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Peculiarities of special Ateb-functions Taylor series are investigated. Taylor series of functions
sa(m,m,w) and ca(m,n,w) for some particular parameters 7, are constructed.
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Special Ateb-functions sa(m,m,w) and ca(m, 7, w)
211 +1 _ 2m+1 0.1.2
m= n= v,V = .

2V2+17 2“2+17 1, V2, 1, {2 y Ly 4y
are continuous in the variable w, periodic with a period
1 1
211 functions (I =B ——; ———
n+1l m+1
obtained by inversion of uncomplete Beta-function [1, 2].
Taking into account the rules for differentiation of

Ateb-functions

d sa(m,m,w) 2 (ca(rm o
dw n+1

d ca(m, T, w) 2 _ w
70 = TEm (sa(n,m,w))
and their values at w = 0 (sot(ﬁ7 m,0) =

0, ca(m,m,0) = 1) obviously, the functions sa(m, m, w)
[

The proof. Let find the coefficients directly:

and ca(m, T, w) have the derivatives of all orders in the
neighborhood of w = 0 when 7 = 2k — 1 (k € N) and
arbitrary possible values 7. Thus, the functions can be
expanded in the Taylor series [3].

) T— Beta—function), Theorem 1.  Let sa(n,m,w) = Y. apw® be the

=0
Taylor expansion of sa(m,m,w) in the neighborhood of
the point w = 0 and

=2k 1, (1)

2
k € N. Then ag = 0, a1:ﬁ+1 and ag (522) can

be different from zero only when s — 1 is a multiple of
n + 1 while m takes arbitrary possible values.

$s=0, ap=sa(m,m,0)=0;
s=1, a; = 7dsa(zum,w) . Ta —2Fl (ca(m,7,0))™ = ﬁ—2&- T
s=2, as= W - = m;ﬁ% X ((ca(m,n,w))i_1 (sa(n,m,w))ﬁ) o= 0;

X (sa(ﬁ,m,w))zﬁ + ﬁi (ca(m,ﬁ,w)fm_l (sa(m,m, w))"_1>

The coefficient ag is different from zero if and only if the exponent of the sa(7, T, w) function equals to zero (when
2m
m+1’
0,

4

3|

1
7 is of the form (1)) It happens only if m = 1 for which s—1 = 2 is a multiple of n+1. Thus ag = ’
1.
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Taylor expansion of special Ateb-functions

Similarly, when s =4 and s = 5:

d” sa(m, m, w) (ca(m, 7, w))™ > (sa(m,m, w))*" +

ayq =

_ (—16m(m —1)(m—2)

dw* w0 m+1)(m+1)3
AT eatim )™ (s ) -
- (;in?)l:g?n:)n (calm, 7, w))*™ ! (sa(n,m,w))n_2> =0
e TE = y—
 (salmm, )™ + T (el )™ (sl )™ )
AT S (S (catm )™ s ) 4
2 i, m0) ™ (salm ) ) -
- ot D (P Gt G )
+ 20D (ot ) 1(sa<n,m7w>>"3)> B

The value a5 is different from zero only when 7 = 1 or m = 3 for which s — 1 = 4 is a multiple of 7 + 1. Thus,

Am(4dm —
mﬁlm 3) M1,
(m+1)?
as = q M n=3
4(m+1)’ ’
0, nA L T3

Taking into account the rules for differentiation of Ateb-functions and the above found derivatives let assume
that the expression for as can be written

_d° sa(m, m, w)

S
dw?

= ((bl (ca(m,m, w))(m+1)78 (sa(m,m, w))(sfl)ﬁ n

w=0

+ by (ca(mm, 7, w)) > TS (sa(@, m, w)) T 4 by (ca(mm, 7 w) P TTD T (sa(@, mw) TV Lt

+ bs—l (CCI,(m7 n, w))(s_l)(m'i‘l)_s (sa(ﬁ, m, w))ﬁ—(s—Q)) ‘ . ,
w=

where b; are some constants, represented in terms of 7, m.

