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Äîâåäåíî òåîðåìó ïðî iíòåãðàëüíå çîáðàæåííÿ äîäàòíî âèçíà÷åíèõ ôóíêöié äâîõ çìiííèõ

k(x) (x ∈ R2), äëÿ ÿêèõ ÿäðî K(x, y) äîäàòíî âèçíà÷åíî. Öÿ òåîðåìà ¹ óçàãàëüíåííÿì
òåîðåìè ïðî iíòåãðàëüíå çîáðàæåííÿ åêñïîíåíöiàëüíî âèïóêëèõ ôóíêöié äâîõ çìiííèõ.
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Ó ðîáîòàõ [1, 2] çàïðîïîíîâàíî ìåòîä îäåðæàí-
íÿ iíòåãðàëüíèõ çîáðàæåíü äëÿ äîäàòíî âèçíà÷åíèõ
ÿäåð K (x, y) (x, y ∈ Rn) ç âèêîðèñòàííÿì âëàñíèõ
ôóíêöié äèôåðåíöiàëüíèõ îïåðàòîðiâ. Çàñòîñîâóþ÷è
öåé ìåòîä, ó ìîíîãðàôi¨ [3, ãëàâà VIII] äîâåäåíî òå-
îðåìó 4.2 ïðî iíòåãðàëüíå çîáðàæåííÿ òàêèõ ÿäåð.
Ó âèïàäêó R2 iíòåãðàëüíå çîáðàæåííÿ ÿäåð ìàòèìå
òàêèé âèãëÿä:

K(x, y) =

∫
R2

∑
α,β∈A

χα(x;λ)χβ(y;λ)dσαβ(λ) (x, y ∈ R2),

äå

dσαβ(λ) =

(
∂α1+α2+β1+β2Ωλ

∂xα1
1 ∂xα2

2 ∂yβ1

1 ∂yβ2

2

)
(a, a)dρ(λ),

Ωλ(x, y)=
∑
α,β∈A

(
∂α1+α2+β1+β2Ω

∂xα1
1 ∂xα2

2 ∂yβ1

1 ∂yβ2

2

)
(a, a)χα(x;λ)χβ(y;λ),

a = (a1, a2) � âåêòîðíèé iíäåêñ, ÿêèé çìiíþ¹òüñÿ
ïî öiëî÷èñëåííîìó ïàðàëåëåïiïåäó A ç êîîðäèíàòà-
ìè α1 = 0, . . . , r1 − 1;α2 = 0, . . . , r2 − 1;

χα(x;λ) = χ(1)
α1

(x1;λ) · χ(2)
α2

(x2;λ);

x = (x1, x2) ∈ R2; λ = (λ1, λ2) ∈ R2;

χ
(j)
0 (xj ; z), . . . , χ

(j)
j−1(xj ; z) � ôóíäàìåíòàëüíà ñèñ-

òåìà ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

L(j)u(x1;x2)− zu(x1;x2) = 0, (j = 1, 2), (1)

ÿêà çàäîâîëüíÿ¹ óìîâè:

dk

dxkj
χm(xj ; z)

∣∣
xj=aj =δmk (m, k=0, . . . , rj−1; j=1, 2),

δmk � ñèìâîë Êðîíåêêåðà, ùî äîðiâíþ¹ 1, ÿêùî
m = k, i 0 ÿêùî m ̸= k.

Çà äîïîìîãîþ öi¹¨ òåîðåìè îäåðæàíî iíòåãðàëüíi
çîáðàæåííÿ äëÿ ÿäåð

k(y1 − x1; y2 − x2), ÿêùî ó (1) L(j) = i
d

dxj
(j = 1, 2);

1

2
[k(x1 + y + 1;x2 + y2) + k(x1 − y1;x2 − y2)] , ÿêùî ó

(1) L(j)=− d2

dx2j
(j = 1, 2);

k(x1 + y1;x2 + y2), ÿêùî ó (1) L(j) = d
dxj

(j = 1, 2).

Ó ñòàòòi äîâåäåíî òåîðåìó ïðî iíòåãðàëüíå çîáðà-
æåííÿ äîäàòíî âèçíà÷åíîãî ÿäðà, ÿêùî ó (1) L(j) =
d
dxj

+ p(xj) (j = 1, 2), äå p(x) � íåïåðåðâíà ôóíêöiÿ.
Iíòåãðàëüíå çîáðàæåííÿ äîäàòíî âèçíà÷åíîãî

ÿäðà, ÿêùî L =
d

dx
+ p(x) (x ∈ R1) äîâåäåíî ó [4].

