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 Abstract – New method for geometry determination of most 
efficient application of crystalline materials as active elements 
of electro-optic devices is proposed. This method is based on the 
analysis of properties of the extremal surfaces obtained by 
optimization procedure and consists in the determination of 
such directions of the electrical field and the wave normal that 
maximize the path difference for two orthogonally polarized 
waves, which can propagate along arbitrary direction in 
investigated crystal. The method of extremal surfaces was 
approbated in example of LiNbO3 crystal. 
 Keywords – Electrooptics, Lithium Niobate Crystal, Extremal 
Surface. 

I. INTRODUCTION 
 The electrooptical effect, i.e. the change of the optical 
indicatrix under the influence of the electrical field is widely used 
in modulators, deflectors, converters, filters [1]. The effectiveness 
of these devices depends on the mutual orientation of the vectors 
of electromagnetic wave propagation and the electrical field. The 
optimization of the electro-optic effect geometry consists in 
determination of such directions of these vectors that maximize 
the absolute value of the path difference for orthogonally 
polarized waves referred to the absolute value of the electrical 
field and the crystal length. The aim of this paper is the solution 
of this problem by the extremal surfaces method proposed in [2]. 
We restrict our consideration only by the linear electro-optic 
effect because the analysis in the case of the quadratic effect is 
analogous. All calculations as well as in [2] are perfomed for 
LiNbO3 crystals as a model crystal for linear electro-optic effect. 

 

II. THE MAIN EXPRESSIONS 
 The linear electro-optic effect consists in changing of the 
tensor components of dielectrical non-permittivity η̂  that is 

proportional to the electrical field E
r

 [3]: 
lllijlij ErEr λλ ≡=η∆≡η∆ ,           (1) 

where ijlr  are the tensor components of the electro-optic 

coefficients that can be written in two-index designations in 
accordance with the rule: ijll rr ≡λ  and ijηηλ ≡  

)6,...,1(  =↔ λj . For LiNbO3 crystal that belongs to 3m 
symmetry class the non-zero values of rλl are equal to [4]: r22 
= – r12 = – r61 = 6.79, r13 = r23 = 10.1, r33 = 33.2, r51 = r42 = 
31.1 (all values are in 1012 m/V). 

The normalized path difference k
~∆δ for two orthogonally 

polarized waves, i.e. the absolute value of the path difference 
divided on the values of the electrical field EEl

r
≡  and the 

crystal length dk is: 
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where ni, nj are the refractive indexes of the orthogonally 
polarized waves with the wave vector k

r
 in the presence of the 

electrical field E
r

, no, nej are the refractive indexes of the ordinary 
and extraordinary waves for uniaxial crystals in the same 
direction in the absence of the electrical field. The last term in (2) 
describes changing of the crystal length due to inverse 
piezoelectrical effect [3]:  

      
0000

k

k kdEkkεk
d
Δd vrvvv ˆ~

ˆ == ,           (3) 

where kkk
rrr

=0  is the wave normal, ε̂  is the tensor of 

deformations caused by electrical field E
r

, d̂  is the tensor of the 
piezoelectrical modules with such non-zero components for 
LiNbO3 crystal [5]: d22= –0.5d16= –d21= 20.1, d31= –0.57, d33 = 
d32 = 6.9, d15 = d24 = 66.6 (all values are in 1012 C/N). 

In general the refractive indexes n for two orthogonally 
polarized waves with the wave normal 0k

r
 can be determined 

from the equation [3]: 
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where 
α0k  (α = 1, 2, 3) are the components of 0k

r
. 

 

III. THE OPTIMIZATION PROCEDURE 
 In accordance with [4] we consider the normalized path 
difference k

~∆δ  as the optimization target function. The 
maximum of k

~∆δ  can be determined from the analysis of the 
extremal surface that is constructed in the analogous way as in 
the case of the acousto-optic effect in [2]. For electro-optic effect 
this surface can be obtained by two equivalent ways depending on 

the type of the vector components ( 0i
r

 or E
r

) that are varied 
during the optimization procedure. Correspondingly, further we 
use the term ‘the surface of the wave normal’ for the case when 
the angles of the spherical coordinate system θ, ϕ determining 
the direction of the radius vector from the origin of coordinates to 
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the points on the extremal surface are the angles θi, ϕi determine 
the direction of the normal to the wave front and the parameters 
of the optimization θp, ϕp are the angles that determine the 
direction of the electrical field θE, ϕE. Conversely, when θ = θE, ϕ 
= ϕE  and θp = θi, ϕp = ϕi we use the term ‘the surface of the 
electrical field’ for the corresponding extremal surface. 
Obviously, in both cases the analysis should give the same values 
of the maximal value of the normalized path difference. 

