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Abstract - The problem of uncertainty assessment in 

acoustic investigations is presented in the hereby paper. The 
aspect of the uncertainty asymmetry in processing of data 
obtained in the measuring test of sound levels, determined in 
decibels, was sketched. On the basis of the analysis of data 
obtained in the continuous monitoring of road traffic noise in 
Krakow typical probability distributions for a day, evening and 
night were determined. The method of the uncertainty 
assessment based on the propagation law of the random 
variables density function was also presented.  
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I. Introduction 
An important element in the process of controlling 

environment acoustic hazards is the determination of 
likelihood of assessment of parameters. This process 
includes measuring procedures, identification of possible 
errors in data processing as well as the selection of the 
proper measures in case of knowing the probability 
distribution of their occurrence. The most often the 
normal distribution of measured values is assumed [1-4]. 
This assumption, in case of sound level measurements 

expressed in decibels 
iAL ; i=1,2,..,n, was questioned in 

several papers, which were synthetically discussed in 
paper [5]. Noticing of this problem resulted in several 
propositions based on solutions rejecting assumptions of 
the normal distribution of measuring test results [6-11]. 
One of the method of the uncertainty determination is 
identification of the probability distribution of the 
measured value estimator and giving its uncertainty 
interval in a form of distribution quantiles. The Guide to the 
Expression of Uncertainty in Measurements suggests - in 
such cases - using numerical solutions based on the Monte 
Carlo algorithm for calculating density functions [12].  

The reasons of the uncertainty asymmetry are 
characterised in the hereby paper. The typical probability 
distributions of road traffic sound levels, based on the 
analysis of the results of the continuous monitoring of the 
road traffic noise in Krakow, are presented. The uncertainty 
determination method based on the propagation of the 
density probability function, in which can be used 
probability density functions described in paper, is presented.   

II. Measurements uncertainty 
Two main methods of measuring the uncertainty 

determination are given in references. The first method is 
the analysis of errors propagation. The second is based on 
the determination of the output value probability 
distribution, at the assumption of the probability distri-

bution of input values in the mathematical model of the 
assessed value.  

The analysis of possible errors is performed, as the first 
procedure, in the errors propagation method. Then, the 
measurement result is written in a form of the random 

variable Y  dependent on random variables iX  of the 

measuring process describing directly the measured 
values, errors of the measuring process, corrections etc. 

 1 2( , ,..., )nY f X X X  (1) 

Eq. 1 is called the measurement equation. The 
assessment of Y value, done by substituting random 
variables in Eq. 1 by their estimators ˆix , is called the 

measurement result ŷ . Then, the uncertainty of the  

assessment ŷ , is the interval: 

 ˆ ˆ( ; )y U y U   (2) 

Where cU ku  - is the expanded uncertainty being a 

product of the expansion factor k  and standard 
uncertainty ˆ( )cu y  determined from the measurement 

equation by the formula: 




 





































1

1 11

2

2

)ˆ,ˆ(
ˆˆ

2)ˆ(
ˆ

)ˆ(
m

i
ji

m

ij ji

n

i
i

i
c xxu

x
f

x
fxu

x
fyu    (3) 

where )ˆ( ixu  is the assessment uncertainty ix̂ . A 

determination of the expansion factor k , which is the 
quantile of the probability distribution of ŷ , requires 

knowing the probability distribution of the random 
variable modelling the measurement result. Since a 
realisation of this task is often very difficult several 
simplifications, leading either to an application of 
approximate methods or to a problem reduction by 
determining the uncertainty of samples originated from 
measurements of the normal distribution, were introduced    
(Type A uncertainty).  

In case of the second method the probability 
distribution of the output value, at assuming the 
probability distribution of the measured values, is done by 
the method of distributions propagations. The uncertainty 
of the assessment constitutes the confidence interval 
determined by quantiles of its probability distribution. Its 
length depends on the significance level - with which it is 
determined - usually 95%. The realisation of such 
procedure can be found in papers [11],[13-16], 
concerning the management of the environment 
protection against noises. 

III. Non-linearity of acoustic effects 
Assumptions of a normal distribution of a random test 

of sound level measurement results are applied in several 
analysis. For samples with this characteristic the Type A 
uncertainty analysis is applied, which significantly 
simplifies the uncertainty assessment process. The value 
of the assessed parameter is replacing by the test 
arithmetic mean x  and its uncertainty Eq. 4 is 
determined by using the standard deviation s . 