Îçíà÷åííÿ. Íåïåðåðâíó ôóíêöiþ k(x2, x2) áó-
äåìî íàçèâàòè äîäàòíî âèçíà÷åíîþ, ÿêùî âèêîíó¹-
òüñÿ íåðiâíiñòü∫
R2

∫
R2

K (x; y) u (y) u (x) dxdy ≥ 0 (u ∈ C∞
0 (R2)), (2)

äå K(x, y) =
a(x+ y)

a(x)a(y)
k(x+ y),

a(x) = a(x1;x2) = exp

{
x1∫
0

p(x1)dx1 +
x2∫
0

p(x2)dx2

}
.

Òåîðåìà. Äëÿ òîãî, ùîá ÿäðî K(x, y) áóëî äî-
äàòíî âèçíà÷åíèì, íåîáõiäíî i äîñòàòíüî, ùîá ôóí-
êöiÿ k(x1, x2) ∈ C1(R1 ×R1) ìàëà òàêå çîáðàæåííÿ:

k(x1;x2) =

∞∫
−∞

∞∫
−∞

χ
(1)
0 (x1;λ1)χ

(2)
0 (x2;λ2)dσ(λ1, λ2),

(3)

äå dσ(λ1, λ2) � íåâiä'¹ìíà ñêií÷åííà ìiðà, a

χ
(j)
0 (xj ;λj) � ðîçâ'ÿçîê ðiâíÿííÿ (1), ÿêèé çàäîâîëü-

íÿ¹ óìîâó χ
(j)
0 (0;λj) = 1 (j = 1, 2).

� Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé ÿäðî K(x, y)
äîäàòíî âèçíà÷åíî i äëÿ íüîãî ëåãêî ïåðåâiðèòè, ùî
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

L(j)
xj

[K(x, y)] = L(j)
yj [K(x, y)] (j = 1, 2).

Òîìó äëÿ ÿäðàK(x, y), çãiäíî ç òåîðåìîþ 4.2 [3, ãëàâà
VIII], ìîæíà íàïèñàòè òàêå iíòåãðàëüíå çîáðàæåííÿ:
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Iíòåãðàëüíå çîáðàæåííÿ äîäàòíî âèçíà÷åíèõ ôóíêöié äâîõ çìiííèõ çâ'ÿçàíèõ ç îïåðàòîðîì ïåðøîãî ïîðÿäêó

K(x; y) =

∞∫
−∞

∞∫
−∞

χ
(1)
0 (x1;λ1)χ

(2)
0 (x2;λ2)χ

(1)
0 (y1;λ1)χ

(2)
0 (y2;λ2)dσ(λ1, λ2), (4)

äå dσ(λ1, λ2) � íåâiä'¹ìíà ñêií÷åííà ìiðà, à

χ
(j)
0 (xj ;λj) � ðîçâ'ÿçîê ðiâíÿííÿ

du

dxj
+ +p(xj)u =

λu (j = 1, 2), ÿêèé çàäîâîëüíÿ¹ óìîâó χ
(j)
0 (0;λj) =

1 (j = 1, 2).
Ïðèéíÿâøè ó (4) y1 = 0, y2 = 0, îäåðæèìî (3).

Íåîáõiäíiñòü äîâåäåíî.
Äîñòàòíiñòü.Ìà¹ìî iíòåãðàëüíå çîáðàæåííÿ (3)

i ÿäðî K(x, y) =
a(x+ y)

a(x)a(y)
· k(x+ y). Ïîêàæåìî, ùî öå

ÿäðî äîäàòíî âèçíà÷åíî. Äëÿ öüîãî ñïî÷àòêó ââåäå-
ìî îïåðàòîð çàãàëüíîãî çñóâó. Íåõàé f(x) ∈ C1(R2),
ïîçíà÷èìî ÷åðåç u(x, y) ðîçâ'ÿçîê çàäà÷i Êîøi

∂u

∂xj
+ p(xj)u =

∂u

∂yj
+ p(yj)u (j = 1, 2) (5)

u(xj ; 0) = f(xj). (6)

ßêùî ïîçíà÷èìî ÷åðåç

a(x) = exp


x1∫
0

p(x1)dx1 +

x2∫
0

p(x2)dx2

 ,

i v = a(x)a(y)u, òî çàäà÷ó Êîøi (5)�(6) ìîæíà çâåñòè

äî çàäà÷i
∂v

∂xj
=

∂v

∂yj
, (j = 1, 2) (7)

v(xj ; 0) = a(xj)f(xj). (8)

Îñêiëüêè ðîçâ'ÿçîê çàäà÷i (7)�(8) ìà¹ âèãëÿä

v(x; y) = a(x+ y)f(x+ y),

òî ðîçâ'ÿçîê çàäà÷i (5)�(6) ìàòèìå òàêèé âèãëÿä:

u(x; y) =
a(x+ y)

a(x)a(y)
f(x+ y). (9)

Ââåäåìî òåïåð îïåðàòîð çñóâó Ty, ïðèéíÿâøè

(Tyf)(x) = u(x; y) (x, y ∈ R2). (10)

