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[loxigHe OIIHIOBAHHSI € KJIACHYHOIO IPOOJIEMOIO
¢binancoBoi Marematukd [1,2]. 3arampHOMONIMpEHA
cTparteris BHpILICHHS Mi€l TpoOJeMH € BUPAKEHHS
MOXiJHOI PIBHOB&XEHHS YW pPIBHOB&XHOI IIiHH 3a
JIONIOMOTOI0  TeBHOI ~ (a3u  3MiHHOi, HampuKiIajg 3a
JIOTIOMOT'OF0 TOJIOBHOI OI[IHKHM aKTHBIB, HE PU3UKOBAHOTO
piBHS TIOBEpHEHHs, MLiHM pealizalii OIioOHY, Yacy
3aBepIIeHOCTI Tom.  Haxanp, icHyroua Teopis He
BpaxoBye MMapaMeTpH OLIHKH UM HerapaMeTpUIHUI BUOip
3aCTOCOBAHOI HECTIMKOCTI S , AKa € HEOOXiMHOK Ul
which is necessary permikamii HaGopy, 10 BMIlIye
MOXi/IHI BUCOKOT0 paHry (OMI[ioHn Ha MaiOyTHE, OMIIIOHH
Ha OIIIIOHU TOIIO), JUIsl PO3PaxyBaHHS CTOXACTHYHOTO
JIMCKOHTHOTO (DaKTOpy Y KpalHbOI CTaBKH MiICTAHOBKU
Tak caMo M CKJIaJJaHHA IUIaHy TpUBaJol, HEUTPaIbHOI 10
PHU3UKY BHPOTIAHOCTI IMHWJIBHOCTI MPH BHUKOPHCTAHHI IiH
Ha TIOXIMHI IiHHI mamepu. TakoX BapTO 3a3HAYUTH, IO
NPUIHATH BU3HAYEHHS TaKOi IHTEHCHBHOCTI SIK MOCTiHHI
¢GbyHKIIT 3 eKcmepuMeHTanbHHX IiH X B OUIBIIOCTI
BUNAJKIB JIOKa3yloTh, [0 I€ € JacTaThOH CKJIaIHE
3aBJaHHs], dYepes, IMOo-Teplie, 3Ha4eHb X, 3HAYCHb SKI
BU3HAYAIOTHCSl TIEPEPUBYACTOIO MOBEAIHKOO, MO-JApYTe,
BOHH € BijjajieHl OQuH BiJl OQHOr0, BiACTaHb OXOIUIIOE 2-
5%  1iHM Ha OCHOBHI AaKTHUBM, IHTEHCHBHICTb Mae€
3aJIe)KaTh BiJl CIIPUHHATIMBOCTI 1HBECTOpA HECTH BTPATH
BiJl 3HEIiHCHHA akTuBiB [3], IHIIMMHU ClOBaMH, BiX
BPAa3JIUBOCTI JI0 PU3HKY.

Leii abconroTHUMI, BiTHOCHUI a00 YCOBHUI Koe]ilieHT
€ BRJIMBOIO XapaKTEPUCTHKOIO B YIPABIiHHI aKTUBAMHU
3a YMOB PHUHKOBOi HEBHU3HAUEHOCTi. 3HAYEHHS TaKOro
Koe(illieHTy JOMOMOXKE 1HBECTOPY MPUHMATH pIlICHHS
oo (iHAHCOBOTO iHBECTYBAaHHS IPU PU3UKOBAHHUX a00
HE PHU3MKOBAaHMX AaKTUBaX HA KOPOTKUH YW TPHUBAIHMH
mepiog, a TakoX 3pOOUTb MOXIUBHM PO3PI3HATH
HEWTpAIILHUX JI0 PU3UKY, PHU3UKO- CIPUHMAaIOYMX Ta
pHU3HKO-3arepeuyounx npodeciiinnii GipkeBUil ydacHH-
KiB Oipki, IO B CBOIO YEpry II€PETBOPUTH BIUIMBU
JIKBIJHOCTI Ta 00’ €M Oip>KeBOT TOPTIBIi.

