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Âñòàíîâëåíî îäíîçíà÷íó ðîçâ'ÿçíiñòü ïî÷àòêîâî-íåëîêàëüíî¨ çàäà÷i äëÿ ôàêòîðèçîâàíî-

ãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ,
ñêëàäåíèõ iç êîåôiöi¹íòiâ ôàêòîðèçàöi¨.

Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíi ðiâíÿííÿ, ïî÷àòêîâî-íåëîêàëüíi óìîâè, ôàêòîðèçîâàíå ðiâ-

íÿííÿ, ìàëi çíàìåííèêè, ìåòðè÷íi îöiíêè.

2000 MSC: 35G30

ÓÄÊ: 517.95

I. Ôîðìóëþâàííÿ çàäà÷i

Âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ i ôóí-
êöiîíàëüíi ïðîñòîðè: Ωp = (R/2πZ)p � p-âèìiðíèé
òîð, QTp = (0, T )× Ωp, T > 0, x = (x1, . . . , xp) ∈ Ωp;
Dx = (−i∂/∂x1, . . . ,−i∂/∂xp), k = (k1, . . . , kp) ∈ Zp,
|k| = |k1| + . . . + |kp|, (k, x) = k1x1 + . . . + kpxp;
mesRnA � ìiðà Ëåáåãà â Rn âèìiðíî¨ ìíîæèíè
A ⊂ Rn, Πn = {λ⃗ ≡ (λ1, . . . , λn) ∈ Rn : λ1 < . . . < λn};
C(n,m) � ìíîæèíà âñiõ íàáîðiâ (i1, . . . , im), ñêëàäå-
íèõ ç íàòóðàëüíèõ ÷èñåë i1, . . . , im òàêèõ, ùî

1 ≤ i1 < . . . < im ≤ n, 1 ≤ m ≤ n;

setω ïîçíà÷à¹ ìíîæèíó {i1, . . . , im} äëÿ äåÿêîãî íà-
áîðó ω = (i1, . . . , im) ∈ C(n,m);

B(Dx) � òàêèé äèôåðåíöiàëüíèé âèðàç, ùî

(∃N1, N2 ∈ N) (∃C1, C2 > 0) (∀ k ∈ Zp)

C1(1 + |k|)N1 ≤ |B(k)| ≤ C2(1 + |k|)N2 ,
(1)

K1 = {k ∈ Zp : ReB(k) ≥ 0}, K2 = Zp\K1;
WB
α,β1,β2

, α, β1, β2 ∈ R, � ïðîñòið, îòðèìàíèé â ðå-
çóëüòàòi ïîïîâíåííÿ ïðîñòîðó ñêií÷åííèõ òðèãîíî-
ìåòðè÷íèõ ïîëiíîìiâ φ(x) =

∑
φke

(ik,x) çà íîðìîþ

∥φ;WB
α,β1,β2

∥ =
( ∑
k∈Zp

|φk|2(1 + |k|)2αe2χ(k)ReB(k)
) 1

2

,

äå χ(k) = β1, ÿêùî k ∈ K1, χ(k) = β2, ÿêùî k ∈ K2;
Cn([0, T ];WB

α,β1,β2
) � ïðîñòið ôóíêöié u = u(t, x)

òàêèõ, ùî ïðè ôiêñîâàíîìó t ∈ [0, T ] ïîõiäíi
∂ju(t, x)/∂tj , 0 ≤ j ≤ n, íàëåæàòü äî WB

α,β1,β2
i ÿê

åëåìåíòè öüîãî ïðîñòîðó ¹ íåïåðåðâíèìè çà t íà
[0, T ]; íîðìó â ïðîñòîði Cn([0, T ];WB

α,β1,β2
) çàäà¹ìî

ôîðìóëîþ

∥u;Cn([0, T ];WB
α,β1,β2

)∥ =
n∑
j=0

max
t∈[0,T ]

∥∥∥∂ju
∂tj ;W

B
α,β1,β2

∥∥∥ .

Â îáëàñòi QTp ðîçãëÿíåìî çàäà÷ó

Ln

(
∂

∂t
,Dx

)
u(t, x) ≡

≡
n∏
j=1

(
∂

∂t
− λjB (Dx)

)
u(t, x) = 0, (t, x) ∈ QTp ,

(2)



Uj [u] ≡
∂j−1u(t, x)

∂tj−1

∣∣∣
t=0

= φj(x), j = 1, . . . , r,

Ur+j [u] ≡
∂j−1u(t, x)

∂tj−1

∣∣∣
t=0
−

−µ ∂
j−1u(t, x)

∂tj−1

∣∣∣
t=T

= φr+j(x), j = 1, . . . , l,

(3)

äå (λ1, . . . , λn) ∈ Πn, µ ∈ C\{0}, 1 ≤ r < n,
l = n − r. Çàäà÷ó (2), (3) íàçèâàòèìåìî ïî÷àòêîâî-
íåëîêàëüíîþ çàäà÷åþ, îñêiëüêè óìîâè (3) ìiñòÿòü ïî-
¹äíàííÿ r ïî÷àòêîâèõ óìîâ äëÿ øóêàíîãî ðîçâ'ÿçêó
u(t, x) â òî÷öi t = 0 i l íåëîêàëüíèõ óìîâ, ÿêi ïîâ'ÿ-
çóþòü çíà÷åííÿ öüîãî ðîçâ'ÿçêó òà éîãî ïîõiäíèõ íà
êiíöÿõ âiäðiçêà [0, T ].

