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Â [1] äîñëiäæåíî ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ
êîëèâàííÿ ïëàñòèíêè

utt +42u + γut +
n∑

i=1

∂

∂xi
σi(uxi) = 0 (1)

â îáìåæåíié îáëàñòi Ω ⊂ Rn çà t > 0, γ ≥ 0. Âñòà-
íîâëåíî óìîâè iñíóâàííÿ i íåiñíóâàííÿ ãëîáàëüíîãî
ðîçâ'ÿçêó.

Ïîäiáíi çàäà÷i ðîçãëÿíóòi ó [2]�[4]. Çîêðåìà, ó [2]
îòðèìàíî óìîâè iñíóâàííÿ ãëîáàëüíèõ óçàãàëüíåíèõ
i êëàñè÷íèõ ðîçâ'ÿçêiâ ìiøàíî¨ çàäà÷i äëÿ ðiâíÿííÿ
(1), à òàêîæ âêàçàíî äîñòàòíi óìîâè âèáóõó ðîçâ'ÿçêó
â ñêií÷åííèé ìîìåíò ÷àñó.

Ó [5]�[8] ðîçãëÿíóòî ìiøàíi çàäà÷i äëÿ äåÿêèõ
íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü, äîñëiäæåíî ïîâå-
äiíêó ïðè t → +∞ ðîçâ'ÿçêiâ â îáìåæåíié çà ïðîñòî-
ðîâèìè çìiííèìè îáëàñòi.

Ó öié ðîáîòi ðîçãëÿíóòî ðiâíÿííÿ âèãëÿäó (1), àëå
ç ïðèñóòíüîþ ìiøàíîþ ïîõiäíîþ çà ÷àñîì i ïðîñ-
òîðîâèìè çìiííèìè. Îäåðæàíî äîñòàòíi óìîâè iñíó-
âàííÿ ëîêàëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó i óìîâè,
çà ÿêèõ íå iñíó¹ ãëîáàëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê.

Íåõàé Ω � îáìåæåíà îáëàñòü â ïðîñòîði Rn ç
ìåæåþ ∂Ω ∈ C1, QT = Ω × (0, T ), äå T < ∞,
Q = Ω×(0, +∞), Ωτ = QT ∩{t = τ}, τ ∈ [0, T ], x ∈ Ω.

Â îáëàñòi Q ðîçãëÿíåìî çàäà÷ó äëÿ ðiâíÿííÿ ç
äiéñíîçíà÷íèìè êîåôiöi¹íòàìè

utt +
n∑

i,j,s,l=1

(asl
ij(x)uxixj )xsxl

−
n∑

i,j=1

(aij(x)utxi)xj +

+c(x)ut +
n∑

i=1

(gi(uxi))xi = 0 (2)

ç ïî÷àòêîâèìè óìîâàìè
u(x, 0) = u0(x), ut(x, 0) = u1(x) (3)

i êðàéîâèìè óìîâàìè

u
∣∣
∂Ω×(0,+∞)

= 0,
∂u

∂ν

∣∣∣∣
∂Ω×(0,+∞)

= 0, (4)

äå ν � çîâíiøíÿ íîðìàëü äî ïîâåðõíi ∂Ω× (0, +∞).
Íàäàëi âèêîðèñòîâóâàòèìåìî áàíàõîâi ïðîñòîðè

Lr(Ω), r ∈ [1,+∞) [[9], ñ. 37], Hk(Ω), H l
0(Ω),

W 1,r
0 (Ω) k, l ∈ N, r ∈ [1,+∞) [[9], ñ. 44].
Ïðèïóñòèìî âèêîíàííÿ òàêèõ óìîâ:
(A)

Dβasl
ij , Dαaij ∈ L∞(Ω), i, j, s, l ∈ {1, ..., n},

äå |β| ≤ 2, |α| ≤ 1, Dα = ∂|α|

∂
k1
x1 ...∂kn

xn

, k1 + ... + kn = |α|;

n∑

i,j=1

aij(x)ξiξj ≥ A1

n∑

i=1

|ξi|2, A1 > 0

äëÿ ìàéæå óñiõ x ∈ Ω i óñiõ ξi ∈ R, i ∈ {1, ..., n};

n∑

i,j,s,l=1

asl
ij(x)ξijξsl ≥ A2

k∑

i,j=1

|ξij |2, A2 > 0

äëÿ ìàéæå óñiõ x ∈ Ω i óñiõ ξij ∈ R òàêèõ, ùî ξij = ξji;

asl
ij(x) = aij

sl(x)

ìàéæå äëÿ óñiõ x ∈ Ω i óñiõ i, j, s, l ∈ {1, ..., n};
(G)

c ∈ L∞(Ω), c(x) ≥ c0

ìàéæå óñþäè â Ω, c0 > 0;

gi ∈ C(R), gi ∈ C1(R \ {0}), |gi(s)| ≤ γ1|s|q,

|g′i(s)| ≤ γ2|s|q−1

äëÿ äîâiëüíîãî s∈R\{0} i óñiõ i ∈ {1, ..., n}, γ1>0, γ2>0.

