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Abstract: In this paper, mathematical models of 

electromagnetic structures with N – multiple periodicity 
represented as branched continued fractions are 
described; the results of the investigation of the 
peculiarities of an electromagnetic field formed by a 
dielectric plate with the complex modulation of its 
dielectric permittivity are shown; the results of research 
of electrodynamic properties of modulated circular 
impedance cylinder are presented. 

Key words: structures with N – multiple periodicity, 
branched continued fractions, mathematical models, the 
spatial field distribution. 

1. Introduction 
The construction of a wide range of waveguide and 

radiating components of infocommunication systems for 
various functional purposes is based on the electrodynamic 
properties of periodically nonuniform structures, which are 
used in all frequency ranges [1 – 4]. 

However, all possibilities of practical application of 
periodically nonunifom structures have not been studied 
yet. The development of the theory, methods and means 
of their investigation is behind the practical needs. 

Therefore, issue of the day is the development of theory 
and the creation of effective methods of simulating 
electrodynamic properties of numerous periodic structures 
with the complex changing of their parameters. 

In this paper, the theory describing electrodynamic 
structures with N – multiple periodicity of changing the 
parameters of their construction is proposed [5 – 10] for 
further developing software-based mathematical models.  

This theory is based on the strict solutions of the 
problems concerning the electrodynamic stimulation of 
the structures, whose parameters are modulated by 
complex periodic functions.  

The novelty of this work is the algorithm created and 
the results obtained while using the generalized 
mathematical model as a recurrent formula [6] for  
creating a wide range of the models of the 
electrodynamic structures with N – multiple periodicity. 
In particular, creating mathematical models and 
investigating two types of the electromagnetic fields of 
one-dimensional nonuniform dielectric structures is 
considered.  

2. Generalized mathematical model 
In [11, 12, 15] it has been proved that some 

problems of excitation of modulated electromagnetic 
structures (such as antenna arrays, photonic crystals, 
impedance and dielectric structures) come to the analysis 
of the solution obtained in the form of mathematical 
relations being described by branched continued 
fractions [13, 14] and allow the research using methods 
developed in [5 – 10]. 

The basic data of the algorithm for the creation of 
such mathematical model using branched continued 
fractions are set in a recurrence formula (1). This relation  
describes the general structural features of a wide range 
of mathematical models of radiative and waveguide 
structures with multiple periodicity. The formula (1) 
links the spectral density ξn(χ) of the spatial field 
distribution of one-dimensional modulated antenna 
arrays, impedance, dielectric and metal-dielectric 
structures in particular photonic crystals with a 
mathematical object, an unfolded form of which is a 
branched continued fraction [13], whose components 
contain the parameters of the construction of a 
periodically nonuniform structure:  
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NA  – coefficients describing the modulation 

parameters of antenna arrays, impedance and dielectric 
structures (in particular, photonic crystals), namely: the 
amplitude of the modulation of a load resistance, the 
period of nonuniformities, and linear dimensions; 

NnC  – coefficients describing the shape of the curve 

which modulates the parameters of the structure. As periodic 
functions modulating the parameters of a structure the 
superimposed multiple periodic sequences of Gaussian 
functions, rectangular, triangular and other impulse functions, 
including the δ-functions can be used; 
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TN=2π/dN, dN is the period of the spatial modulation 
of the structure; 

N is the number of superimposed multiple periodic 
sequences of functions; 

χ is a generalized wave number (spatial frequency) 
described by the relation χ=2π/λ, where λ is a wavelength, or 
the period of the spatial harmonic of a field.  

For graphing the spatial field distribution as a 
function of spatial-angular coordinates it is necessary to 
substitute the equation χ=ksinθ° (where k is a wave 
number for vacuum: k=2π/λ0; λ0 is a wavelength in 
vacuum; θ° is an angle counted out from a normal to the 
plane of the structure) in (1) instead of the variable χ. 

The function D0,Δ(χ) in (1) when N=0 is described 
by the relation:  

)χ,a(B)χ(P)ε,ω,a(Z)χ(D 00a0Δ,0  ;  (2) 

Z0(a, ω, εa) is the constant component of the 
structure surface impedance determined by its 
geometrical and radiophysical parameters; 

22
0 kχi)χ(P  ;   (3) 

B0(a, χ) is a multiplier that takes into account the 
transverse geometry of the structure; 

ξ0(χ) =2F(χ)/D0,Δ(χ)     (4) 

ξ0(χ) is the solution of the problem in the absence of a 
spatial modulation of the structure; 

F(χ) is the spectral density of an extraneous field 
source (described by a correlation given in [7]). 

The components of branched continued fractions (1) 
for calculating the radiation field created by the complex 
periodically nonuniform structures can be found in 
works [7, 15]. 