Ðîçâ'ÿçíiñòü äâîòî÷êîâèõ êðàéîâèõ òà íåëîêàëü-
íèõ êðàéîâèõ çàäà÷ äëÿ ãiïåðáîëi÷íèõ òà áåçòèïíèõ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè äîñëiäæåíî â áàãà-
òüîõ ðîáîòàõ (äèâ. [1�8]), â ÿêèõ âèêîðèñòàíî ìåòðè-
÷íèé ïiäõiä äëÿ îöiíêè ïîñëiäîâíîñòi ïåâíèõ õàðàêòå-
ðèñòè÷íèõ âèçíà÷íèêiâ � ìàëèõ çíàìåííèêiâ çàäà÷.

Çîêðåìà, â ðîáîòi [2] âñòàíîâëåíî, ùî äëÿ ìàéæå
âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ λ⃗ iñíó¹ ¹äèíèé
ðîçâ'ÿçîê iç ïðîñòîðóWB

α,β1,β2
çàäà÷i äëÿ ôàêòîðèçî-

âàíîãî ðiâíÿííÿ (2) ç äâîìà êðàòíèìè âóçëàìè
∂j−1u(t,x)
∂tj−1

∣∣∣
t=0

= φj(x), j = 1, . . . , r,

∂j−1u(t,x)
∂tj−1

∣∣∣
t=T

= φr+j(x), j = 1, . . . , l.
(4)

Îñíîâíîþ ìåòîþ íàøî¨ ðîáîòè ¹ âñòàíîâëåííÿ ïî-
äiáíîãî ðåçóëüòàòó ïðî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i
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(2), (3) äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòî-
ðiâ λ⃗ = (λ1, . . . , λn) ïðè äîâiëüíîìó ôiêñîâàíîìó ïà-
ðàìåòði T > 0 îáëàñòi QTp i äîâiëüíîìó ôiêñîâàíîìó
êîåôiöi¹íòi µ ̸= 0 â óìîâàõ (3).

II. Óìîâè ¹äèíîñòi òà äîñòàòíüîãî
iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i

Ðîçâ'ÿçîê çàäà÷i (2), (3) øóêà¹ìî ó âèãëÿäi ðÿäó
Ôóð'¹

u(t, x) =
∑
k∈Zp

uk(t) exp(ik, x), (5)

â ÿêîìó êîæíà ôóíêöiÿ uk(t), k ∈ Zp, ¹ ðîçâ'ÿçêîì
çàäà÷i äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

Ln (d/dt, k)uk(t) = 0, (6)u
(j−1)
k (0) = φj,k, j = 1, . . . , r,

u
(j−1)
k (0)− µu(j−1)

k (T ) = φr+j,k, j = 1, . . . , l,
(7)

äå φj,k, k ∈ Zp, � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ φj(x),
j = 1, . . . , n. Ðîçâ'ÿçîê çàäà÷i (6), (7) çîáðàæà¹òüñÿ
ôîðìóëîþ

uk(t) =
n∑
q=1

Ck,q exp(λqB(k)t), (8)

äå ñòàëi Ck,q, q = 1, . . . , n, âèçíà÷àþòüñÿ iç ñèñòåìè



n∑
q=1

Ck,q(λqB(k))j−1 = φj,k, j = 1, . . . , r,

n∑
q=1

Ck,q(λqB(k))j−1×

×(1− eλqB(k)T ) = φr+j,k, j = 1, . . . , l.

(9)

Âèçíà÷íèê ëiíiéíî¨ ñèñòåìè (9) ïîçíà÷èìî ÷åðåç
∆(k, λ⃗), k ∈ Zp:

∆(k, λ⃗) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1
λ1B(k) . . . λnB(k)
. . . . . . . . .

λr−1
1 Br−1(k) . . . λr−1

n Br−1(k)
1− µeλ1B(k)T . . . 1− µeλnB(k)T

λ1B(k)(1− µeλ1B(k)T ) . . . λnB(k)(1− µeλnB(k)T )
. . . . . . . . .