Çàñòîñîâóþ÷è îïåðàòîð Ty äî îáîõ ÷àñòèí iíòåãðàëü-
íîãî çîáðàæåííÿ (3), îäåðæèìî

(Tyk)(x)=

∫
R1

∫
R1

Tyχ
(1)
0 (x1;λ1)χ

(2)
0 (x2;λ2)dσ(λ1, λ2). (11)

Òóò, îñêiëüêè

(Tyk)(x) =
a(x+ y)

a(x)a(y)
k(x+ y),

Tyχ
(1)
0 (x1;λ1)χ

(2)
0 (x2;λ2) =

a(x+ y)

a(x)a(y)
χ
(1)
0 (x1 + y1;λ1)χ

(2)
0 (x2 + y2;λ2) =

=
a(x+ y)

a(x)a(y)
eλ1(x1+y1)−

∫ x1+y1
0 p(x1+y1)d(x1+y1)eλ2(x2+y2)−

∫ x2+y2
0 p(x2+y2)d(x2+y2) =

=
eλ1(x1+y1)+λ2(x2+y2)

a(x)a(y)
= χ

(1)
0 (x1;λ1)χ

(2)
0 (x2;λ2)χ

(1)
0 (y1;λ1)χ

(2)
0 (y2;λ2),

òîìó ùî

χ0(xj ;λj) = eλjxj−
∫ xj
0 p(xj)dxj (j = 1, 2)

¹ ðîçâ'ÿçîê ðiâíÿííÿ

du

dxj
+ p(xj)u = λju (j = 1, 2).

Òîìó ðiâíiñòü (11) íàáóäå âèãëÿäó

a(x+ y)

a(x)a(y)
k(x+ y) = (12)

=

∫
R1

∫
R1

χ
(1)
0 (x1;λ1)χ

(1)
0 (y1;λ1)χ

(2)
0 (x2;λ2)χ

(2)
0 (y2;λ2)dσ(λ1,λ2).

Çà äîïîìîãîþ (12) ïåðåâiðÿ¹òüñÿ óìîâà (1).
Òåîðåìó äîâåäåíî. �

Âèñíîâêè

Äîâåäåíà òåîðåìà äîçâîëÿ¹ çíàéòè äîäàòíî âè-

çíà÷åíå ÿäðî, ïîâ'ÿçàíå ç îïåðàòîðîì
d

dxj
+ p(xj)

(j = 1, 2). ßêùî p(xj) = 0, òî îäåðæèìî iíòåãðàëüíå
çîáðàæåííÿ åêñïîíåíöiàëüíî âèïóêëèõ ôóíêöié äâîõ
çìiííèõ.

Ìîæíà òàêîæ âèêîðèñòîâóâàòè öþ òåîðåìó ïiä
÷àñ äîñëiäæåííÿ iíôiíiòåçèìàëüíèõ îïåðàòîðiâ ïåð-
øîãî ïîðÿäêó [5].
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ÈÍÒÅÃÐÀËÜÍÎÅ ÏÐÅÄÑÒÀÂËÅÍÈÅ ÏÎËÎÆÈÒÅËÜÍÎ
ÎÏÐÅÄÅËÅÍÍÛÕ ÔÓÍÊÖÈÉ ÄÂÓÕ ÏÅÐÅÌÅÍÍÛÕ
ÑÂßÇÀÍÍÛÕ Ñ ÎÏÅÐÀÒÎÐÎÌ ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ

Ëîïîòêî Î. Â.

Íàöèîíàëüíûé ëåñîòåõíè÷åñêèé óíèâåðñèòåò Óêðàèíû,
óë. Ãåíåðàëà ×óïðûíêè, 103, Ëüâîâ, 79057, Óêðàèíà

Äîêàçàíî òåîðåìó îá èíòåãðàëüíîì ïðåäñòàâëåíèè ïîëîæèòåëüíî îïðåäåëåííûõ ôóí-
êöèé äâóõ ïåðåìåííûõ k(x) (x ∈ R2), äëÿ êîòîðûõ ÿäðî K(x, y) ïîëîæèòåëüíî îïðåäåëåíî.
Ýòà òåîðåìà åñòü îáîáùåíèåì òåîðåìû îá èíòåãðàëüíîì ïðåäñòàâëåíèè ýêñïîíåíöèàëüíî
âûïóêëûõ ôóíêöèé äâóõ ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: èíòåãðàëüíîå ïðåäñòàâëåíèå, îïåðàòîð, ïîëîæèòåëüíî îïðåäåëåííûå ôóí-

êöèè.
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INTEGRAL REPRESENTATION OF POSITIVELY DEFINITE
FUNCTIONS OF TWO VARIABLES ASSOCIATED

WITH AN OPERATOR OF FIRST ORDER

Lopotko O. V.

National University Forest of Lviv
103 General Chuprinka Str., Lviv, 79057, Ukraine

Integral representation is obtained for positive de�nite functions of two variables. This
representation is generalization of integral representation for exponential convex functions of
two variables.
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