Ilsn pobora mpucBsueHa HeNapaMETPUYHUM OILiHKaM
3aCTOCOBAHOI HECTIMKOCTI NpH BHKOPHCTaHHI (yHKIiH
Kepnena [4] 3 mmpuHO0 4acToTH napameTpy N, 3anexHo
BiJl PM3UKY BIiJAXWIEHHS 31 CTOpPOHH iHBectopa. [5,6].
OGumciieHa S BUKOPHCTOBYETHCSA [UISl BH3HAYEHHS
CHpaBeUIMBUX I[iH VIS MOXiTHUX POCIHCHKOI (hOHIO0BOT
Oipxi.
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This study is devoted to nonparametric estimation of implied
volatility, using kernel functions with bandwidth parameter h,
depending on investor’s risk aversion. The calculated s is
used to find equitable prices for Russian stock market
derivatives.
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[. Introduction

Derivative evaluation is a classical problem of financia
mathematics [1,2]. Common strategy to solve this
problem is the expression of derivative equilibrium or
equitable price through some phase variable, for example
through capital assets price, riskless rate of return,
exercise price, time to maturity, etc. To our regret, the
existing theory does not mention parametric estimation or
nonparametric selection of implied volatility s, which is
necessary for replication of portfolio containing higher-
degree derivatives (options on futures, options on option,
etc.), for calculation of stochastic discount factor or
marginal rate of subgtitution, as well as for plotting of
continuous risk-neutral probability density using known
prices for the derivatives. It should be noted that
acceptable definition of such densities as continuous
functions from exercise prices X in most cases proves to
be quite a difficult task, because, firstly, X values are
characterized by discrete behaviour, secondly, they are far
from each other, the distance comprising 2-5% of capital
assets price, and at last, thirdly, densities have to depend
on investor’'s receptivity to bear losses from assets
depreciation [3], in other words, from risk aversion. This
absolute, relative or conditional coefficient is an
important characteristic in assets management in
conditions of the market uncertainty. Its value helps an
investor to make a decision on financial investment in risk
or riskless assets for a short-term or long-term period, and
makes it possible to differentiate between risk-neutral,
risk-preferring and risk-denying professional sock market
participants, what in its turn influences liquidity or stock
trading volume.

Il. Kernel estimation of the volatility

Let’s consider the portfolio = obtained by selling two
call options gruck a X and buying one struck at X — ¢ and
oneat X + ¢, wheree isinfinitesmal quantity. The payoff

! This work was partialy made under a financial support of
FTP programm I1691, 2010.
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function of two last options pays nothing outside the
interval [X —¢; X + ¢g]. Letting ¢ tend to zero, the payoff
function tends to Dirac delta function with mass at X. As

the call-option price C(Sr : X,t) with underlying asset
price Sy, strike price X and time to maturity t is

c(s, x,t)=g &

ée" o
where r is risk free interest rate, E" is risk free
mathematica expectation with probability density
function f*. The limits of its price as € tend tend to zero
should therefore be equal to

it)f"(X).

C(S:, X, t)=exp(-

On the other hand price the same option is

1, N
=€ 2C(Sr, Xt )+C(S, X-et)+C(S, X +et )EI_
® Cf (S, X.1)

Therefore we have

f'(X)=€e'C&(S, X,t). (@
It is worse to recall, that under the hypotheses of Black,
Scholes and Merton, the date t price C of a call option
maturing at date T =t + t, with strike price X written on a
stock with date-t price S, dividend yield ;. and risk free

interest rate ry, and risk free dendty function st* is
giving by following formula[1]:
CBS(SI"X’t T, y,S ) =

e ! gmax[S; - X,0] fes (S)dS;’
R

or
Ces (Sr. X.t iy Oy s ) = SF (dy)- Xe ™' F (dy), (2)
where
g nS- X+l -d, +s?/2k
1 \/_S
d, =d,- st.

In this case corresponding risk free probability density
st* of the assets price S is alog normal density with

mean ((rt,t -dy )-s 2/2)t and variance s % :

. it |T°C
fos(S) =" -5 =
X s
2 1)
1 expg an(sr/s)- (rtt - dy -32/2)tH ﬂ
& a
S,—w/2p32t g X% H

Let’s notice, that in most cases the probability density
f* cannot be represented in form of explicit analytical
function. In [3] it has been proposed to estimate this
nonparametric. For this purpose is used equation (1). In
this method is held market-prices of option with different
strike prices and times to maturity and linear regression is
made. However, this approach is inappropriate, that it is

necessary to recover continuous function f*, when we are
knowing the value of derivative C§, (Sr, X,t) only in
several points X (according to specification of contract
strike prices are fixed). Therefore, in currently paper for
making f* we are going to use continuous prices of
futures F,. Let's denote vector of derivative

characteristic or  vector of repressors  as
°[Rs Xit,r, .

Supposmg that the call pricing function is given by
parametric Black-Scholes formula (2), except the implied
volatility parameter for that option is nonparametric
function s (X/F t):

(St Xt hy s tt) CBS(Ftt!Xt g oGy S (X/Ftt!t))'
We assume that the function C(S X,t tt,dtt)

defined by equation (2) satisfies all the requirement
condition to be rational option-pricing formula in the
sense of Merton.