λl−1
1 Bl−1(k)(1− µeλ1B(k)T ) . . . λl−1

n Bl−1(k)(1− µeλnB(k)T )

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (10)

Òåîðåìà 1. Äëÿ òîãî, ùîá ðîçâ'ÿçîê çàäà÷i
(2), (3) áóâ ¹äèíèì ó ïðîñòîði Cn([0, T ];WB

α,β1,β2
), íå-

îáõiäíî i äîñèòü, ùîá âèêîíóâàëàñü óìîâà

∀k ∈ Zp ∆(k, λ⃗) ̸= 0. (11)

Íàñòóïíà òåîðåìà îïèñó¹ êëàñ ðiâíÿíü (2), äëÿ
ÿêèõ âèêîíó¹òüñÿ óìîâà ¹äèíîñòi (11) äëÿ ðîçâ'ÿçêó
çàäà÷i ç óìîâàìè (3), ÿêùî µ ∈ R\{0}.

Òåîðåìà 2. ßêùî n ≥ 2, r ≥ l, µ ∈ R\{0},
T > 0, B(k) ∈ R\{0} äëÿ êîæíîãî k ∈ Zp, òî äëÿ

âñiõ âåêòîðiâ λ⃗ ∈ Πn âèêîíó¹òüñÿ óìîâà (11).
Äëÿ äîâåäåííÿ òåîðåìè 2 äîâåäåìî ñïî÷àòêó äî-

ïîìiæíó ëåìó. Äëÿ öüîãî ïîçíà÷èìî:

Γn,r(τ1, . . . , τn;µ, T ) =

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1
τ1 . . . τn
. . . . . . . . .
τ r−1
1 . . . τ r−1

n

1− µeτ1T . . . 1− µeτnT
τ1(1− µeτ1T ) . . . τn(1− µeτnT )

. . . . . . . . .
τn−r−1
1 (1− µeτ1T ) . . . τn−r−1

n (1− µeτnT )

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

äå n ≥ 2, 1 ≤ r ≤ n − 1, l = n − r, µ ∈ R\{0}, T > 0,
τ1, . . . , τn � äiéñíi ÷èñëà.

Ëåìà 1. ßêùî n ≥ 2, r ≥ n − r, µ ∈ R\{0},
T > 0, òî äëÿ äîâiëüíèõ n äiéñíèõ ðiçíèõ ÷èñåë
τ1, . . . , τn âèêîíó¹òüñÿ íåðiâíiñòü

Γn,r(τ1, . . . , τn;µ, T ) ̸= 0. (12)

� Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ìàòåìàòè-
÷íî¨ iíäóêöi¨.

Ïåðåâiðèìî ñïî÷àòêó íåðiâíiñòü (12) äëÿ âñiõ
òàêèõ ïàð (n, r) ∈ N2, ùî n ≥ 2, n− r = 1. Ðîç-
ãëÿíåìî âèçíà÷íèê Γn,n−1(τ1, . . . , τn−1, τ ;µ, T ) ÿê
ôóíêöiþ çìiííî¨ τ . Iç ðîçâèíåííÿ âèçíà÷íèêà
Γn,n−1(τ1, . . . , τn−1, τ ;µ, T ) çà åëåìåíòàìè îñòàííüîãî
ñòîâïöÿ âèïëèâà¹, ùî(

∂
∂τ

)n−1
Γn,n−1(τ1, . . . , τn−1, τ ;µ, T ) =

= −µTn−1eτT
∏

n−1≥j>q≥1

(τj − τq) ̸= 0, (13)

áî µ, T ̸= 0, τj ̸= τq, j ̸= q. Òîìó ç ôîðìóëè (13)
òà óçàãàëüíåíî¨ òåîðåìè Ðîëëÿ (äèâ. çàäà÷ó 92
ó [4, ñ. 63]) âèïëèâà¹, ùî êiëüêiñòü ðiçíèõ äié-
ñíèõ τ -íóëiâ ôóíêöi¨ Γn,n−1(τ1, . . . , τn−1, τ ;µ, T )
(ïðè ôiêñîâàíèõ τ1, . . . , τn−1, µ, T ) íå ïåðåâèùó¹
(n − 1). Àëå ôóíêöiÿ Γn,n−1(τ1, . . . , τn−1, τ ;µ, T ),
î÷åâèäíî, ïåðåòâîðþ¹òüñÿ â íóëü ó (n − 1)
ðiçíèõ òî÷êàõ: τ = τ1, . . . , τ = τn−1, áî êîæåí
iç âèçíà÷íèêiâ Γn,n−1(τ1, . . . , τn−1, τ1;µ, T ), . . .,
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Ïî÷àòêîâî-íåëîêàëüíà çàäà÷à äëÿ ôàêòîðèçîâàíîãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè

Γn,n−1(τ1, . . . , τn−1, τn−1;µ, T ) ìà¹ îäíàêîâi ñòîâïöi.
Îòæå, äëÿ äîâiëüíîãî τ ∈ R\{τ1, . . . , τn−1}