2.1. Algorithm of creating mathematical models 
of periodically nonuniform electromagnetic 
structures using branched continued fractions 

To solve the problem of the external field excitation 
of a concrete modulated antenna array, photonic crystals, 
an impedance or dielectric structure using branched 
continued fractions it is necessary to take a few simple 
steps: 

Step 1: to create an analytical form of the function 
ξ0(χ) using formulae given in [7] and the formula (4) for 
a chosen law of the current distribution of an external 
source radiation field.  

Step 2: to create the following components of branched 
continued fractions (1) by the formulae from [8 – 10] for the 
chosen structures of modulated antenna arrays, photonic 
crystals, impedance and dielectric structures, as well as 
modulation laws of parameters of the structures: 

)(D ,0  , NA , 
NnC ; 

Step 3: For N = 1 ("single periodicity" – the case of 
the modulation of structures by one periodic sequence of 
impulse functions), it is necessary to substitute the 
expressions of ξ0(χ), and D0,Δ(χ) in the formula (1), 
having replaced their argument χ by χ–n1T1. 

When the structure is modulated by two periodic 
sequences of impulse functions (N=2, or "the double 
periodicity"), it is necessary to substitute the expressions 
of ξ2(χ) and D1,Δ(χ) in the recurrence formula (1), having 
replaced the variable χ by χ–n2T2, as it is shown above.  

Further, the solution of the problem for structures 
with N-multiple periodicity can be found using this 
algorithm, and it will take the form of branched 
continued fractions with N – branches of complex 
components. The number N of branches is equal to the 
number of superimposed multiple sequences of periodic 
impulse functions. 

2.2. The mathematical model of a periodically 
nonuniform dielectric plate 

Let the dielectric plate be excited by a delta-source 
current  

)0y(I)y(I E
0x

E
x  . 

The law of modulation of the plate dielectric 
permittivity ε´(y) is described by the correlation (5). A 
mathematical model, created according to the formula 
(1) and the corresponding algorithm (section 2.1), is 
described by relations (6-10). 
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The function )(F1   (6) describes the spectral 

density of a total field that is the result of imposing an 
external source field and the field formed by polarization 
currents induced in the periodically nonuniform 
dielectric plate. 
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Fig. 1. A dielectric plate with a double periodicity 

Let us show the functioning of the algorithm 
(section 2.1), while developing the model of a dielectric 
plate with a double periodicity (Fig. 1). 

In this case, the dielectric permittivity can be 
described by a following mathematical correlation: 
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Then, the mathematical model describing the 

spectral density )(F2   of the total field is as follows: 
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Thereby, an additional multiplier appears when the 
additional modulation of the plate dielectric permittivity 
in the components of branched continued fractions takes 
place. This multiplier reflects the influence of the 
additional modulation of the parameters of the plate on 
the spectrum structure of spatial harmonics of the field. 
Similarly, we can develop mathematical models of such 
structures with a triple and higher multiplicity 
modulation of the parameters. The possibility of creating 
such models facilitates the development of the theory of 
branched continued fractions and confirms their practical 
significance. 

The adequacy of the mathematical models is 
confirmed by full-scale experiments [16]. 

Computer programs based on the mathematical 
models (6, 11) of the periodically nonuniform dielectric 
plate have been created in the environment of MATLAB 

and used for testing the features of the set of the 
dielectric permittivity modulation parameters of a field 
structure (Fig. 2 – 7).  

The analysis of the simulation of the field structure 
has shown that the period d1 of the modulation of the 
dielectric permittivity ε(y) the most strongly influences 
the formation of the field. The spatial field distribution 
takes the form of a directed radiation.  

The second periodic sequence of rectangular 
functions causes the appearance of new components in 
the spectrum of spatial harmonics of the field. These 
components can be either slow or fast harmonics of the 
field. Latter can be considered to be an additional 
radiation of the field of the electromagnetic structures 
towards certain spatial angles, which considerably 
extends the functional properties of such structures. 

Fig. 14 (a red line) shows the effect of the 
appearance of new spatial harmonics of the field: the 
introduction of nonuniformities with a period d2 causes 
the directed radiation emitted by the structure. 

When the plate has the same parameters, but without a 
double periodicity and radiation, the form of the field 
distribution coincides with the field of in-phase magnetic 
current source situated on the nonmodulated dielectric plate. 

 

 

Fig. 14. The influence of the introduction of double modulation 
ε (y) on the spatial distribution of electromagnetic field 

(d1=0, 28λ, d2=2d1) 

The shape of the profile change of the dielectric 
permittivity of the plate [17] affects the spatial field 
distribution (Fig. 15 a, b). This process has been 
investigated using the proposed mathematical models. 
By the testing of the models it has been found out that 
the shape of nonuniformities (rectangular, triangular, 
Gaussian) determines the spectrum envelope of spatial 
harmonics fields, and their repetition cycle expresses the 
density of the discrete spectrum. 
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Fig. 2.  Field distribution PNDP for d1=0.1λ. 