 ( )
su x
n

    (4) 
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However, such approach does not take into account the 
character of the measuring test of values measured in 
decibels. In the results of measurements of sound levels 
occurs asymmetry, which result directly from the decibel 
construction Eq. 5 

 
2

2
0

10 log ,
pL
p

  (5) 

where 0p  is the reference level (the most often 
5

0 2 10p x Pa  - the smallest pressure change which 

human ear can record). 
When operations on decibel values are to be performed 

the Weber-Fechner Law Eq. 6, which informs how to add 
sound levels expressed in decibels, should be applied.  

When two sound levels ,A BL L expressed in decibels are 

added, their total level equals: 

  0,1 0,110 log 10 10A B
dB

L L
A BL L     (6) 

Other operations on decibel numbers are defined in a 
similar fashion Eq. 7,8. 

Subtraction: 

  0,1 0,110 log 10 10A B
dB

L L
A BL L    (7) 

Averaging: 
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Non-linearity disturbances of sound pressure transfor-
mations and nonlinearity operations on decibel values 
causes an asymmetry of probability density functions of 
decibel values. This affects the asymmetry of the 
uncertainty interval of parameter estimates and indicators 
used in acoustics and in the processes related  to the 
environment protection against noises. 

IV. Transformations of acoustic  
pressure disturbances and pressure  

square distributions 
When determining the noise estimation likelihood it is 

necessary to take into account the asymmetry occurring in 
the random test of sound level measurement results.  One 
of the possibilities for the correct consideration of this 
effect is using the method of the probability distribution 
propagation. The probability distributions useful in the 
determination of asymmetric uncertainty intervals were 
presented in the paper [15]. They are formed by means of 
transformations of the acoustic pressure disturbances and 
pressure square, for which the normal probability 
distributions can be assumed. The first one is the 
transformed normal probability distribution of the 
acoustic pressure. For variable P , which is representing 
the acoustic pressure values, based on an experimental 
practice the normal distribution trimmed off at the 
interval [0, )  can be assigned. When considering 

pressure disturbances (limited to changes noticeable by a 
human ear) the normal distribution Eq. 9 trimmed off at 
the interval 0[ , )p  . 
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For the problem focused in the above presented way, in 
accordance with the procedure described in paper [15], 
the sound level probability distribution, expressed in 
decibels, will be described by Eq. 9 
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[0, )y   

 
The probability distribution described by equation Eq. 

10 can be assigned to sample measurement of decibel 
noise value. It is characterised by the left-sided 
asymmetry. The Mode and Median are shifted to the 
right-side with respect to the average value. This 
asymmetry is characteristic for acoustic investigations, 
however sometimes the measurement results are of the 
right-sided asymmetry [16]. The example of the density 
probability distribution function described by equation 
Eq. 10 is presented in the diagram Fig. 1.. The 
distribution obtained by the transformation of acoustic 
pressure disturbances is presented in the diagram together 
with the normal probability distribution applied at the 
uncertainty determination by means of the A method.  

In order to estimate the parameters of the probability 
distribution obtained by the transformation method the 
recalculation of decibel values , 1, 2,...,iL i n  into 

pressure values is done according to Eq. 10:  

 0.1
0 10 iLp p  (11) 

Then, the standard deviation and arithmetic mean are 
calculated and the parameters are put into Eq. 10. This 
procedure called the Method of Moments, lies in 
substituting moments of the random variable by the 
estimators obtained from the sample. More information 
concerning various methods of the sound level 
measurements estimation can be found in paper [16]. 
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Fig 1. Diagrams of the probability of the transformed  
normal distribution of pressures and the normal  

distribution for decibels 
 
Parameters of distributions from Fig. 1. are presented in 

Table 1  
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TABLE 1 
PARAMETERS OF DISTRIBUTIONS PRESENTED IN FIG 1 