Γn,n−1(τ1, . . . , τn−1, τ ;µ, T ) ̸= 0.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî m ≥ 1 íåðiâíiñòü
(12) âèêîíó¹òüñÿ äëÿ âñiõ òàêèõ (n, r) ∈ N2, ùî
n − r = m i 2 ≤ n ≤ 2r. Äîâåäåìî, ùî òîäi íå-
ðiâíiñòü (12) áóäå iñòèííîþ äëÿ âñiõ ïàð (n, r), òà-
êèõ, ùî n − r = m + 1 i 2 ≤ n ≤ 2r. Ðîçêðèâàþ÷è
âèçíà÷íèê Γn,n−m−1(τ1, . . . , τn−1, τ ;µ, T ) çà åëåìåíòà-
ìè îñòàííüîãî ñòîâïöÿ i âðàõîâóþ÷è, ùîm+1 ≤ n/2,
îäåðæèìî(
∂
∂τ

)n−m−1( ∂
∂τ − T

)m
Γn,n−m−1(τ1, . . . , τn−1, τ ;µ, T ) =

= −µm!Tn−m−1eτTΓn−1,n−m−1(τ1, . . . , τn−1;µ, T ).
(14)

Çà ïðèïóùåííÿì iíäóêöi¨

Γn−1,n−m−1(τ1, . . . , τn−1;µ, T ) ̸= 0,

òîìó ç ôîðìóëè (14) òà óçàãàëüíåíî¨ òåîðåìè Ðî-
ëëÿ âèïëèâà¹, ùî êiëüêiñòü ðiçíèõ τ -íóëiâ ôóí-
êöi¨ Γn,n−m−1(τ1, . . . , τn−1, τ ;µ, T ) (äëÿ ôiêñîâàíèõ
τ1, . . . , τn−1, µ ̸= 0 i T > 0) íå ïåðåâèùó¹ (n − 1).
Îñêiëüêè

Γn,n−m−1(τ1, . . . , τn−1, τj ;µ, T ) = 0, j = 1, . . . , n− 1,

òî Γn,n−m−1(τ1, . . . , τn−1, τ ;µ, T ) ̸= 0, ÿêùî τ ̸= τj ,
j = 1, . . . , n− 1. Ëåìó äîâåäåíî. �

Iç ëåìè 1 âèïëèâà¹ òâåðäæåííÿ òåîðåìè 2, îñêiëü-
êè ïðè τi = λiB(k), i = 1, . . . , n, âèêîíó¹òüñÿ òîòî-
æíiñòü

∆(k, λ⃗) ≡ Γn,r(τ1, . . . , τn;µ, T ), k ∈ Zp.

Äàëi ïðèïóñêàòèìåìî, ùî óìîâà ¹äèíîñòi (11) âè-
êîíó¹òüñÿ. Òîäi ìàòèìåìî çîáðàæåííÿ ðîçâ'ÿçêó çà-
äà÷i (2), (3) ó âèãëÿäi ôîðìàëüíîãî ðÿäó

u(t, x) =
∑
k∈Zp

exp(ik, x)×

×
n∑

j,q=1

∆jq(k, λ⃗)

∆(k, λ⃗)
exp(λqB(k)t)φj,k, (15)

äå ∆jq(k, λ⃗) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà
Uj [exp(λqB(k)t)] ó âèçíà÷íèêó ∆(k, λ⃗). Çáiæíiñòü ðÿ-
äó (15) ó ïðîñòîðàõ Cn([0, T ];WB

α,β1,β2
), âçàãàëi êà-

æó÷è, ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ,
îñêiëüêè âèçíà÷íèê |∆(k, λ⃗)|, áóäó÷è âiäìiííèì âiä
íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿ
íåñêií÷åííî¨ ìíîæèíè âåêòîðiâ k ∈ Zp.

Äëÿ âñòàíîâëåííÿ äîñòàòíiõ óìîâ iñíóâàííÿ
ðîçâ'ÿçêó çàäà÷i (2), (3) ïîçíà÷èìî

θ = (n+ 1 + C2
l + C2

r )N2 = (n+ l2 + r2 + 2)N2/2,

θj = θ − jN2, j = 1, r,

θj = θ + r − jN2, j = r + 1, n,

δ1(λ⃗) = λr+1 + . . .+ λn, δ2(λ⃗) = λ1 + . . .+ λn−r,

β1,j = (l + 1)max{0, λn}T − δ1(λ⃗)T, j = 1, . . . , r,

β2,j = (l + 1)min{0, λ1}T − δ2(λ⃗)T, j = 1, . . . , r,

β1,j = lmax{0, λn}T − δ1(λ⃗)T, j = r + 1, . . . , n,

β2,j = lmin{0, λ1}T − δ2(λ⃗)T, j = r + 1, . . . , n.

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè (1),
(11) òà iñíó¹ òàêà ñòàëà η ∈ R, ùî äëÿ âñiõ (êðiì,
ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp
ñïðàâäæó¹òüñÿ íåðiâíiñòü

|∆(k, λ⃗)|≥|k|−η
{
exp(δ1(λ⃗)TReA(k)), k ∈ K1,

exp(δ2(λ⃗)TReA(k)), k ∈ K2.
(16)

ßêùî φj ∈ WA
θj+α+η,β1,j+β1,β2,j+β2

, j = 1, . . . , n, òî â

ïðîñòîði Cn([0, T ];WA
α,β1,β2

) iñíó¹ ¹äèíèé ðîçâ'ÿçîê
çàäà÷i (2), (3), ÿêèé çîáðàæà¹òüñÿ ðÿäîì (15) i íå-
ïåðåðâíî çàëåæèòü âiä ôóíêöié φj(x), j = 1, . . . , n.

