is given for choosing the
optimal distance and angles to determined objects. The optimal distances and angles are depended on the defined
linear segments and the accuracy of the measured distances and angles to determined objects. As can be seen from the
analysis of the determination of the formulas accuracy of determined segments are several times (from 5 to 25 times)
higher than the precision of measurements, which define these segments. The graphs of accuracy of defined segments
by the accuracy of the measured distances and angles are also given. The proposed method can be used to calculate
the accuracy of the previous determination of small segments when using the devices for measuring linear and
angular values of specified accuracy. Measurement of small segments with high accuracy requires special instruments
or devices. For example, to determine the length of the meter and decimeter ranges of leveling rods, that are used in
I, 11l and IV leveling classes, one need to have control meter or special comparator. Using the proposed method it is
possible to compare above mentioned rods using electronic total stations. The proposed method can also measure the
phase section of exemplary basis, create a reference base for angular measurements, installing equipment in project
position, observe deformations of buildings and equipment as well as numerous other engineering tasks.

Introduction

Measurement of small segments with high
accuracy [Antonyuk V, 2006; Instructions for leveling
I, I, Il and 1Y classes, 1990; Tchebotarev A, 1962;
Reference for surveyor, 1966; Geodetic encyclopedic
dictionaty, 2001] requires special equipment or
accessories. For example, to determine the length of
one meter leveling rods [Instructions for leveling I, 11,
Il and IV classes, 1990] should have control meter,
which must certify in Kharkiv Meteorological
Institute. Measurement of the phase measure of
reference basis requires special equipment [Kupko V.,
Prokopov O., Lukin I., Sobol' V., Kosenko O.,
Kofman, 2004; Trevoho 1.S., Savchuk S.H, Denysov
O.M. Volchko P.1, 2004].

We propose a method that allows calculating
the accuracy of surveying instruments, such as
electronic total station that should be used for
specific desired precision of determination of
length of small intervals [Fys M.Lityns'kyy V.,
Pokotylo I., Lityns'kyy S].

Purpose

We perform the calculation of accuracy of the
lengths of small segments [Tchebotarev A.S.,
Selyhanjvich V.G., Sokolov M.N.; Reference for
surveyor, 1966] depending on the length of the
measured lines on which these segments are
calculated and the accuracy of measurement of
lines and angles [Plotnykov V.S., 1987]. Let us
consider Fig. 1.

0

Fig. 1. Scheme for determination of the length
of the segment ¢
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Find the best length of segments a and b for the
mean square error of determining the length of the
segment ¢ to be minimal.

Length of the segment c is given by.

c(a,b,y) =+/a% + b? — 2abcosy . (1)

Denote by m,, m, (if a=b, then this error will be
denoted as my) and m, mean square error of values
of a, b and y. Find the mean square error of the
segment ¢ as a function of a, b and y. Obtaining

formulafor m, inan explicit form[2]

m.(a,b, ) =E\/(b— acosy)’ny + (a—bcosy)*m: +a’b*sin ynt . 2
C

Let’s plot formula (2) for fixed values of m,, m,
and m, for acertain length.

From Figure 2 one can see that minimum of m,
isachieved whena=b. Let’s denote these values by
one letter | .

For equal sides of atriangle formulas (1, 2) can
be significantly simplified:

c(I,a):\/I2+I2—2I2c:os;/:2Isin%. 3)

Thus, the error of side c is calculated with the
following formula:

m(,7) =@t )] +n[@ct.)Ion] - (@)

For formula (3) error is asfollows:

mc(l,;/):\/4sin2%m2+lzcoszgmf (5)
M)

where =—=
i 2
actually measured twice.

To find the minimum [Bertsekas, Dimitri P.,
1999; Vapnyarskii, 1.B., 2001; Lemaréchal, Claude,
2001] of (5) by condition (3) one can construct the
Lagrange function [2]

Fa,y,@):m,yw(ﬂ) ®)

because the length of | is

2

Fig. 2. The dependence of the mean square error of determination of the length ¢ = 5 m (by length of aand b)
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Table 1

The dependence of the mean square error m_ from length of | for

M, =2mmand m, =5", m,,, =1mm and m = 2"

The dependence of the mean square error from the length of | , m

Optimal | and m,

0.1

00012 ¢

00010

0008

00006

Me

For my, =2mm and m =5"

| =2,41m, m, =0,08 mm
For m,, =1mm and m =2"

| =2,69m, m, =0,04 mm

1.0

For m,;, =2mm and m ,=5"

| =7,63m, m, =0,26 mm
For my,=1mmand m =2"

I =853m, m, =0,12mm

3.0

For m,;, =2mm and m ,=5"

| =13,22m, m. = 0,45mm
For m, =1lmmand m =2

| =14,79m, m, =0,20mm
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Let’sfind the extremum (6) for all variables

oF(l,y,4)
al
OF(l,7,2)
oy
FLrA) o gny
oA 0
2

cm CMyp
(R Ll TR
. W U

All angular values are in radians.