Îçíà÷åííÿ 1. Ôóíêöiþ u ∈ L2((0, T ∗); H2
0 (Ω))∩

∩Lq+1((0, T ∗); W 1,q+1
0 (Ω)) òàêó, ùî ut∈L2((0, T ∗); H2

0 (Ω)),
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Íåiñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ íåëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó

utt ∈ L∞((0, T ∗); H1
0 (Ω)) äëÿ óñiõ T ∗ ∈ (0, T ) i çàäî-

âîëüíÿ¹ ïî÷àòêîâi óìîâè (3) òà iíòåãðàëüíó ðiâíiñòü
∫

Ωt

[
uttv +

n∑

i,j,s,l=1

asl
ij(x)uxixj

vxsxl
+

n∑

i,j=1

aij(x)utxi
vxj

+

+c(x)utv −
n∑

i=1

gi(uxi
)vxi

]
dx = 0 (5)

äëÿ ìàéæå óñiõ t ∈ (0, T ) i äëÿ äîâiëüíèõ
v ∈ H2

0 (Ω) ∩ Lq+1(Ω), íàçèâàòèìåìî óçàãàëüíåíèì
ðîçâ'ÿçêîì çàäà÷i (2)-(4) â îáëàñòi QT . ßêùî
T = +∞, òî ðîçâ'ÿçîê íàçâåìî ãëîáàëüíèì.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A),
(G) i, êðiì òîãî, u0 ∈ H4(Ω) ∩ H2

0 (Ω), u1 ∈ H2
0 (Ω),(

gi(u0xi
)
)
xi
∈ L2(Ω), i ∈ {1, ..., n}, 1 < q <

n

n− 2
ïðè

n > 2 i q > 1 ïðè n ∈ {1, 2}. Òîäi â îáëàñòi QT iñíó¹
óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2)-(4), ïðè÷îìó ÷èñëî
T çàãàëîì çàëåæèòü âiä êîåôiöi¹íòiâ i ïî÷àòêîâèõ
óìîâ çàäà÷i.

¤ Äîâåäåííÿ. Îñêiëüêè ïðîñòið W0(Ω) = H2
0 (Ω)∩

H4(Ω) � ñåïàðàáåëüíèé ãiëüáåðòiâ, òî â íüîìó
iñíó¹ òàêà çëi÷åííà ìíîæèíà {ϕh}h∈N, ùî áóäü-ÿêà
ñêií÷åííà êiëüêiñòü åëåìåíòiâ öi¹¨ ìíîæèíè ëiíiéíî
íåçàëåæíà i çàìèêàííÿ ¨¨ ëiíiéíî¨ îáîëîíêè â W0(Ω)
çáiãà¹òüñÿ ç öèì ïðîñòîðîì. Êðiì òîãî, {ϕh}h∈N
ìîæíà âèáðàòè îðòîíîðìîâàíîþ â ïðîñòîði L2(Ω).

Ðîçãëÿíåìî ôóíêöi¨ uN (x, t) =
N∑

h=1

cN
h (t)ϕh(x), N ∈

N, äå cN
1 , cN

2 , ...cN
N � ðîçâ'ÿçêè âiäïîâiäíèõ çàäà÷ Êîøi

∫

Ω

[
uN

tt ϕ
h+

n∑

i,j,s,l=1

asl
ij(x)uN

xixj
ϕh

xsxl
+

n∑

i,j=1

aij(x)uN
txi

ϕh
xj

+

+c(x)uN
t ϕh −

n∑

i=1

gi(uN
xi

)ϕh
xi

]
dx = 0, (6)

t ∈ [0, T ),

cN
h (0) = uN

0,h,
(
cN
h (0)

)′
t
= uN

1,h, (7)

äå

uN
0 (x) =

N∑

h=1

uN
0,hϕh, ‖uN

0 − u0‖W0(Ω) → 0,

uN
1 (x) =

N∑

h=1

uN
1,hϕh, ‖uN

1 − u1‖H2
0 (Ω) → 0

ïðè N →∞.
Íà ïiäñòàâi òåîðåìè Êàðàòåîäîði [[10], ñ. 54] iñíó¹

àáñîëþòíî íåïåðåðâíèé ðîçâ'ÿçîê çàäà÷i (6), (7),
âèçíà÷åíèé íà äåÿêîìó ïðîìiæêó [0, hN ). Ç îöiíîê,
îäåðæàíèõ íèæ÷å, âèïëèâàòèìå, ùî hN = T, äå T �
äåÿêå ÷èñëî, ÿêå âèçíà÷èìî ïiçíiøå.