� Äîâåäåííÿ. Î÷åâèäíî, ùî cïðàâåäëèâà íå-
ðiâíiñòü

| exp(λqB(k)t)| ≤ exp
(
ηkTReB(k)

)
, (17)

äå

ηk =

{
max{0, λn}, k ∈ K1,

min{0, λ1}, k ∈ K2.

Ðîçêðèâàþ÷è âèçíà÷íèê ∆jq(k, λ⃗) çà ïðàâèëîì
Ëàïëàñà çà ìiíîðàìè ïåðøèõ r−1 ðÿäêiâ, ÿêùî j ≤ r,
àáî çà ìiíîðàìè ïåðøèõ r ðÿäêiâ, ÿêùî j > r, îäåð-
æèìî, ùî

∆jq(k, λ⃗) = [B(k)]C
2
l +C

2
r−(j−1)×∑

ω1∈C(n−1,r−1)

(−1)sω1V jqω1
W q
σ(ω1)

×

×
l∏

s=1,js ̸=q

(1− µeλjsB(k)T ), j ≤ r,

(18)

∆jq(k, λ⃗) = [B(k)]C
2
l +C

2
r−(j−r−1)×

×
∑

ω0∈C(n−1,r)

(−1)sω0W q
ω0
V jqσ(ω0)

×

×
l−1∏

s=1,js ̸=q

(1− µeλjsB(k)T ), j > r,

(19)

äå ωℓ = (i1, . . . , ir−ℓ), sωℓ
= C2

r+1−ℓ+ i1+ . . .+ ir−ℓ, íà-
áið σ(ωℓ) = (j1, . . . , jn−r−(1−ℓ)) ∈ C(n−1, n−r−(1−ℓ))
îäíîçíà÷íî âèçíà÷à¹òüñÿ çà íàáîðîì ωℓ ∈ C(n−1, r−
ℓ) óìîâîþ setωℓ ∩ setσ(ωℓ) ̸= ∅ , cèìâîë W q

κ (κ �
äåÿêèé íàáið) ïîçíà÷à¹ âèçíà÷íèê Âàíäåðìîíäà ñó-
êóïíîñòåé ÷èñåë {λj , j ∈ setκ, j ̸= q}, à ñèìâîë
V jqκ � âèçíà÷íèê òèïó Âàíäåðìîíäà, ÿêèé îòðèìó-
¹òüñÿ iç âèçíà÷íèêà Âàíäåðìîíäà ñóêóïíîñòåé ÷èñåë
{λι, ι ∈ setκ}, çàêðåñëåííÿì j-ãî ðÿäêà òà q-ãî ñòîâ-
ïöÿ, ℓ = 0, 1.
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Çâiäêè îòðèìà¹ìî, ùî

|∆jq(k, λ⃗)| ≤ C3×{
(1 + |k|)N2(C

2
l +C

2
r+1−j)elηkTReB(k), j ≤ r,

(1 + |k|)N2(C
2
l +C

2
r+1+r−j)e(l−1)ηkTReB(k), j > r,

(20)

äå C3 � äîäàòíà ñòàëà.
Ïîçíà÷èìî

δ̃k =

{
δ1(λ⃗), k ∈ K1,

δ2(λ⃗), k ∈ K2.

Òîäi, ç íåðiâíîñòåé (1), (16) (17), (20) äëÿ êîåôi-
öi¹íòiâ ðÿäó Ôóð'¹ uk(t), k ∈ Zp, ðÿäó (5) îäåðæèìî
îöiíêó ∣∣u(m)

k (t)
∣∣2 =∣∣∣∣∣∣

n∑
j,q=1

λmq B
m(k)∆jq(k, λ⃗)

∆(k, λ⃗)
e(λqB(k)t)φj,k

∣∣∣∣∣∣
2

≤

≤ C4(1 + |k|)2(η+nN2)×∣∣∣∣∣∣
n∑
j=1

∆jq(k, λ⃗) exp
(
(ηk − δ̃k)TReB(k)

)
φj,k

∣∣∣∣∣∣
2

≤

≤ C5

( r∑
j=1

|φj,k|2(1 + |k|)2(η+θ−jN2)×

exp
(
2(ηk + lηk − δ̃k)TReB(k)

)
+

n∑
j=r+1

|φj,k|2(1 + |k|)2(η+θ+(r−j)N2)×

exp
(
2(lηk − δ̃k)TReB(k)

))
,

(21)

äå m = 0, . . . , n. Âðàõîâóþ÷è âèùå ïîçíà÷åííÿ, ç îöi-
íîê (21) îòðèìà¹ìî, ùî

∥u(t, x);Cn([0, T ];WB
α,β1,β2

)∥2 ≤

≤ C6

n∑
j=1

∥φj ;WB
θj+α+η,β1,j+β1,β2,j+β2

∥.

