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Mu po3rISgaEMo JOMOTOCIIOApPCTBO, JIOXiJ| SIKOTO
TIOKJTaIeHU I Ha KOHKPETHOT'O YIieHa ciM’i.
JIOMOrocrmoJIapcTBO Ma€ CTHMYJ KYNHUTH KOHTPAKT Ha
CTpaxyBaHHS KHTTS, MO0 MOM’SKIIUTA PH3UK 3aruOeri
roxyBasibHUKa. [lepiof] yacy iHBeCTHIIIT JOMOrOCIIOAapCTBa
[0, T], ne T no3Hayae riaHOBaHWH Yac BUXOJY Ha MEHCII0
niei  ocobu. ToOTO JOMOrocrmogapcTBO  pO3PaxoBYE
OTPUMYBATH JIOXiJ Bifl 3apIUIaTH Ha PiBHI )(f) BECh 4ac JI0
MOMeHTY 7, AKUI MOXKE HACTATU [0 BU3HAYEHOro vacy 7'y
BUNAJIKy HEOUiKyBaHOI BTpaTW 3[ATHOCTI 3apoOIIsiTH
(HampuKiIaJ, y BUNIAAKY CMEpTI).

TakuM  4YMHOM, TPUPOAHBO  MNPHUIYCKATH, IO
JIOMOT'OCIIOJIAPCTBO MPHUAOAE CTPAXOBKY, TEPMiH Iii SKOI
3aKIHUYMTHCS HA MOMEHT 7. [HIIMMH CJIOBamMu, TEpMiH Jii
CTPaxoBOTrO MOKPUTTS JIi€ 10 Yacy 7.

Pu3uk cMepPTHOCTI MOAENIOETHCSA IEPIIMM HACTaHHAM
myaccoHiBcbkoro npouecy N = {N (f); t > 0} 3 npouecom
iHTeHCHBHOCTI A = {A(¢); £ > 0}.

Mu no3HayaeMo BUTIJKOBHH IIEpioj1 Yyacy AaHoi nomii .

JloMorocmogapcTBO  Kylye 7 KUIBKICTh  aKIlii
CTPaXOBOTO TMOJNICY, OIUIAYYIOYH OJHOPA30BY 3arajibHy
CyMY CTPaxoBoi IpeMii 72 X py Ta IHBECTYE PEIITY HASBHUX
KomTiB y (hiHaHCOBHH puHOK B yac 0. Mu mpuimyckaemo,
0 CyMa I[IHM 32 aKIIi0 py BU3HAYAETHCS €K30T€HHO 1 71 €
omHUM 13 yMOBHHMX 3MiHHMX. CTpaxoBa KOMMaHis
BUIUIAYYE CTPAXOBYy cyMy 1 X X(7) Buac ry Bunmaaky t< 7,
a JIOMOTOCIIOIaPCTBO BUKOPHCTAE KOLITH Ha BUTPATH Ta/4n
JIOIATKOBE 1HBECTYBaHHS y (hiHAHCOBMII PHHOK. 3 1HIIIOTO
00Ky, SIKIIO 7> T, Ais CTPaXxOBOT'O KOHTPAKTY 3aKiHIY€ETHCS
1 3acTpaxoBaHa ocoba BUXOIWTH Ha IEHCII0 y 4dac 7.
JloMOrocroaapcTBO HaMaraeThCsl MAKCHMI3YBaTH 3aralibHy
OUiKyBaHy VHIBEPCAIBHICTH BiJf BHTpaT Ta KiHIIEBOTO
OMaromomyads.

Mu 1eMOHCTPYEMO, BUKOPUCTOBYIOUH METOJ] OITYKIO1
TTOJBIHOCTI, SIKIIO TIEBHE 72 BUPIIIye TOBIITHE 3aBIaHHS,
TO 71 TAKOXK BHPIIIye IPOOITIEMy MaKCHUMI3aIlii Io4aTKOBOL
yHiBepcanbHOCTI. Tozi MU SBHO O0YHCITFOEMO BiMOBiTHE
CIIO)KMBAHHS Ta MPOLECH 30araycHHsI.
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This paper considers an optimal life insurance purchase
for a household subject to mortality risk. The household
receives wage income continuously, which could be terminated
by unexpected premature loss of earning power. In order to
hedge the risk of losing income stream, the household enters a
life insurance contract for the bereft members. The household
may also invest their wealth into a financial market. If
insurance payment is made prior to the planned time horizon,
the amount shall be used for consumption and investment.
Therefore, the problem is to determine an optimal
insurance/investment/consumption strategy in order to
maximize the expected total discounted utility from consum-
ption and terminal wealth. We provide explicit solutions in a
fairly general setup.