1
3 2 1 1 1 -2
s — s — s — s —
pumyLRERE n= - For them n+1 = Pyt n+1= 1 n+1= ] thus s — 1 is a multiple of m + 1.
s — s — s —

Lets show that if the theorem 1 is fulfilled for a; then a5y has the same structure as as and for a5y the theorem

is also true

n =

When w = 0 the expression for a, is different from zero only for odd s and 7 of the form (1) when 7@ =
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d*t sa(m,m, w)
as+1 = dws+1

w=0

) <b1 (P (catmm, )™ (safrmm )

m+1

+ ——= (ca(m, 7, w))m+1—s+m (sa(m,m, w))(s_l)n_l) +

2@m 4+ =) amiyen,
0 ( I ot (s, m.)
2s =2 —1) o) st \\(s—2)—2
1 (ca(m,m, w)) (sa(m,m,w)) +
- bg(Q““Z = (et )T s, w0)

T+ bey (‘2((5 —1)(m+1)—s) (ca(m, T, w))(s—l)(m+1)—s—1 (

m+1

2m+2—3)
n+1

= (b (ca(mm,m,w)) ™D (s, ) DT 4

+ by (ca(m, m, w)) 2T TETY (sq(m,m, w)) TD IR 4

+ b3 (ca(m, 7, w))>TT=CHD (g (7, w)) CHDTIT2 Ly

= (+) =)@+ ~(s41)

+ bs (ca(m, 7, w))

sa(m,m, w))(ﬁ+2)7(5+1)) ‘

(s—2)A—147

sa(m, m,w

(ca(mm, i, w) "~V (sa(m, m, w))"““*‘l))

))ﬁ+2—s+ﬁ +

w=0
~ -2 1-— ~ 2n(s — 1 202m + 2 —
where by = (TZ—F s)bl;bQZ nf(s ) - (WI’_ S)bQ’
4+ 1 n+1 m+1
- _2(3m4+3-— 2((s —2)m—1 > _2m+2-
o BTS2 Amol), g A28,
m+ 1 n+1 n+1 1
The values as41 may be different from zero only for odd s when 7 = m;
s _
B 3 _ s—1 - (s+1) -1 _ (s+1)—1
=2 . .m= for whichnm+1=-—"—n+1=-——"—;
7 CESES i 7 for which 7+ s—1 ot s_3
1) -1
ﬁ—i—lz%- Thus (s + 1) — 1 is a multiple of 7@ + 1.
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Taylor expansion of special Ateb-functions

According to the theorem, the expansion of sa(m, 7, w) into the Taylor series about w in the neighborhood of

w =0 is
_ w A(a4+1)4+1

n+1 (m+1)+1)!
Ap(m+1)+1

k(m+1)+1)

where k € N, A(A4+1)+15 A2(A+1)+15 - -

Theorem 2. Let ca(m, 7, w)

chw be the

Taylor expansion of ca(m,m,w) in the nezghborhood of
the point w = 0 and 7 is of the form (1). Then cg = 1
and cs (s > 1) is different from zero when s is not a
multiple of m+1 while  takes arbitrary possible values.
(The proof of the theorem is analogues to that of the
theorem 1).

According to the theorem 2 the Taylor expansion of
ca(m, T, w) in the neighborhood of w = 0 can be written

d— _
ca(m,m,w) =1+ S S S

p (ﬁdJr 1)!
2M+1) 2(m+1) k(M+1) k(n+1)
(2(ﬁ+1))!w +"'+(k(ﬁ+1))!w + ...,

(3)
where k € N; d11,dom1), - - -, dimy1) can be obtained
directly.

As appears from the above the parameters m and 7 play
unequal role, specified by the differentiation rules. The
parameter 77 (in the form (1)) defines the power of w in
the Taylor expansion; both parameters m and 7 define

the values of coefficients as and d;.

T+2 A2(m+1)+1

wEHDFL |

T 2Dy
(@F+1)+1)! )

*

agm+1)+1 can be obtained directly.

I

For some values of the parameter 7 the expansion can
be written

2m w®  4m(4m — 3) w®

1,m =w— — —+...
sa(lmw) =w =g o+ Gz 5 T
1 3m  w®
3, m =-—w—-——
sa(3,7w) = S0 = T Ty ’
2 w? 4m w?
m, 1 =1- — —_——
Ca(m; ,'LU) —+1 2' (m+1)2 4|
_8m(2m—1)w +
(m+1)3 6
3 w
m, 3 =1 ——+...
ca(m, 3, w) smrn) 4
160  wS
m =1—-——+...
ca(m, 5, w) m+1) 6
sa(BWw)—lw—BOiwf?—F
U3 23(m+1
It should be observed that when m = n = 1 speci-

al Ateb-functions sa(m, M, w) and ca(m, 7, w) reduce to
trigonometric functions sinw and cosw and from (2)
and (3) we obtain the Taylor series of sinw and cosw.
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