Äîìíîæèìî (6) íà cN
ht, ïiäñóìó¹ìî çà h âiä 1 äî N

i ïðîiíòåãðó¹ìî çà t âiä 0 äî τ < T. Îòðèìà¹ìî
∫

Qτ

[
uN

tt u
N
t +

n∑

i,j,s,l=1

asl
ij(x)uN

xixj
uN

txsxl
+

n∑

i,j=1

aij(x)uN
txi

uN
txj

+

+c(x)|uN
t |2 −

n∑

i=1

gi(x)(uN
xi

)uN
txi

]
dxdt = 0. (8)

Î÷åâèäíî

J1 :=
∫

Qτ

uN
tt u

N
t dxdt =

1
2

∫

Ωτ

|uN
t |2dx− 1

2

∫

Ω0

|uN
t |2dx.

Çãiäíî ç óìîâîþ (A)

J2 :=
∫

Qτ

[ n∑

i,j,s,l=1

asl
ij(x)uN

xixj
uN

txsxl
+

+
n∑

i,j=1

aij(x)uN
txi

uN
txj

]
dxdt ≥ A2

2

∫

Ωτ

n∑

i,j=1

|uN
xixj

|2dx−

−A3 + 1
2

∫

Ω0

n∑

i,j=1

|uN
xixj

|2dx + A1

∫

Qτ

n∑

i=1

|uN
txi
|2dxdt,

äå A3 = ess sup
Ω

n∑
i,j,s,l=1

|asl
ij(x)|2.

Íà ïiäñòàâi óìîâè (G)

J3 :=
∫

Qτ

c(x)|uN
t |2dxdt ≥ c0

∫

Qτ

|uN
t |2dxdt,

J4 :=
∫

Qτ

n∑

i=1

gi(uN
xi

)uN
txi

dxdt ≤ γ1

∫

Qτ

n∑

i=1

|uN
xi
|quN

txi
dxdt ≤

≤ γ1δ1

2

∫

Qτ

n∑

i=1

|uN
txi
|2dxdt+

γ1

2δ1

∫

Qτ

n∑

i=1

|uN
xi
|2qdxdt, δ1 > 0.

Çà òåîðåìîþ Ñîáîë¹âà [[9], c. 47] äëÿ äîâiëüíîãî
z ∈ H2

0 (Ω)

( ∫

Ω

n∑

i=1

|zxi |2qdx

)1/2q

≤ C1

( ∫

Ω

n∑

i,j=1

|zxixj |2dx

)1/2

(9)
ïðè q ≤ n

n− 2
, ÿêùî n > 2, i q > 1, ïðè n ∈ {1, 2}, C1

� äîäàòíà êîíñòàíêà, ÿêà íå çàëåæèòü âiä N.

Âðàõîâóþ÷è îöiíêè iíòåãðàëiâ J1−J4 i îöiíêó (9),
ç (8) îäåðæèìî íåðiâíiñòü
∫

Ωτ

[
|uN

t |2+A2

n∑

i,j=1

|uN
xixj

|2
]
dx+

∫

Qτ

[
(2A1−γ1δ1)

n∑

i=1

|uN
txi
|2+

+2c0|uN
t |2

]
dxdt ≤

∫

Ω0

[
|uN

t |2+(A3+1)
n∑

i,j=1

|uN
xixj

|2
]
dx+

+
γ1C1

δ1

τ∫

0

( ∫

Ω

n∑

i,j=1

|uN
xixj

|2dx

)q

dt. (10)
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Âèáåðåìî δ1 <
2A1

γ1
i, âèêîðèñòàâøè ëåìó Áiõàði

[[11], c. 110], ç (10) ìàòèìåìî
∫

Ωτ

[
|uN

t |2 +
n∑

i,j=1

|uN
xixj

|2
]
dx +

∫

Qτ

[ n∑

i=1

|uN
txi
|2+

+|uN
t |2

]
dxdt ≤ C4[

1− (q − 1)Cq−1
2 C3T

]1/(q−1)
(11)

ïðè T < T1, äå T1 =
1

(q − 1)Cq−1
2 C3

, C2, C3, C4

� äîäàòíi êîíñòàíòè, ÿêi çàëåæàòü âiä ïî÷àòêîâèõ
äàíèõ i êîåôiöi¹íòiâ ðiâíÿííÿ. Îòæå

||uN ||L∞((0,T1);H2
0 (Ω)) ≤ C5, ||uN

t ||L2((0,T1);H1
0 (Ω)) ≤ C5,

(12)
äå ñòàëà C5 íå çàëåæèòü âiä N.