=lcos’ £’ - AsinZ =0

=sin%(4m§—|2m§)—/1l =0

Hence

Results

Let’s give a table and graphs from which one
can get the optimal length of side | (formula (7))
and the mean square error (formula (5)), depending
on the length of the side.

The derived formulas show how having defined
precison of angular measurements [Plotnykov
V.S, 1987] to determine the optima length of
linear measurements to obtain the required
accuracy of definable intervals. The accuracy of the
desired segments may be significantly greater than
the accuracy of linear measurements.

Conclusion 1

Lengths of the sides should be equa for
determining the length of the segment with the
minimum mean square error.

Conclusion 2

When measuring certain lengths ¢ one should
perform measurements with shoulder length accor-
ding to formula (7) to obtain the best accuracy.
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PO3PAXYHOK OIITUMAJIBHUX 3HAUEHb BUMIPFOBAHUX BIJIJIAJIENA
JJISI TOYHOI'O BUSHAYEHHS JJOBXXKWH HEBEJIMKUX BIJIPI3KIB

PosrnsiHyTo Meron MiHiMizanii MOXMOKM MiJi 4ac IOCEpEJHBOTO BH3HAUCHHS JIIHIMHUX BIJpI3KiB 3a
BUMIPSIHUMH JIIHISIMH 1 KyTaMHu MPHUJIAIOM, IO PO3TAallOBaHUI He y CTBOPI BU3HAYyBaHOTo Binpi3ka. BuBeaeno
¢bopmyity BUOOpY ONnTUMaNbHHUX BiJiajel 1 KyTiB Bij Mpuiiaay 0 KiHIIB BU3HAYYBAaHOTO BiIpi3Ka 3aJIe)KHO Bij
BEIMYHMHA IIyKAaHUX JIHIMHUX BiApi3KiB Ta TOYHOCTI BUMIPIOBAHMX JIiHIN 1 KyTiB. SIK 6aunMo i3 aHAJi3y TOYHOCTI
(hopMyI1, TOYHICTh IIYKAaHHUX BIAPI3KIB € B I SITh — OBAIIATH I SATh pasiB, 3aJIEKHO BiJ TOYHOCTI BUMIpPIOBaHUX
KYTIB Ta BEIMYMHH ITYKAHOTO BiJIpi3Ka, OITBIIOI0, HI’K TOYHICTh BUMIPIOBaHUX BiIJasiell, 3a SKUMHU BU3HAYAIOTH ITi
Binmpizku. [logano rpadiku, 3a JOMOMOTOIO SKHX, 3aJCKHO BiJl BEIWMYMH IIYKAaHWX BiJIPI3KiB Ta TOYHOCTI
BHUMIPIOBaHMX BiJjanell 1 KyTiB, MOXKHA Oe3MOCEpeHbO 3HAWTH TOYHICTh LIYKAaHOTO BiApi3ka. 3ampornoHOBaHWH
croci6 MOXHa BHKOPHCTOBYBATH JJISl MOINEPEIHHOTO PO3PaxXyHKY TOYHOCTI BU3HAYEHb HEBEJNMKHX BIJPI3KIB Iif
Yac BUKOPUCTAHHS MPWIAAIB JUIsl BUMIPIOBaHHA JIHIHHUX Ta KYTOBHX BEJIMYMH 3a7aHO] TOYHOCTI. BumiproBaHHS
HEBCJMKUX BIJPI3KiB 3 BEJIMKOIO TOYHICTIO BHMara€ CHCIaJbHUX NpWIamiB 4d mpwiaans. Hampukmam, mist
BH3HAUEHHS JOBXXUH JCHUMETPOBUX Ta METPOBHX iHTEpPBaJIiB HiBEIIPHHUX PEHOK, sAKi BuKopucToBYIoTh y I, Il 1 IV
KJlacaX HiBENIOBaHHSA, HEOOXiHO MaTH KOHTPOJBHHHA MeTp abo cremiadbHHi KoMmmapatop. BuxopucTtoByodn
3alPOIIOHOBAaHY METOIUKY, MOXKHA KOMIIApyBaTH BHIIECHA3BaHI PEHKH, BAKOPUCTOBYIOUH €IIEKTPOHHI TaXEOMETPH.
[um crioco6oM MOKHA TaKOK BEMiprOBaTH (pa3oBy AUISTHKY B3ipIieBOro 0a3ucy, CTBOPIOBATH €TANIOHHI Oa3ucH it
KyTOBUX BUMIpPIOBaHb, YCTAHOBIIIOBATH YCTaTKYBaHHS y NPOEKTHE MOJOXEHHS, CIocTepiratu 3a aedopMarisiMu
CHOPYZ Ta YCTaTKyBaHHsI, a TAKOX JUIs IHIIMX 0araTOuYMCIEHHUX 1H)KEHEpHUX 3a1a4.