Normal distribution 
Transform of the normal 

distribution 
EN  71.80dB EY  72.40dB 

N  5.90dB Y  7.10dB 
N
em  71.80dB Y

em  74.00dB 

N
om  71.80dB Y

om  76.00dB 

0.025q  60.17dB 0.025q  56.47dB 

0.05q  60.04dB 0.05q  60.42dB 

0.95q  81.51dB 0.95q  80.37dB 

0.975q  83.37dB 0.975q  81.42dB 

 
The data presented in Table 1 and the shape of 

diagrams indicate the left-sided asymmetry of the  
transformed normal distribution of pressures. Both the 
Mode and Median are shifted to the right in relation to the 
average value. There is a significant difference between 
the standard deviations of these two types of distributions. 
The uncertainty interval for the normal distribution is 
narrower and shifted to the right with respect to the 
interval of the transformed distribution of pressure. For 
the normal distribution it is equal (60.04dB;83.37dB), 
while for the transformed normal distribution 
(56.47dB;81.42dB). This has an essential influence on the 
determination of uncertainty intervals.   

The second important distribution, from the point of view 
of the uncertainty determination, is the logarithmic 
transformation of the normal distribution (described in paper 
[15]). This distribution occurs in case of determining the 
uncertainty for a large measuring test . Using the Central 
Limit Theorem, it can be assumed that the probability 
distribution of the arithmetic mean of the acoustic pressure 
square values or energy levels is the normal distribution 
trimmed off at the interval [18]. The transformation of the 
logarithmic mean of energy levels is marked by Z Eq. 12  
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The probability distribution for the random variable Z 
at the assumption that  will given by Eq. 13. 
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The example of the probability distribution for variable 
Z is presented in the diagram in Fig. 2 
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Fig 2. Probability distributions of the normal distribution and  
of the logarithm of the normal distribution given by Eq. 13 

Parameters of distributions presented on Fig. 2 are 
given in Table 2. 

TABLE 2 
PARAMETERS OF DISTRIBUTIONS PRESENTED IN FIG. 2 

Normal distribution Transform of the normal 
distribution 

EN  61.02dB EZ  60.44dB 
N  1.35dB Z  4.28dB 
N
em  61.02dB Z

em  61.03dB 

N
em  61.02dB Z

om  61.52dB 

0.025q  58.36dB 0.025q  55.84dB 

0.05q  58.79dB 0.05q  57.15dB 

0.95q  63.26dB 0.95q  63.10dB 

0.975q  63.69dB 0.975q  63.42dB 

 
The data presented in Table 2 and the shape of the 

probability function allow to notice the left-sided asymmetry 
of transformed normal distribution of acoustic pressure. 
Apart from that, the nearly threefold difference in the 
standard deviation (for the normal distribution) and shifting 
of uncertainty intervals, can be noticed. 95% of uncertainty 
interval for the variable Z distribution equals 
(55.84dB;63.42dB), while for the normal distribution equals 
(58.36dB;63.69dB). The left end of the interval is shifted by 
2.52 dB to the left, while the right end by 0.27dB. The 
uncertainty interval span equals 7.58dB and 5.33dB respec-
tively, which constitutes an essential difference in the inter-
val length and has a significant influence on the uncertainty 
determination. It means, that it has also an influence on the 
uncertainty of the expanded assessment of logarithmic mean, 
on the basis of which the majority of parameters - used in the 
environment noise protection - is constructed.  

The proper identification of the probability density 
function, the estimator of the random variable, is the key 
problem at the determination of the uncertainty of para-
meters estimations, which are assessed on the basis of the 
measuring test. Its improper identification can cause erro-
neous decisions in the analysis of the measurement data. In 
case of determination of indices in the environment noise 
protection it can cause erroneously imposed fines for 
exceeding the permissible noise standards.  

V. Characteristics of the probability 
distribution of sound levels in road traffic - 
on the basis of the monitoring of Krakow 
The uncertainty determination by means of the A 

method can be realized, when the probability distribution 
of measurement values is determined by the normal 
distribution. Thus, an essential aspect constitutes the 
verification, which distribution type obtain the measured 
values of sound levels. During the analysis of data related 
to road traffic, air, railway noises or industrial noises 
usually a random test of sound levels, in which essential 
deviations from normal distributions, is obtained.  