Ïðîäèôåðåíöiþ¹ìî (6) çà t, îòðèìàíó ðiâíiñòü
äîìíîæèìî íà cN

htt, ïiäñóìó¹ìî çà h âiä 1 äî N i
ïðîiíòåãðó¹ìî çà t âiä 0 äî τ, äå τ ∈ (0, T1]. Îäåðæèìî

∫

Qτ

[
uN

tttu
N
tt +

n∑

i,j,s,l=1

asl
ij(x)uN

txixj
uN

ttxsxl
+ c(x)|uN

tt |2+

+
n∑

i,j=1

aij(x)uN
ttxi

uN
ttxj

+
n∑

i=1

[
(gi(uN

xi
)
]
t
uN

ttxi

]
dxdt = 0.

(13)
Ïîäiáíî äî îöiíîê J1 − J4 ìà¹ìî

J5 :=
∫

Qτ

[
uN

tttu
N
tt +

n∑

i,j,s,l=1

asl
ij(x)uN

txixj
uN

ttxsxl
+

+
n∑

i,j=1

aij(x)uN
ttxi

uttxj +c(x)|uN
tt |2

]
dxdt ≥ 1

2

∫

Ωτ

[
|uN

tt |2+

+A2

n∑

i,j=1

|uN
txixj

|2
]
dx +

∫

Qτ

[
A1

k∑

i=1

|uN
ttxi

|2+

+c0|uN
tt |2

]
dxdt− 1

2

∫

Ω0

[
|uN

tt |2+(A3+1)
n∑

i,j=1

|uN
txixj

|2
]
dx.

Íà ïiäñòàâi óìîâè (G)

J6 :=
∫

Qτ

n∑

i=1

[
gi(uN

xi
)
]
t
uN

ttxi
dxdt ≤

≤ γ2

∫

Qτ

n∑

i=1

|uN
xi
|q−1uN

txi
uN

ttxi
dxdt ≤

≤ γ2δ2

2

∫

Qτ

n∑

i=1

|uN
ttxi

|2dxdt+
γ2(q − 1)

2qδ
2q/(q−1)
2

∫

Qτ

n∑

i=1

|uN
xi
|2qdxdt+

+
γ2

2qδ2q
2

∫

Qτ

n∑

i=1

|uN
txi
|2qdxdt, δ2 > 0.

Âðàõîâóþ÷è îòðèìàíi îöiíêè J5, J6 i (9), ç (13)
îäåðæèìî íåðiâíiñòü
∫

Ωτ

[
|uN

tt |2+A2

n∑

i,j=1

|uN
txixj

|2
]
dx+

∫

Qτ

[
(2A1−γ2δ2)

n∑

i=1

|uN
ttxi

|2+

+2c0|uN
tt |2

]
dxdt ≤

∫

Ω0

[
|uN

tt |2+(A3+1)
n∑

i,j=1

|uN
1xixj

|2
]
dx+

+
C1γ2(q − 1)

qδ
2q/(q−1)
2

τ∫

0

( ∫

Ω

n∑

i,j=1

|uN
xixj

|2dx

)q

dt+

+
C1γ2

qδ2q
2

τ∫

0

( ∫

Ω

n∑

i,j=1

|uN
txixj

|2dx

)q

dt, τ ∈ (0, T1). (14)

Îöiíèìî
∫

Ω0

|uN
tt |2dx. Äîìíîæèìî ðiâíiñòü (6) íà

cN
htt(0) i ïiäñóìó¹ìî çà h âiä 1 äî N . Îòðèìà¹ìî

∫

Ω0

[
|uN

tt |2+
n∑

i,j,s,l=1

asl
ij(x)uN

0xixj
uN

ttxsxl
+

n∑

i,j=1

aij(x)uN
1xi

uN
ttxj

+

+c(x)uN
1 uN

tt −
n∑

i=1

gi(uN
0xi

)uN
ttxi

]
dx = 0. (15)

Îöiíèâøè äîäàíêè ðiâíîñòi (15), ìàòèìåìî
∫

Ω0

|uN
tt |2dx ≤ 4

∫

Ω0

[ n∑

i,j,s,l=1

∣∣∣
[
asl

ij(x)uN
0xixj

]
xsxl

∣∣∣
2

+

+
n∑

i,j=1

∣∣∣
[
aij(x)uN

1xi

]
xj

∣∣∣
2

+
∣∣c(x)uN

t

∣∣2−

−
n∑

i=1

∣∣∣
[
gi(uN

0xi
)
]
xi

∣∣∣
2
]
dx ≤ C6,

äå C6 � äåÿêà êîíñòàíòà, ÿêà íå çàëåæèòü âiä N.
Îòæå

I1 :=
∫

Ω0

|uN
tt |2dx ≤ C6, C6 > 0.