Kniouosi cnosa: po3paxyHOK TOYHOCTI BHM3HAU€Hb BIAPI3KiB, BHUMIpIOBaHHS BiApi3KiB, B3ipueBuid Oa3uc;
KOMITapyBaHHs PEHOK; CIIOCTEpEKEHHS 3a JeopMaltisimMu.
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PACYET OIITUMAJIbHBIX 3HAUYEHHWI U3MEPSEMBIX PACCTOSIHUIA
JUIA OITPEJIEJIEHMA TOUHOCTU JJIMH HEBOJIBIINX OTPE3KOB

PaccmoTpeH MeTOx MHMHHMH3ALMK TOTPENIHOCTH INPH KOCBEHHOM OIPEAETICHWH JIHHEHHBIX OTPE3KOB II0
WM3MEPEHHBIM JIMHUSIM M yIJIaM IpuOOpOM, paclioJIOKEHHBIM HE B CTBOPE ONpEAesieMOro oTpe3ka. Briemena
¢opmyrna BbiOOpa ONTHMalbHBIX PAcCTOSHUH W YIJIOB OT INpuOOpa 10 KOHIIOB OIPENENIsieMOro OTpe3Ka B
3aBHCHUMOCTH OT BEJIMYMHBI HUCKOMBIX OTPE3KOB M TOYHOCTH M3MEpSAEMBIX JMHUHN U yrioB. Kak BUIHO M3 aHanu3a
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TOYHOCTH (OPMYJ, TOUHOCTh HCKOMBIX OTPE3KOB B IIATHh — JBajAlaTh ISTh pa3, B 3aBUCHMOCTH OT TOYHOCTH
M3MEPSEMBIX YIJIOB M BEIMYNH UCKOMOTO OTpe3Ka, OOJIbIIE, YeM TOYHOCTh U3MEPSEMBIX PACCTOSHHUM, O KOTOPBIM
onpenensoT 3T oTpe3ku. [lomaHo rpaduku, Ha KOTOPBIX, B 3aBUCHMOCTH OT BEJIMYUH HCKOMBIX OTPE3KOB M
TOYHOCTH HU3MCPIACMBIX paCCTOHHMﬁ, " YJIOB, MOXHO HCIMOCPEACTBCHHO IMOJYYUTb TOYHOCTH MCKOMOI'O OTpPE3Ka.
[Mpemiaraempiii cocod MOKHO HCIIOJIB30BaTh Ul IpeApacueTa TOYHOCTH ONpENeNIeHUil HeOONbLINX OTPE3KOB,
KOTJa HMCHOJb3YIOT MPUOOPHI Il M3MEPEHHs JMHEHHBIX M YTJIOBBIX BEIHYMH 3aJaHHON TOYHOCTH. V3MepeHue
HEOOJBIINX OTPE3KOB C OONBIION TOYHOCTHIO TpeOyeT CIerUalbHBIX MPUOOPOB H Mpucnocobnenuii. Hanpumep,
IUTSL OTIpeeNIeHuUs] [UTHH JeIUMETPOBEIX M METPOBBIX HHTEPBAIOB HUBEIUPHBIX peek, ucnois3dyemsbix B 11, 1T u 1V
Kjlaccax HHBEIHMPOBAHUS HYXXHO HMETh KOHTPOJIBHBIH METp WIHM CIEHHalNbHBIN Kommaparop. Hcmomssys
IpeUIaraeMyo METOJIMKY MOKHO KOMITapHPOBAaTh BBIIIEYKa3aHHBIE PEHKHU, UCTIONB3YS JIEKTPOHHBIE TAXEOMETPHI.
[MpenyiaraemMbiM cII0COOOM MOKHO TaK)Xke M3MepsATh (Ppa3oBBIH y4acTOK 3TAJIOHHOTO Oa3mca, co3JaBaTh ATaJOHHBIE
0a3uchl U YTJIOBBIX WM3MEPEHUH, yCTaHaBIMBaTh O0OpyAOBaHHE B NPOCKTHOE IOJIOKEHHE, HAONIOJaTh 3a
nehopMaIusIMu COOPYKCHHI U 000pYIOBaHUS, a TAKKE IS APYTUX MHOTOYHCIICHHBIX MH)KCHEPHBIX 3a/1a4.

Kniouesvie cnosa. pacueT TOYHOCTH ONpPEIENEeHHH OTPE3KOB, H3MEPEHHs OTPe3KOB; 00pas3LoBBI 0Oa3uc;
KOMIIApUPOBAHUS PEIIbCOB; HAOIIOCHHUS 32 Ae(hOpMAIHSIMHU.
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