Analysis from the continuous monitoring of road traffic 
noise in Krakow [19] confirm lack of normal character of  
sound level density probability functions Based on the 
data it can be specified typical distribution functions, 
which can be assigned to the samples measurements. 
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Frequency bar charts of the measured sound levels as well 
as the estimated for it density are presented in Fig. 8-11. The 
recorded sound levels are determined from the equation:  
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                    (14) 

where integration is done after the time interval of one 
second length. Twenty-four hours can be divided - in the 
acoustic monitoring of road traffic - into three time periods. 
Day - from 6.00 to 18.00, evening - from 18.00 to 22.00 and 
night - from 22.00 to 6.00. Typical probability distributions, 
normal distributions (MM) and frequencies bar chart, obtai-
ned from the monitoring, are presented in Fig. 8-11. The 
typical probability distribution for the day is shown in Fig. 3 
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Fig 3. Density probability diagram for the day 08.01.2010 
 
Solid line - bar chart of empirical data, dotted line - 

probability distribution obtained from Eq. 10, dashed line - 
normal distribution estimated by the method of moments. 

 

TABLE3 
PARAMETERS OF DISTRIBUTIONS PRESENTED IN FIG 3 

 Estimated 
distribution 

Empirical 
data 

Normal 
distribution 

Logarithmic mean - 73.68dB - 
Expected value 72.67dB 72.97dB 72.97dB 

Mode 73.8dB 75.3dB 72.97dB 
Mediane 75.1dB 73.5dB 72.97dB 
Skewness -2.34 -0.46 0 
Kurtosis 14.21 4.10 3 

Standard deviation 5.30dB 3.60dB 3.60dB 

0.025q  59.25dB 65.10dB 65.92dB 

0.05q  63.18dB 66.40dB 67.05dB 

0.95q  78.59dB 77.80dB 78.88dB 

0.975q  79.27dB 78.50dB 80.02dB 

 
The typical probability distribution for the evening is 

presented in Fig. 4 
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Fig 4. Density probability diagram for the evening 16.01.2010. 
Solid line - bar chart of empirical data, dotted line - probability 

distribution obtained from Eq. 10, dashed line - normal 
distribution estimated by the method of moments 

Parameters of probability distributions are given in 
Table 4  

TABLE4 
PARAMETERS OF DISTRIBUTIONS PRESENTED IN FIG 4 

 Estimated 
distribution 

Empirical 
data 

Normal 
distribution

Logarithmic mean - 74.37dB - 
Expected value  71.98dB 71.96dB 71.96dB 

Mode 75.05dB 76.67dB 71.96dB 
Mediane 73.54dB 73.27dB 71.96dB 
Skewness -0.37 -0.75 0 
Kurtosis 4.47 3.14 3 

Standard deviation 7.7dB 5.27dB 5.27dB 

0.025q  58.42dB  60.10dB 61.63dB 

0.05q  62.11dB 62.10dB 63.28dB 

0.95q  78.88dB 78.30dB 80.63dB 

0.975q  79.72dB 78.90dB 82.29dB 

 
Two types of distribution are observed for the night, 

triangular distribution Fig. 5 and bimodal distribution Fig. 6.  
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Figure 5 Probability distribution of the data for the night 
10.01.2010. Solid line - bar chart of empirical data,  

dotted line - estimated probability distribution dashed  
line - normal distribution estimated by the method of moments 

 

TABLE 5 
PARAMETERS OF DISTRIBUTIONS PRESENTED IN FIG 5 

 Estimated 
distribution 

Empirical 
data 

Normal 
distribution 

Logarithmic mean - 72.8dB - 
Expected value 67.74dB 67.8dB 67.8dB 

Mode 74.76dB 74.13dB 67.8dB 
Mediane 68.65dB 68.61dB 67.8dB 
Skewness -0.43 -0.44 0 
Kurtosis 2.39 2.42 3 

Standard deviation 7.79dB 7.77dB 7.77dB 

0.025q  46.74dB 51.40dB 52.58dB 

0.05q  46.95dB 53.50dB 55.57dB 

0.95q  82.27dB 78.70dB 80.57dB 

0.975q  82.37dB 97.80dB 83.02dB 

 

0

0,01

0,02

0,03

0,04

0,05

0,06

46 47 48 49 51 52 53 54 56 57 58 60 61 62 63 65 66 67 68 70 71 72 73 75 76 77 78 80 81 82 84 85 86 87 89 90 91 92 94 95 96 97 99

Sound level [dB]

Pr
ob

ab
ili

ty

 
Fig 6. Probability distribution of data from the night 25.01.2010. 