Àëå ç (12) ìà¹ìî îöiíêó

I2 :=
∫

Ω


|uN

t |2 +
n∑

i,j=1

|uN
xixj

|2

 dxdt ≤ C5,

äå C5 � êîíñòàíòà ç (12), τ ∈ (0, T1). Òîìó
τ∫

0

( ∫

Ω

n∑

i,j=1

|uN
xixj

|2dx

)q

dt ≤ C7(τ).

Âèáðàâøè δ2 <
2A1

γ1
, ìîæåìî â íåðiâíîñòi (14)

çàñòîñóâàòè ëåìó Áiõàði. Îòðèìà¹ìî
∫

Ωτ

[
|uN

tt |2 +
n∑

i,j=1

|uN
txixj

|2
]
dx +

∫

Qτ

[ n∑

i=1

|uN
ttxi

|2+
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+|uN
tt |2

]
dxdt ≤ 2C10(τ)

[
1− (q − 1)Cq−1

8 C9τ

]1/(q−1)

ïðè T < T2, äå T2 =
1

(q − 1)Cq−1
8 C9

, C8, C9, C10

� äîäàòíi êîíñòàíòè, ÿêi çàëåæàòü âiä ïî÷àòêîâèõ
äàíèõ i êîåôiöi¹íòiâ ðiâíÿííÿ.

Äëÿ T < min
{

1
(q − 1)Cq−1

2 C3

;
1

(q − 1)Cq−1
8 C9

}

ìà¹ìî
||uN ||L∞((0,T0);H2

0 (Ω)) ≤ C11,

||uN
t ||L∞((0,T0);H2

0 (Ω)) ≤ C11,

||uN
tt ||L2((0,T0);H1

0 (Ω)) ≤ C11, (16)
äå ñòàëà C11 íå çàëåæèòü âiä N, T0 ∈ (0, T ).

Çàçíà÷èìî, ùî
∫

QT0

n∑

i=1

∣∣gi(uN
xi

)
∣∣rdxdt ≤ C12, r > 1, (17)

T0 ∈ (0, T ), r = 1 + α0, äå α0 > 0 âèçíà÷à¹ìî ç óìîâè
q(1 + α0) <

2n

n− 2
ïðè n > 2 i α0 > 0 äîâiëüíå ïðè

n ∈ {1, 2}, C12 � íå çàëåæèòü âiä N.
Îòæå, íà ïiäñòàâi (16), (17) iñíó¹ ïiäïîñëiäîâíiñòü

{uNm}Nm∈N ⊂ {uN}N∈N òàêà, ùî
uNm → u ∗ - ñëàáêî â L∞((0, T0); H2

0 (Ω)),
uNm

t → ut ∗ - ñëàáêî â L∞((0, T0); H2
0 (Ω)),

uNm
tt → utt ñëàáêî â L2((0, T0); H1

0 (Ω)),
gi(uNm

xi
) → χi ñëàáêî â Lr(QT0) ïðè Nm →∞, i ∈

{1, ..., n}.
Îñêiëüêè H2

0 (Ω) ⊂ H1
0 (Ω) êîìïàêòíî, òî ìîæåìî

ââàæàòè, ùî uNm → u ñèëüíî â L2((0, T0); H1
0 (Ω)) i

ìàéæå âñþäè â QT0 . Òîìó gi(uxi) = χi, i ∈ {1, ..., n}.
Äîìíîæèìî (6) íà dh ∈ C1([0, T0]), ïiäñóìó¹ìî çà

h âiä 1 äî N i ïðîiíòåãðó¹ìî çà t âiä 0 äî T0. Íåõàé
ηN =

N∑
h=1

dh(t)ϕh(x), òîäi îòðèìà¹ìî ðiâíiñòü

∫

QT0

[
uNm

tt ηN +
n∑

i,j,s,l=1

asl
ij(x)uNm

xixj
ηN

xsxl
+ c(x)uNm

t ηN+

+
n∑

i,j=1

aij(x)uNm
txi

ηN
xj
−

n∑

i=1

gi(uNm
xi

)ηN
xi

]
dxdt = 0. (18)

Ó (18) ïåðåéäåìî äî ãðàíèöi ïðè Nm → ∞,
Nm > N

∫

QT0

[
uttη

N+
n∑

i,j,s,l=1

asl
ij(x)uxixj η

N
xsxl

+
n∑

i,j=1

aij(x)utxiη
N
xj

+

+c(x)utη
N −

n∑

i=1

gi(uxi)η
N
xi

]
dxdt = 0.

