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Peculiarities of special Ateb-functions Taylor series are investigated. Taylor series of functions

sa(n, m, w) and ca(m, n, w) for some particular parameters n, m are constructed.
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Special Ateb-functions sa(n,m,w) and ca(m,n, w)(
m =

2ν1 + 1
2ν2 + 1

, n =
2µ1 + 1
2µ2 + 1

,ν1, ν2, µ1, µ2 = 0, 1, 2, . . .

)

are continuous in the variable w, periodic with a period

2Π functions
(

Π = B
(

1
n + 1

;
1

m + 1

)
”— Beta-function

)
,

obtained by inversion of uncomplete Beta-function [1, 2].
Taking into account the rules for differentiation of

Ateb-functions
d sa(n, m,w)

dw
=

2
n + 1

(
ca(m,n,w)

)m
,

d ca(m,n, w)
dw

= − 2
m + 1

(
sa(n, m,w)

)n

and their values at w = 0
(
sa(n,m, 0) =

0, ca(m,n, 0) = 1
)

obviously, the functions sa(n, m, w)

and ca(m,n, w) have the derivatives of all orders in the
neighborhood of w = 0 when n = 2k − 1

(
k ∈ N

)
and

arbitrary possible values m. Thus, the functions can be
expanded in the Taylor series [3].

Theorem 1. Let sa(n, m, w) =
∞∑

k=0

akwk be the

Taylor expansion of sa(n,m, w) in the neighborhood of
the point w = 0 and

n = 2k − 1, (1)

k ∈ N. Then a0 = 0, a1 =
2

n + 1
and as

(
s ≥ 2

)
can

be different from zero only when s − 1 is a multiple of
n + 1 while m takes arbitrary possible values.

The proof. Let find the coefficients directly:

s = 0, a0 = sa(n, m, 0) = 0;

s = 1, a1 =
d sa(n,m,w)

dw

∣∣∣∣
w=0

=
2

n + 1
(ca(m,n, 0))m =

2
n + 1

;

s = 2, a2 =
d2 sa(n,m,w)

dw2

∣∣∣∣
w=0

=
−4m

(n + 1)(m + 1)
×

(
(ca(m,n, w))m−1 (sa(n,m, w))n

)∣∣∣
w=0

= 0;

s = 3, a3 =
d3 sa(n,m,w)

dw3

∣∣∣∣
w=0

=
−4m

(n + 1)(m + 1)

(−2(m− 1)
m + 1

(ca(m,n, w))m−2×

× (sa(n, m,w))2n +
2

n + 1
(ca(m, n,w))2m−1 (sa(n,m, w))n−1

)∣∣∣∣
w=0

.

The coefficient a3 is different from zero if and only if the exponent of the sa(n, m, w) function equals to zero
(
when

n is of the form (1)
)
. It happens only if n = 1 for which s−1 = 2 is a multiple of n+1. Thus a3 =




− 2m

m + 1
, n = 1,

0, n 6= 1.
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Taylor expansion of special Ateb-functions

Similarly, when s = 4 and s = 5:

a4 =
d4 sa(n, m,w)

dw4

∣∣∣∣
w=0

=
(−16m(m− 1)(m− 2)

(n + 1)(m + 1)3
(ca(m,n, w))m−3 (sa(n, m, w))3n +

+
16mn(4m− 3)

(n + 1)2(m + 1)2
(ca(m,n,w))2m−2 (sa(n,m, w))2n−1−

− 16mn(n− 1)
(n + 1)3(m + 1)

(ca(m,n,w))3m−1 (sa(n,m, w))n−2

)∣∣∣∣
w=0

= 0;

a5 =
d5 sa(n, m,w)

dw5

∣∣∣∣
w=0

=

(
−16m(m− 1)(m− 2)

(n + 1)(m + 1)3

(−2(m− 3)
m + 1

(ca(m,n, w))m−4 ×

× (sa(n,m,w))4n +
6n

n + 1
(ca(m,n,w))2m−3 (sa(n, m, w))3n−1

)
+

+
16mn(4m− 3)

(n + 1)2(m + 1)2

(−4(m− 1)
m + 1

(ca(m,n,w))2m−3 (sa(n,m, w))3n−1 +

+
2(2n− 1)

n + 1
(ca(m,n,w))3m−2 (sa(n, m, w))2n−2

)
−

− 16mn(n− 1)
(n + 1)3(m + 1)

(−2(3m− 1)
m + 1

(ca(m,n,w))3m−2 (sa(n,m, w))2n−2 +

+
2(n− 2)
n + 1

(ca(m,n,w))4m−1 (sa(n, m, w))n−3

))∣∣∣∣∣
w=0

.