Let's use Nadaraya-Watson kernel estimator for
estimating s (X/F, .t) [7, 8]:

g a&X/F-X/R, 6 a-t,0
akX/Fg hy B (;h =S
$(XIRy ) =2 r_o° %
: n aX/k, - X/E,. 0 -t 0
2k it t.,t.;Kale tiC
A% e 5 &N g

where o; is volatility implied by the option price G,
i=1,2,3,..., and the univariate kernd functions kX/F, k

are chosen to optimize the asymptotic properties of the
second derivative Cg (Sr,X,t), i. e getting in X/F and
7, with different bandwidth parameter hy -, i and order

Oxr, O respectively. We would use kernel function k(x)
of order g =2 and q = 4 for further calculation

1 .z 1 N Z
= k = 3- .
k(z)(z) \/ze 2 (4)(2) \/g( z )e 2
Let’s choose bandwidth parameter [3]:
h/e = Ox/e S X/Fn1/8+2q linn,

h =g s nY®2/Inn, ©)

where

J

= é N

i=1
N; is number of observation for i-th object, J is number of
option for viewing period, s¢r and s, are unconditional
standard deviation for nonparametric regressors X/F and t
respectively; ywr, 7. are constant value of the risk
aversion.

[ll. Calculation of the volatility for the
LUKOIL share

Intraday prices of the LUKOIL share, respective
futures and options for period 13.12.2010 to
01.03.2011 are underlain the analysis. In the condition
of Russian market it is impossible to find any assets,
which has many futures and options correspond with
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period. In case of LUKOIL share it is impossible to
find more than two, therefore the order of summation
for formula (4) will be 2, that isJ = 2, and than n =

The diagram of risk aversion is shown at picture. I'; has
been taken as one for simplicity of statement. The
input data are given in table 1. in spite of lack of data

165. ywr had been calculated on the basis of assets has been obtained satisfactory results. These results are
price dynamic, than it has been averaged at ensemble.  given in table 2.
TABLE |
Input data
Assets Date T T C S F X c N
LKOH3.11 01.02.11 41 14.03.11 1215 1904 18765 18000 27.76 41
LKOH6.11 21.02.11 113 14.06.11 431 1956.71 19284 19500 18.47 113
TABLE I
Theoretical and implied volatility for LKOH 3.11 option with strike price X = 19000
and for LKOH 6.11 with strike price X = 19500
LKOH 3.11 X = 19000 LKOH 6.11 X = 19500
Date c § Date c §
02.03.2011 28.48342 23.874 02.03.2011 20.82048 21.86
03.03.2011 29.80361 24.752 03.03.2011 21.30841 22.079
04.03.2011 35.76987 22.874 04.03.2011 20.25472 22.021
05.03.2011 36.87873 23.495 05.03.2011 21.60334 22.128
09.03.2011 42.70936 23.809 09.03.2011 23.61018 22.232
10.03.2011 31.84388 23.579 10.03.2011 24.37756 21.989
and X =F, .
Proving

Values of risk aversion coefficient for X/F.

IV. Calculation of option price for futures
under a LUKOIL share
Prior to calculate option price for futures, we have

derived Black-Scholes formula for price of this option.
Let’s prove the theorem for this purpose.

Theorem.

Let it have got the portfolio with the same type and the
same time to maturity futures. The futures price in
moment of t, and time to maturity t, and underlying asset

price S is R, =Se€", wherer isarisk free interest rate,
Se" is discounted at another moment value underlying
asset price. Then the Black-Scholes formula is obtained
by simple replacement S by § =F, e ", then Black-
Scholes formula has afollowing form:
- rt - rt
C(Ret) =Ry e "F(dy)- X "F(dy).

where

200

Let's sell call option C( i o ) for A futures with time

to maturity T = (T-t). Let price evolution of the underlying
assets for futures with price F, be assigned by stochastic

differential equation
dS =mSdt+s SdW
The futures price for S share has equitable price
=Se", that also is stochastic variable. Let’ apply for

R, Ito'sformula

F
dF, ST LR,

Tt 2982

= °F
TRe _ ot g T - =0, therefore

ﬂ tt
TS

(ds)’ +-2tds.