Ñóêóïíiñòü óñiõ ηN ïîçíà÷èìî ÷åðåç MN .

Îñêiëüêè
∞⋃

N=1

MN ùiëüíà â L2((0, T0); H2
0 (Ω)), òî

ìîæåìî ïåðåéòè äî ãðàíèöi i ïðè N →∞. Îòðèìà¹ìî
ðiâíiñòü ç îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó. ¥

Ââåäåìî ïîçíà÷åííÿ

E(t) =
1
2

∫

Ωt

[
u2

t +
n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl

]
dx−

−
∫

Ωt

n∑

i=1

Gi(uxi)dx, Gi(s) =

s∫

0

gi(τ)dτ. (19)

Ëåìà 1. Íåõàé u � óçàãàëüíåíèé ðîçâ'ÿçîê
çàäà÷i (2)-(4) i E(0) < 0. Òîäi E(t) < 0 äëÿ óñiõ t > 0.

¤ Äîâåäåííÿ. Ïðîäèôåðåíöiþ¹ìî (19) ïðè t :

E′(t) =
∫

Ωt

[
ututt+

n∑

i,j,s,l=1

asl
ij(x)uxixj

utxsxl
−

n∑

i=1

gi(uxi
)utxi

]
dx.

Àëå ç ðiâíîñòi (5) ïðè v = ut ìà¹ìî
∫

Ωt

[
ututt+

n∑

i,j,s,l=1

asl
ij(x)uxixj utxsxl

+
n∑

i,j=1

aij(x)utxiutxj +

+c(x)u2
t −

n∑

i=1

gi(uxi)utxi

]
dx = 0.

Òîìó

E′(t) = −
∫

Ωt

[
c(x)u2

t +
n∑

i,j=1

utxiutxj

]
dx ≤

≤ −
∫

Ωt

[
c0u

2
t + A1

n∑

i=1

u2
txi

]
dx.

Ç îñòàííüî¨ îöiíêè âèïëèâà¹, ùî E′(t) < 0. Îòæå,

E(t) < 0.

¥
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A),

(G), gi(s)s− βGi(s) ≥ γ0|s|q+1, γ0 > 0, s ∈ R, β > 2.

ßêùî 1 < q ≤ n + 2
n− 2

ïðè n > 2, q > 1 ïðè n ∈ {1, 2}
i E(0) = −λ < 0, òî íå iñíó¹ ãëîáàëüíîãî ðîçâ'ÿçêó
çàäà÷i (2)-(4).

¤ Äîâåäåííÿ. Ïðèïóñòèìî, ùî u � ãëîáàëüíèé
ðîçâ'ÿçîê çàäà÷i (2)-(4). Ââåäåìî

H(t) = −E(t), L(t) = H1−α(t) + ε

∫

Ωt

uutdx.

Òîäi

L′(t) = (1− α)H−α(t)H ′(t) + ε

∫

Ωt

[
uutt + u2

t

]
dx.

Àëå ïðàâèëüíà ðiâíiñòü
∫

Ωt

[
uttu+

n∑

i,j,s,l=1

asl
ij(x)uxixj uxsxl

+
n∑

i,j=1

aij(x)utxiuxj +
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+c(x)uut −
n∑

i=1

gi(uxi
)uxi

]
dx = 0,

òîìó

L′(t) = (1− α)H−α(t)H ′(t) + ε

∫

Ωt

[
u2

t−

−
n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl
−

n∑

i,j=1

aij(x)utxi
uxj

−c(x)utu+

+
n∑

i=1

gi(uxi)uxi

]
dx + βεH(t) +

βε

2

∫

Ωt

[
u2

t +

+
n∑

i,j,s,l=1

asl
ij(x)uxixj

uxsxl

]
dx− βε

∫

Ωt

n∑

i=1

Gi(uxi
)dx =

= (1− α)H−α(t)H ′(t) + ε

(
1 +

β

2

) ∫

Ωt

u2
t dx+

+ε

(
β

2
− 1

) ∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj uxsxl

dx−

−ε

∫

Ωt

[ n∑

i,j=1

aij(x)utxiuxj + c(x)utu

]
dx+

+ε

∫

Ωt

n∑

i=1

[
gi(uxi)uxi − βGi(uxi)

]
dx.