Çàóâàæèìî, ùî äîäàòíi ñòàëi C3, C4, C5 i C6 íå çà-
ëåæàòü âiä k. Òàêèì ÷èíîì, ç îñòàííüî¨ íåðiâíîñòi
âèïëèâà¹ äîâåäåííÿ òåîðåìè.�

III. Îöiíêè çíèçó ìàëèõ çíàìåííèêiâ

Íåõàé R(λ) � ïîëiíîì ñòåïåíÿ n âèãëÿäó

R(λ) ≡ λn +
n∑
j=1

ajλ
n−j , a1, . . . , an ∈ C, (22)

à Q(t) � êâàçiìíîãî÷ëåí âèãëÿäó

Q(t) ≡
m∑
j=1

ezjtpj(t), zj ̸= zq, j ̸= q, (23)

äå z1, . . . , zm ∈ C, à p1(t), . . . , pm(t) � ìíîãî÷ëåíè ñòå-
ïåíiâ n1 − 1, . . . , nm − 1 âiäïîâiäíî (n1, . . . , nm ∈ N).
Äëÿ êâàçiìíîãî÷ëåíà Q(t) ïîçíà÷èìî:

MQ = 1 + max
1≤j≤m

|zj |, n0 ≡ n1 + . . .+ nm.

Ëåìà 1. [2] ßêùî

∀ t ∈ [a, b] |R(d/dt)Q(t)| ≥ δeϑt > 0, ϑ ∈ R,

òî äëÿ âñiõ ε ∈
(
0, δ

(2n+2)An
R(ϑ)

]
ñïðàâäæó¹òüñÿ îöií-

êà

mes R{t ∈ [a, b] : |Q(t)| ≤ εeϑt} ≤ C7 (MQ+ |ϑ|) (ε/δ)
1
n ,

äå

C7 = C7(n, n0, b− a),

AR(ϑ) = 1 + max
0≤j≤n−1

∣∣∣∣R(j)(ϑ)

j!

∣∣∣∣1/(n−j) .
Òåîðåìà 1. ßêùî äëÿ âèðàçó B(Dx) âèêîíó-

¹òüñÿ óìîâà (1), òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè

Ëåáåãà â Rn) λ⃗ ∈ Πn íåðiâíiñòü (16) âèêîíó¹òüñÿ
äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp
ïðè η > η0, äå η0 = n(n− 2r) + pr(3r − 1)/2−N1C

2
r .

� Äîâåäåííÿ. Íåõàé Pn =
n∏
j=1

[aj , bj ] � äîâiëüíèé

ôiêñîâàíèé ïàðàëåëåïiïåä òàêèé, ùî Pn ⊂ Πn. Äëÿ
êîæíîãî k ∈ K1

∪
K2 çàïðîâàäèìî òàêi ìíîæèíè:

Eη(k) =
{
λ⃗ ∈ Pn : |∆(k, λ⃗)| < |k|−η eδ1(λ⃗)TReA(k)

}
,

ÿêùî k ∈ K1,

Eη(k) =
{
λ⃗ ∈ Pn : |∆(k, λ⃗)| < |k|−η eδ2(λ⃗)TReA(k)

}
,

ÿêùî k ∈ K2.

Íåõàé Eη � ìíîæèíà òèõ âåêòîðiâ λ⃗, ÿêi íà-
ëåæàòü äî íåñêií÷åííî¨ êiëüêîñòi ìíîæèí Eη(k),
k ∈ Zp. Äëÿ äîâåäåííÿ òåîðåìè 4 äîñèòü ïåðåâi-
ðèòè, ùî äëÿ äîâiëüíîãî ïàðàëåëåïiïåäà Pn ⊂ Πn
mes RnEη =0, ÿêùî η > η0. Çãiäíî ç ëåìîþ Áîðåëÿ�
Êàíòåëëi, äëÿ öüîãî äîñèòü âñòàíîâèòè çáiæíiñòü ðÿ-
äó

∑
k∈Zp

mes RnEη(k).

Äîâåäåìî, ùî äëÿ âñiõ k ∈ Zp\{⃗0} âèêîíó¹òüñÿ
îöiíêà

mes RnEη(k) ≤ C8|k|−p−ε, (24)

äå äîäàòíi ñòàëi ε, C8 íå çàëåæàòü âiä k. Ç îöiíêè (24),
î÷åâèäíî, âèïëèâà¹ çáiæíiñòü ðÿäó

∑
k∈Zp

mes RnEη(k).