ﬂ” dt+¢

dr, = tds =(-rqdt+ds)e"

:(dst)2 " as
( tt) =g SZ 2rt
Let'sapply for C(Ftt B ) Ito's formula:

2
dc =TC g+ 1€ (e, V2 ﬂ'"C
tt

s zﬂFtt
=IC e+ L f°C S2Ridt+ — S
it 2 ‘I]Ftt TR

Let's consider portfolio with option for futures and A
futures:

And so (dF ) (dSt)2 =s 2§t then

=s?F, 2dt.

dF, =

dr,

P =C- DR, , dP =dC- DdF, .
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Thisimplies

I gt + 2 e S 2FAdt+— LS
fit 2 1R2 R
Thetwo lag summand determine sochadtic part, that it need to

dP = dr, - DdR, -

nullify. Let D=£,thenwegetri§< freeportfdioIT and
tt
dP =TCqt + iﬁszﬁﬁdt-
1t 29R2 :

We reduce this task to derivation of the Black-Scholes
equation and Black-Scholes formula for option for S.
assets. For calculation this option price is correct Black-
Scholes formula

CBS(Sth ) =SF (dl)'

= Ft]t et

-rt F (dZ)
However, we have now §

C(Ret) =Ry e "F(dy)- Xg "F(dy).
where

-t
In§+(r+sz/2)t Inse
X X

+Ine™ +rt +s2/2

d, = = =
' Vs s
2
InFt—’t+s—t
- X 2

Vs
by analogy d, =d; - St . That will be the Black-
Scholes formulafor option for the futures.

Quod erat demongtrandum

Let's calculate this option price for futures
LKOH 3.11 with t = 12, 11, 10, 9, 5, 4 day and strike
price X = 19000. And for the case of LKOH 6.11 with t =
104, 103, 102, 101, 97, 96 day and strike price X = 19500
by following way:

C(R;. Xt .ny s ) =R, @ "“'F(dy)- xg ™'
The deriving results are given in table 3.

F (d,).(6)

TABLE 11

The vaue of ation price, that has been calculated by formula (6)

for futures LKOH 3.11 with strike price X = 19000 and LKOH
6.11 with gtrike price X = 19500

LKOH 3.11 X = 19000 LKOH 6.11 X = 19500

Date Option price | Date Option price
02.03.2011 | 6095 02.03.2011 0.604
03.03.2011 | 6823 03.03.2011 0.68
04.03.2011 | 7501 04.03.2011 0.746
05.03.2011 | 8355 05.03.2011 0.832
09.03.2011 | 1252 09.03.2011 1.247
10.03.2011 | 1354 10.03.2011 1.347

Conclusion

This study is devoted to nonparametric estimation
of implied volatility, using kernel functions [4] with
bandwidth parameter h, depending on investor’s risk
aversion [5,6]. The calculated s is used to find
equitable prices for Russian stock market deriva-
tives.

References

[1] Schiryaev AN. Basics of Sochastic Financial
Mathematics. M.: Nauka, 1998. V.2. 544 p.

[2] Hull J. Options, Futures, and Other Derivatives. New
Jersey: Prentice-Hall, Saddle River, 2003. 5" edition.
755 p.

[3] Santon R. A nonparametric model of term
structure dynamics and the market price of interest
rate risk// Journal of Finance. 1997. V. 52.
P. 1973-2002.

[4] Chan K.G., Karolyi G.A., Longstaff F.A., Sanders
A.B. An empirical comparision of aternative models
of the short-term interest rate// Journa of Finance.
1992. V. 47. P. 1209-1227.

[5] Ait-SahaliaY. Testing continuous-time models of the
spot interesting rate// Review of Financial Studies.
1996. V. 9. P. 385-426.

[6] Rice JA. Boundary modification for kerne
regression// Communication in statistics, Theory and
Methods. 1984. V. 13. P. 893-900.

[7] Chapman D.A., Pearson N.D. Is the short rate drift
actually nonlinear?/ Journa of Finance. 2000. V. 55.
P. 355-388.

[8] Nadaraya E.A. On estimating regression// Theory of
Probability and Its Applications. 1964. No. 10. P.
186-190.

[9] Watson G. S Smooth regression analysis// Sankhya
Series A. 1964. V. 26. P. 359-372.

[10] Kritski O.L., Lisok E.S Asymptotic estimation of
stochastic volatility model coefficients/ Applied
econometrics. 2007. V. 2. No. 2. P. 3-12.

[11] Kritski O.L. Risk aversion for investments under
financial crisis// Economic analysis. theory and
practice. 2009. No. 20. P. 9-18.

[12] Kritski O.L., llyina T.A., Kamenskih D.M. Assessing
ano-arbitrage interest rate and its applying to Black-
Cox moddl// Economic analysis: theory and practice.
2010. No. 15. P. 54-62.

“COMPUTER SCIENCE & ENGINEERING 2011" (CSE-2011), 24-26 NOVEMBER 2011, LVIV, UKRAINE 201