Îöiíèìî äîäàíêè îñòàííüî¨ ðiâíîñòi:

J7 :=
∫

Ωt

n∑

i,j,s,l=1

asl
ij(x)uxixj uxsxl

dx ≥

≥ A2

∫

Ωt

n∑

i,j=1

u2
xixj

dx,

J8 :=
∫

Ωt

n∑

i=1

(
gi(uxi)uxi − βGi(uxi)

)
dx ≥

≥ γ0

∫

Ωt

n∑

i=1

|uxi |q+1dx,

J9 :=
∫

Ωt

n∑

i,j=1

aij(x)utxiuxj dx ≥

≥ −A4δ4

2

∫

Ωt

n∑

i=1

u2
xi

dx− 1
2δ4

∫

Ωt

n∑

i=1

u2
txi

dx,

äå A4 = ess sup
Q

n∑
i,j=1

|aij(x)|2, δ4 > 0,

J10 :=
∫

Ωt

c(x)utudx ≥ −c1δ4

2

∫

Ωt

u2dx− 1
2δ4

∫

Ωt

u2
t dx,

äå c1 = ess sup
Q
|c(x)|2.

Ïðèéìåìî δ4 = Hα(t)δ5, δ5 > 0 i, âèêîðèñòîâóþ÷è
íåðiâíiñòü Ôðiäðiõñà, òåîðåìó âêëàäåííÿ Ñîáîë¹âà i

îöiíêó H(t) ≤
∫

Ωt

n∑

i=1

Gi(uxi
)dx, îòðèìà¹ìî

Hα(t)
∫

Ωt

n∑

i=1

u2
xi

dx ≤
( ∫

Ωt

n∑

i=1

Gi(uxi)dx

)α ∫

Ωt

n∑

i=1

u2
xi

dx ≤

≤ aC13

q + 1

( ∫

Ωt

n∑

i=1

|uxi
|q+1dx

)α( ∫

Ωt

n∑

i=1

|uxi
|q+1dx

) 2
q+1

=

=
aC13

q + 1

( ∫

Ωt

n∑

i=1

|uxi
|q+1dx

) ρ
q+1

,

Hα(t)
∫

Ωt

u2dx ≤
( ∫

Ωt

n∑

i=1

Gi(uxi
)dx

)α ∫

Ωt

u2dx ≤

≤ aC14

q + 1

( ∫

Ωt

n∑

i=1

|uxi
|q+1dx

)α( ∫

Ωt

|u|q+1dx

) 2
q+1

≤

≤ aC15

q + 1

( ∫

Ωt

n∑

i=1

|uxi |q+1dx

)α( ∫

Ωt

n∑

i=1

|uxi |q+1dx

) 2
q+1

=

=
aC15

q + 1

( ∫

Ωt

n∑

i=1

|uxi |q+1dx

) ρ
q+1

,

äå ρ = 2+α(q+1), α ≤ q − 1
q + 1

, C13, C14, C15 � äîäàòíi
êîíñòàíòè.

ßêùî
∫

Ωt

n∑

i=1

|uxi |q+1dx ≥ 1, òî

( ∫

Ωt

n∑

i=1

|uxi |q+1dx

) ρ
q+1

≤
∫

Ωt

n∑

i=1

|uxi |q+1dx.

ßêùî
∫

Ωt

n∑

i=1

|uxi |q+1dx < 1, òî

( ∫

Ωt

n∑

i=1

|uxi |q+1dx

) ρ
q+1

≤
( ∫

Ωt

n∑

i=1

|uxi |q+1dx

) 2
q+1

≤

≤ C16

∫

Ωt

n∑

i,j=1

|uxixj |2dx

ïðè q ≤ n + 2
n− 2

, n > 2, C16 > 0.

Âðàõîâóþ÷è îòðèìàíi îöiíêè, ìà¹ìî

L′(t) ≥ H−α(t)
∫

Ωt

[(
(1− α)c0 − 1

2δ5

)
u2

t +

+
(

A1(1− α)− 1
2δ5

) n∑

i=1

u2
xixj

]
+ εβH(t)+
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+ε

(
β

2
+ 1

) ∫

Ωt

u2
t dx + ε

[(
β

2
− 1

)
A2−

−C16C15ac1δ5

2(q + 1)
− C16C13aA4δ5

2(q + 1)

] ∫

Ωt

n∑

i,j=1

u2
xixj

dx+

+ε

(
g0 − A4C13aδ5

2(q + 1)
− c2C15aδ5

2(q + 1)

) ∫

Ωt

n∑

i=1

|uxi
|q+1dx

ïðè β > 2.