We use the Levenberg-Marquardt method [6] for optimization 
that joins the advantages of the gradient and Gauss methods. At 
that the extremal surface can be constructed in accordance with 
the following algorithm: 
1) the electrical field strength as well as all necessary optical, 

electro-optic, piezoelectrical parameters of the crystal are 
determined at the given value of the wavelength λ;  

2) the set of the angles θ, ϕ that are used for construction of the 
extremal surface are determined; in the case of the surface of 
the wave normal θ = θi, ϕ = ϕi, in the case of the surface of 
the electrical field θ = θE, ϕ = ϕE;  

3) for each pair of the angles θ, ϕ determined in (2) the 
optimization procedure with the target function k

~∆δ  and 
the optimization parameters θp, ϕp are realized; in the case  
of the surface of normal θp = θE, ϕp = ϕE, in the case of the 
surface of the electrical field θp = θi, ϕp = ϕi;  

4) in accordance with the values of the normalized path 
differences k

~∆δ  obtained in (3) the extremal surface is 
constructed. 

 
IV. THE RESULTS OF OPTIMIZATION 

For example, the extremal surfaces of the wave normal (a) and 
the electrical field (b) for LiNbO3 crystal obtained at the 
wavelength of 633 nm are shown in Fig. 1. The maximal values 
of k

~∆δ  are obtained at the points located on the maximal 
distances from the origin of coordinates and are equal to 244⋅10-

12 m⋅V-1 at the angles θi = 42o, ϕi = 30o, θE = 103.2o, ϕE = 30o and 
the ones connected with them by the elements of symmetry class 

m3 . So, the angles between the directions of the wave normal 
and the electrical field Δθ = 61.2o, at that the disorientation of the 
vectors of the wave normal and electrical field are ensured due to 
the difference in the polar angles only whereas the azimuth 
angles are the same for both vectors. 

The comparison of these results with the ones obtained in [7], 
where some particular cases are analyzed, shows that the 
maximal value of k

~∆δ  obtained by extremal surfaces method are 
13 % higher than one determined in [7].  

It should be noted that although the calculation of the 
normalized path difference k

~∆δ  in accordance with (2) needs the 
absolute value of electrical field E, the dependence k

~∆δ (E) is 
very weak at the values of electrical field that are used in the 
electro-optic devices based on LiNbO3 crystal. Thus the value of 
the electrical field practically has not an influence on the results 
of the optimization and may be considered as its formal 
parameter. 

 

 

 

 

 
Fig.1 The extremal surfaces of the wave normal (а–b) and the 
electrical field (c–d) (in 10-12 m⋅V-1) for the linear electro-optic 
effect in LiNbO3 crystal at the wavelength of 633 nm. Figures  
a, c – the isometric projections, figures b, d – the top views 
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The form of the extremal surfaces practically does not 
change at the increase of the wavelength in the interval 488 ÷ 
1440 nm, and the angles θi, ϕi, θE, ϕE corresponding to the 
maximal values of  k

~∆δ  also remain unchanged. However, 
the maximal value of the normalized path difference 
decreases (Fig. 2) because of decreasing of the refractive 
indexes no, ne and the birefringence no – ne of LiNbO3 at 
higher wavelengths. Indeed, the change of the refractive 
index n caused by electro-optic effect is proportional to n3 [1], 
so it decreases with increasing of the wavelength. The 
contribution of the inverse piezoelectrical effect in the value 
of k

~∆δ  is directly proportional to the birefringence of the 
crystal (see Eq. (2)) and also decreases with increasing of the 
wavelength. As it follows from our calculations, decrease of 
δ∆i due to increasing of the wavelength from 488 to 1440 nm 
is not significant (about 15 % from its value at 488 nm). 
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Fig.2 Dependence of the maximal value of the normalized path 
difference max k

~∆δ  on the wavelength for LiNbO3 crystal 

 
V. CONCLUSION 

 New method for determination of most efficient application 
of crystalline materials as active elements of electro-optic 
devices is proposed. The determination of the most efficient 
geometry of the linear electro-optic effect in LiNbO3 crystal is 
carried out by the extremal surfaces method. At that the 
target function of the optimization is the normalized path 
difference k

~∆δ , i.e. the path difference for the orthogonally 
polarized waves divided on the absolute value of the electrical 
field and the length of the crystal. The parameters of the 
optimization are the angles determining the orientation of the 
vector of the electrical field (for the surface of the wave 
normal) or the wave normal (for the surface of the electrical 
field).  
 
 
 
 

 As it is shown, for LiNbO3 crystal the maximal achievable 
value of the path difference is equal to 244⋅10-12 m⋅V-1 at the 
wavelength of 633 nm and at the angle of ~ 61.2o between 
the directions of the light propagation and the electrical field. 
The form of the extremal surfaces as well as the angles 
endured the maximal value of the path difference remains 
practically unchanged at increasing of the wavelength in the 
interval 488 ÷ 1440 nm but the maximal value of k

~∆δ  
decreases in accordance with decreasing of the refractive 
indexes and the birefringence of LiNbO3 crystals. 
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