Keywords — Life Insurance, Investment/Consumption
Model, Martingale, Convex duality, Incomplete Marke.

I. Introduction

In this paper, we consider optimal life insurance for a
household in a continuous time economy. The householder's
death is formulated as the first occurrence of events in a
Poisson process. We also consider optimal portfolio selection
for the household simultaneously. We tackle the problem by
applying the auxiliary market approach in the martingale
method for constrained optimal portfolio selection
problems(cf. Karatzas and Shreve (1998)).

Most of previous treatments of insurance in the literature
are either to assume that an insurance amount is given
exogenously or to obtain an insurance premium or reserve
for insurers (cf. Iwaki (2002)). However, Zhu (2007), in one-
period model, performed a comprehensive study of the
insurance-investment-consumption problem and analyzed
effects of parameters on individuals’ insurance purchase,
consumption, and stock investment decisions.

In contrast, this paper discusses an optimal insurance
from the standpoint of households in the Continuous-
Time Investment-Consumption Problem.

1. Model

Let us consider a complete filtered probability space
(& F, (F,);cr+ , P) that hosts a Brownian motion B := {B(¢f) : ¢
>0, B(0) = 0} and a Poisson Process N = {N (¢) : t > 0,
N(0) = 0} with the intensity process A := {A(¥); ¢ > 0}. The
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Brownian motion is the source of randomness other than the
time ©:
r=inf{t>0; N(@)=1},

which denotes the time of the insured person’s loss of
earning power (e.g. death). We assume that the Poisson
process N and the Brownian motion B are mutually
independent. Suppose that the current time is 0, and let
T > 0 be the termination time of an insurance contract
which is set to be the same as the retirement time. We
consider a continuous-time economy in [0,7] that consists
of the insurance contract and a financial market.

For simplicity, we assume that household relies on one
member’s income stream: y = {)(¢); t € [0, T]} (called
income process hereafter) which is given exogenously
until time 7. To hedge the risk of loss of income flow at
time ¢ < T , the household buys an insurance policy
described as follows: Once the household buys 7 shares of
the policy by paying the insurance premium amounts py X
n at time 0, the insurance company makes an insurance
payment in the amount of

n*xX()=nx(1+ H() 2.1
attime r=1 AT. Here H : [0, T] — R. is given exogenously,
representing payment schedule until time 7.

In case t > T, the policy pays 1 dollar per share at time

T. In order to avoid unnecessary complications, we

wW(t) =

Recall that the household consumes the wage income
and, if any, insurance money to maximize the expected
discounted utility from consumption ¢ and terminal
wealth W (T). Let U, : (0, ) — R be the utility function
of the household from consumption, and let U, : (0, ©) —
R be the utility function of the household from the
terminal wealth.

Assumption 2.2. We assume that our utility functions
satisfy the following:

(1) U; (=1, 2) are strictly increasing, strictly concave
and twice continuously differentiable with properties
U'i(00) := lim,_, U'j(x) =0, U';(0+) :=1lim, U ;(x) = o0,i =1,2.

(2) For any ¢ € (0, o) there exist real numbers
a € (0, ©)and b € (0, ) satistfying aU; '(c¢) > U;’ (bc).

Also, in order to represent time-preference of the
household, we introduce a time-discount factor

e~hrs e [0, 1],
where the process p = {p(f), t € [0, T]} is adapted to F. A
natural problem for the household is as follows: Given the

with

Wy —npg + [3(r()W(s) +y(s) — c(s))ds + f; m(s)[(u(s) — 7(s))ds + a(s)dB(s)] if t €[0,T N T)
W(r =) +nX(1) + f;(r(s)W(s) —c(s))ds + f; (s)[u(s) —(s))ds + a(s)dB(s)] if te[tNT,T)

assume that the schedule function satisfies the following
assumption.