Âèáåðåìî min
{

1
2c0(1− α)

;
1

2A1(1− α)

}
< δ5 <

min
{

(β − 2)(q + 1)A2

C16a(C15c1 + C13A4)
;

2g0(q + 1)
a(C15c1 + C13A4)

}
, òîäi

L′(t) ≥ C17

[
H(t) +

∫

Ωt

u2
t dx+

+
∫

Ωt

n∑

i,j=1

u2
xixj

dx +
∫

Ωt

n∑

i=1

|uxi |q+1dx

]
, (20)

äå C17 � äîäàòíà êîíñòàíòà.
Ðîçãëÿíåìî

[L(t)]
1

1−α ≤ 2
1

1−α

[
H(t) + ε

1
1−α

∣∣∣∣
∫

Ωt

uutdx

∣∣∣∣
1

1−α
]
.

Îöiíèìî äîäàíêè îñòàííüî¨ íåðiâíîñòi

J11 :=
∣∣∣∣
∫

Ωt

uutdx

∣∣∣∣
1

1−α

≤
( ∫

Ωt

u2dx

) 1
2(1−α)

×

×
( ∫

Ωt

u2
t dx

) 1
2(1−α)

≤ M0

( ∫

Ωt

uq+1dx

) 1
(q+1)(1−α)

×

×
( ∫

Ωt

u2
t dx

) 1
2(1−α)

≤ M̂0

( ∫

Ωt

|u|q+1dx

)s

+ M̂0

∫

Ωt

u2
t dx,

äå M0 > 0, M̂0 > 0,
1
s

+
1

2(1− α)
= 1 ⇒ 1

s
=

1− 2α

2(1− α)
,

s

(1− α)
=

2
(1− 2α)

≤ q + 1 ⇒ α ≤ q − 1
2(q + 1)

.

Òîäi, âðàõîâóþ÷è ïîïåðåäíi îöiíêè, ìàòèìåìî

[L(t)]
1

1−α ≤

≤ C18

(
H(t)+

∫

Ω

[ n∑

i=1

|uxi
|q+1 +

n∑

i,j=1

|uxixj
|2 +u2

t

]
dx

)
,

äå C18 > 0. Íåõàé E(0) = −λ, H(0) = λ, H ′(t) ≥ 0 ⇒
H(t) ≥ λ. Çìåíøèâøè çà ïîòðåáè ε, ìîæåìî ââàæàòè,
ùî

L(0) = H1−α(0) + ε

∫

Ω

u0u1dx ≥ λ

2
,

òîäi, áåðó÷è äî óâàãè (20), îòðèìà¹ìî

L′(t) ≥ C18[L(t)]
1

1−α . (21)

Ïîçíà÷èìî σ0 = 1
1−α , σ0 > 1. Ïðîiíòåãðó¹ìî

îáèäâi ÷àñòèíè íåðiâíîñòi (21) çà τ âiä 0 äî t.
Ìàòèìåìî

Lσ0−1(t) ≥ 1
L1−σ0(0)− C18(σ0 − 1)t

.

Îòæå, iñíó¹ òàêå ñêií÷åííå T > 0, äëÿ ÿêîãî
lim

t→T−0
L(t) = +∞, à òîìó

lim
t→T−0

∫

Ωt

[ n∑

i=1

|uxi |q+1 +
n∑

i,j=1

|uxixj |2 + u2
t

]
dx = +∞.

Îäåðæàíà ñóïåðå÷íiñòü çàâåðøó¹ äîâåäåííÿ
òåîðåìè. ¥

Ïðèêëàä. Íàâåäåìî äåÿêi ïðèêëàäè ôóíêöi¨
gi(s), ÿêi çàäîâîëüíÿþòü óìîâè òåîðåìè:

1) gi(s) =
{

αis
1+σ, s≥q0,

−ρis
1+σ, s<0, σ>0,

αi>0, ρi>0, σ>0;

2) gi(s) = αi|s|p−2s, αi > 0, p > 2.

Âèñíîâêè
Îòæå, â ðîáîòi îòðèìàíî äîñòàòíi óìîâè iñíóâàííÿ

ëîêàëüíîãî i íåiñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ïðè
t → +∞ ìiøàíî¨ çàäà÷i äëÿ íåëiíiéíîãî ïàðàáî-
ëi÷íîãî ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó ç äðóãîþ ïîõiä-
íîþ çà ÷àñîì.
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NONEXISTENCE OF THE GLOBAL SOLUTION OF THE MIXED PROBLEM
FOR NONLINEAR FOURTH ORDER PARABOLIC EQUATION

H.R. Torhan
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In the paper there are investigate the initial boundary value problem for one parabolic equation
forth order with second time derivative and with nonstandard nonlinearity. There are obtained
conditions existence of the local and nonexistence of the global solution.
Keywords: parabolic equation, initial boundary value problem.
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