 
Fig. 3. Field distribution PNDP for  d1=0.5λ. 

 
Fig. 4. Field distribution PNDP for d1=0.5λ. 

 
Fig. 5. Field distribution PNDP for d1=0.75λ. 

 
Fig.6. Field distribution PNDP for d1=0.95λ. 

 
Fig.7. Field distribution PNDP for d1=4λ. 

 

 
Fig. 8. Field distribution PNDC for  d1=0.11.29λ 

 
Fig. 9. Field distribution PNDC for  d1=0.5λ 

 
Fig. 10. Field distribution PNDC for  d1=0.88λ 

 
Fig. 11.  Field distribution PNDC for d1=0.91λ 

 
Fig. 12. Field distribution PNDC for d1=2.57 λ 

 
Fig. 13. Field distribution PNDC for d1=4.6λ 
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а) 

 

b) 

Fig. 15. Variants of the the profile changes of dielectric 
permittivity of the plate, modulated by two periodic sequences of 

rectangular impulses 

2.3. The mathematical model of a cylindrical 
structure, modulated by one periodic sequence of 
impulse functions 

Let us apply the algorithm (2.1) for creating a 
mathematical model of a periodically nonuniform 
dielectric cylinder (fig. 16). 

 

Fig.16. Periodically nonuniform dielectric cylinder 

The modulation of dielectric permittivity ε´(y) on a 
cylinder along the z-axis is described by the function 
with a single periodicity as it is shown in (5), (Fig. 17).  
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Fig. 17. The change of the dielectric permittivity of a cylinder, 
modulated by one periodic sequence of rectangular impulses 

Let the structure be excited by a ring of an in-phase 
magnetic current: 

0( ) ( 0) ( ),M MI z I z r a       (16) 

where M
0I  is the amplitude of the magnetic current. 

Then, using the algorithm shown in section 2.1 of 
this paper and taking into account the results of [10], we 
can find a solution to the problem of exciting the 
structure (Fig. 16) by the ring of the in-phase magnetic 
current in the following form: 
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1H - Bessel and Hankel functions; 
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The mathematical expression (17) interconnects the 
spectral density of spatial harmonics of the field ξ1(χ) 
with such parameters of the periodically nonuniform 
dielectric cylinder, as its period d, its diameter 2a, the 
width of nonuniformity ∆, the depth of the modulation of 

the dielectric permittivity
1aM̂ . 

Using the model (17) made with the application of 
MATLAB software [18], appropriate numerical results 
have been obtained while investigating the influence of 
the period d1 of dielectric permittivity nonuniformities 
over a remote external source field (located at the 
distance being several times longer than the wavelength) 
(Fig. 8 – 13). 

The analysis of the graphs shows that the radiation 
pattern of the periodically nonuniform dielectric cylinder 
excited by the ring of the in-phase magnetic current is mostly 
"funnel shaped". In some cases, when the period d1 of 
dielectric permittivity uniformities is equal to or multiple of 
the wavelength of a zero (basic) spatial harmonic of the field 
propagating along the z-axis of the structure, the radiation is 
emitted along a normal to the z axis of the structure observed. 
The radiation pattern of the periodically nonuniform 
dielectric cylinder in such cases takes the shape of a disk  
(Fig. 11). 
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7. Conclusion  
The solution of the electrodynamic problem of 

exciting the fields of impedance and dielectric structures 
with N – multiple periodicity of changing their 
parameters by an arbitrary external source has been 
obtained in a closed form. It allows the creation of new 
effective mathematical models of such structures in the 
form of branched continued fractions. 

The mathematical models and results of investigating 
the electrodynamic properties of the structures with N – 
multiple periodicity changes have a great practical value in 
creating the components of infocommunication systems 
with improved parameters, namely, antenna arrays, 
photonic crystals, interferometers, spatial-frequency and 
time – frequency information filters, collimators, slow-wave 
structures and the transformers of spatial harmonics of a 
field, switches, and logic elements. 
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MОДЕЛЮВАННЯ ЕЛЕКТРОДИНАМІЧНИХ 
ВЛАСТИВОСТЕЙ СТРУКТУР З N-КРАТНОЮ 

ПЕРІОДИЧНІСТЮ 

В. Павлиш, В. Гоблик, І. Ничай, О. Ліске 

В даній статті наведено результати розробки у вигляді 
гіллястих ланцюгових дробів математичних моделей 
електродинамічних структур з N – кратною періодичністю, 
результати дослідження особливостей формування поля 
діелектричною пластиною зі складними законами 
модуляції її діелектричної проникності, а також результати 
дослідження електродинамічних властивостей модульо-
ваного кругового імпедансного циліндра. 
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