Assumption 2.1. H : [0, T ] — R, is a nonincreasing
continuous function with H(7) = 0.

Let ¢ = {c(f); t = [0, T]} be the consumption process
to be determined by the household. It is assumed that
income and consumption processes are adapted to F. In
the financial market, there is a riskless security whose
time ¢ price is denoted by Sy(f). The riskless security

evolves according to the differential equation;
dSo(t) _

— = r(t)dt, te [0,T],

0

where r(f) is a positive, predictable process. The
household can also invest their wealth into a risky
security whose time ¢ price is denoted by S;(¢). The risky
security evolves according to the stochastic differential

equation (abbreviated SDE);
‘ZL(S’ = u(t)dt + a()dB(t), te[0,T], (2.2)
1

where () and o(f) are progressively measurable processes.

Let 7(¢) be the amount to be invested into the risky
security at time ¢. The process = = {z(f); t € [0, T]} is
referred to as a portfolio process. Now, given a portfolio
process 7, a consumption process ¢, the number of shares
of the insurance policy » and an income process y, the

wealth process W = {W(¢); t € [0,T]} is defined by

(2.3)

initial wealth 1, the household decides how many insurance
contracts to buy at time zero to protect from the risk of the
Poisson event. The rest of the money W, —np, can be
invested in the financial market. If ¢ < T, the household
receives the insurance money #.X(z) as in (2.1) and re-solves
the optimal investment-consumption problem (2.4) by using
the sum of the wealth at 7, W(z—) and the insurance money
nX(7) as the “initial” wealth at 7 . On the other hand, if 7> T,
the problem reduces to an ordinary investment-consumption
problem from time zero to 7. By keeping these possibilities
in mind, the household decides on the number of insurance
contract n at time zero along with the optimal consumption-
investment pair to maximize the overall utility. Mathema-
tically, it is stated as follows:

(MP): Given the discount process p and utility
functions U; (x), i = 1, 2, find an optimal triplets
consisting of consumption process, portfolio process and

the number of shares of the insurance policy (¢, W, 77)

to solve the following maximization problem:

TAT
maxE [ e~ Lp@dsy (c(6))dt+e %o POy W (r A )| (2.4)
T
V(W(T A T)) = max E [f:;\T e—jrt/\TP(x)dx U, (e(t))dt +e” fT,\TP(x)deZ (W(T))lj:'r/\T] 2.5)
where the maximum is taken over the feasible consumption and wealth pairs, (¢, ) under the budget constraint (2.3).
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I1l. Main Results

In order to apply the martingale approach, we need to
specify a state price density process first. Let p be a class
of positive and predictable stochastic processes:

p= {ll)(t); fmzp(t)dt <o, te[0,T AT]}

For each w = {w(®); t € [0, AT ]} € p, the state price
density process is given by

x(@©) = BOXF©Ox" (), G.D

Where
B(t) = exp {— fotr(s)ds}, (3.2)

140! ET((s)-
XN (t) = (T; l{‘fst} + l{‘[)t}) efo (/1(5) Kb(s))ds’ (3.3)

and

25O = exp{= [} £()dB(s) -3 [, £ (s)ds}, (3.9)
with

() =20 e o,T]

= (3.5)

Here and hereafter, we denote the conditional expectation
operator given F,under the equivalent martingale measure Q
by ER with E? = E,Q Furthermore, in order to make the
dependence on v € p explicit, we denote the state price

density by , (1) = fO (0, (1), t [0, T], where

tAT
Xg (t) - (% l{rst} + l{‘[>t}) e_fg (IP(s)—/’l(s))ds’ (36)

See also (3.3). Similarly, Q, denotes the equivalent
martingale measure associated with the state price density

Xy that is given by dQ,, /dP = y,, (T)/(T).

Lemma 3.1. If a consumption and wealth pair (c, W) is feasible, then it satisfies the following inequalities.