Âñòàíîâèìî îöiíêó (24) äëÿ âèïàäêó, êîëè k ∈
K1\{⃗0}. ×åðåç ∆j(k, λ⃗), j = 1, n, ïîçíà÷èìî âèçíà÷-
íèê, ÿêèé îäåðæó¹òüñÿ ç âèçíà÷íèêà ∆(k, λ⃗) øëÿõîì
âèêðåñëþâàííÿ îñòàííiõ (n − j) ðÿäêiâ òà îñòàííiõ
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(n − j) ñòîâïöiâ. Äëÿ êîæíîãî k ∈ K1\{⃗0} ðîçãëÿíå-
ìî ìíîæèíè:

Fη(k) = {λ⃗ ∈ Pn : |∆n(k, λ⃗)| < νn(k, λ⃗)},

Fη(j, k) = {λ⃗ ∈ Pn : |∆j(k, λ⃗)| < νj(k, λ⃗),

|∆j−1(k, λ⃗)| ≥ νj−1(k, λ⃗)}, j = r + 1, n,

äå ÷èñëà νj(k, λ⃗), k ∈ K1, j = r, n, âèçíà÷àþòüñÿ òà-
êèì ñïîñîáîì:

νr(k, λ⃗) = |B(k)|C
2
r

∏
r≥j>q≥1

|λj − λq|,

νj(k, λ⃗) = νr(k, λ⃗)ξj(k)

j∏
q=r+1

eλqReB(k)T , j > r,

ξj(k) =
ξj−1(k)

|k|p(j−r−1+max{r,j−r})+εj
, j > r, ξr(k) = 1,

εj = ε0/2
n−j+1, r + 1 ≤ j ≤ n, ε0 = η − η0.

Çàóâàæèìî, ùî

(∀ k ∈ K1\{⃗0}) Fη(k) ⊂
n∪

j=r+1

Fη(j, k).

Äiéñíî, íåõàé λ⃗ ∈ Fη(k). ßêùî λ⃗ ̸∈ Fη(j, k) äëÿ
âñiõ j ∈ {r + 1, . . . , n}, òî, çãiäíî ç âèáîðîì ìíîæèí
Fη(j, k), r+1 ≤ j ≤ n, âèêîíó¹òüñÿ ñóïåðå÷ëèâà íåðiâ-
íiñòü

νr(k, λ⃗) ≡ |∆r(k, λ⃗)| < νr(k, λ⃗).

Òîìó λ⃗ ∈ Fη(j0, k) äëÿ äåÿêîãî íîìåðà j0 ∈ {r +
1, . . . , n}, à, îòæå, ïîòðiáíå âêëþ÷åííÿ âñòàíîâëåíî.
Îòæå,

mesRnFη(k) ≤
n∑

j=r+1

mesRnFη(j, k). (25)

Äëÿ êîæíî¨ ç ìíîæèí Fη(j, k), r + 1 ≤ j ≤ n, çà òåî-
ðåìîþ Ôóáiíi ìà¹ìî

mesRnFη(j, k) =

∫
P j

mesRFη(j, k, λ⃗j)dλ⃗j , (26)

äå

P j =

n∏
q=1,q ̸=j

[aq, bq], λ⃗j = (λ1, . . . , λj−1, λj+1, . . . , λn),

Fη(j, k, λ⃗j) = {λj ∈ [aj , bj ] :

(λ1, . . . , λj−1, λj , λj+1, . . . , λn) ∈ Fη(j, k)}.

Äëÿ îöiíîê çâåðõó ëåáåãîâèõ ìið ìíîæèí
Fη(j, k, λ⃗j), r + 1 ≤ j ≤ n, ñêîðèñòà¹ìîñü ëåìîþ 1.
Äëÿ öüîãî çàïðîâàäèìî òàêi ìíîãî÷ëåíè:

Rj(ξ, k) = ξmax{r,j−r}(ξ−B(k)T )j−r−1, r+1 ≤ j ≤ n.

Äî ðîçâèíåííÿ âèçíà÷íèêà ∆j(k, λ⃗), j = r + 1, n,
çà åëåìåíòàìè éîãî îñòàííüîãî ñòîâïöÿ çàñòîñó¹ìî

äèôåðåíöiàëüíèé âèðàç Rj

(
∂

∂λj
, k

)
.

Ó ðåçóëüòàòi îäåðæèìî ñïiââiäíîøåííÿ

Rj

(
∂

∂λj
, k

)
∆j(k, λ⃗) = −µ (j − r − 1)!×

×Bj−r−1(k)(B(k)T )max{r,j−r}×
×eλjB(k)T∆j−1(k, λ⃗), r + 1 ≤ j ≤ n.

(27)

Äëÿ ôiêñîâàíèõ λq, q ̸= j, âèçíà÷íèê∆j(k, λ⃗) ÿê ôóí-
êöiÿ çìiííî¨ λj ¹ êâàçiìíîãî÷ëåíîì, ìîäóëi ïîêàçíè-
êiâ åêñïîíåíò ÿêîãî íå ïåðåâèùóþòü |B(k)|T , ïðè÷î-
ìóM∆j = 1+|B(k)|T . ßêùî λ⃗ ∈ Fη(j, k), òî ç ôîðìóë
(27) òà îçíà÷åííÿ ìíîæèíè Fη(j, k) âèïëèâà¹, ùî∣∣∣∣Rj ( ∂

∂λj
, k

)
∆j(k, λ⃗)

∣∣∣∣ ≥
≥ |µ||B(k)|j−r−1+max{r,j−r}Tmax{r,j−r}×

×eλjReA(k)T νj−1(k, λ⃗), r + 1 ≤ j ≤ n.