The value a5 is different from zero only when n = 1 or n = 3 for which s− 1 = 4 is a multiple of n + 1. Thus,

a5 =





4m(4m− 3)
(m + 1)2

, n = 1,

−3m

4(m + 1)
, n = 3,

0, n 6= 1; n 6= 3.
Taking into account the rules for differentiation of Ateb-functions and the above found derivatives let assume

that the expression for as can be written

as =
ds sa(n,m,w)

dws

∣∣∣∣
w=0

=
(
(b1 (ca(m,n,w))(m+1)−s (sa(n,m, w))(s−1)n +

+ b2 (ca(m, n,w))2(m+1)−s (sa(n,m,w))(s−2)n−1 + b3 (ca(m,n,w))3(m+1)−s (sa(n, m, w))(s−3)n−2 + . . . +

+ bs−1 (ca(m,n,w))(s−1)(m+1)−s (sa(n, m,w))n−(s−2)
)∣∣∣

w=0
,

where bi are some constants, represented in terms of n,m.

When w = 0 the expression for as is different from zero only for odd s and n of the form (1) when n =
1

s− 2
, n =

3
s− 4

, . . . , n =
s− 2

1
. For them n + 1 =

s− 1
s− 2

, n + 1 =
s− 1
s− 4

, n + 1 =
s− 1

1
, thus s− 1 is a multiple of n + 1.

Lets show that if the theorem 1 is fulfilled for as then as+1 has the same structure as as and for as+1 the theorem
is also true
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as+1 =
ds+1 sa(n,m,w)

dws+1

∣∣∣∣
w=0

=

=

(
b1

(−2(m + 1− s)
m + 1

(ca(m,n,w))m−s (sa(n,m, w))(s−1)n+n +

+
2n(s− 1)

n + 1
(ca(m,n,w))m+1−s+m (sa(n, m, w))(s−1)n−1

)
+

+ b2

(−2(2(m + 1)− s)
m + 1

(ca(m,n, w))2(m+1)−s−1 (sa(n,m, w))(s−2)n−1+n +

+
2((s− 2)n− 1)

n + 1
(ca(m, n,w))2(m+1)−s+m (sa(n,m, w))(s−2)n−2

)
+

+ b3

(−2(3(m + 1)− s)
m + 1

(ca(m,n, w))3(m+1)−s−1 (sa(n,m, w))(s−3)n−2+n +

+
2((s− 3)n− 2)

n + 1
(ca(m, n,w))3(m+1)−s+m (sa(n,m, w))(s−3)n−3

)
+ . . . +

+ bs−1

(−2((s− 1)(m + 1)− s)
m + 1

(ca(m, n,w))(s−1)(m+1)−s−1 (sa(n,m, w))n+2−s+n +

+
2(n + 2− s)

n + 1
(ca(m,n,w))(s−1)(m+1)−s+m (sa(n,m, w))n+2−s−1

))∣∣∣∣∣
w=0

=

=
(
b̃1 (ca(m,n,w))(m+1)−(s+1) (sa(n,m, w))((s+1)−1)n +

+ b̃2 (ca(m,n,w))2(m+1)−(s+1) (sa(n, m, w))((s+1)−2)n−1 +

+ b̃3 (ca(m,n,w))3(m+1)−(s+1) (sa(n, m, w))((s+1)−3)n−2 + . . . +

+ b̃s (ca(m,n,w))((s+1)−1)(m+1)−(s+1) (sa(n, m, w))(n+2)−(s+1)
)∣∣∣

w=0
,

where b̃1 =
−2(m + 1− s)

m + 1
b1; b̃2 =

2n(s− 1)
n + 1

b1 − 2(2m + 2− s)
m + 1

b2;

b̃3 =
−2(3m + 3− s)

m + 1
b3 +

2((s− 2)n− 1)
n + 1

b2; . . . ; b̃s =
2(n + 2− s)

n + 1
bs−1.