E% [ B (c(®) — y(®)dt + BT ATYW (T AT) = nX(x AT))] < W, — np,
EX 10 B@®c®dt + BMIWT)] < B ATIW (T AT)

foreachy € p.

3.7)

For each utility function Uj (x), i = 1, 2 and each (s,7) such that s € [0, 7] and ¢ € [s, T], we denote by L") (x, 7) the

inverse function of

;l_x [Ui (x)e” fst p(s)ds]

with respect to x. Similarly, for the function ¥(x) defined in (2.5), we denote by J(x) the inverse function of

d TAT
—[,7 p(s)ds
o [V(x)e o ]

with respect to x. Under Assumption 2.2, for each s, ¢, the functions ) (x, 7) (i = 1, 2) and J(x) exist, are continuous and
strictly decreasing, and map (0, o) onto itself. For each s, ¢, and i, we define the Legendre transformation 0,(z,t) and

V by

t
09(5,6) = supyso [e—fs pawduy (¢) — zc], te[0,Ti=12

— TAT
V(z) = SUP 50 [E_IOA p(s)dsv(w) _ Z(A)]

(3.8)

(3.9)

Then we can be readily shown that 7,” (0+, 7) = o0, I, (c0, £) = 0, J(0+, 1) = o0, J(o0, £) = 0, and

t . .
iV (z,t) = el Py, (Is(”(z. t)) -21P(@ 1), te[0Tli=12,

V(z) = el ATp(S)"SV(](Z)) - 7](3),

(3.10)

(3.11)

Now, in order to solve the problem (MP), we consider the following dual optimization problem:
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(pP) Vo(g™ , ™),

max
neR+ (M, pM)eRy 4 xp
Where

Volo¥) = E[ [ 4" (o (0,61t + V (5xy (T AT)) + s (W(0) —mpy + [ 2 (0)y(0)dt + xyy (T ATINX(x AT))] (3.12)
Proposition 3.1. For a given w> 0, Let Z(w) be a solution of the equation;

W= Epr [0 x @ AT, OIS (Z)x (@ AT, 0)dt + x( AT, DI EWx (@ AT, T))| (3.13)
where, by recalling (3.1),

BOxE(©)

X@AT 0 = BEATIYB(TAT)’

te[taTT]
Suppose that Assumptions 2.1 and 2.2 hold. Let n* be a solution to (DP) satisfying

T
E,pp [ f X@ AT, OIS (ZU(s xy- @ AT X(T AT, ), 0dt + x(T AT, TG (Z( (" Xy TAT))x(T AT, T),T)| < oo
TAT

and

Ew* U OIS (cxy @©,t)dt + B AT (S xy T AT)| <

where ((*, w*) := argminV0 ( (), w (n)). Then, n* agrees with an optimal share i of the insurance policy in (MP) and an
optimal consumption process ¢ and the corresponding wealth process W are given, respectively, by

, 17 (6% 1y (O, ) te[0,TAT]
©=1 0 (3.14)
Iear U (" Xy ONXE AT 0),6)  tE[TATT]
and
- = EY 77 ()@ () — y(s))ds + B ATYWEAT) = ' X(@ ATY)|if t € [0,TAT) )
W) = o s
LB ([T psecs)ds + pw ()] if ¢ € [tAT,T]

WithW (T AT) = J(¢* Xy (T AT) . Furthermore, * satisfies

B [ B (S xye (O),6)dt + BT ATIW (1 AT)| = Wy —n"pg + E@ [ [ B(O)y(6)dt +n B(x AT)X(z AT)] (3.16)

Proposition 3.2. In addition to Assumptions 2.1 and 2.2,  Otherwise, if

suppose that, for each x € R", I, x, tx, t € [0, T, E[xa(z AT)X(t AT)] < py,
and J((*x)x are convex w.r.t. x. Then, the optimal solution
(C* w*) of the problem (DP) is given by ((* ).
Especially, w* is uniquely given by 1. References
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Proposition 3.3. Suppose that the assumptions of
Proposition 3.2 hold. The optimal share n is given fi as
follows. If

Elx;ztATX(t AT)] > p,

Then i = W, /p, .
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