(28)

Ñòåïiíü ìíîãî÷ëåíà Rj(ξ, k), j = r+1, . . . , n, çà çìií-
íîþ ξ äîðiâíþ¹ (j − r − 1 + max{r, j − r}), degRj =
j − r − 1 + max{r, j − r}, à âèðàçè ARj

(
B(k)T

)
, j =

r + 1, . . . , n, îá÷èñëþþòüñÿ çà ôîðìóëàìè:

ARj

(
B(k)T

)
= 1 + max

0≤i≤degRj

∣∣∣∣R(i)
j

(
B(k)T,k

)
i!

∣∣∣∣
1

deg Rj−i

,

äå R(i)
j

(
B(k)T, k

)
=

diRj(ξ,k)
dξi

∣∣∣
ξ=B(k)T

.

Îñêiëüêè

diRj(ξ,k)
dξi

∣∣∣
ξ=B(k)T

= 0,

ÿêùî r + 2 ≤ j ≤ n, 0 ≤ i ≤ j − r − 2, òà

R
(i)
j

(
B(k)T, k

)
=

=

i∑
ℓ=0

Cℓi [ξ
max{r,j−r}](i−ℓ)[(ξ−B(k)T )(j−r−1)](ℓ)

∣∣∣
ξ=B(k)T

=

= Cj−r−1
i

(j − r − 1)!
(
max{r, j − r}

)
!

degRj − i
(
B(k)T

)degRj−i
,

ÿêùî r + 1 ≤ j ≤ n, i ≥ j − r − 1, òî

ARj

(
B(k)T

)
≤ C9|B(k)|,

äå ñòàëà C9 íå çàëåæèòü âiä k. Òîìó ç îöiíîê (28) íà
ïiäñòàâi ëåìè 2 îòðèìó¹ìî, ùî äëÿ âñiõ k ∈ K1\{⃗0}
ñïðàâäæó¹òüñÿ íåðiâíiñòü

mesRFη(j, k, λ⃗j) ≤ C10|B(k)|×

×
(

ξj(k)

|B(k)|degRjξj−1(k)

)1/ degRj

≤ C10|k|−p−ε̃j ,

j = r + 1, . . . , n,
(29)

äå ε̃j = ε0/((j − 1)2n−j+2), à ñòàëà C10 > 0 íå çàëå-
æèòü âiä âèáîðó çíà÷åíü λq ∈ [aq, bq], q = 1, . . . , n,
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q ̸= j. Iíòåãðóþ÷è îöiíêè (29), ç ðiâíîñòåé (26) îòðè-
ìà¹ìî, ùî äëÿ âñiõ k ∈ K1\{⃗0} âèêîíóþòüñÿ îöiíêè

mesRnFη(j, k) ≤ C11|k|−p−ε̃, r + 1 ≤ j ≤ n, (30)

äå ε̃ = min
r+1≤j≤n

ε̃j . Òîäi ç îöiíîê (30) íà ïiäñòàâi íå-

ðiâíîñòåé (25) äiñòà¹ìî, ùî äëÿ âñiõ k ∈ K1\{⃗0}

mesRnFη(k) ≤ (n− r)C11|k|−p−ε̃. (31)

Âðàõîâóþ÷è, ùî äëÿ âñiõ λ⃗ = (λ1, . . . , λn) ∈ Pn∏
r≥j>q≥1

|λj − λq| ≥
∏

r≥j>q≥1

|aj − bq|,

i òå, ùî |B(k)| ≥ c1(1 + |k|)N1 , εr+1 + . . .+ εn < ε0, à

νn(k, λ⃗) = e(λr+1+...+λn)ReB(k)T
∏

r≥j>q≥1

|λj − λq|×

× |B(k)|C2
r

|k|p(r+...+n−1)+εr+1+...+εn
, k ∈ K1\{⃗0},

ç îöiíîê (1) äiñòà¹ìî, ùî äëÿ âñiõ (êðiì, ìîæëèâî,
ñêií÷åííî¨ êiëüêîñòi) k ∈ K1\{⃗0} âèêîíó¹òüñÿ âêëþ-
÷åííÿ Eη(k) ⊂ Fη(k), ÿêùî η > η0. Òîìó ç îöiíêè (31)
âèïëèâà¹ iñòèííiñòü îöiíêè (24) äëÿ k ∈ K1\{⃗0}.

Äëÿ âèïàäêó, êîëè k ∈ K2\{⃗0}, îöiíêó (24) ìîæíà
âñòàíîâèòè àíàëîãi÷íèìè ìiðêóâàííÿìè.
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