Solid line - bar chart of empirical data, dotted line - estimated 
probability distribution dashed line - normal distribution 

estimated by the method of moments 
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TABLE 6 
PARAMETERS OF DISTRIBUTIONS PRESENTED IN FIG 6 

 

 Estimated 
distribution 

Emirical 
data 

Normal 
distribution 

Logarithmic mean - 71.35dB - 
Expected value 63.30dB 63.29dB 63.29dB 

Mode - - 63.29dB 
Mediane 64.33dB 64.02dB 63.29dB 
Skewness -0,12 -0.11 0 
Kurtosis 1.79 1.83 3 

Standard deviation 10.03dB 9.80dB 9.80dB 

0.025q  46.69dB 46.80dB 44.08dB 

0.05q  47.64dB 47.40dB 47.17dB 

0.95q  78.19dB 77.90dB 79.41dB 

0.975q  79.69dB 79.10dB 82.49dB 
 

In the carried out analysis of allows to notice the 
repeatability of results. Probability distributions obtained for 
the day and night are similar to the transformed normal 
distribution of pressure. Two types of distributions are 
obtained for the night, the triangular distribution and bimodal 
distribution, which can be approximated e.g. by a 
multinomial of the fifth or sixth degree. All distributions 
obtained from analyses significantly differ from normal 
distributions, which can be observed when analysing the 
skewness and kurtosis coefficients as well as 95% 
confidence intervals for logarithmic means. 

Knowing the form of the probability distribution of the 
results of sound levels measurements, it is possible to find 
- for small size tests - the probability distribution of the 
logarithmic mean described by Eq. 8. On the basis of this 
distribution the majority of coefficients and factors used 
in the noise environment protection are constructed.  
Convolutions of probability distributions can be applied 
for this aim. The determination procedure of such 
probability distribution is given in papers: [11] and [14]. 
For large size tests the probability distribution is 
determined from Eq. 13 The expected value   is 

substituted by the test arithmetic mean 0,1

1

1
10 i

n
L

X
in




   

and the standard deviation   by the standard deviation from 

the test  
2

0,1

1

1
10 i

n
L

X X
in

 


   energy levels . In such 

case the uncertainty interval for the logarithmic mean of 
sound levels is expressed by the following equation: 

  10logl ra X a   (15) 

 10log (1 / 2) /l X Xa u n      

 10log (1 / 2) /r X Xa u n     

Conclusion 
The model of the uncertainty determination based on 

the method of the propagation of the density probability 
function is presented in the hereby paper. An aspect of an 
asymmetry of the measuring test of sound levels 

expressed in decibels was shown. On the bases of the data 
obtained from the continuous noise monitoring in Krakow 
typical probability distributions, which can be attributed 
to the results of sound levels measurements in road traffic 
for the day, evening and night, were characterised. The 
distribution obtained by means of the transformation of 
the normal distribution of acoustic pressures for the day 
and evening as well as two types of distribution, 
triangular and bimodal approximated by a multinomial of 
the fifth and sixth degree - for the night, were presented.  

The analysis of probability distributions, obtained from 
monitoring, indicates their left sided asymmetry and multiple 
deviations from the normal distribution, which using 
classical methods of the uncertainty assessment renders 
impossible. Applying procedures described in this paper it is 
possible to calculate, for the obtained types of probability 
distributions, asymmetric uncertainty intervals of coeffi-
cients, based on a logarithmic mean of sound levels, used in 
the monitoring of the environment acoustic states.   

The method of the uncertainty determination for models 
based on large and small measuring tests is given. In case 
of a large measuring sample asymptotic properties of the 
average value of energy levels are used, while in case of a 
small one the logarithmic mean probability distributions 
are determined by means of the convolution calculus.    

The method presented in the paper allows for the 
correct determination of uncertainties of coefficients, of 
the environment noise protection, constructed on the basis 
of the sound levels logarithmic mean. It takes into 
account the skewness of the measuring test of the sound 
level results, which has an essential influence on the 
uncertainty interval asymmetry. This method can be 
applied either for the uncertainty assessment or for the 
validation of results obtained by other methods.  
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