The values as+1 may be different from zero only for odd s when n =
1

(s + 1)− 2
;

n =
3

(s + 1)− 4
; . . . ;n =

s− 1
1

, for which n + 1 =
(s + 1)− 1

s− 1
; n + 1 =

(s + 1)− 1
s− 3

;

n + 1 =
(s + 1)− 1

1
. Thus (s + 1)− 1 is a multiple of n + 1.
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Taylor expansion of special Ateb-functions

According to the theorem, the expansion of sa(n, m,w) into the Taylor series about w in the neighborhood of
w = 0 is

sa(n, m,w) =
2

n + 1
w +

a(n+1)+1

((n + 1) + 1)!
wn+2 +

a2(n+1)+1

((2(n + 1) + 1)!
w2(n+1)+1 + . . . +

+
ak(n+1)+1

(k(n + 1) + 1)!
wk(n+1)+1 + . . . ,

(2)

where k ∈ N; a(n+1)+1, a2(n+1)+1, . . . , ak(n+1)+1 can be obtained directly.

Theorem 2. Let ca(m,n,w) =
∞∑

k=0

ckwk be the

Taylor expansion of ca(m,n,w) in the neighborhood of
the point w = 0 and n is of the form (1). Then c0 = 1
and cs (s ≥ 1) is different from zero when s is not a
multiple of n+1 while m takes arbitrary possible values.(
The proof of the theorem is analogues to that of the
theorem 1

)
.

According to the theorem 2 the Taylor expansion of
ca(m,n,w) in the neighborhood of w = 0 can be written

ca(m, n,w) = 1 +
dn+1

(n + 1)!
wn+1+

+
d2(n+1)

(2(n + 1))!
w2(n+1) + . . . +

dk(n+1)

(k(n + 1))!
wk(n+1) + . . . ,

(3)
where k ∈ N; dn+1, d2(n+1), . . . , dk(n+1) can be obtained
directly.
As appears from the above the parameters m and n play
unequal role, specified by the differentiation rules. The
parameter n

(
in the form (1)

)
defines the power of w in

the Taylor expansion; both parameters m and n define
the values of coefficients as and ds.

For some values of the parameter n the expansion can
be written

sa(1,m, w) = w − 2m
m + 1

w3

3!
+

4m(4m− 3)
(m + 1)2

w5

5!
+ . . . ,

sa(3,m, w) =
1
2
w − 3m

4(m + 1)
w5

5!
+ . . . ,

ca(m, 1, w) = 1− 2
m + 1

w2

2!
+

4m

(m + 1)2
w4

4!
−

− 8m(2m− 1)
(m + 1)3

w6

6!
+ . . . ,

ca(m, 3, w) = 1− 3
2(m + 1)

w4

4!
+ . . . ,

ca(m, 5, w) = 1− 160
27(m + 1)

w6

6!
+ . . . ,

sa(5,m, w) =
1
3
w − 80m

243(m + 1)
w7

7!
+ . . . .

It should be observed that when m = n = 1 speci-
al Ateb-functions sa(n, m, w) and ca(m,n, w) reduce to
trigonometric functions sin w and cosw and from (2)
and (3) we obtain the Taylor series of sin w and cosw.
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РАЗЛОЖЕНИЕ В РЯД ТЕЙЛОРА
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Национальный университет “Львивська политехника”,

ул. С. Бандеры, 12, Львов, 79013, Украина

Исследуются особенности рядов Тейлора специальных Ateb-функций. Построены разло-
жения в ряды Тейлора функций sa(n, m, w) и ca(m, n, w) для отдельных значений параме-
тров n, m.
Ключевые слова: ряд Тейлора, неполная Beta-функция, специальные Ateb-функции.
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Дослiджено особливостi рядiв Тейлора спецiальних Ateb-функцiй. Побудовано розклади
у ряди Тейлора функцiй sa(n, m, w) та ca(m, n, w) для окремих значень параметрiв n, m.
Ключовi слова: ряд Тейлора, неповна Beta-функцiя, спецiальнi Ateb-функцiЇ.
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